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Intermittency is one of the central features of turbulent transfer: the multi-scale energy cascade is9

mediated by rare and intense fluctuations. We investigate this phenomenon in a multi-branch shell10

model, which combines quasi-local triadic nonlinear interactions with a branching structure that11

mimics the growth of degrees of freedom toward small scales. Comparison with the standard Sabra12

model shows that branching enhances intermittency, as measured by anomalous scaling exponents of13

energy-flux structure functions. We further use multiplier statistics and large deviation estimates to14

characterize the multiplicative nature of the cascade. Our results suggest that reduced descriptions15

of turbulent intermittency should retain both nonlinear dynamics and geometrical organization.16

Implications on Navier-Stokes turbulence are discussed.17

I. INTRODUCTION18

Intermittency remains the central issue in the theory of three-dimensional turbulence [1]: rare and intense fluctua-19

tions spoil the scale-invariant picture suggested by the inviscid limit. A turbulent flow is described by the forced and20

viscous Navier-Stokes equations,21

∂tv + v · ∇v = −∇P + ν∇2v + f , (1)22

∇ · v = 0, (2)23

where v is the velocity field, P is the pressure, ν is the viscosity, and f is an external forcing. As a nonlinear system24

of partial differential equations, any analytical treatment is challenging. For this reason, simplified models that retain25

the symmetries and inviscid invariants of the Navier-Stokes equations have long been used to understand and quantify26

the phenomenon of intermittency in a reduced setup. Among the most popular models used for this purpose are the27

so-called shell models, which are inspired by the wavenumber-space form [2] of Eqs. (1)-(2):28 [
∂t + ν k2

]
v̂j(k, t) = −i

∑
p+q=k

Pjh(k) kr v̂r(q, t) v̂h(p, t) + f̂j(k, t), (3)29

where P is the Leray projector onto divergence-free fields. The incompressible nonlinearity is nonlocal and couples30

different scales. Shell models reduce Eq. (3) by replacing all Fourier modes with wavenumber k in the logarithmic shell31

k0λ
l ≤ k < k0λ

l+1 by a single complex amplitude ul. The variables ul then evolve according to nonlinear equations32

designed to reproduce the triadic structure of Eq. (3). Furthermore, only quasi-local interactions between shells are33

retained, in the spirit of the cascade-locality arguments [3]. Despite this drastic simplification, shell models reproduce34

the energy cascade of three-dimensional turbulence and display intermittent statistics [4]. However, this corresponds35

to a temporal form of intermittency, since extreme events occur over short time intervals, while all spatial information36

has been averaged out. Such temporal fluctuations are also present in real turbulence, but they coexist with strongly37

intermittent spatial structures that standard shell models cannot represent.38

One possible way to quantify spatial intermittency is through the local energy transfer across scales. At a given39

length scale ℓ, the large-scale component is obtained by averaging with a filter G:40

vj
ℓ(x, t) =

∫
Gℓ(r) vj(x− r, t) dr, (4)41
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where Gℓ(r) = ℓ−3G(r/ℓ). This coarse-graining framework [5] provides a definition of the local energy flux around x,42

at time t, and across the scale ℓ:43

Πℓ(x, t) = −
[
vivj

ℓ − vi
ℓ vj

ℓ
]
∂jvi

ℓ. (5)44

Moments of Πℓ provide a measure of intermittency. In the inertial range, a power-law behavior is observed45

⟨|Πℓ|q/3⟩x,t ∼ ℓ ξq/3 (6)46

for which ξq/3 = 0 for all q corresponds to a non-intermittent (scale invariant) behavior of Πℓ. However, measurements47

indicate that ξq/3 ̸= 0 for q ̸= 3, reflecting the long tails in the distributions of Πℓ [6–8]. This result also holds for single48

field realizations, with only spatial averaging and no time averaging. This points to a fundamental difference between49

intermittency in shell models and in Navier-Stokes. Turbulent flows display both temporal and spatial fluctuations,50

whereas shell models contain no geometrical information and generate intermittency through temporal variability51

alone, pointing to a purely dynamical source of fluctuations [9].52

A way to incorporate this missing geometrical information into shell modeling is to introduce a p-adic branching53

structure, in which each mode at scale ℓ is connected to p modes at the smaller scale ℓ/λ. As a result, the number of54

degrees of freedom grows exponentially toward small scales. Rather than representing an average over Fourier modes55

in a logarithmic shell, each variable represents a velocity structure at a given scale and location, thereby retaining56

both temporal and spatial variations. The increasing number of modes follows the Navier-Stokes scaling and allows57

the thermalized state of the system to be correctly captured [10], unlike in classical shell models. This class of58

multi-branch shell models, however, has received comparatively little attention [11–14]. An astonishing result recently59

shown for this class of models is that they allow for the construction of a family of exact, finite-flux, time-independent60

solutions that display intermittency [15, 16]. Thus, in contrast with classical shell models, where intermittency is61

generated by the dynamics, these solutions are time independent and their intermittency originates solely from the62

geometrical structure, namely from spatial variability [15, 16].63

In real turbulence, both temporal and spatial sources of intermittency are present. In this work, we study inter-64

mittency in a dynamically evolving multi-branch shell model and compare its statistics with those of classical single-65

branch models. Moreover, we extend the multiplier and large deviation approach used to describe intermittency in66

classical shell models [17] to this setting, highlighting the role of multiple paths in energy transfer. Implications for67

Navier-Stokes turbulence are discussed.68

II. SHELL MODELS69

First we introduce the shell models studied in this work, starting from the standard single-branch case and then70

moving to its multi-branch extension.71

A. Single-branch Models72

The classical Sabra model [18] reads73 [
dt + ν kl

2
]
ul = i kl

[
a λul+1

∗ul+2 + b ul−1
∗ul+1 − c λ−1 ul−2ul−1

]
+ fl (7)74

where75

a = 1, b = −(1− λ−1), c = −λ−1. (8)76

Here ul(t) ∈ C is the complex variable associated with the wavenumber kl = k0λ
l (or equivalently the scale ℓl =77

ℓ0λ
−l = k−1

l ), where λ > 1 is the fixed inter-shell ratio. For zero viscosity and zero forcing, it conserves energy78

E = 1
2

∑
l |ul|2 and a helicity-like quantity H = 1

2

∑
l(−1)lkl|ul|2. The energy flux across a level l [19] is79

Πl(t) = kl Im
[
λ aulul+1ul+2

∗ − c ul−1ulul+1
∗]. (9)80

Compared with Eq. (5), this object is simpler because the scale dependence is discrete and it carries no spatial81

dependence. In the present work we will focus on the statistics of Πl and compare them with those of the dyadic-tree82

Sabra model described below.83
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FIG. 1. Dyadic tree structure for the multi-branch model.

B. Multi-branch Models84

Fix the inter-shell ratio λ. A general multi-branch shell model follows a p-adic tree structure, shown in Fig. 1 for85

the dyadic case. The system state consists of complex dynamical variables ul,n indexed by the p-adic tree level and86

position:87

(l, n) with l ∈
{
0, . . . , L

}
, n ∈

{
1, . . . , pl

}
. (10)88

Each node (l, n), except the ‘root’ (0, 1), has a single parent (l − 1, ⌈n/p⌉), where ⌈x⌉ = min{m ∈ Z | m ≥ x} is the89

ceiling. Each node (l, n), except the ‘leaves’ (L, n), has p children, namely (l + 1, p(n − 1) + 1), . . . , (l + 1, pn). The90

Sabra coupling on this topology is written as91 [
d

dt
+ νkl

2

]
ul,n = iNl,n[u] + fl,n, (11)92

where ν is the viscosity, f the large-scale forcing, and the nonlinear coupling is given by93

Nl,n = kl

[
a λ

1

p

p−1∑
h=0

(
ul+1,pn−h

∗ 1

p

p−1∑
m=0

ul+2,p(pn−h)−m

)
94

+ b ul−1,⌈n/p⌉
∗ 1

p

p−1∑
m=0

ul+1,pn−m95

− c λ−1 ul−2,⌈n/p2⌉ ul−1,⌈n/p⌉

]
, (12)96

with u−2,• = u−1,• = 0 = uL+1,• = uL+2,•. All the global observables are defined in accordance with the interpretation97

of l as a scale index and n as a spatial index. This construction generalizes the Sabra model: each triad involving98

the same levels and compatible with the genealogy is taken into account with the same weight and averaged. Thus,99

single-branch solutions ul of Eq. (7) are the homogeneous solutions of Eq. (11), with ul,n = ul for all n. The total100

energy is defined as a volume-weighted sum of the local energy density,101

E =
1

2

L∑
l=0

1

kl
D

pl∑
n=1

|ul,n|2, (13)102
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where D denotes the effective spatial dimension and is related to λ by the relation103

D−1 = logp λ. (14)104

Equation (14) ensures energy conservation and has a clear interpretation: for a space-filling cascade, the number of105

substructures p equals the volume reduction factor kl+1
D/kl

D = λD between successive scales so that the volume106

Vl,n = kl
−D of a structure (l, n) equals the sum of the p volumes of the sub-structures at scale l + 1 linked to (l, n),107

i.e. Vl,n = pVl+1,n. The inviscid and unforced dynamics conserves the total energy and the helicity-like quantity108

H =

L∑
l=0

(−1)lkl
1−D

pl∑
n=1

|ul,n|2, (15)109

given Eq. (14) and provided that a, b, c satisfy Eq. (8). The local energy transfer from (l−1, ⌈n/p⌉) to (l, n) is defined110

as the rate of change of the energy contained in (l, n) and in all descendant nodes, weighted by the volume Vl,n. In111

other words, Πl,n is an energy flux density, as in the definition of the local energy flux in Eq. (5) for the Navier Stokes112

turbulence. This leads to113

Πl,n = kl
D Im

[ L∑
j=l

1

kj
D

pj−ln∑
m=pj−l(n−1)+1

uj,mNj,m[u]∗
]

(16)114

= kl Im

[
− a ul−1,⌈n/p⌉ul,n

1

p

p−1∑
m=0

ul+1,pn−m
∗ + c λ−1 ul−2,⌈n/p2⌉ul−1,⌈n/p⌉ul,n

∗
]
. (17)115

With this definition, the average over time of Πl,n in the inertial range is equal to the average of Πl+1,m.116

In the following, we focus on the dyadic case p = 2.117

III. ENERGY CASCADES118
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FIG. 2. Energy spectrum on the left and mean energy transfer, normalized by the mean energy injection rate, on the right.
Circles correspond to the multi-branch model, while diamonds correspond to the single-branch model.

We perform simulations of the single-branch and dyadic p = 2 shell models with parameters λ = 2, ν = 10−8 and119

L = 24. The first three levels are forced with imposed energy injection rate ϵ = 1. The results examined in what120

follows are statistically averaged in the stationary state. The resulting spectra are compatible with a three-dimensional121

turbulent cascade, as shown in Fig. 2. Both models display a near-Kolmogorov energy spectrum E ∼ kl
−2/3 and a122

constant energy flux in the inertial range.123
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FIG. 3. Probability density functions of the energy flux at different scale indices l for the single-branch model, left, with
statistics accumulated in time, and for the multi-branch model, right, with statistics accumulated in both time and space.
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FIG. 4. Structure functions ⟨|Πl,n|q/3⟩n,t for the 2-adic model, left, and the corresponding scaling exponents, right; the right
panel also compares them with those of the classical 1-adic model.

A. Measures of Intermittency124

To quantify intermittency, we focus on the statistics of the energy fluxes Πl and Πl,n, measuring their distributions125

and their moments ⟨|Πl|m⟩t and ⟨|Πl,n|m⟩n,t. The angular brackets denote averages over the indicated indices. In126

Fig. 3 we show the probability density functions of Πl and Πl,n for the 1-adic and 2-adic models for different values127

of the scale index l. The PDFs are not scale independent. On the contrary, the larger l, the longer the positive tails128

in the distribution. This implies that higher moments of Πl and Πl,n are increasingly affected by rare events.129

The left panel of Fig. 4 shows the structure functions for the 2-adic model. We fit the measured structure functions130

with power laws in the inertial range,131

⟨|Πl,n|q/3⟩n,t ∼ kl
−ξq/3 . (18)132

The resulting power-law exponents are shown in the right panel of the same figure. They are compared with those133

measured from the single-branch model. We use the statistical framework proposed in a recent work [20] to accurately134

estimate mean exponents and errors. We refer to the original paper for the details. While the scaling exponents are135

indistinguishable for lower moments, up to q = 4, the multi-branch shell model turns out to be considerably more136
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intermittent, as indicated by the larger deviations of the higher-order exponents from the scale-invariant prediction137

ξq/3 = 0. It is worth noting that the error bars are computed in such a way that the estimation is conservative. Thus138

the results may be considered significant even for the highest order.139

IV. SOURCES OF INTERMITTENCY140
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FIG. 5. Energy flux through scales. Comparison between the classical 1-adic flux Πl (top), the volume-normalized flux Πl,n of
the 2-adic model along a walk (middle), and the space-averaged 2-adic flux ⟨Πl,n⟩n (bottom).

To understand the deviations from scale-invariant behavior, it is useful to look at representative signals of the energy141

flux. First we focus on the dynamics in time. The top panel of Fig. 5 shows an example of Πl(t) as a function of time142

for different values of l inside the inertial range, for a single-branch model realization. The middle panel shows Πl,n(t)143

for a 2-adic model, at the same values of l, along a randomly chosen path n = nl on the tree. Finally, the bottom144

panel shows ⟨Πl,n⟩n(t), which is the total flux across level l. Strong burst events are present in the top two panels,145

whereas the bottom panel displays weaker fluctuations, with order-one variations around the mean value in time.146

This happens because averaging over n at each level l smoothens out the intense fluctuations observed at individual147

nodes (l, n). This behavior is similar to the local energy flux Πℓ(x, t) in Navier-Stokes turbulence: its volume average148

shows no strong fluctuations, while local fluctuations can be orders of magnitude larger than the mean value [7, 8].149

It is therefore important to distinguish ⟨Πl,n
m⟩n,t from ⟨⟨Πl,n⟩nm⟩t: the former is strongly intermittent, whereas the150

latter shows no sign of intermittency.151

Then we can look at the impact of space variation. Figure 6 shows the local energy flux Πl,n obtained from the152

multi-branch model at one instant of time, as a function of n and for different levels, in the inertial range. Although153

all levels have the same time-averaged mean flux, stronger variations are observed as l is increased.154
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FIG. 6. Multi-branch energy flux as a function of the spatial index n at fixed scale, at a given time.

From these qualitative observations, we can already infer that intermittency in the multi-branch model has two155

distinct origins: temporal fluctuations along each branch and spatial fluctuations across branches. By contrast,156

the single-branch model retains only the temporal source of intermittency. These two contributions must now be157

understood and quantified separately.158

A. Dynamics159

Further insight can be gained by zooming in on flux bursts. For the single-branch model, the bursts increase in160

amplitude and decrease in duration as l becomes larger. This is better seen in the zoom of one such event shown in161

the left panel of Fig. 7. An initially weak fluctuation of Πl at level l = 4 transfers energy to the next level, l = 5,162

causing a stronger fluctuation that is shifted in time and lasts for a shorter time. This process continues as long163

as viscosity remains ineffective. In the inviscid problem, such sequences of energy-flux pulses reach l → ∞ in finite164

time and correspond to singular solutions first calculated in [21]. This mechanism, in which the amplitude of Πl is165

amplified locally in time, has been investigated extensively in [17, 22, 23].166

In simple terms, this amplification can be viewed as follows. Fluctuations at the large scales appear intrinsically due167

to the chaotic dynamics and pass down to smaller scales through nonlinear processes. A fluctuation of amplitude Πl168

at scale ℓl = kl
−1 with duration τl will transfer part of its energy El ∝ Πlτl to scale ℓl+1, generating a new fluctuation169

at that scale. Here, we consider the local maximum in time of Πl(t) as the amplitude of the fluctuation. On physical170

ground [1, 3], we can safely assume (i) the locality in scale of the interactions and (ii) the inviscid dynamics of the171

inertial range; then the duration of such a pulse can only depend on the scale ℓl and the amplitude Πl. Therefore, for172

dimensional reasons, it has to scale as173
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τl ∝ Πl
−1/3 ℓl

2/3. (19)174

If a fraction χ of the energy is passed from one scale to the next, then the energy at scale l is175

El ∝ χlE0, El ∝ Πlτl ∝ (Πlℓl)
2/3, (20)176

where Eq. (19) has been used. Therefore, the amplitude of the energy-flux pulse and its duration are, respectively,177

Πl ∝ E0
3/2ℓ0

−1(χ3/2λ)l, (21)178

τl ∝ E0
−1/2ℓ0(χ

1/2λ)−l, (22)179

where we have used Eq. (20) and ℓl = ℓ0λ
−l. Equation (21) predicts that if χ3/2λ > 1, then Πl grows with l, as180

pointed out by results shown in Fig. 7. The ratio, however,181

πl = Πl/Πl−1 (23)182

is l-independent and equal to πl = χ3/2λ. The ratios in Eq. (23) are referred to as multipliers because the flux183

amplitude at scale l can be written as their product,184

Πl = Π0

l∏
j=1

πj , (24)185

where Π0 is the flux at level l = 0. In the particular case χ = 1, all the energy is transferred from one pulse to the186

next. In this case, if relations (20) and (21) were exact and if all pulses were generated only at large scales, one would187

obtain a monofractal behavior, different from the Kolmogorov one, with ⟨Πl
m⟩ ∝ λ(m−1)l. However, this is not what188

is observed in Fig. 4.189

There are two reasons why such a monofractal behavior is not observed. First, not all energy is transferred from190

one scale to the next. In [17], χ was found to be 0.68 for instanton solutions, whose amplitude peaks follow a power191

law |ul| ∝ ℓl
y0 , giving χ = λ−2y0 by dimensional analysis. Numerical simulations of the turbulent Sabra shell model192

give χ = 0.74. This implies that only a fraction of the energy transferred from level l− 1 to level l is passed down to193

level l+1, while the remaining energy is stored at level l. This energy will also need to cascade at later times through194

the generation of new pulses. Energy conservation thus implies that new peaks, i.e., new local maxima, are generated195

at every level l. Figure 8 shows the scaling of the number of maxima Ml at level l, for both the single-branch and the196197

multi-branch models. It grows exponentially with l, equivalently as a power law in ℓl,198

Ml ∝ 2αl = ℓl
−α log 2/ log λ (25)199
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with α = 0.55 for the single-branch model. This means that, approximately for every two peaks crossing a given level200

l, a third, generally weaker, peak is self-generated by chaotic fluctuations and is not necessarily causally related to a201

peak formed at previous levels. Examples of such new peaks can be seen at the largest values of l in Fig. 5.202

A similar picture holds for the 2-adic model. The right panel of Fig. 7 shows Πl,n for l = 4 and n = 1 with a black203

solid line. The energy fluxes of its two descendants are shown in brown, using a solid line for the larger one and a204

dashed line for the smaller one. We continue in this way, showing only the descendants of the larger branch (keeping205

all descendants would already produce 32 lines at level l = 9). A pulse at scale l generates two pulses, one for each206

descendant at scale l+ 1, whose normalized amplitudes are larger and whose durations are shorter, although the two207

pulses are not necessarily equal. In Fig. 8, we also plot the scaling of the number of peaks Ml, averaged over n. The208

number of maxima at each level also increases with l, at a slightly higher rate than in the single-branch case. We209

observe α = 0.61 for the multi-branch model, compared to α = 0.55 for the single-branch. This provides a comparison210

of the dynamical source of intermittency, since spatial configurations are averaged out. The increase of α suggests211

that the peak-production mechanism is enhanced by the presence of a nontrivial geometrical structure.212

The second reason why monofractality is not observed is that, due to the omnipresent chaotic fluctuations in the213

system, relations (19) and (21) are not exact but fluctuate depending on the instantaneous noise level. This implies214

that the multipliers in Eq. (23) do not take a unique value, but rather fluctuate randomly according to a distribution.215

In the next section, we compute this distribution and assess whether it is scale invariant, namely independent of the216

level l, as suggested by Eq. (23).217

B. Multipliers218

We describe the procedure used to compute flux multipliers in the multi-branch setting, which includes the single-219

branch case. For the dyadic model,220

πl,n = Πl,n/Πl−1,⌈n/2⌉. (26)221

We then identify pairs of flux maxima whose ratio defines the relevant multiplier through the following procedure.222

First, for each node, we consider all maxima of Πl,n that exceed the mean energy injection rate ϵ. We then relate223

maxima according to temporal causality and the genealogical constraint. Let us make an example: let us assume that,224

for the node (l, n), two consecutive maxima above ϵ occur at times t1 and t2. All maxima of the children, (l+1, 2n−1)225

and (l+ 1, 2n), occurring in the time interval (t1, t2) are potentially related to the maximum at t1. We consider only226

the first occurring ratio for each child, since the probability of having more than one related maximum in the next227

shell is small, and additional maxima are not necessarily causally related to the peak at the previous level.228

Starting from the single-branch data, Fig. 9 shows the distributions of πl for various values of l in the inertial range.229

Contrary to the PDFs of Πl, which do not follow a self-similar behavior, the distributions of the multipliers πl overlap230

for different l, implying a scale-invariant behavior. The most important point implied by these results is that, given231
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FIG. 9. Flux-multiplier probability distributions. Classical 1-adic model (top) and multi-branch 2-adic model (bottom). For
the multi-branch model, different spatial samples are collected as realizations of the same random variable.

the state at level l − 1 in the inertial range, the statistical behavior at level l is predictable and independent of the232

value of l. In other words the local dynamical behavior is scale invariant up to an amplitude rescaling.233

The multipliers πl,n follow distributions similar to the single-branch ones. In particular, the distributions collapse234

in l, implying a scale invariant behavior of the multipliers. The PDF shows a peak at the same value as in the single-235

branch case. However, we have seen that for the multi-branch model there is still an enhancement of intermittency236

in Fig. 4. The explanation has to be related to the uneven splitting of the energy flux between the two descendants,237

which is absent in single-branch models by construction. We quantify this source of intermittency by looking at the238239

PDFs of the ratio240

A =
Πl,n −Πl,n+1

Πl,n +Πl,n+1
=

πl,n − πl,n+1

πl,n + πl,n+1
(27)241

where (l, n) and (l, n+1) are two brother nodes. The value A = 0 implies a perfectly even distribution of the cascaded242

energy between the two brothers, while A = ±1 implies that only one of the two brothers receives the energy, whereas243

the other and all its descendants receive no energy. The computed distribution is plotted in Fig. 10. The PDF is244

significantly spread, with half of the events having |A| > 0.13. This implies that variations of the flux across space,245

i.e., across n, increase rapidly as larger values of l are reached.246

Treating the multipliers as random variables implies that the energy flux at scale l can be written as a multiplicative247

random process, whose distribution can be calculated using large deviation theory [2, 24]. This description was used248

in [17], successfully reproducing the multifractal behavior. We directly test the large deviation theory in the final249

section.250

V. LARGE DEVIATION THEORY251

The results of the previous section indicate that the flux statistics are governed by an underlying multiplicative252
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FIG. 10. Ratio measuring the partition of the energy flux between brothers in the dyadic model.

process. In the single-branch model, the energy flux at level l is written as the product of the multipliers πl, as253

described by Eq. (24). Equivalently, in the multi-branch model, one has254

Πl,n = Π0

l−1∏
j=0

πl−j,⌈n/2j⌉. (28)255

The logarithm of Πl, or of Πl,n in the multi-branch model, can then be written as a sum of log multipliers, with256

rl = log πl and rl,n = log πl,n, respectively. For the multi-branch model, along the cascade path ending at the node257

(l, n), we define258

Yl,n =
1

l
log

Πl,n

Π0
=

1

l

l−1∑
j=0

rl−j,⌈n/2j⌉. (29)259

An analogous definition holds in the single-branch model, with the sum taken along the unique cascade path. Thus, Yl,n260

is a finite scale average of the logarithmic multipliers. If the multiplier statistics become approximately stationary261

along the cascade, the typical fluctuations of Yl,n are expected to concentrate around their mean as l increases.262

However, the flux itself depends exponentially on this average, Πl,n = Π0 exp[lYl,n]. As a consequence, high order263

moments of the flux are sensitive to rare fluctuations of Yl,n rather than only to its typical, Gaussian fluctuations.264

This is precisely the regime in which large deviation theory provides the appropriate description.265

The Gärtner-Ellis theorem [24, 25] states that, if the sequence Yl satisfies a large deviation principle, its probability266

density has the asymptotic form267

pl(y) ≍
l→∞

exp[−lI(y)], (30)268

where I(y) is the large deviation, or Cramér, rate function. The rate function can be computed analytically if the269

distribution of the logarithmic multipliers rl is known. Here, we directly calculate I from p(y) by defining the finite-l270

estimator Il(y) as271

Il(y) = −1

l
log pl(y) (31)272

and demonstrating that Il(y) tends to an l independent shape as l → ∞. This is shown in Fig. 11 for the single-branch273274

and multi-branch cases. The left panel refers to the single-branch model and displays a good collapse for levels l in the275

inertial range. A vertical shift has been applied to compensate for normalization differences between the estimated276

PDFs. We stress that it is the large values of y that determine intermittency, which corresponds to extreme positive277
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FIG. 11. Rate functions for the energy flux process. Single-branch model on the left and multi-branch model on the right, with
the latter averaged in space in addition to time.

fluctuations of the flux. The right panel shows the analogous estimate for the multi-branch model. To build the278

PDFs of the logarithmic variables, we use different spatial realizations, i.e., different values of n at fixed l, as samples279

of the same distribution. Since the number of spatial samples grows exponentially with l, the largest levels provide280

better statistics. Overall, these results support a large deviation description of the multiplicative energy cascade.281

This is remarkable because flux multipliers across levels are not independent, whereas independence is assumed in the282

simplest setting of Cramér’s theorem [24, 25].283

VI. CONCLUSIONS284

We have analyzed in detail the results from simulations of two turbulence shell models, focusing on the intermittent285

behavior of the energy flux towards small scales. We have shown that a dynamically evolving multi-branch shell286

model displays stronger intermittency than the corresponding single-branch Sabra model. This is seen directly in the287

energy-flux structure functions, whose scaling exponents deviate more strongly from the scale invariant prediction.288

The analysis of the flux signals separates two contributions to intermittency. The first is the dynamical amplification289

already present in the single-branch model: flux bursts become stronger and shorter as they propagate toward smaller290

scales. This mechanism is associated with the multiplier statistics of the flux amplitudes. The second contribution is291

specific to the multi-branch model: the energy flux is split unevenly between brother nodes. As a consequence, even292

when the space-averaged flux remains weakly fluctuating, the local flux at individual nodes develops strong spatial293

variations.294

This interpretation is supported by the statistics of peaks and multipliers. The number of flux local maxima grows295

exponentially with the level, showing that new transfer events are generated along the cascade. The growth rate is296

slightly larger in the multi-branch model, suggesting that the geometrical structure enhances the production of peaks.297

At the same time, the multiplier distributions collapse across levels, indicating scale invariant local transfer statistics.298

The asymmetry ratio between brother nodes further shows that a significant fraction of events corresponds to an299

uneven partition of the energy flux.300

Finally, the rate-function analysis supports a large deviation description of the multiplicative energy-flux process.301

The collapse of the finite-level estimators is observed both in the single-branch and in the multi-branch case, despite302

the fact that flux multipliers are not independent across levels. This suggests that large deviation theory provides a303
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useful effective description of the cascade statistics beyond the simplest independent-multiplier picture. This result304

might also provide support to the proposals to deal with the cascade process in terms of some Markov processes [26].305

Overall, the results show that the multi-branch model retains the dynamical intermittency of classical shell models306

while adding a minimal geometrical mechanism for spatial intermittency. This makes it a useful intermediate setting307

between classical shell models and Navier-Stokes turbulence. A natural next step is to test whether the same separation308

between dynamical amplification and spatial flux partition can be identified in direct numerical simulations of the309

Navier-Stokes equations. We plan to address this issue in our future work.310
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