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INTRODUCTION

Ce mémoire présente une synthese de mes travaux de recherche depuis ma these. Ces
travaux font partie du domaine des probabilités intégrables. L’adjectif « intégrable » reflete
I’apport d’idées issus des systémes intégrables classiques ou quantiques. Pour moi, les
probabilités intégrables désignent plus largement 1’étude des modeles aléatoires exactement
résolubles, qui peuvent étre analysés au moyen de formules exactes. L’intérét scientifique
de cette étude provient principalement de I'universalité des résultats découverts au moyen
de modéles intégrables.

L’exemple fondateur de ’entrelacement entre les notions d’intégrabilité et d’universalité
est le théoreme de Moivre—Laplace (1733), selon lequel si X, est la somme de n variables
aléatoires de Bernoulli indépendantes et de probabilité de succes 1/2, qu’on retranche 'es-
pérance n/2, et qu’on divise par la racine de la variance /n /4, alors la loi de cette somme
renormalisée (X,, —n/2)/y/n/4 converge vers la loi Gaussienne. L'intérét de ce résultat
est qu’il est universel, c’est-a-dire vrai pour un grand ensemble de lois initiales. C’est la
raison pour laquelle la gaussienne modélise bien les phénomenes aléatoires résultants d’une
somme d’aléas indépendants.

Un théoréme de Baik, Deift et Johansson (1999) dit que si A; est la plus grande com-
posante d’une partition d’entier A tirée au hasard selon la mesure de Plancherel associée
au groupe symétrique S,, qu’on retranche 2,/n, ce qui n’est pas tout a fait 'espérance
mais presque, et qu'on divise par n/®, alors la quantité renormalisée converge vers la loi
de Tracy et Widom (1994), qui décrit les fluctuations de la plus grande valeur propre
de matrices aléatoires hermitiennes en grande dimension. Plus simplement, \; est aussi
la plus longue sous-suite croissante d’une permutation aléatoire tirée uniformément dans
S,,. Ce résultat sert de théoreme de Moivre-Laplace pour les modeles de croissance de
la classe de Kardar—Parisi-Zhang (KPZ). Cette classe d’universalité est un domaine de
la physique statistique assez vaste regroupant des modeles de croissance d’interface, des
modeles de transport (systémes de particules en interaction), de polymeres dirigés, etc.
décrits soit par des modeles combinatoires, soit par des équations aux dérivées partielles
stochastiques. D’autres types de modeles physiques se sont ajoutés a la liste au fil des
années. Le domaine a des liens étroits avec la théorie des matrices aléatoires, en termes de
méthodes et de résultats, et rejoint par certains aspects la mécanique statistique planaire
comme les modeles de dimeres.

L’analyse des modeles intégrables dans la classe KPZ a connu une activité intense
pendant les vingt-cinq derniéres années. Au début du vingt-et-uniéme siecle, les modeles
aléatoires exactement résolubles de la classe KPZ étaient toujours liés a des processus
déterminantaux, comme la mesure de Schur introduite par Okounkov (2001), qui généralise



la mesure de Plancherel du groupe symétrique. La premiére percée au sujet de modéles non
déterminantaux est la série d’articles de Tracy et Widom (2008, 2009) qui ont calculé les
probabilités de transition du processus d’exclusion asymétrique, au moyen d’une méthode
de diagonalisation d’opérateurs venant de la physique théorique : I'ansatz de Bethe. A
peine plus tard, O’Connell (2011) reliait certains modeles de polymeres dirigés a une
généralisation de la mesure de Schur, la mesure de Whittaker. Les fonctions de Whittaker
ne s’écrivent pas comme des déterminants, contrairement aux polynémes de Schur, mais de
nombreux arguments basés sur la théorie des fonctions symétriques fonctionnent toujours.
Ces avancées ont motivé des aller-retours fructueux entre d’une part la théorie des fonctions
symétriques et d’autre part les méthodes provenant de l'intégrabilité quantique, et en
particulier de ’étude des modeles sur réseau satisfaisant a 1’équation de Yang-Baxter.

En quelques mots, ’état de ’art est le suivant. En dimension spatiale égale a un, pour
les modeéles sur un domaine infini, on sait maintenant complétement caractériser leur
limite d’échelle commune via le point fixe KPZ de Matetski-Quastel-Remenik (2021) ou
le paysage dirigé de Dauvergne-Ortmann-Virdg (2022). En revanche, bien que 'on puisse
démontrer que I'équation KPZ apparait a la limite de certaines classes de modeles de
maniere universelle, 'universalité du point fixe KPZ est un probleme complétement ouvert.
Par ailleurs, en dimensions spatiales supérieures, la classe KPZ est également un domaine
méconnu, en partie car il y a peu de modeles intégrables véritablement tri-dimensionnels.

Je présente ici le contenu de ce mémoire, qui se focalise sur ma propre contribution au
domaine.

Le premier chapitre porte sur 'analyse de modeles de la classe KPZ sur un domaine
semi-infini a I'aide des processus de Macdonald. Ces processus sont des mesures de proba-
bilité sur les partitions d’entiers, introduites par Borodin et Corwin (2013), basées sur des
identités remarquables satisfaites par les fonctions de Macdonald. La variante en demi-
espace que nous introduisons permet d’étudier des modeles de la classe KPZ définis sur
une moitié de quadrant, ou bien des modeles ou le désordre est symétrique par rapport a
un axe, ou encore des systemes de particules sur un réseau semi-infini, relié a un réservoir.
Si je devais choisir un résultat emblématique de ce chapitre, je choisirais le Théoreme|1.16
qui exprime la transformée de Laplace de la solution de I’équation KPZ sur Ry comme
une fonctionnelle multiplicative trés simple d’un processus ponctuel Pfaffien qui décrit
la limite d’échelle des valeurs propres du GOE. Ce théoréme est démontré en prenant
la limite d’une relation analogue entre, d’un coté, la transformée de Laplace ¢-déformée
d’un modele discret, le modele a six sommets stochastique, et de I’autre, une fonctionnelle
multiplicative de la mesure de Schur pfaffienne. Cette identité discrete est elle-méme la tra-
duction probabiliste d’'une remarquable identité satisfaite par les polynémes de Macdonald
(1.5.7)).

Le deuxieme chapitre porte sur des modeles de la classe KPZ sur un domaine borné,
particulierement dans le cas de conditions au bord dites ouvertes. Dans ce cadre, il est
beaucoup plus difficile d’obtenir des formules exactes. La loi limite universelle des fluctua-
tions de la fonction de hauteur de tels modeles n’est notamment pas connue. Le résultat
principal de ce chapitre est une caractérisation probabiliste de la mesure stationnaire de
I'équation KPZ sur un intervalle, donnée par le Théoréme [2.6] Cette derniére est associée
a une mesure de Gibbs sur un couple de processus stochastiques continus, appelé ensemble
de lignes gibbsien. Ces objets sont intimement liés a 'intégrabilité. En fait, nous avons
étudié avec Ivan Corwin et Zongrui Yang des analogues discrets de ces mesures de Gibbs,
qui peuvent étre vus comme des variantes de processus de Schur ou de Whittaker.



Enfin, pour décrire le troisiéeme chapitre, revenons au théoreme de Moivre-Laplace. 11
est souvent illustré par I'expérience de la planche de Galton (voir Figure : des clous
sont plantés de maniére réguliere en quinconce sur une planche verticale, de sorte qu'une
bille lachée a travers le réseau de clous passera de maniere aléatoire a gauche ou a droite
de chaque clou avec probabilité 1/2, simulant ainsi une marche aléatoire simple. Que se
passe t-il si les clous ne sont pas arrangés de maniere réguliere 7 Ou que se passe-t-il si on
remplace la bille par un photon, et les clous par des miroirs semi-réfléchissants qui trans-
forment la fonction d’onde du photon de maniére unitaire et aléatoire? Etonnamment,
les deux questions sont équivalentes comme expliqué a la toute fin de ce manuscrit (voir
la Section . Plus généralement, I'influence du désordre sur les phénomenes de diffu-
sion, et en particulier sur la marche aléatoire simple, est étudiée depuis bien longtemps. A
grande échelle, une trajectoire typique est peu influencée par le désordre. Einstein Iavait
déja compris dans son article fondateur de 1905 sur la diffusion. En revanche, le comporte-
ment extréme de diffusions en environnement aléatoire n’est pas bien décrit par la théorie
classique des valeurs extrémes mais obéit plutot aux lois de la classe KPZ. Ce phénomene,
que nous avons étudié avec Ivan Corwin (2015) & la fin de ma thése, a travers ’étude
d’un modele exactement résoluble, a débouché sur de nombreux développements dont une
partie est décrite dans le troisieme chapitre.



INTRODUCTION (IN ENGLISH)

This memoir presents a synthesis of my research work since my PhD thesis. This work
falls within the field of integrable probability. The notion of integrability arises from the
fact that ideas originating from the study of classical or quantum integrable systems are
useful in this context. For me, integrable probability more broadly refers to the study
of exactly solvable random models, which can be analyzed using exact formulas. The
primary scientific interest of this study lies in the universality of the results discovered
through integrable models.

The foundational example of the interplay between integrability and universality is
the Moivre-Laplace theorem (1733), which states that if X, is the sum of n independent
Bernoulli random variables with success probability 1/2, and if we subtract the expectation
n/2 and divide by the square root of the variance /n/4, then the law of this renormalized
sum (X, — n/2)/y/n/4 converges to the Gaussian distribution. The significance of this
result lies in its universality, meaning it holds for a wide class of initial distributions. This
is why the Gaussian distribution effectively models random phenomena resulting from the
sum of independent random variables.

A theorem by Baik, Deift, and Johansson (1999) states that if A; is the largest part
of an integer partition A drawn according to the Plancherel measure associated with the
symmetric group Sy, and if we subtract 2/n (which is not exactly the expectation but
close) and divide by n'/6 then the renormalized quantity converges to the Tracy—Widom
distribution (1994), which describes the fluctuations of the largest eigenvalue of large-
dimensional Hermitian random matrices. More simply, A is also the length of the longest
increasing subsequence of a random permutation drawn uniformly from S,. This result
serves as a Moivre-Laplace theorem for growth models in the Kardar—Parisi-Zhang (KPZ)
universality class. This class encompasses a broad area of statistical physics, including in-
terface growth models, transport models (interacting particle systems), directed polymers,
and more, described either by combinatorial models or stochastic partial differential equa-
tions. Over the years, other types of physical models have been added to this list. The
field has strong connections with random matrix theory, both in terms of methods and
results, and overlaps in certain aspects with planar statistical mechanics, such as dimer
models.

The analysis of integrable models in the KPZ class has seen intense activity over the past
twenty-five years. At the beginning of the twenty-first century, exactly solvable random
models in the KPZ class were still linked to determinantal processes, such as the Schur
measure introduced by Okounkov (2001), which generalizes the Plancherel measure of the
symmetric group. The first breakthrough regarding non-determinantal models was the



series of papers by Tracy and Widom (2008, 2009), who computed the transition probabil-
ities of the asymmetric simple exclusion process using a method of operator diagonalization
from theoretical physics: the Bethe ansatz. Shortly thereafter, O’Connell (2011) connected
certain directed polymer models to a generalization of the Schur measure, the Whittaker
measure. While Whittaker functions are not written as determinants—unlike Schur poly-
nomials—many arguments based on symmetric function theory still apply. These advances
motivated fruitful exchanges between the theory of symmetric functions and methods from
quantum integrability, particularly the study of lattice models satisfying the Yang—Baxter
equation.

In summary, the state of the art is as follows. In one spatial dimension, for models on
an infinite domain, we now have a complete characterization of their common scaling limit
via the KPZ fixed point of Matetski-Quastel-Remenik (2021) or the directed landscape
of Dauvergne-Ortmann—Virdg (2022). However, while it can be shown that the KPZ
equation universally emerges as the limit of certain classes of models under special scaling,
the universality of the KPZ fixed point remains a completely open problem. Furthermore,
in higher spatial dimensions, the KPZ class is also poorly understood, partly because there
are few genuinely three-dimensional integrable models.

I now present the content of this memoir, which focuses solely on my own contributions
to the field.

The first chapter addresses the analysis of KPZ class models on a semi-infinite domain
using Macdonald processes. These processes are probability measures on integer partitions,
introduced by Borodin and Corwin (2013), based on remarkable identities satisfied by
Macdonald functions. The half-space variant we introduce allows us to study KPZ class
models defined on a half-quadrant, or models where the disorder is symmetric with respect
to an axis, or particle systems on a semi-infinite lattice connected to a reservoir. If I
were to choose an emblematic result from this chapter, it would be Theorem which
expresses the Laplace transform of the solution to the KPZ equation on R4 as a very
simple multiplicative functional of a Pfaffian point process describing the scaling limit of
the eigenvalues of the GOE. This theorem is proven by taking the limit of an analogous
relation between, on one hand, the ¢g-deformed Laplace transform of a discrete model—the
stochastic six-vertex model—and, on the other hand, a multiplicative functional of the
Pfaffian Schur measure. This discrete identity is itself the probabilistic translation of a
remarkable identity satisfied by Macdonald polynomials, see Equation .

The second chapter focuses on KPZ class models on a bounded domain, particularly in
the case of so-called open boundary conditions. In this context, it is much more difficult
to obtain exact formulas. The universal limiting law of the height function fluctuations
for such models is notably unknown. The main result of this chapter is a probabilistic
characterization of the stationary measure of the KPZ equation on an interval, given by
Theorem This measure is associated with a Gibbs measure on a pair of continuous
stochastic processes, called two-layer Gibbs line ensemble. These objects are intimately
linked to integrability. In fact, with Ivan Corwin and Zongrui Yang, we studied discrete
analogs of these Gibbs measures, which can be seen as variants of Schur or Whittaker
processes.

Finally, to describe the third chapter, let us return to the Moivre—Laplace theorem. It
is often illustrated by the Galton board experiment (see Figure : nails are arranged in
a regular quincunx pattern on a vertical board, so that a ball dropped through the array
of nails will randomly pass to the left or right of each nail with probability 1/2, thus
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simulating a simple random walk. What happens if the nails are not arranged regularly?
Or what happens if we replace the ball with a photon and the nails with beam-splitters
that transform the photon’s wave function in a unitary and random manner? Surprisingly,
these two questions are equivalent, as explained at the very end of this manuscript (see
Section . More generally, the influence of disorder on diffusion phenomena, and
in particular on the simple random walk, has been studied for a long time. On a large
scale, a typical trajectory is little influenced by disorder. Einstein already understood this
in his foundational 1905 paper on diffusion. On the other hand, the extreme behavior
of diffusions in a random environment is not well described by classical extreme value
theory but rather obeys the laws of the KPZ class. This phenomenon, which we studied
with Ivan Corwin (2015) at the end of my PhD thesis through the analysis of an exactly
solvable model, has led to numerous developments, some of which are described in the
third chapter.
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CHAPTER 1

HALF-SPACE MACDONALD PROCESSES

In this chapter, I present my work on the Pfaffian Schur measure [6] and its Macdonald
analogue [10], and I review several applications to Kardar—Parisi-Zhang growth on semi-
infinite domains. The bulk of this chapter presents the article [10], joint with Alexei
Borodin and Ivan Corwin, where we introduced the “half-space Macdonald measure”. Its
application to the stochastic six-vertex model and the KPZ equation on R, is treated
in a separate article with Michael Wheeler [7]. T also present in this chapter various
further results revolving around half-space KPZ growth, taken from a further work on the
symmetrized log-gamma polymer model [23], as well as my physics articles |14} [11; [17]
written with Pierre Le Doussal and Alexandre Krajenbrink.

1.1. Around the Schur measure
1.1.1. Cauchy identity. — Schur symmetric polynomials can be defined as the ratio

of determinants
. —_s\"n
det (a2+79)

sa(z) = e e
det (5'3@ j)m:l
where x = (z1,...,2,) is a set of variables and A = (A > X2 > ... > \,) € N" is an
integer partition with at most n parts. They satisfy a remarkable summation identity:
L 1
Z salaty ... an)sa(br, ..., by) = H T o = H(a;b). (%)
A1=A22>...20 i,j=1 eV}

It can be proved using linear algebra as follows. By the well-known formula for Vander-
monde determinants, @ is equivalent to

> det (a%‘jJrn*j)?‘lA ) det (b?\frn*j)” (@i — ) (b — bj).

1 7 .. - n
= =1 i — b
)\12)\2220 2¥) 2y l,]zl 1 ‘I.Zb]

Using the Binet-Cauchy identity, the summation on the left can be rewritten as a single
determinant, so that (E«]) becomes equivalent to a well-known determinant identity, often
attributed to Cauchy [Cau4l],

et 1\ _ Hz’<j(::i —a;)(bi — bj)‘
1-— aibj ij=1 1-— aibj

This is the reason why summation identities of the form (i) are often called “Cauchy
identity”.

ij=1



In order to understand probabilistic applications to such formulas, it is useful to consider
the power series expansion of both sides of @ Regarding the right hand side, as long as
la;b;| < 1, we may write

n 1 n oo n
— B \W — -D.: wiv.
0= M (S -, 2 fewrs e
ij=1 i,j=1 \w=0 W=(w; ;)ENXn i,j=1

Up to normalization, [];';_; (a;bj)"" may be interpreted as the probability that the n xn
integer matrix W has entries w; ; distributed as independent geometric random variables
with parameter a;b;.

Let us turn to the left hand side of (ED Schur functions satisfy a branching rule

sx(ay,...,an) = Z sy/ular)su(az, ... an), (1.1.2)
“w
where for a € R,
sy/ula) = 1, pal=Ie (1.1.3)
with |A| = >°; \; and we say that p interlaces with A, denoted p < A\, when A1 > p > Ay >
o = .... The latter are the same inequalities as the interlacing satisfied by eigenvalues \;

of a real symmetric matrix and eigenvalues y1; of a principal sub—matrix The branching
rule ([1.1.2)) allows to expand the Schur polynomials in monomials and obtain what is called
the combinatorial formula:

n
A@ [ —2\GE=1)
sx(z) = > Hal = 3 (1.1.4)

A1) < A@) << () =) =1

where AV < X®) < ... < A is a sequence of interlacing partitions and we have denoted
by |A| the size of a partition, that is the sum of the parts A\ + Ao + .... Back to the
Cauchy identity @, its left hand side can now be expanded as

Z ﬁ a\iA(i)|7|>\(i—1)| ﬁ bgu(j)|,|u<j—l)|7 (1.1.5)

AW 2@ <A (M) =) i=1 Jj=1

p (D 2@ L2 =)
where the sum now runs over two sequences of integer partitions. Since there is an equal-
ity between and there must be a bijection between integer matrices and
sequences of interlaced partitions which matches the monomials in the two sums. There
are actually several such bijections, the most famous being called the Robinson-Schensted-
Knuth (RSK) correspondence. This is an extension of the Robinson-Schensted correspon-
dence, generally stated as a bijection between permutations (matrices) and couples of
standard Young tableaux with the same shape, introduced in the context of representa-
tion theory of the symmetric group [Rob3§].

1.1.2. Last passage percolation. — There are several ways to define the RSK cor-
respondence. The most common way involves an algorithm for the insertion of integers
into Young tableaux, but we will not give it here. The coordinates of the partitions
AD @ u(l), ... can also be expressed explicitly in terms of maximization problems
involving the entries of W € N"*"_ In particular, we have that A\; = G(n,n) where G(n,n)
is the last passage time from (1,1) to (n,n) in the array of weights (w; ;). It is defined as
the maximization problem

G(n,m) = max H w; 4, (1.1.6)

m:(1,1) —>(nm Jen

1. The connection to random matrix theory actually goes much deeper, but here, our \; are integers
and are not interpreted as the eigenvalues of random matrix or operator.
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(1,1) i

FIGURE 1. An up-right path 7 : (1,1) — (n,m) as in the definition of last passage

percolation time (1.1.6)).

where the maximum runs over all up-right lattice paths between (1,1) and (n,m) in the
grid in Figure

Now, we may employ the RSK correspondence as a change of variable: if the weights
w; ; are distributed as geometric random variables as above, we get

PG <s) = X ] (- ab)(aiby)™

WeNnxn i,j=1

G(n,n)<s
1
= sx(a)sx(b). (1.1.7)
H(a;b) N :ggs

Indeed, in the first line, we sum the probability of observing matrices W with geomet-
rically distributed entries, restricted on matrices such that G(n,n) < s. Via the RSK
correspondence, this sum of monomials indexed by integer matrices can be written as a
sum of monomials indexed by interlaced sequences of partitions, which can eventually be
written as a sum of Schur functions. The constraint that G(n,n) < s becomes A\; < s after
the change of variables. This exact formula for the probability distribution of G(n,n) is
essentially due to [Joh00|, inspired by an earlier work on a closely related model of random
permutations [BDJ99].

By using tools from random matrix theory, one can use to prove that if param-
eters are all equal and such that a;b; = ¢,

G(n,n) — l/aqn
( a(q)nll/af < 3) = Fa(s),

where F5 is the cumulative distribution function of the GUE Tracy-Widom distribution
and

lim P

0U:<ﬁﬂ+ﬂ»w
vT\Ua-ver )

1.1.3. Schur measure. — Given the form of the probability distribution of G(n,m) in
(1.1.7) it is natural to consider probability measures on random partitions of the form

1

mé‘/\(al,...,an)SA(bl,...,bm). (118)
This point of view is adopted in [OkoO1] — building on earlier works [Joh00; BOOO0O]
— where it was proved that the set {\; — i};>1 forms a determinantal point process.
It is actually an example of a special class of determinantal point processes called bi-
orthogonal ensembles, which first arose in the context of random matrix theory: for many

IP;SChur (A) _
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matrix models, the probability distribution of eigenvalues of a n X n matrix can be written
as a product of n x n determinants.

The Schur measure has proven to be an extremely powerful framework. By varying the
choice of parameters a;, bj, potentially taking some limits, one can study many models
including, besides last passage percolation:

» The longest increasing subsequences of random permutations;

» Many models of non-intersecting paths, encoding for various combinatorial structures
such as random tilings;

» Interacting particle systems such as the totally asymmetric simple exclusion process
(TASEP) or the PushTASEP.

In the theory of symmetric functions, there are many other families of functions, besides
Schur polynomials, which satisfy a Cauchy identity. The corresponding probability mea-
sure on random partitions have many nice properties inherited by the symmetric functions
properties. In particular, they are typically symmetric with respect to their parameters,
which is a trace of integrability. Important examples, discussed below in more details,
include the case of Whittaker functions pioneered in [OCo09] and the more general Mac-
donald measures [BC14].

1.1.4. Further remarks about the RSK correspondence. — A celebrated theorem
of Pitman [Pit75] states that if X; is a Brownian motion, and M; = Sup,co,] X¢, then the
process

t— 2M; — X,

is a Brownian motion conditioned to stay positive for all ¢ € Ry, i.e. it is a Bessel(3)
process. For continuous functions fi, fo : Ry — R, let us define

f1® falt) = Jink {fils) + falt) — fo(s)}
f1© falt) = sup Li(5) + Fa(t) — (o)}

0<s<t
Then the Pitman transform of f = (f1, fo) : Ry — R? is
POf=(f0 f1, /i ® f). (1.1.9)

Pitman’s theorem can be reformulated as follows: if B = (B, B2) is a Brownian motion
in R2, then P® B is a Brownian motion constrained to stay in the Weyl chamber

Wy = {(z1,22) € R% 21 > 29}

Remark 1.1. — In the discrete setup, the Pitman transform has a nice interpretation in
terms of so-called box-ball systems. A random walks with £1 steps encodes a configuration
of particles on N as in Figure [2] where each up step is associated to an empty site, and
each down step is associated to a site occupied by a particle. The configuration is updated
as follows. Let us number the particles from left to right, and update their position
sequentially. Particle number 1 is first moved to the next empty site on the right. Then
particle number 2 is moved to the next empty site on the right, and so on. After one
step of the dynamics, the new configuration is encoded by the Pitman transform of X;
[CKST18]:

(PX)t =2 &lggt{XS} — Xt

Indeed, the Pitman transform consists in reflecting the trajectory off the trajectory of the
running maximum, which is a way to encode the box-ball dynamics, see Figure [2| (right).
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FIGURE 2. Left: the height function associated with a box-ball configuration.
Right: Configuration after one step of the dynamics, given by the Pitman trans-
form, that is reflecting the trajectory off the running maximum.

The reason why we introduced the compositions f; ® fa and f; ® fa and the Pitman
transform of a couple of functions is that it allows to generalize to a n-tuple of functions (or
equivalently, a function from R, to R™). Following [OYO02], for f = (f1,..., fn), we define

732-(")]’ to be the transformation that replaces (fi, fi+1) by (fix1 © fi, fi ® fi+1). Then, if
(n,n—1,...,2,1) = si, 8, ... S,

is a minimal factorization of the reverse permutation in adjacent transpositions s; =
(7,7 + 1), one defines the Pitman transform

P =p™ . pm.,

1k

Biane, Bougerol and O’Connell found that [BBOO05| that the Pitman transforms Pi(n)
satisfy braid relations, ensuring that the above definition of P does not depend on
the chosen factorization of the reverse permutation. The transformation P should be

interpreted as some sort of sorting algorithm, and Pi(n) is an elementary operation that
sorts coordinates ¢ and 7+ 1. One then has a n-dimensional analogue of Pitman’s theorem
due to [0Y02; BJO2]. If B = (By,...,B,) is a Brownian motion in R", then P™ B is a
Brownian motion conditioned (in Doob’s sense) to stay in the Weyl chamber

Wn:{(x17"'a$n)€R2;$1>"'>l’n}.

Pitman’s transforms are intimately connected to the RSK correspondence and last pas-
sage percolation. Given an integer matrix of weights W, let us define discrete functions

Rl(m) = Zwm
j=1
and compositions
Ry @ Ry(m) = 1g}i<nm{R1(j —1) + Ro(m) — Ra(j)}
Ry © Ra(m) = max {R(j) + Ra(m) — Fa(j — 1)}

One can define the Pitman transform PR of R = (Ry, ..., Ry) exactly as in the contin-
uous case. Since the first coordinate (P R); of the Pitman transform involves repeated
application of the composition ®, it can be shown that

G(m,n) = (P"R)1(m).
More generally, the RSK correspondence

{@.<)\(1).<..._<)\("):)\

®'<M(1)'<""<,U(m):)\} — W:(’wi,j)GN”Xm
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F1GURE 3. A downright path v and random partitions associated to vertices on
7, illustrating the definition of Schur processes.

can be expressed in terms of discrete Pitman transforms: we have

(B 1<jem = (P(”)R(j)>1<j<m
The sequence of partitions A(?) can also be written in terms of Pitman transforms after
replacing wj ; by w; ;.

This link between the RSK correspondence and last passage percolation, via Pitman
transforms, provides a concrete probabilistic interpretation to the other coordinates of
random partitions A following the Schur measure, besides ;. It also gives hints about
how to properly generalize the Schur measure to the Schur process, which is a measure on
sequences of partitions that describes in particular the joint distribution of last passage
times G(n, m) at different points.

1.1.5. The Schur process. — The Schur process was introduced in [OR03| as a model
of random plane partition, which may be encoded by a sequence of integer partitions. In
their original paper, the Schur process is a probability measure on partitions

0=p@ cA® 5 M c A 53 oo M) 5 (VD — g (1.1.10)
occurring with probability proportional to
N
1T 52 /-0 (@) 8500 0 (07)
i=1

where Q;t are sets of variables (or, more generally, specializations of the ring of symmetric
functions). By choosing some of the in to be zero, one may force some of the inclusions
in to be equalities, so that the Schur process may be viewed as a sequence of
random integer partitions included into each other in an arbitrary way. The sequence of
inclusions is encoded by a word on the alphabet {C, D}. Since we will be mostly interested
in applications of the Schur measure to lattice models, it is convenient to view this word
as a lattice path in the first quadrant of Z?, as depicted in Figure

Thus, we will define Pfaffian Schur processes for any down right path v (see Figure [3)).
Each edge e in the quadrant is decorated by a set g, (or a more general specialization).
Each vertex v in the quadrant is associated to a partition A(*). For each v, the Pfaffian
Schur process is a probability measure on the sequence of partitions A := ()\(”))ve7 where

P(A,) H weight(e),

ecy
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with
poooA A
weight [ ®——® | =s,,,(0) and weight | @ = sx/ul0)-
0 1%

An important property, which follows from branching and summation properties of Schur
functions, is that the marginal distribution of any coordinate in the Schur process is a
Schur measure.

The set of g, can be chosen, for instance, as being all single variable specializations and
depend on two sets of parameters aq,as,... and by, bo,... as

_ Jajife=(i—1,5) — (4,7) (a horizontal edge arriving on the i-th column)
ge = bjife=(i,j —1) — (i,7) (a vertical edge arriving on the i-th row).

Then, for every down-right path «, we have the joint distribution identity
(v) _
(M), = (G,

where G(v) is the last passage percolation time from the vertex (1,1) to v. This is a
consequence of the RSK correspondence. Actually, the RSK correspondance provides an
inpterpretation of all the coordinates in A7 in terms of Pitman transforms or in terms
of last passage percolation times associated to non-intersecting paths. This also suggests
a coupling between all sequences Av for different paths =, so that the identity holds
simultaneously for all . This couplings may be described through Markov dynamics
on the Schur process, where the dynamics are indexed by down-right paths instead of
time. We note that there are several Markov dynamics on the Schur process that are
such that their first coordinate marginal /\gu) has the same distribution as the last passage
percolation time G(v). One distinguished choice is the one corresponding to the RSK
correspondence. There is another convenient choice, referred as “push-block dynamics”,
after [BF14; [WWO09; Borl11|, which will play an important role in the sequel, especially in
Chapter

1.2. Pfaffian Schur process

As we have just seen, exchanging w; ; and w;; has a simple effect on the RSK output,
it simply exchanges the sequences of partitions A() and (). This suggests the existence
of some probabilistic model of last passage percolation having the symmetry w; ; = w;;,
which would be associated with a single sequence of random partitions.

1.2.1. Symmetrized last passage percolation. — Last passage percolation through
an array of weights which is symmetric with respect to the main diagonal, i.e. w;; = w;;,
was first considered by Baik and Rains in [BROla; BRO1b|. We illustrate the symmetry
axis by a red line in Figure 4] and below. As we show in Figure 4] imposing a symmetry
axis is equivalent to assuming that paths must stay below the diagonal, that is in the first
octant (half-quadrant) of the lattice.

If the distribution of weights depends on a single sequence of parameters (a;)1<i<p in
(0,1) and an extra parameter ¢ > 0 as

w; j ~ Geom(a;a;) for i > j
w;; ~ Geom(ca;),

then, the last passage percolation time

GB(n,m) = max { Z wm}.

paths (1,1)—(n,m) (i.j)€ path
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FIGURE 4. Since the weights are symmetric, the weight associated to any path
(as on the left picture) is the same as the weight of a path that stay below the
diagonal (as in the middle picture) so the last passage percolation time can be
computed by maximizing only over such paths (as in the right picture).

is distributed as [BRO1a]

1
P(GP(n,n) <) = Y MRt (g (1.2.1)
( ) HB(a; c) AL <7
where ) )
|
H ic) = .
(a3 ) Hlfaicnlfaiaj

7 1<)

As n — oo, GZ(n, n) satisfies a phase transition, now referred to as the Baik-Rains
transition.

¢ <1 : It is shown in [BRO1b] that if a; = a € (0,1) and ¢ < 1,
GB(n,n) — n <) = Fy
< a(a2)n1/3 X ) 4(s)

where Fj is now the GSE Tracy-Widom distribution.

c¢>1: When ¢ > 1, the weights along the diagonal become big enough so that the optimal
path (whose weight is equal to GB(n,n)) collects an order O(n) weights along the
diagonal. The fluctuations of the sum of these big weights yields a Gaussian central
limit theorem with fluctuations on the scale n'/2.

lim P

¢ =1 : Exactly at the transition point, ¢ = 1, fluctuations are on the scale n/3 but with
a slightly different distribution [BRO1b|:

GB(n,n) — TN . .
O'(CL2)TL1/3 XS| = 1(8)
where Fj is now the GOE Tracy-Widom distribution.

A heuristic explanation for the value of ¢ at the transition is the following. The value
¢ =1 is such that the following two quantities match:

lim P

ac
l—ac"

1. The expectation of weights along the diagonal, which is E[wi;] =
2. The typical size of weights along a geodesic which is given (when ¢ < 1) by the limit

.1 a
nlLHgO %G (n,n) = T
Open Problem 1.2. — Characterize the geometry of the geodesic between (1,1) and

(n,n) at the critical point, i.e. when ¢ = 1. It is plausible that the geodesic touches the
diagonal at O(n2/3) points, but how these points are distributed is unknown.

Remark 1.3. — Baik and Rains also computed the probability distribution of last pas-
sage times P (G*(n,n) < r) in terms of Schur functions for other symmetry types e :
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In the last picture, the semi-circular arrow means that weights are symmetric with respect

to the central point. However, the computation of the last passage time distribution is an
open problem when imposing other symmetries such as:

| / |

Eges

[ [ 1] [ [ 1] éf

The last problem is equivalent to last passage percolation in a band, discussed in details
in Chapter

1.2.2. Pfaffian Schur measure. — The Pfaffian Schur measure was introduced in
[BRO5| (this is a slight generalization of the measure appearing in ((1.2.1f))
1
P (\) = ———— 7\ (b1, ..., by, ©)sa(a1, .. . ,a 1.2.2
g (A) H(a:b.0) (b1 ks €)sa(a1 n) (1.2.2)
where
n n k 1
(a;b,¢) = H H H —
1:1 i=1j=1 B azbk 1<i<j<n 1= aia;

and

Z S\

p'even
and “u’ even” means that we sum over partition whose dual has even coordinates. It
corresponds to imposing that the coordinates of the partition p come in pairs p; = uo,
13 = p4, etc. as the eigenvalues of a GSE matrix. When the function 7, is evaluated into
a single variable ¢, the definition of Schur function readily imply

m(c) = M A2 A=At

In particular, if ¢ = 0, the Pfaffian Schur measure is supported on partitions such that \
is even.

Borodin and Rains [BR05| actually introduced the more general Pfaffian Schur process
and proved that they form Pfaffian point process. These are analogues of determinantal
point processes where determinants are replaced by Pfaffians. We will not define the
Pfaffian Schur process here, but we define a generalization of it in Section [I.3.4]

In [6], we exploited Borodin-Rains’s result to study half-space last passage percolation.
The connection between the Pfaffian Schur measure and last passage percolation is the
following.

Proposition 1.4 ([6]). — Let X de distributed according to BF"™" as in (1.2.2). Then,

M D Bl k)

when the weights are independent with
w; j ~ Geom(aiaj) for1<j<i<n
w;; ~ Geom(ca;),

Wrtk,j ~ Geom(bay).
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We proved this result in [6] by constructing dynamics on sequences of interlaced par-
titions preserving the class of Pfaffian Schur processes. It generalizes one of the results
of Baik and Rains from |[BROla] which corresponds to the case & = 0. Our method is
very simple to implement. It was suggested to us by Alexei Borodin, and it also works in
the case of Macdonald processes, which we discuss in Section In the Schur case, we
could however have used a more traditional approach via the RSK correspondence. The
latter method was implemented shortly after in [BBNV1S].

Then, using the results of [BR0O5| on the Pfaffian Schur process, and performing
asymptotics of Fredholm Pfaffians, we were able to complement the asymptotic results of
[BRO1b]. We mostly worked with a model with exponentially distributed weights — this
is a limit of the geometric case. We assume that

w;j ~ Exp(l) for 1 <j <

1.2.
w;; ~ Exp(a). (1.2.3)

Theorem 1.5 ([6]). — Denoting by EB(n,n) the last passage percolation time with ex-
ponential weights (1.2.3)), we have the following asymptotics: When a > %,

) EB(n,n) —4n
When o = %,
. EB(n,n) — 4n
ey <2/3n/3 < ) = Fals).
When o < %,

1
1+k

where G is the standard Gaussian distribution. Moreover, for any k > 1 and o >

A _ 2
lim P E%(kn,n) — (1 —I; \S/E) n
n—oco ((1+\/g)4n) /

= FQ(S).

N/

The last asymptotic results means that when x > 1, Ez(mn, n) has the same fluctuations
as E(kn,n) (the unsymmetrized model), as long as « is large enough. Intuitively, at large
scale, the shape of the optimal path is not influenced by the boundary. Theorem is a
subset of the main results in [6]. In the paper, we also study the joint distribution of the
vector

(Ez(ni, mz)>

where the points (n;, m;) form a down-right path, that is we have ny > m; > ... > my.
The joint distribution is expressed in terms of an extended Pfaffian process. We can then
study asymptotics when the points are at distance O(n?/3) from the point (n,7) and the
boundary parameter « is scaled closed to critical as o = 1/2+ 2-1/35n~1/3, The resulting
Pfaffian point process encodes the finite dimensional distribution of the half-space Airy line
ensemble, recently defined [DY25]. The latter is an important tool for studying universal
properties of half-space growth models in the KPZ class. It should be a key input in order
to define appropriate half-space generalizations of the directed landscape and KPZ fixed
point, which we discuss in more details in Section [1.8.4]

1<i<k’
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1.2.3. Application to interacting particle systems. — One of the motivations for
establishing the asymptotic results in Theorem was to study the fluctuations in some
interacting particle system called the facilitated (totally) asymmetric simple exclusion
process (FTASEP). In this system, particles on Z move at rate 1 to the right by one unit,
provided the site on the right is empty, and the site on the left is occupied. One may show
that starting from the step initial configuration, the state of the system is in bijection with
configurations of the TASEP on a semi-infinite lattice N.

In the TASEP on N, particles jump independently at exponential rate 1 to the next
site on the right provided this site is empty. Moreover there is a reservoir that inserts a
particle at site 0 at rate «

0 1 2 3 4 ) 6 7 8 9 10

Letting N, (t) denote the number of particles to the right of x at time ¢, starting from the
empty initial configuration at ¢ = 0, Theorem implies the following.

Corollary 1.6 ([5]). — 1. Ifa>1/2,
: No(t) —t/4
Jim P (Gl > 1) = P
2. Ifa=1/2,
. No(t) —t/4
3 Ifa<1/2,
lim P No(t) — ta(l o) > s | =G(s).
t—o0 (1_2a)2t
a(l—a)

This corollary is based on a well-known coupling between TASEP and last passage
percolation such that

{Na(t) <y} = {E9n+y,y) >t}

1.3. Half-space Macdonald measure

1.3.1. Macdonald functions. — Macdonald polynomials were introduced in [Mac88].
They are symmetric polynomials whose coefficients are rational functions in Q(q,t), and
degenerate to Schur functions when ¢ = t. The motivation for introducing them was
that several families of symmetric functions originating in representation theory and
harmonic analysis, namely Schur, zonal, Jack and Hall-Littlewood polynomials, satisfied
a very similar theory, calling for an interpolating family. Most properties of Schur poly-
nomials, such as orthogonality, summation identities, combinatorial formulas, extend to
Macdonald polynomials in a similar way, up to deformations based on the parameters ¢, t.

2. The term “symmetric function” refers to, informally speaking, a symmetric polynomial in infinitely
many variables. This is the best formalism to work with symmetric polynomials, so as to forget the number
n of variables. The algebra of symmetric functions can be defined as an inverse limit from the algebra of
symmetric polynomials in n variables. We refer to [Mac95| for details.
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Macdonald functions are usually defined as the unique family of symmetric functions
{P»}, indexed by integer partitions A, such that they are triangular in the basis of mono-
mial symmetric functions, i.e.

« «
Py, = Z Uy, My, wWhere my = Z xytwy?
u<A oz sort(a)=A

and uy , € Q(q,t) with uy x—1, satisfying the orthogonality condition
(Px; Pu)gr = 0 if A # p,

where the scalar product (-, )4 is a deformation of the so-called Hall inner product. It is
defined as

£(N) 1— g
<p)\vpu>q,t = H 1_tn Hjmjmj!]b\:#
i=1 j>1

where py = [[;py, are power-sum symmetric polynomials, i.e. pg(z) = >, xf, and we
used the notation that for a partition A, its multiplicities m; are the number of times
the integer j appears in the list of coordinates of A. This inner product was proposed by
Macdonald in order to interpolate between the cases of Schur, Jack and Hall-Littlewood
functions. Letting by = (Py, Py)qy, it is customary to define a dual family Q\ = Py /by, so

that <P)\, QM)QJ = ]l)\:”.

1.3.2. Macdonald measures. — Borodin and Corwin generalized the Schur measure
in [BC14] by replacing Schur polynomials by Macdonald functions. For ¢,¢ € [0, 1), they
defined the probability measure

1
pMacdonald(\y — ___—___Py(qy,... QA (b1, ..., bilg, t 1.3.1
( ) H(a,b|q,t) )\(ala 7an|Qa )Q)\( 1, ) m|Q7 )7 ( )
where Py and Q) are Macdonald polynomials and the normalization constant is
' o (taibs; @)oo _ T k
H(a;b|q,t) = H ~——=—~—, where (¢;¢)0 = H(l —aq”).
i (albj7Q)oo k=0

Macdonald measures and processes have many applications. Although the coordinates
A; of the random partition no longer form a determinantal point process for general param-
eters g, t, it is still possible to express observables of interest in terms of integrals involving
determinants, and eventually in terms of Fredholm determinants amenable for large scale
asymptotic analysis. The study of Macdonald processes at ¢t = 0 led to g-deformations
of integrable particle systems such as the ¢-TASEP and ¢-PushTASEP. As ¢ — 1, Mac-
donald symmetric functions become gl,-Whittaker functions, which appeared previously
in [OCo09] in the context solvable directed polymers. At ¢ = 0, Macdonald symmet-
ric functions become Hall-Littlewood polynomials. The corresponding measures become
related to the stochastic six-vertex model [Borl8], and after some scaling limit, the asym-
metric simple exclusion process (ASEP). After yet another scaling limit of either ASEP
or directed polymers, the exact formulas in the theory of Macdonald measures [BC14;
BCGS16; BCFV15; BO17] allow to obtain information on the probability distribution of
the KPZ equation.

1.3.3. Pfaffian or half-space variant. — In view of the usefulness of Macdonald mea-
sures to study growth processes beyond last passage percolation and TASEP, it is natural
to look for a Pfaffian version of Macdonald measures, degenerating to the Pfaffian Schur
measure when ¢ = t. We introduced and studied it with Alexei Borodin and Ivan
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Corwin in [10], with a special case addressed in [7] with Michael Wheeler. Since Pfaffi-
ans do not really arise in the general case, we called the probability measures “half-space
Macdonald measures” instead of “Pfaffian Macdonald measures”. These are defined as

1
piacdonald()y — ____— ¢ t)Py(a1,...,aylq,t 1.3.2
40 = G O DB @ el (132)
where p is a nonnegative specialization of the ring of symmetric functions, and the
symmetric function &) is defined as

Ex= Y b(q,t)Qx/p

p'even

The combinatorial coefficient bf}(q, t) is defined in [Mac95] in such a way that the function
&y is the appropriate analogue of the function 7, above and satisfies similar properties.
The definition is chosen so that the normalization constant still has a factorized form:

HP(a; lg, 1) = Dlalg, ) H s g, ) with Blalg, 1) =[] (0=,
1<i<j<n (a/ia/j7 Q)oo
The expression of the normalization means, when p is the empty or zero specialization,
that we have
S Py(a) = B(alg,t) (13.3)
M even
which is usually referred as the Littlewood summation identity for Macdonald functions.
In [10], we compute observables of various marginals of the Macdonald measures, typi-
cally allowing to determine the distribution of A\; or A\,. Our method, similar to [BC14],
is based on certain operators acting on symmetric functions and such that Macdonald
polynomials are eigenfunctions. We also build dynamics preserving the class of half-space
Macdonald processes (that is a probability measure on several partitions, which we will
not define here). This allows to relate half-space Macdonald measures to ¢g-deformed par-
ticle systems when ¢ = 0, and to the log-gamma polymer model in a half-quadrant when
q goes to 1. See Figure [5] for a chart illustrating the various limits and applications.

1.3.4. Definition of half-space Macdonald processes. — We define half-space Mac-
donald processes in a similar way as Schur process (Section . Schur functions are
replaced by Macdonald functions, and the path v now starts somewhere on the diagonal
of the quadrant, and then progresses down-right to the bottom boundary — see Figure [6]

Slightly more formally, the half-space Macdonald process is a probability measure on

the sequence of partitions A, := (A") ¢, such that

1
P(A,) = ——Exo(0o) | | weight(e),
T HY(g,) eg
where H7(q,t) is a normalization constant which is explicit, and the weight of off-diagonal
edges are chosen as in the Macdonald process, i.e.

poooA A
Weight< 0—0> = Q) /(o) and weight( 0

) = PA/u(Q)'
e H

As in the Schur case, branching and summation properties of Macdonald functions imply
that for any v € ~, the law of A\? is a half-space Macdonald measure. The joint distribution
of coordinates A} is related in [10] to various models for various choices of ¢, t. This relation

3. The specialization ¢ needs to be such that £x(¢) and P(p) are nonnegative. It is known that the
set of such p is exactly the same as for the Schur measure [Mat19].
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(Half-space Macdonald processes)

q=0 t=0
/ \
[Half—spaee Hall-Littlewood process] g=t (Half—space q-Whittaker process]

t=0 l q=0
~ P
Pfaffian Schur process g—1
IBRO5; |S104; 6] l

special case

Section

4 [Half—space Whittaker process]
Stochastic six-vertex model

in a half-quadrant [7]
Section [1.5.6

Y
Geometric/Exponential LPP
in a half-quadrant [6]
Half-line TASEP

continuous time

total asymmetry zero-temperature

[Half—line ASED J [Half—space log-gamma, polymer]

Section [[4]
weak asymmetry high temperature
\ /
KPZ on R+
Section

F1GURE 5. Hierarchy of half-space Macdonald processes and their degenerations.
Arrows mean that one has to take a specialization of parameters or a scaling

limit.

FIGURE 6. Left: A path + used in the definition of half-space Macdonald pro-
cesses. Right: When defining dynamics on half-space Macdonald measures, one
considers elementary updates on down right paths. There are two kinds of up-
dates, depicted in orange: bulk updates and boundary updates.
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is based on the study of Markov dynamics on Ay, indexed by paths — see Figure |§| (right).
There are, in principle, many dynamics which map the half-space Macdonald process A,
on a path 7 to the half-space Macdonald process A/ on a path 7' obtained from ~ after one
of the updates depicted in Figure |§| (right). Regarding the bulk updates, dynamics were
studied and classified in [MP17] in the context of the full-space Macdonald process. We
can simply use the same bulk dynamics in the half-space setting. Regarding the boundary
update, we need to define some dynamics. It is plausible that in some cases, such dynamics
could be made through g-deformations or t-deformations of the RSK correspondence. We
chose in [10] a simpler method: we use “push-block” type dynamics.

1.3.5. Push-block dynamics, first approach. — Consider a bulk update of the form:
T

A,

We need to map the sequence Ay = (A, 41, ...) to a random sequence Ay = (7, p,...) by a
Markov process with transition kernel denoted U (m, u|A, ). It is simpler to assume that
during such an update of the path, we update the partition A" only for the vertex v which
has been updated. The half-space Macdonald process on A, is weighted by €x(0) P, x(a).
The half-space Macdonald process on A, is weighted by Ex(0)Qx/,(a). Hence, we need to
find a kernel U(m|p, A) such that

H7(q,
S U 8@ Pua(0) = ey S Ol

A priori, there can exist many kernels U (7|u, \) satisfying such identity. However, if we
assume that it does not depend on A, i.e. U(w|u,\) = U(w|)), then there is a unique
choice, we must have

U(7T| ) _ HV(q,t) gﬂ'(Q)QTI’/M(a) ‘

H7(q,t) 325 Ex(0) Pyuya(a)
This assumption that dynamics do not depend on the partition that is updated is what
characterizes the “push-block” dynamics — the term push-block refers to pushing and
blocking mechanism arising in dynamics on Gelfand-Tsetlin patterns [WW09; BKO08]. This
choice is also related to a general method to couple together Markov chains satisfying some
intertwining property [DF90].
Macdonald functions satisfy many properties and one can show that

ZS/\ M/A H'y q t Zg QW/N

so that
> U(rlp) =1,

which means that the kernel U is a well-defined Markov kernel.

These dynamics on half-space Macdonald processes are related to many models: when
q = t, The coordinate largest \; is related to last-passage percolation GE and symmetrized
plane partitions. When t = 0, ¢ € (0, 1), both largest and smallest coordinates A\; and Ayy)
are related to g-deformed interacting particle systems which are variants of the TASEP
and the PushTASEP. When ¢ = 0 and ¢ — 1, then one can show [10] that ¢ converges to
the partition function of the half-space log-gamma polymer defined in Section [I.4f When
g = 0, the length of partitions () is related to the stochastic six-vertex model in a
half-quadrant (Section [L.5.6).
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1.3.6. Exact formulas. — In order to give a taste of the integral formulas that one can
obtain in the general g, t case, we state the following:

Proposition 1.7 ([10]). — For any positive integer k,

E%Iacdonald[(q)qtnfl T q,\n)k}

1 dw; dwy, H (twg — quyp) (wq — wyp) (1 — qwawy) (1 — twgwy)
(t—1)k ) 2ir 2im (wg — qup) (twg — wyp) (1 — qtwawy) (1 — wawp)

1<a<b<k

k n 2
m — Uj 1—a; m H ms ) 1- m 1
m=1

W —a; 1 —tajwp, ’

H(wm; 0lq, t)(1 —w32,) wp

j=1
where the contour for we, 1 < ¢ < k, contains {a1,...,a,} and the image of the
Weil, - - -, WE contours multiplied by q, and does not contain any other singularities of the

integrand (this may restrict the choice of admissible specializations p). All contours above
are positively oriented.

Proof idea. — Define the shift operator T,, by
(T, F)(x1,...,2n) = F(z1,...,qT4, ..., Tn),

and for any subset I C {1,...,n} with r elements, define

r(r—1) tx; — :

Ap(z;t) =1t 2 H i iy
. X Ty — T4
iel,j¢l J

For r =1,2,...,n, the r** Macdonald difference operator is
D.= Y Agx;t) [[ Ta. (1.3.5)
Ic{1,...,n} el
H|=r

It is such that
D, Py(ai,...,a,) = e ("L . ™) Py(ai, ..., an),
where e, is the rth elementary symmetric polynomial Now consider the identity
S a®)P(ar, ... an) = H:(ay, ..., an; 0). (1.3.6)
A

where we have omitted the dependency in ¢,t to simplify notations. If we apply Dy on
both sides of (1.3.6]), we get that
DlHZ(al, ey Qp; )

Hz(ala <oy Qng Q)

can be expressed as some explicit sum of products. If we express this sum as a contour
integral and iterate the procedure k times, we obtain the claimed formula. ]

E[qz\ltnfl +---+qA"] —

It is not immediately clear how much asymptotic results can be obtained from a formula
such as Proposition [I.7} Instead of using Macdonald difference operators D, we may also
use the operators

Nz — i z"" H qnj:vj — qm‘:ni H (tl’i/l’j)m ﬁ (sz-)m,

i S R T el C L 7L e

4. Actually, Macdonald polynomials can be constructed as eigenfunctions of the operator D1, which is
self-adjoint with respect to the scalar product (-,-)q., so that Macdonald functions are orthogonal. See
[Mac95|, Chap. VI, Section 4] for details.
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such that

(zq ign— i+1. Q)
N.P\(ai,...,ap) g =
This eigenrelation is often attributed to Masatoshi Noumi (see |[NS20] and references
therein), hence the use of the letter N. The eigenrelation can be deduced from the Pieri
rules for Macdonald polynomials (see [BC14, Proposition 2.2.17]), by reversing the clas-
sical argument in Macdonald’s book [Mac95] where the Pieri rules are proven from the
eigenrelation involving Macdonald operators.
Employing the same method as in the proof of Proposition now using Noumi’s
operator, we obtain explicit formulas for several (g,t)—analogues of Laplace transforms.
For instance, we have the following:

P)\(ala . '7an)‘

Theorem 1.8 ([10]). — Let z € C\ Rx. Under mild assumptions on the specialization
0, we have

n

EMacdonal H 1tZZ q Z firieo d81 . firvioo dsk % .. %
(%] )\ ipi—1 . q kl i i

o (@) T T(—s)T(1 + s, g”(wi) o(w?)(=2)"
AL )[[r( H0(1+ Z)Gqﬁt(qisz}wi) S0 = o (1.3.7)

where R € (0,1) is chosen such that a; < ¢® < a;/a; for alli,j, the positively oriented
contours for the variables w; enclose all the a;’s and no other singularity, and we have
used the shorthand notation
Gty (g% wj — % w;) (wi — wy)d(g* I wiw;) p(wiwy)
AL (W) = H

L<isiep (@P1wi — wj) (g w) — wi)P(gT wiw;) p(g wjwi)

and .
gqt _ (a]/w 1 (Z) — (tZ;Q)oo
joi Plway) H(w:o) (25 @)oo
Remark 1.9. — Letting (uy,...,ug) := (wl_l,q”lwl, ... ,w;l,q”kwk), we have

1

AL (@) = Pf lUj " 1 11 (g7 o) f(wiwy) 15 1—g”

L—wguy | oy Fl@rwiwg) F(@7wiwi) 2 qviwg — wy

where f(u) = (tu; ¢)oo/(qU; @)oo, and we have used Schur’s Pfaffian identity

Pf (mi_xj> — 32 (1.3.8)

T + T iji+xj

If ¢ = t, the function f is constant, so that the whole integrand in ([1.3.7)) can be written
as a Pfaffian. This is coherent with the fact that the Pfaffian Schur process determines a
Pfaffian point process [BRO5|.

1.4. Application to the log-gamma polymer

1.4.1. The log-gamma polymer. — When ¢t = 0 and ¢ — 1, the half-space Macdonald
measure on \ is such that ¢~*! converges the partition function of the log-gamma directed
polymer in a half-quadrant. The log-gamma polymer was introduced by Seppélédinen in
[Sep12| as the appropriate positive temperature generalization of exponential last passage
percolation. Here, appropriate means that the model has a stationary structure described
in terms of i.i.d. random variables, which allows to make explicit computations for the law
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F1GURE 7. Illustration of the definition of the partition function of the half-space
log-gamma, polymer.

of large numbers of the free energy, and find fluctuation exponents: [Sepl2| proved that
the free energy of a polymer of length n has fluctuations of order n!/3 and the polymer
paths wander at distances O(n?/3) around a straight line. For the model defined on Z?2, it
was then realized in [COSZ14] that the log-gamma polymer model possesses much more
than a stationary structure. Via a variant of the RSK correspondence, the geometric RSK
correspondence, the model is related to the Whittaker measure (the t = 0,¢ — 1 limit
of the Macdonald measure), and one can obtain exact formulas to characterize the free
energy and prove Tracy-Widom asymptotics [BCR13].

In this section, we are interested in the log-gamma polymer model in a half-quadrant,
that is when paths are confined below a wall. Let a1, as,... be positive parameters and
u € R. Let w;; be independent random variables such that w;; ~ Gammafl(ai + aj)
for i > j and w;; ~ Gamma '(u + a;). The partition function of the half-quadrant
inverse-gamma polymer is

Zz(n,m) = Z H w;

w:(l,l)—)(n,m) (i,j)eﬂ'

where 7 is restricted to the lower half of the quadrant — see Figure[7] At zero temperature,
that is when «; and u go to zero, the free energy log(ZZ(n, m)) converges to passage times
Ez(n, m) of half-space exponential LPP. At high temperature, the free energy process, as
n,m vary, weakly converges to the solution of the KPZ equation on R with Neumann
boundary condition at 0, with a boundary parameter controlled by the parameter u (this
convergence will be discussed in more details in Section and in chapter [2]).

Remark 1.10. — As explained in Figure [4] the last passage times are the same when
weights are symmetric with respect to the diagonal, or when one constrains paths to stay
below the diagonal. At positive temperature, this is no longer true. However, the partition
function with symmetric weights is related to the partition function with constrained paths
by multiplying or dividing diagonal weights by 2. In the text, we defined our partition
function 29 as the sum over constrained paths, but it is useful to relate it to a partition
function in a symmetrized array of weights [OSZ14].

A limit of Proposition [I.7] yields the following moment formula
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Proposition 1.11 (|10]). —

dz dz H Za — Zp Za + 2

2im 217T1<a<b<kza_zb_l 14+ 2,4+ 2

xﬁ 22 ﬁ( ! )ﬁ( ! ) (1.4.1)
i:1zi_u+1/2j:1 aj — 2z —1/2 i Zita;—1/2) VT

where the contours are such that for all 1 < ¢ < k, the contour for z. encloses {—a; +
1/2Vi<i<m and {ze41 +1,..., 2 + 1}, and excludes the poles at u —1/2, oj — 1/2 (for
1<j<n)and —1—z; (for j # c). Because the integrand decays at least quadratically at
infinity, one may chose the contours to be all vertical lines such that the contour for the
variable z; is r; + iR where

E[29(n, m)*] =

max{k —o; —1/2} <rp+k—-1<---<rg+2<r <min{u—1/2,a; —1/2,0}.
J j

We note that if & > «; + o or k > a; + u for some i < j, the k-th moment of Z(n,m)
fails to exist. Thus, it is not possible from this formula to compute the Laplace transform
of Z(n,m).

However, one can compute the Laplace transform by taking a limit of Theorem
We will not state here the result. In the large scale limit, the asymptotic analysis of
such formulas yield the same asymptotics as in the Baik-Rains transition, as expected.
However, there is a catch: the asymptotic analysis is not rigorous. The main obstruction

is that the coefficient A'ﬁg(tﬁ) in the formula can be bounded at best by C*¥* but Y reo Ck—lf
is not summable. If the coefficient was a Pfaffian (as it is the case when ¢ = ¢, or in certain
large scale limits), we could use Hadamard’s bound, leading to a summable series. But
it does not seem possible to write this term as a Pfaffian. In the case of the full-space
Macdonald measure, there are similar looking formulas and somewhat surprisingly, the
analogous coefficient can be written as a Cauchy determinant for all values of ¢,¢. This
illustrates the additional difficulties posed by the half-space case.

1.4.2. Whittaker functions and their Plancherel theory. — Using the Plancherel
theorem associated with the Whittaker transform, |[OSZ14] suggested another Laplace
transform formula. Using the framework of [OSZ14], there are analytic difficulties that
prevent to prove this formula, essentially that Plancherel theorem can only be applied to L?
functions. However, using the flexibility afforded by the specialization g in our definition
of half-space Macdonald measure, we are able to find the appropriate regularization of the
log-gamma polymer free energy and obtain the following (which is a slight variant of the
formula proposed in [OSZ14]):

Theorem 1.12 ([10]). — For m > n and any s > 0, we have
E |:e—sZ|Z(m,n):| _
1 [rtico dz /”‘ioo dz, H 1 H T(zi +25) r(:
n! Jr_ise 2im oo 2im by I(z; — zj) I<isign (o + a ) ij=1
ﬁ az—zz u—l—zl) ﬁ Faﬂ—"zl (1.4.2)
ey I(u+ ozz) Ploiut oy + o)

where the real part r of the contour is such that r +u >0 and r > oy for all 1 < i <
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Let us explain in more details how this formula was guessed in [OSZ14] when m = 0,
and what is the obstacle to prove it. Using the geometric variant of RSK correspondence,
applied to an array of weights symmetric with respect to the diagonal, [OSZ14] proved
that the probability distribution of Zz(n, n) is the same as that of 1 € Ry when the
vector z € R"} has density equal to

1
[Lic; T + ) IT; T'(u + )

where 4" (z) denotes a gl,,-Whittaker function. The notion of Whittaker function was
introduced in the context of automorphic forms by Jacquet [Jac67]. Whittaker functions
also arise in works on the quantum Toda lattice [Kos78] and mirror symmetry [Giv97]. For
more background, we refer to Reda Chhaibi’s PhD thesis [Chh13] or the survey [Lam13].
Explicit integral representations of Whittaker functions exist for general classical groups
[GLOO0T; |GLOO08] though we will only work with GL,, and SOg,,11 in this text.

From the symmetric functions point of view, gl,,-Whittaker functions may be seen as
a limit of a Macdonald polynomial Py(a), when ¢ = 0 and ¢ — 1, where the partition
A becomes the variable z and the set of symmetric parameters a become « in the limit
[GLO12]. As a consequence, Whittaker functions satisfy many properties which are anal-
ogous to Schur functions. For instance, they satisfy a Cauchy identity

67u(m17:1:2+x37$4+... )\Pg[" (x)

d n
/R Vw0 (0) T = T T(ai+ ). (1.4.3)
v ij=1

They also satisfy an analogue of the combinatorial formula for Schur functions ,
which is called Givental’s integral representation. This is actually used as the definition
of Whittaker functions in many references.

Consider a triangular array z = (z;; : 1 < i < n,1 < j < 1) (Figure . The gl,-
Whittaker function is defined as an integral on triangular arrays with fixed bottom row:

i—1 a; i
Pl N ﬁ Hj:l Zi—1,j _ zn: i: Zit1,j+1 T Zi—1,5 H dZi,j
o" (@) = R (n—1)/2 Ty 2 xp P o
+ i=1 J=1*%) i=1j=1 2Y) 1<i<n 7%
1<5<i

(1.4.4)
where z,; := x; for 1 < j < n and by convention z;; = 0 if (¢,7) is out of the range
1 <7< n,1 <7 <17 The second factor in the integral may be written informally as

DNzt Zie 4
exp —ZZ ’ ’ = exp Z;

i=1j=1 Zi,j z—z!

where the sum runs over all the edges of Figure

Using this definition of the Whittaker function, along with the Cauchy identity and
the geometric version of the RSK correspondence, the connection between the log-gamma
polymer and Whittaker functions arises exactly as the connection between Schur functions
and last passage percolation, as explained in Section [I.1.2] For the log-gamma polymer
model in a quadrant, this was discovered in [COSZ14].

1.4.3. The argument of O’Connell, Seppildinen and Zygouras. — Let us go back
to the log-gamma polymer in a half quadrant. In order to compute the Laplace transform
of ZB(n,n) in (1.4.2), one needs to compute the integral

/ 6*33516*“(351*12+‘T3*14+m)\Ijga[n (SIJ) 1
R

T Hi<j Il + o) [T; T(uw+ i) (1.4.5)
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(A) gl, case, n =6. (B) sogp41 case, n = 3.

FIGURE 8. Tableau of integral variables z; ; (including the fixed bottom row) for
gl,, Whittaker functions and sos,+; Whittaker functions; an arrow a — b means
that the term ¢ appears in the exponential term in the corresponding integral
representations.

This integral may be transformed — at least heuristically — using the Plancherel theorem
associated with Whittaker functions. For a function g € L? (R%, [["; dx;/z;), we define
its Whittaker transform as

n
R dx;
i = [ g@vsn @[]
RZo i=1 T
Let Lgym ((iR)™, tr,(X)dA) be the space of square integrable functions which are symmetric
with respect to permuting their variables, equipped with the Sklyanin measure
1 5
AN=—7"—1ITA\, =X . 1.4.6

It is known that the Whittaker transformation g — ¢ is an isometry [Sem94; KLO1|
sym

L*(RZ,, ﬁ dx;/x;) — L2 (((R)", pn(X)dA) .
=1

In particular, the following Plancherel formula holds. For all fi, fo € L? (R%, [T/ dzi/;),
we have

n
——— 11 dTi
/ file) fao(x) [ — =
R i=1 i i
Now, in order to compute (1.4.5), we may let
i) = et po(g) — g (@),

The Whittaker transform of fo is easily obtained using the Cauchy identity (|1.4.3)). The
Whittaker transform of f; is obtained using another identity called the Littlewood identity
— analogous to (|1.3.3)) — which yields

/(,R)n FIO) Fo () (V) dA. (1.4.7)

n

A =TI0O + ) TT 0+ M),

i<j i=1
so that the Laplace transform formula (1.4.2)) is

[ FOVRO (N
(iR)"

The issue with this argument is that f; does not belong to L2 ((AR)™, tn, (AX)dA), it is not

sym
integrable in L? against the Sklyanin measure, as noticed in |[OSZ14]. By considering the
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partition function Z8(m,n) for m > n, as we do in [10], one is lead to consider a more
complicated function f, depending on more parameters, which is in L? for certain ranges of
parameters when m is large enough. This allows to establish a Laplace transform formula
for large m, depending on many parameters, and at the end it becomes not difficult to
deduce the formula for all m > n.

Of course, there is some technical work behind this regularization procedure. The main
technical input that we need is a decay bound on some function, denoted 7 (z), which is
the Whittaker limit of the symmetric function &£ in (1.3.2)). The function 7 (z) is defined
in such a way that its Whittaker transform is

n \2 m—n
H F()\z + )\]) H e H F()\Z + Oén+j) ,
1<i<j<n i=1 j=1

where 7 > 0 is some regularization parameter. Our decay estimate [10, Proposition 6.16]
is based on two ideas:

1. A similar idea as in Paley—Wiener type theorems, which roughly say that for a given
function, the holomorphicity of its Fourier transform over a large enough domain in
the complex plane can be translated into decay bounds at infinity for the function.
It suffices to write the function as the Fourier inverse of its Fourier transform and
analyze the integral using complex analysis. This idea works as well for the Whittaker
transform.

2. An expansion of fundamental Whittaker functions as a linear combination of
[T/, e®  which we learnt from |OCol4], and comes from [Has82]. The coeffi-
cients arising in this decomposition were studied in [ISO7]. The analysis of recurrence
relations allows to bound them, and this eventually leads to bounds for the function
T (xz). We note that this decomposition of fundamental Whittaker functions is also
very interesting from a probabilistic point of view, which is explored in [OCo022].

1.5. Application to the stochastic six-vertex model

1.5.1. Six-vertex model. — The six-vertex model is a probability measure on collec-
tions of interacting up-right paths in the lattice Z?. The random configuration is sampled
according to a Gibbs measure: the probability to see a given configuration in some domain
of Z? is proportional to the product over all vertices of certain weights associated to each
possible local configuration at a given vertex:

|
e .

The weights are typically denoted by ai,as, b1, bs,c1,co as in the Table One may
argue that one can take ¢; = cg without loss of generality (left turns and right turns must
alternate). Then, it is convenient to write the weights in terms of three parameters a, b, ¢ as
well as electric and magnetic fields H, V' |[Bax82, Chap. 8|. The fields H, V will parametrize
the density of vertical and horizontal paths. The parameters a, b, c however influence the
shape of paths, and several phase diagrams are possible, based on the parameter
a?+b% -2

2ab )
There are three cases: A > 1 (ferroelectric phase), —1 < A < 1 (disorder phase), and
A < —1 (anti-ferroelectric phase).

A =
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paths [ J
arrows
General weights ay as b1 by c1 Co
Parametrization | e 7 Va | Ve | e ZTVh | H-Vp c c
Stochastic 1 1 by bo 1-0b; 1—1by

TABLE 1. Table of the six possible configurations and their weights.

Our discussion will be restricted to the case where A > 1, not for arbitrary weights
parameters, but for a subset of parameters which are said stochastic, in the sense that
certain weights will sum to 1 so that configurations will be sampled according to Markov
chains. This special instance of the six-vertex model was first studied in |[GS92].

1.5.2. Stochastic six-vertex model. — We define a six-vertex configuration on N?
starting with a boundary condition such that there is an path arriving from the left on
every row, and no path coming from the bottom on every column, see Figure[J] At every
given vertex, we will denote by i1, i, j1, j2 € {0,1} the number of paths on the south west
north and east edges as follows:

] o
J2 Q{O
&
1 J1
.
v,
& 19

The numbers 1,72 will be regarded as inputs, and ji, jo will be regarded as outputs. For
any given input, the output will be sampled according to the probability weights:

P =1, P =1 (1.5.1a)
P =w,, P|=—"""]=1-w, (1.5.1b)
P =quw,, P|—F|=1-quw,, (1.5.1¢)

where we use the parametrization

1—2
w, =

_ 1.5.2
e (1.5.2)

and the parameter z will have the form z = a,b, when (z,y) is the position of the

vertex. Hence, weights depend on two families of inhomogeneity parameters aq,ao, ...
and by, bo, ... which are often called rapidities or spectral parameters. It is also possible
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1 0
= ] |

FIGURE 9. Left: boundary conditions for the configuration on N2. From the
boundary on the left, a path at every row, while no path come from the bot-
tom. Right: A possible configuration in the stochastic six-vertex model. We also
indicate in red the value of the height function in different regions.

to make the weight depend on two extra families of inhomogeneity parameters [BP18], but
we will not discuss this level of generality here.

To sample a configuration, given the boundary condition above, we may first sample the
configuration of outgoing edges at the vertex (0,0), according to the probability weights
in , since the input is determined by the boundary condition. Once the output is
sampled, we may now sample the output of vertices (0,1) and (1,0), in any order, using
the weights above. One can continue iteratively, whenever the output of the vertices (z,y)
with z+y = n is sampled, this determines the input configuration of the vertices (z, y)with
x+y =mn+ 1, so that one can sample their output and iterate. A possible configuration
is shown in Figure [9]

In order to describe the configuration quantitatively, we define a height function h(zx,y)
as the number of paths passing to the right of z, or at z, at row y — see Figure[9]— in such
a way that paths are the level lines of the height function.

1.5.3. Yang-Baxter equation. — What is special with the parametrization of weights
in (1.5.1) and (1.5.2) above? These weights satisfy the celebrated Yang-Baxter equation.
It is often written in a graphical way. For all 41,12, 3, j1, j2,j3 € {0, 1},

J3 J3
i1 ko o . 2 k1 J2
— J2 (2 R em—
- ks = ks _ (1.5.3)
is i ER TE T h 2
i3 i3

We may view the pictures above as the intersection of three lines, labeled 1, 2 and 3. The
lines are oriented as indicated in the picture, so that it is clear, for each vertex, which
edges are the input, and which edges are the output. Each line ¢ € {1,2,3} has input
iy and output j,. Along each line, between the intersection with the other two, the state
of the edge is denoted by k¢ (meaning that ky path is going through that segment). For
each choice of state of internal edges ki, ko, ks € {0,1} we obtain a configuration, and we
associate a weight to this configuration equal to the product of the three vertex weights,
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according to (1.5.1)) and (|1.5.2]). At each vertex, the parameter z will be equal to either
21,29 O 21/za, according to the indications in blue in .

Then, the Yang-Baxter equation ([1.5.3)) means that after summing over all possible
internal states ki, ko, k3, the weights of the configurations is the same on both sides of
([15.3).

We may restate this more explicitly. Let w,(i1,42; 71, j2) denote the probability weight

J2
w, (i1, 121, J2) =P | i1 Ji
19

as in (L1.5.1) and (1.5.2]), and we use the convention that w,(i1,i2;j1,j2) = 0 if i1 +ig #
j1 + j2. The Yang-Baxter equation (|1.5.3) means that for all i1,1, 3, j1,J2,73 € {0, 1},

Z W, 2, (11,02 k1, ko)wz, (k1,433 1, k3 )w., (ke, ks; ja, J3)
k1,k2,k3€{0,1}

= S way (i, iss ko, ks)ws, (i1, kss ki, ja)w,, /5, (K1, ko3 j1,j2). (1.5.4)
kl,k‘g,kge{o,l}

It is natural to arrange the weights w, (i1, i2; j1, j2) in a matrix of size 4 x 4 that we may
view as acting on the tensor product C2 @ C2. To see how to do this naturally, let us
assume that (eg,e;) is a basis of C2. Then, C?> ® C? is spanned by the e;, ® e;,, where
i1,72 € {0,1}. Hence, at each vertex, input and output states can be associated to the
basis elements of C? ® C2. We will denote by R(z) the matrix

R(z) = (’wz(iéj))i,je{o,l}? )
which is acting on C? ® C? as

R(2) e, @ei, = Y w(i1,iz;j1,52)ej;, @ €j,.

J1,Jj2
Explicitly, we have

1 0 0 0 1 (10 : 10 0

_, _
_ 0 quz - quy 0 _ 0 ql—qz l—q?z 0

R(z) = = Z _
0 1—w, w, 0 o 21-9 1-z

1—qz 1—qz

0 0 0 1 0 0 0 1

Now, we denote by R;;j(z) the endomorphism of C? ® C? @ C? which is acting as R(z) on
the ith and jth tensor product, and acts trivially as identity on the third tensor. This
means that, for example,

Ri3(2) eiy @i, @iy =y Nip—jyws(in,iz; 1, ja)ej, @ ej, @ ejs.
J1,J2,93

Then, the Yang-Baxter equation ([1.5.3)), reformulated as (1.5.4]), is equivalent to the alge-
braic identity

R23(22)R13(21)R12(21/22) = R12(Z1/22>R13(21)R23(22). (155)
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rate 1
rate g
rate 1

rate 1

space

F1cUrE 10. IHlustration of the limit from the stochastic six-vertex model to ASEP
in the limit where w, goes to zero. Paths almost always zig-zag, except when they
traverse a vertex straight, which happens with probability € or ge. After we
rotate the picture by 45 degrees and rescale time by 7!, the two events occur
at exponential rate 1 and q. Paths may be seen as the space-time trajectories of
particles in ASEP (the gray thick paths on the right).

1.5.4. Connection to ASEP. — There are two important ways to see the stochastic
six-vertex model. On one hand, it is a special case of the six-vertex model, which is some
equilibrium system (a Gibbs measure) in 2d statistical mechanics. On the other hand,
the stochasticity of weights allows to sample the configuration as a Markov chain, so that
paths may be seen as space-time trajectories of particles in a 1 + 1 dimensional out of
equilibrium system [GS92]. We shall consider the second point of view in more details.
Consider the stochastic six-vertex model in the quadrant N? and let us chose parameters
in such a way that for all vertices, w, = €. If € is very small, then the path will almost
always zig zag — see Figure |10 — except at certain times when a vertex + or + will

arise. After rotating by 45 degres, and scaling time by €, paths correspond to the space-
time trajectory of a particle system. Figure illustrates the fact in the ¢ — 0 limit,
particles jump at rate 1 to the right, and at rate ¢ to the left, and cannot jump when the
target site is occupied. These are exactly the rules of the asymmetric simple exclusion
process (ASEP).

1.5.5. Comments on exact solvability. — Transition probabilities of ASEP on Z can
be expressed as multiple contour integrals, using the (coordinate) Bethe ansatz [TWO08b].
This work of Tracy and Widom has a huge impact in the field. It allowed them to prove that
fluctuations of the current and tagged particles positions are asymptotically distributed
as in the Kardar—Parisi-Zhang class, i.e. follow the GUE Tracy Widom distribution
[TWO08a; TWO09]. It also led to characterizing the probability distribution of the Kardar—
Parisi-Zhang equation [ACQ11};[SS10] (through a limit from ASEP to the KPZ equation
[BGIT]).

The solvability of ASEP can be reinterpreted through that of the stochastic six-vertex
model. Indeed, the stochastic six-vertex model is solvable via coordinate Bethe ansatz
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FIGURE 11. Sample configuration of the stochastic six-vertex model in a half-quadrant.

[GS92; BCG16|, or algebraic Bethe ansatz [BP1§|, and related to Macdonald measures
[Bor1§|. In the following, we will see how the stochastic six vertex model can be analyzed
using the framework of (half-space) Macdonald measures when ¢ = 0 (when Macdonald
symmetric functions become Hall-Littlewood polynomials). One may wonder why it is
interesting to use such sophisticated methods if, as we have just mentioned, the model
can be studied via standard methods such as the Bethe ansatz. The reason is that Bethe
ansatz typically produces formulas which are sums over the symmetric group (or the
hyperoctaedral group in the half-space case). Such formulas are not directly amenable for
asymptotic analysis. In the free fermionic cases (e.g. models related to Schur processes),
these sums over permutations become determinants or Pfaffians, and can be analyzed
asymptotically. Using (half-space) Macdonald processes, we will see that we can relate
models which are not free fermionic (ASEP, stochastic six-vertex model, the log-gamma
polymer, the KPZ equation) to free fermionic models (typically the Schur measure).

1.5.6. Stochastic six-vertex model in a half-quadrant. — In [7], we studied the
stochastic six-vertex model in a half-quadrant — see Figure

To define the model, one needs to prescribe boundary weights. The inhomogeneity
parameters need to be the same on horizontal rows and columns with the same index, so
as to satisfy a boundary Yang-Baxter equation (sometimes called reflection equation or
KRKR relation). Hence the model depends now on a single family of parameters ay, as, . . .
The boundary weights can be chosen quite arbitrarily. They are conveniently parametrized

(following [He22|) by a density of the form p = H% and an extra parameter 7 as

2

P(_l)_1_19>(_l) — Bla,rv) = 1—a

(1 —avr)(14+a/v)

P<J>=1—P(J ) =7B(a,7v) (1.5.6b)

(1.5.6a)
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where a is the row/column parameter. In our work [7], we restricted to a very special
case where v = 1, which corresponds to a density 1/2 and 7 = 1, so that

[P(_l):1—]P>(_J> —1
P(J):1—P(J) —1

It was recognized later [He24| that the general case can also be treated using half-space
Macdonald processes.

Our first result is an identity in distribution relating the half-space Hall-Littlewood
measure and the stochastic six-vertex model in a half-quadrant. It is a half-space analogue
of a similar identity proved in [Borl8; BBW16].

Proposition 1.13 ([7]). — Let X\ be a random partition sampled according to the half-
space Macdonald measure (1.3.2) with o being the empty specialization, in the case ¢ =0
and t = §. We denote by N the dual partition.

Let h(n,n) be the height function at point (n,n) of the stochastic siz-vertex model on a
half-quadrant with asymmetry parameter ¢, row/columns parameters aj, ag, ... The height
function at (n,n) is defined as the number of paths exiting from the n-th row. For example,

we have h(7,7) = 4 in Figure[11 Then,

" Dyn,n).

The proof is based on a graphical argument adapted from [BBW16]| and [WZ16], which
combines the Yang-Baxter and reflection equations. Proposition allows to use gen-
eral results on half-space Macdonald measures to study the height function h(n,n). For
instance, one can obtain moment formulas of the random variable ¢"(™™) using variants
of Proposition However, as we have already mentioned, expansions such as Theorem
[I.§ are not convenient for asymptotic analysis.

1.5.7. g-independence trick. — In order to go further, we need another input, which
is the following miracle formula conjectured by Betea, Wheeler and Zinn-Justin [BWZ15],
and later proved by Rains [Rail8|. Let n be an even positive integer and u € C. Macdonald
symmetric polynomials satisfy

1 .
> I (1—ug ) (g )P, 70l t)

(I)('T|q’t) M even ¢ even
Pf[xi_xj AT ]

1-— XTqj 1-— t.’L‘Z':Cj

w[an]
1-— TiTj

where Pf denotes the Pfaffian (for an antisymmetric 2n x 2n matrix A, the Pfaffian Pf(A)
is such that Pf(A4)? = det(A). It can be computed as a sum over permutations in Sa,
of products of entries in the matrix A). The most striking fact in the identity is
that the left hand side seem to depend on ¢ in a highly intricate way, but the right-hand-
side is obviously independent of ¢! This yields identities that relate half-space Macdonald
measures for different values of ¢.

Consider a set of parameters ai,...,a, € (0,1) for n even, and let us denote by P%Chur

(1.5.7)

and ]E%Chur the half-space Macdonald measure and expectation associated with parameters
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FIGURE 12. Jump rates in the half-line ASEP.

a; in the Schur case ¢ = t. We stress that }P’%Chur and E%Chur do not depend on the parameter
g = t. The identity (1.5.7) implies that for any ¢,t € [0,1) and u € C

E%acdonald [ H (1 _ quitn—z)] _ ]Elszchur [ H (1 _ ut>\¢"!"”-i)] .

1 even i even

Letting u = —t*, dividing both sides by (—t%; %), and with a bit of work, one arrives at
the following:

Proposition 1.14 (|7]). — Let EgL denote the expectation with respect to the half-space
Macdonald measure IP)%/IaCdonald when ¢ = 0 and o is trivial (HL stands for Hall-Littlewood,
as Macdonald functions become Hall-Littlewood polynomials when g = 0). For any x € R,

even positive integer n, and any parameters (ai,...,a,) € (0,1)",
1 L 1
EHL } — ESchur
7] — 7] :
(==t 12) o i oA +n—14) (1.5.8)

— Pf [J +(fz — 1) KB} 2(Zs0)’

where A
(7t$+]+1; 752)00

R R

and the kernel KC is the kernel associated to the Pfaffian point process Z.\ {\; —i}i>1 when
A is sampled according to P%Ch“r,

The left hand side of should be viewed as a deformation of a Laplace transform,
characterizing the probability distribution of ¢(A). The right hand side is a Fredholm
Pfaffian, which can be analyzed asymptotically with the same methods as for Fredholm
determinants.

Taking a limit from the stochastic six-vertex model to the asymmetric simple exclusion
process (ASEP) with injection rate o = 1/2 and ejection rate v = q/2 — see Figure
— we obtain that the total number Ny(t) of particles in the system at time ¢ satisfies the

following asymptotics, generalizing ((1.2.4)).
No (1) —t/4
lim P ( (%) > s) = Fy(—s). (1.5.9)

9—4/341/3

Subsequently, Jimmy He |[He24| proved the full generalization of Corollary for almost
all values of injection « and ejection « parameters. His proof uses a somewhat similar
idea, reducing the appropriate Hall-Littlewood measure to some Pfaffian formula, but it is
based on symmetric functions identities of Imamura, Mucciconi and Sasamoto [IMS21b;

IMS22] instead of ([1.5.7]).

5. We do not really need here to introduce these variables o and -, but these are the canonical notations
for injection/ejection rates in the literature

44



It was definitely expected that ASEP behave at large scale as TASEP, by universality.
Hence, the most interesting consequence of Proposition [I.13]is not the ASEP asymptotics
(1.5.9) but rather an application to the half-space KPZ equation that we describe next.

1.6. Application to the KPZ equation

1.6.1. Boundary conditions for the KPZ equation. — The half-space KPZ equa-
tion on R, with Neumann-type boundary with parameter u € R is the stochastic PDE

Oih(t, ) = LAR(t,2) + L(0,h(t,2))* + £(t,2), t>0,2 € Ry
deh(t, 7)),

where £ is a space-time white noise. It is well known that the KPZ equation on R is ill-
posed, but all solution theories, such as for instance the one involving regularity structures
[Hail3|, agree with the Cole-Hopf interpretation, whereby h(t,z) = log Z(t,x) and Z(t,x)
solves the multiplicative noise stochastic heat equation

(KPZ,)

0= W

0,2(t, x) = %AZ(t,x) + 2t 2)E(t ). (1.6.1)

For the equation on a domain with a boundary, such as Ry, the definition of solutions
is less canonical due to subtleties in the meaning of boundary parameters, see |GH19].
Nevertheless, the following definition is the physically correct one, based on the directed
polymer interpretation, and based on the scaling limit of several discrete models.

Definition 1.15. — We say that h(t,z) € C(Ry,C(R4,R)) is a solution to the half-
space KPZ equation with parameter u € R and initial condition hy € C(Ry,R) if h(t,z) =
log Z(t,x) and Z is a solution to the multiplicative noise stochastic heat equation
with initial condition Zy = e and boundary condition

0 Z(t, )| _ = (u—1/2)Z(t,0).
As explained in |CS18|, this means that

t
2(t2) = | dyme)Zow) + [ ds [ dupi(on) Z(s,0)80.0)
Ry 0 R4
where pi(z,y) is the heat kernel on Ry with boundary condition

8mpt(x7 y)|a::0 = (u - 1/2)pt(07 y)

When u > 0, it may be interpreted as the transition kernel for a Brownian motion killed
at the boundary at rate u. When u = 0, this is the transition kernel associated to reflected
Brownian motion.

We will also consider the solution starting from more general initial conditions, in
particular the so-called narrow wedge solution, which is such that Zy(z) = do(z).

The shift by 1/2 in the definition of the boundary parameter is somewhat puzzling.
It is not simply due to some Ito correction when going from Z to log Z (otherwise the
sign would be diﬂ'erent@). The convention that we impose is justified by the fact that,
with this convention, we have 0, E[h(t,z)]| _, = u. The presence of this shift is related to
nontrivial correlations between the increment h(t, x) — h(t,0), which is locally a Brownian
motion with drift u, and the value h(¢,0) at the boundary.

6. If the shift by 1/2 was due to some Ito correction, the factor (u — 1/2) would be (u + 1/2). Indeed,
if B(z) denotes a standard Brownian motion and Z(z) = eP®¥4® then Itc formula yields dZ(z) =
(u+1/2)Z(z)dx + Z(z)dB(z).

45



1.6.2. Probability distribution of the half-space KPZ equation. — The following
result characterizes the probability distribution of h(t,0). It is obtained as a scaling limit
of Proposition

Theorem 1.16. — Let h(t,x) be the solution to the half-space KPZ equation with pa-
rameter uw = 0 and narrow wedge initial condition. For any z > 0,

E [e—zefz+h<2t,0)] _E ﬁo 1
bl /1—|—4zet1/3aiGOE

where {aZ-GOE}gl is the GOE point process, i.e. the limit of eigenvalues of a GOE matrix,
rescaled near the edge in such a way that af’OE has distribution F1.

(1.6.2)

From Theorem |1.16] it is easy to deduce that

(h(t,o) + %

lim P (t/2)1/3

< s) =P(a; < s5) = Fi(s).

Theorem [1.16] is a half-space version of a celebrated result about the full space KPZ
equation, whose solution is temporarily denoted by hgr(t, z) below, to distinguish from the
half-space solution:

_seTa Hhr(21:0) i 1
1=

where {a%UF},~; is now the GUE point process. This result is essentially due to the four
independent works [ACQ11} SS10; CDR10; Dot10], though it was stated in this form only
a few years later in [BG16].

Open Problem 1.17. — Is there a generalization of (1.6.2) for arbitrary u and for
arbitrary x? The natural point process to consider is the universal Pfaffian point process
interpolating between GUE/GSE/GOE point processes that is defined in [6;5].

Remark 1.18. — In a series of works, [IMS21a; IMS21b; IMS22], Imamura, Mucciconi
and Sasamoto related certain observables of the half-space Macdonald measure to the free
boundary Schur measure [BBNV18|. Since the latter is a Pfaffian point process, this leads
to Fredholm Pfaffian formulas for the half-space log-gamma polymer, and after a scaling
limit, for the half-space KPZ equation. This provides a rigorous proof of conjectural
formulas from [DKLT20; KL20| obtained using the conjectural completeness of Bethe
ansatz wave functions of the delta-Bose gas Hamiltonian on Ry. The work [IMS22] also
leads to Baik-Rains transition asymptotics — i.e. an analogue of Corollary [I.6] - for the
log-gamma polymer and the half-space KPZ equation.

The method is close in spirit to the argument presented in Section [I.5.7, with important
differences. They do not rely on the refined Littlewood identity [I.5.7] but on some new
symmetric function identity proved in [IMS21b|. That identity itself has further conse-
quences about other models, such as the half-space ASEP [He24]. Moreover, in the special
case where the boundary parameter v = 0, it is not clear how to relate the formula of
[KL20}; TMS22] for the Laplace transform of Z(¢,0) to our Theorem [1.16]

Open Problem 1.19. — Is there a multi-point generalization of (1.6.3])?
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1.6.3. KPZ equation as a limit of directed polymer models. — The half-space
KPZ equation may also be studied as a limit of the half-space log-gamma polymer free
energy. The formula from Theorem [1.12]is not particularly convenient as it would require
to let n there go to infinity and in that limit the series is not very well controlled. However,
the moment formula from Proposition [1.11]is quite powerful because it allows to vary the
inhomogeneity parameters «;. Before explaining how this is used, let us recall how the
free energy of the log-gamma polymer converges to the KPZ equation. The convergence
was first studied in [AKQ14]. The half-space case was first studied in [Wu20a; Par19a;
19].

The general idea is that up-right paths in Figure [7] become Brownian motions in the
scaling limit, and we need to rescale the partition function in such a way that the product
of weights along the path become the integral of a white noise along a Brownian paths.
The simplest instance is to let a; = « scale to infinity and keep the boundary parameter
u fixed. Let

Z(nt + xy/n,nt — x/n)
Zu(t,z) = NG , a=1/2+/n.
The reason for this choice of scaling is that with such o a random variable w ~

Gamma ! (2a) have expectation E[w] = 5-tv = % The scalings chosen ensure that

2a—1 7 2
E[Z,] converges to the heat kernel on Ry (with the correct boundary condition). Using
essentially the same method as in [AKQ14], based on the chaos series expansion associated

to the multiplicative noise stochastic heat equation, one shows that
Z,(t,x) = Z(t,x),

where Z is the solution to the multiplicative noise stochastic heat equation with delta initial
condition from Definition In other terms, the free energy log Z,,(t,z) converges to
h(t,z) the half-space KPZ equation. Such convergence is proven in [Wu20a] for fixed ¢, x,
and we extended the result with Ivan Corwin in [19] to process level convergence and more
general initial conditions, in order to solve a problem discussed in chapter

1.6.4. “Stationary” KPZ equation in half-space. — In [11], we considered the so-
lution to the half-space KPZ equation from Definition [I.15] with boundary parameter u
and initial condition

ho(l’) = B(LE) — vz,
where B is a standard Brownian motion. As we discuss in more details in Section
when u = —wv, this initial condition is stationary in the sense that for all t > 0, the process
x +— h(t,x) — h(t,0) remains distributed as a Brownian motion with drift u = —v.

It turns out that the moments of e"®*) can still be computed as a limit of Proposition
@ by choosing the first row parameter as a; = v, and scaling the other parameters
a;,1 > 2 as in Section [I.6.3]

Let Z(x,t) = eMt®) and assume that v > k — 1/2, and u + v > k. Then, we have

E[Z(x,t)k]zzkw/ le/ da 1 =% Gt

D(u+v—k) Jrtir 2im rp+iR 21T L<alher Pa T %~ 1z +2p—1
k
1 tz2—xz;
% (1.6.4
1;[ +u—1/2(v—1/2) 2¢ (164)
where the contours are chosen so that v —1/2 > ry > ro+1 > ....,> 1, +k—1 >

max{k — 1,k —u—1/2}.

For full-space models, this type of multiple integrals over contours nested into each
other often arises in models related to Macdonald measures. Typically, it can be rewritten,
after moving contours and rearranging residues, as a sum of contour integrals involving
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determinants. For half-space models, somewhat similar nested contour integral formulas
arise, but the cross product is different and it is not known how to rearrange the residues
in general. In some special case, there is a conjecture [BBC16, Conjecture 5.2] leading
to integrals of Pfaffians. Applying that conjecture to the moment formula , we
conjecture that for u —1/2 > k and v — 1/2 > k, we have

I(A+B+1) (—1)*™ dw; dwy(y)
k, o k PR

A=1M12Mm2 .

L(A 20(A
) (H) (wj +1/2)5 -1 (s =y ]
o Mgy Ui T UG ]y
X E(wl,wl +1,...,wi+ A1 — 1wy, ..., wa+ Ao — 1,...,w£(/\),...,wg(/\) +)\4()\) - 1),

(1.6.5)

where we use the Pochhammer notation for rising factorials (w)y = w(w+1) ... (w+A—1),
we define variables u; for 1 <1 < 2¢(\) as

(1.6.6)
and where
E(z1,...,2,) =
k 122 &
ez zi—zj—lzl-—kzj—l Zi
g . (1.6.7)
111_[1( —1/2 -4 oezB:Ck (1<]'1_[<2<k S Zi + 2 izl_llziﬁLu*l/Q

It turns out that the symmetrization can be performed using [BBC16, Equation (54)],
relying on the theory of BC-symmetric Hall-Littlewood polynomials [Venl5|, and one
finds simply
k et z

E(z1,..., 2 _QkH O R YOk (1.6.8)
Assuming the validity of this conJecture, summing the moments to obtain a generating
series (even though the series is divergent), and performing a saddle-point asymptotic
analysis of the resulting Fredholm Pfaffian expansion, we conjecture precise formulas for
the limiting fluctuations of h(¢,0). In particular, in the simplest case u = v = 0, we
obtain an analogue of the celebrated Baik-Rains distribution (conjecturally, this limiting
distribution also arises in [BFO20|, through a limit of half-space last passage percolation,
but our formulas are arguably simpler):

) h(2t,0) + &
lim P <(1/)32 < 8) = FhaBr(s)

where Fi.isr is expressed in terms of the GOE and GUE Tracy-Widom distributions F

and Fj respectively, as
Fy(s) /s Fi(t)*
Fha s) = Os dt . 1.6.9
halfBR (S) [Fl(s) "Ry (1.6.9)

This formula is very reminiscent of the definition of the Baik-Rains distribution [BROO].
It can also be expressed in terms of the Hastings-McLeod solution ¢(s) to the Painlevé II
equation as

FhaBr(s) = 0Os [6 é T dr{(r=s)g*(r)= ]/ dre 2f dtq(t }

48



As we have stressed above, the computations rely on several conjectures. However, the
probability distribution Fjaigr should also arise in other models in the KPZ universal-
ity class by universality. Among them, half-space last passage percolation is the most
natural choice as its is related to Pfaffian Schur process, so that one can apply meth-
ods of asymptotic analysis of Fredholm Pfaffians. In fact, in a work in progress, Mattia
Cafasso, Alessandra Occelli, Daniel Ofner and Harriet Walsh are computing the limiting
distribution, and I hope that their formula will match with ours.

Remark 1.20. — As we will see in Section 2.5 the Brownian motion is not the only
stationary solution of the half-space KPZ equation with drift u. There is an infinite family
of stationary processes, parametrized by their drift at infinity, call it v. Surprisingly, such
initial conditions can also be studied through the log-gamma polymer in a half-quadrant.
We study the fluctuations of h(¢,0) in that case in [17]. The methods are similar to the
case of Brownian initial data, with additional technicalities.

1.7. Curious identities in distribution

1.7.1. Exchanging boundary and initial condition parameters. — Let Z(n,m)
be the partition function of the half-space log-gamma polymer where we have set «; = «
for i > 2, the parameter along the first row is set to a; = v and the boundary parameter
is u. Then, we have the identity in distribution [10, Proposition 8.1]

Z3(n,n) = Z2(n,n).

From the definition of the partition functions as sums over paths of products of weights,
this identity is very puzzling. In the zero temperature limit, it degenerates to an identity
from |[BROla Corollary 7.6]. It is a special case of an identity in law satisfied by the
half-space Macdonald measure ((1.3.2)) when the specialization o is trivial, stated in [10}
Proposition 2.6], generalizing the Schur case found in [BRO1a, Corollary 7.6].

In the limit from the log-gamma polymer to the KPZ equation (see Section we find
that one can exchange the drift —v of the initial condition and the boundary parameter u
without changing the probability distribution of h(¢,0). The law of h(t, z) for x > 0 is not
invariant, however, under the exchange of v and v. We note that the symmetry between
u and v is not clear on the formula , which is valid for any x > 0, but it becomes
obvious on (|1.6.5) which is valid only for z = 0.

1.7.2. From half-space to full-space partition functions. — In their work on sym-
metrized variants of the Schur measure [BROla], Baik and Rains also noticed identities
in distributions between the last passage percolation times Gg(2n,2n) and G(n,n) when
some parameters are appropriately chosen. In works with Pierre Le Doussal [14] and with
Shouda Wang [23] we found generalizations and analogues of such identity in law for the
log-gamma polymer and the KPZ equation.

Consider the following two solutions to the stochastic heat equation :

1. Let Zﬂ(&) (t,x) be the solution to the multiplicative noise SHE (|1.6.1]) on R, in the sense
of Definition with boundary parameter u, and delta initial condition.

2. Let Zﬂgalf_Brownian(t,a:) be the solution to the multiplicative noise SHE (|1.6.1)) on R

with initial condition Z(0,z) = L,50eB@®+4% that we call “half-Brownian” initial
condition.
Proposition 1.21. — We have the identity in distribution
+oo d .
|2 wyay @ e, ), (1.7.1)
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FIGURE 13. Parametrization of weights for the identity (1.7.2)) to hold.

This identity was first guessed in a work with Pierre Le Doussal |14] where we computed
the moments of the left hand side, that is

[ danee [T anEIZ ) - 28 )

using a variant of the moment formula . After playing with certain symmetrization
identities, one notices a simplification that reduces to the well-known formula (coming
essentially from [BC14]) for the moments of the right hand side. This identity is useful
because the asymptotics of log Z]Ealf_Browman are not very difficult to study, using the same
methods as for the delta initial condition. Asymptotics depend on the drift of the initial
condition and obey the Baik-Ben-Arous-Péché phase transition [BBP05]. On the other
hand, the asymptotics of the left hand side of ((1.7.1)) are much more difficult a priori,
as usual with half-space models. The identity as eventually proved rigorously in
[DS25, Proposition 8.1], by taking the scaling limit of a similar identity satisfied by the
log-gamma polymer and that we described next.
Again, we define two type of partition functions for the log-gamma polymer:

1. Define the partition function for path in a trapezoidal domain (see Figure , defined
as _ .
27 (nm) =" 2Bk, 2n — k +m + 1),
k=1

where 29 is the partition function of the log-gamma polymer in a half-quadrant defined
in Section [[.4l

2. Let ZD(n, m) be the partition function of the log-gamma polymer in a rectangular grid
of size n X m, that is when paths are not constrained to stay below the diagonal.

We further assume that weights in both partition functions depend on two sets of param-
eters, o; and f3;, as well as a boundary parameter u, as indicated in Figure [I3]

Proposition 1.22. — We have the identity in distribution
d
2= nlm) 22 280, n + m + 1). (1.7.2)
as long as parameters on both sides correspond as in Figure[13

The identity is proved by computing the probability distribution of both sides
using the geometric RSK correspondence and variants of the half-space Whitttaker mea-
sure, drawing heavily on earlier results of Bisi and Zygouras [BZ19|. Actually, the m =0
case of the identity can be guessed by applying formally the Plancherel theorem for Whit-
taker functions in some of the formulas in [BZ19]. Unfortunately, the application of the
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Plancherel theorem there would not be valid, as one needs L? functions — a similar issue
also arises in [OSZ14]. We find that the appropriate way to regularize both sides of the
identity in order to prove it by an application of the Plancherel theorem is to have an
extra parameter m and consider a partition function with m vertical layers in the middle
— see the points in blue in Figure (13| (right).

Remark 1.23. — From a probabilistic perspective, the introduction of this parameter
m is also interesting, as it provides information on the partition function Zz(n, n+m).
Actually, we exploit this information in [30] to prove that when the process

log Z(n,n + zn?3) — cn
VE

X

is tight as n — oo.

Let us comment further on the origins of the identity (1.7.2]). In the case m = 0, it
translates in terms of Whittaker functions as follows:

n

r ?:1041'/ e T/Tn (H(fﬂi/r)(_l)i) W02+l ()
+

=1

n

n

_ /n e—mtl—l/wn\l,g[ \I,g[ H
+

(1.7.3)

where the s09,11-Whittaker functions are defined through an integral formula similar to
the definition of gl,,-Whittaker function in , except that the summation over edges in
Figure [84]is replaced by a summation over the edges of the half-triangular array in Figure
é The function \II%[’}!(:I:) is a gl,,-Whittaker function depending on n + 1 parameters (in

general one can define \II%E"W B for any m > n).

1.8. Outlook

To conclude this chapter, we describe potential developments related to half-space Mac-
donald processes and some ideas for future work.

1.8.1. An identity involving Koornwinder functions. — At zero temperature
limit, when one considers geometric last passage percolation instead of the log-gamma
polymer, the analogue of identity was obtained in [BROlal (7.59), (7.60)]. Its
Symmetric function counterpart, i.e. the analogue of was discussed later in [BZ22,
Section 4] and [BZ16]. Integrals in become sums over integer partitions and
Whittaker functions become Schur functions. For even n, and when m = 1, the identity
becomes — in the special case m =0 —

leKla'c) > salat, ... an)sa(ar, ... an,c) <Haz> > ma(e)spalat, ... an) (1.8.1)

A1 <s A1<s
where spy are symplectic Schur functions
( Aj+n—j+1 I—(Aj-&-n—j—i-l))”
! i,j=1

(h—7 n
det( n—j+1 _— (n j+1))
i,j=1

det

spa(z) =

and

R e e (o]

1<J a;
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Another combinatorial proof of this identity at the Schur function level was proposed in
[BZ22], using generalizations of bounded Littlewood identities from [Ste90; Mac95; |Oka98;
Kra98]. Bounded Littlewood identities also appear in [Betl§] in a very similar context.

Identities ([1.7.3)) and ((1.8.1)) suggest to look for generalizations:

» Even at the Schur functions level, it would be interesting to write and prove gen-
eralizations of depending on a parameter m, i.e. where 7)(c) is replaced by
(¢, b1,y bm).

» It would be interesting to investigate whether the properties of Schur functions used in
[Bet18; BZ22] may be generalized to Macdonald polynomials and Whittaker functions
(see [RW21] for partial answers). The Macdonald analogue of the left hand side of
(1.8.1)) is

1

H(a;a,c|q,t)z war, ..o an)Qa(a, - .. an, )

A1<s

The right hand side would be more interesting, it should be proportional to

Z SA(C)K)\((M, . ,an)

A1<s

where K is an appropriately specialized Koornwinder polynomial. As a first step to-
wards understanding such an identity at the Macdonald functions level, it would be
reasonable to start with studying the case ¢ = 0, i.e. the case of Hall-Littlewood polyno-
mials, where Koornwinder polynomials are called BC type Hall-Littlewood polynomials
[Venl5|. Both sides of the potential identity would be related to partition functions of
vertex models [Bet18; |WZ16|.

Remark 1.24. — Because Koornwinder polynomials satisfy less summation properties
and cause issues of positivity, they have not been used much in integrable probability yet,
but this is a compelling direction of research. A Macdonald analogue of would be
a step further towards that goal.

1.8.2. Around the Pfaffian refined identity. — Recall the Macdonald operator D,
in (1.3.5) and define the operator D(u) = Y ;_y(—u)"D,. Macdonald functions P\ are
eigenfunctions of D(u) with eigenvalue

n n

Z(—u)rer(qklt"_l, Q) = H(l — uq’\itn_i).
r=0 i=1

Consider the Cauchy identity for Macdonald polynomials

Y Pa(x) Qaly) = H(z:ylq. ). (1.8.2)
A

Applying the operator D(u) to both sides yields

, (1.8.3)

1 1
1 det ll—x-y- _ul—tmy-]
- 1— )\itn—i P _ (24 iYj
@ gla 1) z;l:[ ( uq ) A1) Q) ” N
1 —wy;

Indeed, D(u) is a combination of g-shifts of the form [],c; T; with coefficients depending
on ¢t but not on gq. Hence D(u)H (x;y|q,t)/H (x;y|q,t) does not depend on ¢, so that one
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can compare the case where ¢ is arbitrary and the case where ¢ = t. This implies that

ZH (1 —ug " Z) Pr(z) Qay) =
10 =iy S TT (1= w77 sa(@) sa(y). (1.8.4)
L, At

17.7

H (x; qu,

The right hand side can be computed explicitly, using the fact that Schur functions are
ratios of determinants and Cauchy-Binet identity, and one arrives at the RHS of .

An analogue of for the Littlewood identity is less well-understood. We have the
Littlewood identity

Y. WNP(2) = (alg,t),

M even

and the refined version (already stated in (1.5.7))

Pf[xi_xj —u $i—$]’ ]
n) =

1— a2 1 —tx;x;

Z H (1—uq i ’) bGIPA(:El,..., = v “
$|q’ M even i even Pf i — Ty
1 *ﬂfil‘j

It was first conjectured in [BWZ15| from the special case ¢ = 0, and proved soon after in
[Rail8] using elliptic symmetric functions.

Open Problem 1.25. — Can one define an operator O(u) acting on symmetric functions
such that one can obtain the refined Littlewood identity by applying the operator on both
sides of the Littlewood identity?

1.8.3. Markov duality. — Many full-space growth models related to Macdonald mea-
sures satisfy a form of Markov duality, which may used as an alternative way to prove
integral formulas. We start with some background.

Definition 1.26. — Two Markov processes X (t) and Y (), defined respectively on state-
spaces X and Y, are dual with respect to a function H : X xY — R, ifforallz € X,y € Y,
and all ¢ > 0,

E* [H(X(t),y)] = By [H(z,Y())], (1.8.5)
where in the L.H.S., E* denotes the expectation with respect to the Markov process X ()

started from X (0) = z, and in the R.H.S., E, denotes the expectation with respect to the
Markov process Y (t) started from Y (0) = y.

Remark 1.27. — Taking derivatives in (|1.8.5) with respect to ¢, and assuming the
existence of generators of these processes, Markov duality implies that
.,%XH(J},y) :ij(xay)v (186)

where ZX (resp. .#Y) acts on functions from X to R (resp. from Y to R) and denotes
the generator of the Markov process X (¢) (resp. Y (¢)). When H is uniformly bounded
and belongs to the domain of LX for any y (resp. to the domain of LY for any ), then

(1.8.6) also implies (|1.8.5) (see [JK14, Prop. 1.2]).

The full-space ASEP is the Markov process on {0,1}? with generator .#7, acting on
local functions f : {0,1}* — R by

LEFm) = el = Not1) + qnas1 (1 = 12)) (f(n“”””“) - f(n)) . (1.8.7)

TEZ

53



In order to state ASEP’s duality, it is convenient to introduce, for y € Z, the sets
Ly =T e iy<m <<y, WH={TFeZ':iz <. <zp}.
We introduce another operator 2(™ acting on functions f : W" — R by

7@ = Y p(fE) - f@)+ Y a(f@E)-1@). (188

1<i<n 1<i<n
Ti—x;_1>1 xi+1—xi>1
where for ¥ € W™, a?;t = (21,...,2; £ 1,...,2,), and we use the notational convention
that xg = —oco and z,41 = +00. The operator 2™ is also the generator of a continuous

Markov process on the state space W": the full-space ASEP with n particles, where the
state of the particle system is now described by particle positions z; rather than occupation
variables 7; as previously. Note that in , p and ¢ are the jump rates associated to
right and left, while in , we have chosen the opposite orientation.

The full-space ASEP with right and left jump rates p and ¢ (i.e. the Markov process
with generator ) and the n-particle ASEP with right and left jump rates ¢ and p (i.e.
the Markov process with generator ) satisfy the following duality [BCS14, Theorem
4.2, Proposition 4.7]. Let the duality function be

H(n, %) = [[ Qu(n), Qu(n) =", No(n) = n,
=1

Yz
For any 1 € {0,1}% and ¥ € W™,
ZLPH (n, ) = 2" H(n, 7). (1.8.9)

Remark 1.28. — A different Markov (self-)duality for ASEP was first obtained by
[Sch97] with respect to a different function, the function H(n,Z) := [[7; Qu, (1) where
@x(n) = npqN=+1 (" Tt was inspired by the analysis of the XXZ spin chain and proved
by writing ASEP generator as a tensor product of Pauli matrices and expressing symme-
tries in terms of the U,(slz) algebra. Another proof was provided in [BCS14] by writing
out explicitly ZL7H and 2™ H and comparing the two expressions. We refer to [Kual9,
Section 2.6.1] for a discussion of several Markov dualities satisfied by ASEP.

It is shown in [BCS14] that the operator 2™ can be diagonalized using Bethe ansatz.
As a consequence, one obtains closed integral formulas for certain obervables of the current,
and using tricks from [[S11], they characterize the probability distribution of the current.
These integral formulas obtained via Bethe ansatz can be transformed into sums of in-
tegrals of determinants using inspiration from Macdonald processes, and this eventually
leads to Fredholm determinants and rigorous asymptotics. Somewhat surprisingly, this
method works as well for many other models: the ¢-TASEP, the ¢-Hahn TASEP, the log-
gamma polymer, etc. In general, models related to Macdonald measures and higher spin
stochastic vertex models can be studied using this alternative method, without involving
any symmetric function theory.

This side of the story is much less developed for half-space models. An important
obstruction is that is it not clear how Pfaffians should appear in the integral formulas —
despite a conjecture in [BBC16|. However, half-line ASEP does satisfy a Markov duality,
which we obtained in [25]. Its form is extremely similar to , except that the dual
system corresponds to n ASEP particles on Z, and the system is killed at a certain rate
when the first particle is at zero, i.e. when x; = 0 — we refer to |25, Theorem 2.4] for a
precise statement.
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Remark 1.29. — Interestingly, the open ASEP on a finite lattice {1,2,...,¢} with ar-
bitrary injection/ejection parameters satisfies as well a similar duality (see |25, Theorem
3.2]). The KPZ equation limit of this duality is equivalent to the following result. Let
Z(t,z) be the solution to the multiplicative noise Stochastic Heat Equation on [0, 1] with
boundary parameters u (left boundary) and v (right boundary). The model is discussed
more precisely in Chapter 2| — see Section We have that for 1 < ... < xg,

k k
: lH z(t, xﬂ] - lH Zo(By(t))e 4BV BIO s, 4BB) | (18.10)
=1 =1

where £,(B) denotes the local time of the process B at zero up to time ¢, and the expec-
tation is taken with respect to k reflecting Brownian motions 0 < By < ... < By <1 on
[0, 1] reflected at the boundaries, starting from z1 < ... < z.

1.8.4. Half-space universal processes. — Growth processes in the Kardar—Parisi—
Zhang class in 1 4+ 1 dimensions all converge at large scale to the KPZ fixed point.
This means that for a model described by a height function H(x,t), there exists model-
dependent constants such that, as a space-time process,

H(L?z, L3t) — cL3 b(t.2)
CQL L—oo &

where h(t,z), called the KPZ fixed point, is a Markov process on the class of upper semi
continuous functions. It was introduced in [MQR21] as a limit of TASEP’s height function.
The large scale-limit of models in the KPZ class may also be described using the directed
landscape. Consider a model described by a free energy F'(z;y) between two points x and
y in R? or Z? — F(x;y) could also be some last-passage-time, or first passage time, or
some other random pseudo distance function. In general, we expect that for any direction
U, there exists vectors @ || @, and U L g, and a model dependent constant ¢ so that

F(n3stt + n’z0;n3si + nz0) = (t — s)en® — n (L(x, 5:9,t) + on(x, 59, 1))
where o, (z, s;y,t) is a random function of (z,s;y,t) which goes to zero uniformly on
compacts in probability and L(s,x;t,y) is a four parameter stochastic process called the
directed landscape. It was introduced in [DOV22| as a limit of Brownian last-passage
percolation (the O’Connell-Yor model |[OY02]). The relation between these two universal
objects, KPZ fixed point and directed landscape, is given by the following variational
formula
b(z,t) = > {b(y,0) + L(y,0;,1)}.
yER
The definition of the directed landscape in [DOV22| is based on the limit of some last
passage percolation time through a semi discrete lattice R xZ where the disorder is given by
the Airy line ensemble {A;(x)}i>1 zer — see Figure These curves arise as the universal
scaling limit of many objects in the KPZ universality class and random matrices: Dyson
Brownian motion, Dyson Brownian bridges, random tiling models, interacting random
walks related to Schur or Macdonald processes, etc.
Let us discuss some properties

1. The Airy line ensemble satisfies a kind of spatial Markov property called Brownian
Gibbs property. For all positive integers n < m and reals a < b, conditionally on the
values of A;(t) for i & [n,m] or t & (a,b) , the law of A,,..., A, on the interval
[a,b] is that of Brownian bridges (whose endpoints are determined by conditioning)
conditioned not to intersect between themselves or with A4,,_1 and A,,+1. This property
is actually very strong: [AH23] showed that the Airy line ensemble is the only stochastic
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FIGURE 14. Ordered parabolic shaped random processes illustrating the Airy line ensemble

process on Z>1 X R satisfying the Brownian Gibbs property and so that A;(t) =
—t2 4 o(t?).

2. For any z, the probability distribution of A;(x) + 22 is the Tracy Widom distribution
Fy. The process x — A () is sometimes called the Airyy process (here the superscript
2 refers to the value of the inverse temperature  in the S ensemble framework, as
in the notation F»). This process describes the spatial correlations of the KPZ fixed
point. In particular, starting from the narrow wedge initial condition, the probability
distribution of the KPZ fixed point h(¢,x) is a scaled version of the Alry, process.

3. For any t; < --- < t}, the probability distribution of the points (i, A;(t;))1<i<k j>1 is a
determinantal point process with an explicit kernel K (i, ,t1; 2, t2) called the extended
Airy kernel, introduced in [PS02].

In general, Schur processes from Section [[.1.5 as well as Macdonald processes may be
viewed as a collection partitions A, (), ... or a collection of interacting random walks
T > /\ﬁ’f),x — )\gm) etc. They also satisfy some discrete version of the Brownian Gibbs
property, are related to determinantal processes in the Schur case, and converge to the
Airy line ensemble under various specializations. Viewing them as a line ensemble rather
than a probability measure on partitions is sometimes useful in order to apply probabilistic
tools. This is often used in order to study spatial correlations for instance: see [20] for an
example related to the log-gamma polymer, though there are many other references such

as |CH14; |(CH16; |CD18; Ham19; .JO20; Wu20b; (CHH23| (this list if far from complete).

In [30] we initiated the study of half-space Gibbs line ensembles. We focused on the
half-space log-gamma line ensemble, which is nothing but a probabilistic way to view the
half-space Whittaker process as a collection of interacting random walks with log-gamma
distributed increments. The main novelty is that the Gibbs resampling property has to be
modified so as to include some boundary weight which is related to the function Eyo(g.)
in the definition of the half-space Macdonald process in Section [1.3.4]

More precisely, the random walks x 2@ are defined for = € {0,1,2,...} and the

i
interaction in the bulk is the same as for the full-space log-gamma line ensemble, but the



probability distribution of the starting points is proportional to
0 A AP AP

In the scalings so that the log-gamma polymer free energy converges to the KPZ equation,
the half space log-gamma converges to a half-space KPZ line ensemble studied recently
[DS25]. More importantly, half-space line ensembles associated to any half-space Mac-
donald processes are other KPZ class models should converge to a universal object, the
half-space Airy line ensemble. This object was constructed recently in [DY25| by taking
a limit of the Pfaffian Schur process from [BRO5; 6].

Anticipating a bit, we expect that the Airy line ensemble will be key to defining a
half-space directed landscape. It should be defined as the scaling limit of a last passage
percolation model through a symmetrized half-space Airy line ensemble. We note that
there exists another approach to defining the half-space analogue of the KPZ fixed point,
via the study of half-space TASEP [Zha24].
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CHAPTER 2

STATIONARY MEASURES OF GROWTH PROCESSES
ON BOUNDED DOMAINS

In this chapter, I present several works on stationary measure on growth processes,
especially models defined on a bounded domain with open boundary conditions. My first
work in this area is [16], in collaboration with Pierre Le Doussal, published in a Physics
journal. From a mathematical point of view, it contains a few mathematical observations
and many conjectures. Conjectures related to half-space KPZ equation were proven in
[19] with Ivan Corwin, using a symmetry property of half-space Macdonald processes.
The method was also used in [18] in another context. Moreover, the form of stationary
measures of the KPZ equation [16] and ASEP |21] motivated the introduction of the more
general framework of two-layer Gibbs measures [26; [24].

2.1. Stationary measures of the KPZ equation

It is in general a difficult problem to determine the stationary measures of stochastic
partial differential equations of the form

Opu(t,z) = Hu(t,z) + v2(t, x)

when £ is a space-time white noise. There are at least two notable exceptions. First, if H
is a linear operator, stationary measures should be Gaussian with a covariance structure
that can be calculated — see for instance the discussion of invariant measures in Chapter
6 of Martin Hairer’s lecture notes [Hai09]. Second, there is another special case, when Hu
is the functional derivative of some action

08
Hu=—— . 2.1.1
u=-2(t,2) (2.1.1)

In that case, the stochastic PDE should often be interpreted as the continuous limit of
Glauber dynamics and the stationary measure is formally given by the Gibbs measure

e Sllpy,

where Du is a fictitious Lebesgue measure on functions = +— wu(z). Of course, such an
object does not exist, but one can sometimes use the Brownian measure as a reference
measure instead. This is the case for parabolic stochastic PDEs of the form

Do — %Au - M;Eu] NG (2.1.2)

in which case the corresponding action is S[u] = % [(v/(z))?dz + F[u] and one identifies

o2 W @)y,



with the Brownian probability measure PB™"™ on continuous functions u, so that the

stationary measure of (2.1.2)) is

Lor [u]pBrown ;) (2.1.3)

Remark 2.1. — In higher spatial dimension, the Brownian measure should be replaced
by the Gaussian free field. Its lack of regularity typically makes it very difficult to define
and one often adopts the opposite point of view, as proposed by [PW80]. The
Gibbs measure is defined as the unique stationary measure of the stochastic PDE
2.1.2).

In this text, we are rather interested in the KPZ equation
1 1
Oh(t, ) = S Oaah(t, ) + 5 (Duh(t, ) +£(t,2) (KPZ)

where we recall that the solution should be interpreted in the Cole-Hopf sense, i.e. h(t,z) =
log Z(t,x) where

0,2(t,7) = %&MZ(t, )+ Z(t 2)E(t, x) (SHE)

and the product Z¢ is interpreted using Ito calculus conventions. The stochastic PDE
is obviously not linear, and cannot be put in the form . Actually, h(t,z)
should be interpreted physically as the height function associated to some interface at
time ¢ which typically evolves in an irreversible manner. While the equation well-defines a
Markov process on continuous trajectories. It should not have stationary measures. And
indeed, one can show, at least for some initial conditions, that h(t,z) ~ 5—4‘“ as t goes to
infinity.

The KPZ equation admits however stationary measures modulo a global shift. Or
equivalently, the process of spatial increments admits stationary measures.

Definition 2.2. — We say that the law of h5" € C(R,R) is stationary for the KPZ
equation (KPZ)) if the following implication holds:

If B(0,-) = h*'at then for all t > 0, h(t,-) — h(t,0) 2 pstat,

It turns out that the law of %3 (z) = B(x) + px, where i € R is arbitrary, is stationary
for the KPZ equation. This is also the stationary measure of the linear equation

Ouh(t,z) = %amh(t,x) +E(t, )

and surprisingly, the addition of the nonlinear term (d,h(t, z))* does not change the sta-
tionary measure. The first argument supporting this claim was proposed in [Par90]. The
first mathematically rigorous proof was proposed in [BG97|. There exists now several
other proofs [FQ15; GQ25|.

In [BG97|, this result is phrased as a corollary of their main result, which is a convergence
of ASEP to the KPZ equation. If H(¢,x) denotes the hight function associated to the
asymmetric simple exclusion process on Z with jump rates e® to the right and e~¢ to the
left, then e—sH (™ t.e7%2) converges to Z(t,z), solution of as € goes to zero. Since
the configuration of particles where each site is occupied independently with probability o
is stationary for ASEP, i.e. when the associated height function is a random walk, possibly
with some nonzero drift, and given that random walks converge to Brownian motions in
the diffusive scaling, we conclude immediately that the Brownian motion is stationary for
the KPZ equation.

Thus, if one is interested in the stationary measure of the KPZ equation on other
domains, such as R or a segment [0, L], a natural method should be to analyze first the
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} reservoir

FIGURE 1. Jump rates of Open ASEP on ¢ — 1 sites.

corresponding discrete exclusion process, and take a scaling limit of its stationary measure.
Indeed, it is proved in [CS1§| that the height function of open ASEP, i.e. the ASEP on
a finite number of sites connected to boundary reservoirs, or the ASEP on the positive
integers, converge to the KPZ equation on [0,1] or R.

2.2. The matrix product ansatz
2.2.1. The open ASEP. — Let us start with a more precise definition of open ASEP.

Definition 2.3. — Let [a, b] denote the set of integers from a to b included. The open
ASEP on a segment is a Markov process on the state-space {0, 1}[[1’4 X Z>o describing
the dynamics of particles between two reservoirs, according to the jump rates depicted in
Figure Configurations are described by occupation variables n = (11, .., 1) € {0,1}[14
together with the number N = Ny € Z of particles that have gone through the system.
For any = € [1,¢ — 1], a particle jumps from site = to  + 1 or from site = + 1 to x at the
rates p and ¢. A particle is created or annihilated at the site 1 at exponential rates

a (L —m) and v .

Moreover, a particle is created or annihilated at the site £ — 1 at exponential rates
d(L—m) and S .

All these events are independent. We define the integrated current at site x by

L
N (n, Nes1) =Y mi + Ny,
i=x
where Ny;1(t) denotes the number of particles that have been annihilated at site ¢, minus
the number of particles that have been created at site ¢ (this corresponds to the total
number of particles that have traveled through the system).

Physically the reservoirs at both ends impose densities g, 05 satisfying the mean current
conservation conditions j, = (p—¢q)0a(1—04) = a(1—04) —7v0s and jp = (p—q)op(1—0p) =
Bop — (1 — o) [DEHP93]. Hence, it is convenient to introduce the roots

Fvi(a,v)—l((p—q—a—'y)i\/(p—q—a—7)2+4a7>

2

and new parameters

a=r"(a,7)
b=r"(8,9)
c=r"(a,7)
d=r"(8,9)
so that
1 b
Qa = 1+a O = 110
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In other terms, we have parametrized the jump rates by a,b,c and d as

NS k) _acp—q)
T (Ata)lte) T T At te)
5= (»—q) 5o bdlr—4q
(14+0b)(1+0b)’ (1+0)(1+d)’

2.2.2. Open ASEP stationary measure. — If p # ¢, the integrated current N will
diverge to infinity, and the couple (n(t), N(t)) does not admit any stationary measure.
However, the marginal 7(t) is a Markov process on a finite state space, which admits a
unique stationary measure. First investigations into this stationary measure dates back
to [MGP68; Lig75|, but it was fully characterized in the breakthrough article [DEHP93].
The stationary measure P5'3 can be written as

l
B () = - (wl [T 0D + (1= m)E) ) (2.2.1)
i=1

where the normalization constant is
Zs = Wl (E+ D) Iv),
provided E,D and (w/|, |v) satisfy the relations
DE—-¢ED=D+E
(w| (aE =7D) = (w|
(6D = 6E) [v) = |v)

Here, D and E are matrices or operators acting on vectors denoted by kets |v). The bras (w|
denote linear forms (which can be identified in practice with a row vector). It is already
possible, from this purely abstract statement, to deduce some interesting information.
The so-called Matrix Product Ansatz is even more useful if one can find concrete
representations of the commutation relation, and indeed, there are many. In general, F
and D are infinite matrices.

The parametrization involving a, b, ¢, d is convenient to express certain representations.
For instance, one may chose matrices D =1+d, E =1 + e, where

de—ged=1-¢q

that is the g-oscillator algebra. Explicitly, one may chose d = >0 ;(1—¢") |n — 1) (n| and
e=7>Y "1 |n+1)(n|. With this choice, the boundary vectors are simply chosen [Sas99| as
(Wl =302 wy (n| and |v) = >°02 ; vy, |n) with
Hy(b,d)
wy, = Hy(a,c), v, = ——,
o0 =g,
where the H,, are essentially ¢-Hermite polynomials, defined as
n
(Q)n k —k
H,(X)Y) = ——XYy" 2.2.2
=2 (222
We refer to Lazarescu’s PhD thesis [Laz13, chapter 2] for more references and details.
For now, we just note that the same boundary weights also arise in the half-space Hall-
Littlewood process [He24] — this coincidence will be explained in Section m

Remark 2.4. — There exist many other representations of the Matrix Product Ansatz
for open ASEP. Furthermore, this method extends to other models, such as exclusion
processes with particles of multiple types, processes with pushing mechanisms, non-
conservative variants, etc. When one is searching for tridiagonal representations of the
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MPA, three term recurrence relations naturally emerge. Such recurrences are typically
related to orthogonal polynomials. In particular, [USWO04] introduced representations
related to Askey-Wilson polynomials (depending on parameters q,a,b,c,d). The MPA
also spurred many developments in combinatorics [CWO07; (CW11; (CW10; SW14].

2.3. Stationary measures for the open KPZ equation

The open KPZ equation on the segment [0, L], with boundary parameters u,v € R is
the stochastic PDE

Oh(t, ) = L0,.h(t, x) + 5 (9:h(t,2))? + £(t, 2),

deh(t,z)| _o = u, (KPZy)

Oh(t, x)]z:L = —v,
where £ is a space-time white noise. As for the KPZ equation on R, solutions can be
defined through the Hopf-Cole transform. We say that h € C(Rxg x [0, L], R) is a solution
to with initial condition hg if we have h(t,z) = log Z(t,z) where Z(t,x) solves
the multiplicative noise stochastic heat equation

QZ(t,x) = 30, Z(t,x) + Z(t, 2)&(t, ),
=(u—1/2)Z(t,0), (SHE, ,,)

Mooy = —(0=1/2)Z(¢, L),

~—

z=0

where we interpret the product Z(t,z)&(t,x) in the Ito sense, with initial condition
Z(0,z) = logho(z). We refer to [CS18; [Parl9b] for details about what this equation
means and for proofs of the existence, uniqueness and positivity of solutions.

Definition 2.5. — Let Pp, be a probability distribution on continuous functions By, Bs
on [0, L] defined by
1 _ -
]P)'lIL(’ng(Blﬁ BQ) = K (L) €(u+v)B1®BQ(L) IP)B;)own(Bl) IP>B1’ft)wn(B2) (231)
U,v

where the reference measure ]P""/Bmm1 is the law of a Brownian motion with drift d starting
from 0, and the composition By ® Bs is the geometric Pitman transform defined as

B; ® By (t) = —log /t e_(Bl(S)“FBQ(t)—BQ(S))dS’
0

The normalization function satisfies

Kuw(L) =E [( / ' e—<Bl<S>+B2<L>—B2<S>>ds> ] ,
’ 0

where the expectation is taken over the law of independent standard Brownian motions
By, Bs.

Theorem 2.6 (|[CK24][BKWW23|[16]). — Ifu+v >0, the marginal distribution of
B under the probability measure Pp, is the unique stationary measure of the open KPZ
equation on [0, L].

This theorem was obtained through a combination of results from |[CK24; BKWW23;
16] based on earlier results of [USW04; DEHP93|. Indeed, in the special case u + v > 0,
it was shown in [16] that the law of (Bj(z), Ba(x)) is the same as the law of the processes
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(A1(z) — A1(0), Aa(z) — A2(0)) where Ay, Ay are continuous stochastic processes on [0, L]
distributed as
1

PIU{’;Z(AM AQ) = m

Fuw(A1, A2)00(A2(0)) P (Ap)PEEC  (Ag) (2.3.2)

Brown Brown

where the reference measure nggwn is now the Brownian measure with free endpoints

(though the presence of the factor dp(A2(0)) will fix A2(0) = 0), and the functional F,,,, is
Fuu(A1, Ag) = exp <_ /L e(/\l(s)/\z(s))ds> e~ (A1 (0)=A2(0)) ,—v(A1(L)—A2(L))
’ 0

The normalization constants in (2.3.2]) and in (2.3.1]) are related by
Zuo(L) = T(u+v)ez @K, (L), (2.3.3)

In order to see that (A1(-)—A1(0), A2(-) —A2(0)) under (2.3.1)) has the same law as (By, Ba)
under (2.3.2)), we first integrate over A = A;1(0) — A2(0) using the integral formula

1 -A
—u—v _ A —A(utv)—e C.
¢ I(u+v) /Rd ¢

This step in referred in the physics literature as summing over the zero mode. Then we
may arrange the formula using Girsanov theorem to change the drifts of the Brownian
motions. The first averaging yields the factor I'(u + v), and the application of Girsanov’s
theorem yields the exponential factors in (2.3.3)).

We insist that defines a probability measure only for v + v > 0. It turns out
that this probability measure can be related [BKWW23; [16] to formulas characterizing
the open KPZ stationary measures [CK24], so that the law of By (or Aj(xz)—A1(0)), is the
stationary measure of the open KPZ equation. It is known to be unique [KM22; Par22].

After noticing that the marginal distribution of A;(z)—A1(0) in can be described
by Bi(z) in (2.3.1)), [16] conjectured that the law of By is actually the stationary measure
for all w,v. This conjecture was motivated by an analytic continuation argument which
seems difficult to formalize in the continuous setting. In order to justify this analytic
continuation argument, a potential approach is to take a detour through a discrete model.
This is the motivation behind Section [2.4] Before we explain this, we will explain how we
identified the formulas of [CK24] to the Brownian description above, and we will sketch
another way to prove Theorem [2.6{ which we proposed in [|21].

2.3.1. Liouville quantum mechanics. — The identification between

1. formulas in |[CK24] for the multipoint Laplace transform of spatial increments of the
open KPZ stationary measaure, and

2. the description (2.3.2)),

was made in [BKWW23; |16]. Although the two papers use very different notations and
vocabulary, they use the same idea. One recognizes in the formulas from [CK24] certain
quantities which often appear when integrating eigenfunctions of the operator

1
H = ZA — 6721,

acting on a suitable L? space of functions with enough decay at infinity. From a prob-
abilistic point of view, H is the generator of a Brownian motion b(x) (with diffusion
coefficient 1/2) killed at exponential rate e~20(*) From a physical point of view, —H is
the Hamiltonian of a quantum particle in exponential potential.
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There exist a distinguished orthonormal basis of eigenfunctions of H indexed by k > 0

with
Yp(x) = ﬁmtk)‘Kik@(fﬂ

where K is the modified Bessel K function, normalized so that

k2
Hyr = ¢, (Vi|tw) = 0(k —K').

These functions satisfy further properties, such as, for s > 0

oT(5+ ik 4 ik’
/Rdﬂce_sxwk(x)wk/(x) =& <2 I‘(2s) 2 ), (2.3.4)

This identity should be understood as a two-variable degeneration of the Cauchy iden-

tity for Whittaker functions (1.4.3)). Using the Feynman-Kac formula, the fundamental
solution of dyu = —Hwu can be written as

[ dkba)e S bn(a) = e, VB [ b 623(%] |

where the expectation is w.r.t. a Brownian bridge such that B(0) = z et B(t) = 2.
Now, by taking a limit of formulas from [BW17] under the KPZ equation scaling.,
[CK24] obtained that (in the special case of one point marginal)

52 o0 —
Ele~ W] = ¢ x // dty dtapo(t2)pos(t, tr)e T 1 +2(E-v), (2.3.5)
0

where hiv denotes the stationary measure of the open KPZ equation (here we have to
assume u,v > 0 for the formula to be valid), where

B (w+o)(ut+v+1)T (v £ T (wt i)
po(t) = o Jir (ﬂ \/%) (2.3.6)
po,s(t2,t1) = ! L <u . z@) . <§ e i@> (2.3.7)

87T (u+i¥2) VAT (&ivh) I'(s)

Identifying the red terms in (2.3.7) and (2.3.4)), one can rewrite the Laplace transform
formula fully in terms of the eigenbasis vy, and using the Feynman-Kac formula,
as exponential functionals of a Brownian motion. Eventually, one finds that the stationary
measure of the open KPZ equation can be written as

1
V2
where the process U is absolutely continuous with respect to the law of the Brownian
motion with Radon-Nikodym derivative proportional to

hig (@) W(z) +U(z) - U(0)

L _ s
¢~ 2uU(0)=20U (L) = [, e 2V ds (2.3.8)

and W is an independent Brownian motion. If one identifies
. Al((li) — AQ(JJ) 1 . Al((ll) + AQ(IL')
= SRR () = SRR
2 V2 2
one recovers the probability measure (2.3.2]). These ideas were used in physics in order to
compute exponential functionals of the Brownian motion and the method is referred to

as Liouville quantum mechanics |[CM96; CMY98; |CT98; MC94]. In particular, summing
over the zero mode is a standard trick in this context. The identifications between the red

U(z)
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terms above was facilitated for Pierre Le Doussal and myself because we used this method
only a few month before the paper |[CK24] came out, in our paper [14, Appendix F].

2.3.2. A representation of Derrida and Enaud and reweighted random walks.
— In this section, we assume that the boundary parameters «,~, 3,6 satisfy Liggett’s
condition [Lig75] on both sides, i.e. we assume that

Q@ 0
CLr_g B0 (2.3.9)
p q p q
so that g, = a/p and g = §/q. In terms of the parameters a, b, ¢ and d, it corresponds to
assuming ¢ = d = —q so that a = 9, = 71— +a and 6 = qop = 7 Jfb It is not strictly necessary

to make this hypothesis, but it greatly simplify the expressions below.

2.3.2.1. Enaud-Derrida’s representation. — In [21], we used a specific representation of
the MPA due to [ED04] and a method from [DELO4]. We choose D and E as the infinite
matrices

[y [l 0 0 0 i, 0 0 0
0 2 24 0 0 2, 2, 0 0 -
D=10o o0 [3; 8, 0 . E=|0 @, B, 0 (2.3.10)
0 ' 0 0

where we use the usual notation for g-numbers

O —

n)y = .

q 1— q

Let us denote by {|n) }n>1 the vectors of the basis in which the matrices are written. One
can alternatively write the matrices D and E as

D= Z ((n|+{n+1]), E= Z + 41, n+1))(nl. (2.3.11)

In this basis the vectors |v) and (w| are given by

W= () e M= (F) Bl a2

n>1 N Ca eI Sy

Because products of tridiagonal matrices in ([2.2.1]) can always be interpreted as a weighted
sum over Motzkin paths, it is possible to reinterpret (2.2.1)) in terms of reweighted random
walks.

From now on we assume that ¢ € [0,1) and g < 9,. Following [DEL04] and [ED04]
we introduce discrete walks on the strictly positive integers which, at each step, either
increase by one unit, decrease by one unit, or stay constant, with the constraint that they
remain strictly positive. They are described by a sequence of ¢ + 1 integers 77 = (n;)o<i<s
such that n; > 0 and |n; —n;41] < 1forall 0 <i < ¢ — 1. It is easy to write

J4
Zi(q) = (W[(D+E) V) =Y (Wino)(ne V) [[(ni—1|D + Elni) = > Q(#)
i i=1 !

n

where

Qi) = (1 - @“YO ( o )n f[v(n,;_l,ni) ﬁ[ni]q, (2.3.13)
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where
2 ifn=n
v(n,n')=¢1 ifln—n/|=1
0 else.

Following arguments in [DELO04] which restricted to ¢ = 0, one may write that under the
stationary measure of open ASEP P5%%(p) | the height function

H() = H(0) + (i(zm - 1>)
1<

j=1
decomposes as
H(i) — H(0) = (n; — no +mi)1<icq» (2.3.14)

where (n;,m;)o<i<e is a two dimensional random walk on Z2, starting from (ng,0), dis-
tributed as

Tugso (1—0a\" [ o \™ SSRW
P(i7,m) = 0 < ) < > | I n;lqP 7, 1m), 2.3.15

where Pﬁigw denotes the probability measure of the symmetric simple random walk
(SSRW) on Z? starting from (ng,0), that is the random walk performing steps (1,0),
(0,1), (—1,0) and (0, —1) with equal probability 1/4. Note that in (2.3.13), the random
walk n; was constrained to the strictly positive integers. However, the weight Q(7) vanishes
if n; = 0 for some 4, so that one can relax the positivity assumption.

2.3.2.2. Scaling limit. — We now use the scalings so that open ASEP’s height functions
converges to the open KPZ equation. We scale ¢ = e, { = 4Le~2, and we choose
boundary rates «, 3,7, in such a way that

_l,u _low
Qa - 2 457 Qb - 2 48'
We define functions Ug, VZ on [0, L] N %Z by
Ud(z) = %(nm_z e llog(e2/4)),  Vi(a) = %mm_z, (2.3.16)

that we extend linearly to the whole interval [0, L]. The function U; lives in the interval
(log(¢/2),400) which becomes the whole line R in the ¢ — 0 limit. To determine the
limit of U,, V; as € — 0, we need to examine the behavior of (2.3.15)) under these scaling.

First, under the reference measure P,f(f({zw, the couple of random functions (U (x), Vz(z))

becomes a two-dimensional Brownian motion.
Next we write

¢ ¢ 1 _ e—mic
[[nig = exp (Z log (1_6_5» (2.3.17)

=0 =0
L
~ C(e) exp (—/ e_QUS(x)dx> , (2.3.18)
0

where the constant C'(g) = e~ (1) independent from Uy, disappears when dividing by the
normalization. Under the same scalings, the boundary terms in (2.3.15)) yield

<1 - Qa)"o ( Ob )ng ~ C/(5)6_2UUE(O)_2DUE(L)7
Qa 1— o

up to another unimportant multiplicative factor C’(g) = (¢2/4)%*?, which also disappears
when dividing by the normalization.
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(0,0) (4,0)

FIGURE 2. The subset Z5"P of the Z? lattice. In black is shown an example of up-
right path as used in the definitions of last passage percolation and the log-gamma
polymer in the strip.

Thus, the couple of random function (U.(z), Vz(z)) should converge to a two-dimensional
process (U(z),V(x)) € R2, absolutely continuous with respect to the law of the two-
dimensional Brownian motion with covariance matrix 17, where V(0) = 0 and U(0) is
distributed according to the Lebesgue measure. The Radon-Nikodym derivative is equal
to

1 L
—— exp (—QuU(O) —20U(L) — / dxe_QU(x)> . (2.3.19)
0
U,V
One recovers exactly (2.3.8). The arguments above were presented in the physics article
[21] as the simplest way to derive theorem — without going through exact integral
formulas as in |[CK24]. The paper [Him24] subsequently confirmed that these heuristics
can be made fully rigorous.

2.4. Two-layer Gibbs measures

In this section, we will see that the structure is quite general and there are
variants for many other solvable models. Similar results on discrete models, after summing
over the zero mode, allows to justify that the result of Theorem [2.6] analytically extends
to all u,v € R as conjectured in [16]. The only caveat is that this approach requires the
convergence of the discrete model to the other, which has not been established yet for the
log-gamma polymer in a strip.

Hence, we will define discretized versions of the measure (2.3.2)), which we will view as
variants of the Schur or Whittaker process. These discrete stochastic processes are such
that — see [26] for details

1. These measures are stationary for certain Markov dynamics (of push-block type) on
sequences of signatures.

2. Under these Markov dynamics, the top layer, i.e. the process x — A7, evolves according
to the stochastic recursion satisfied by the LPP time G(n, m) or log-gamma polymer
free energies H(n,m).

3. Analytic continuations in boundary parameters can be performed at the discrete level.
2.4.1. Discrete models. — We consider stochastic growth models defined on a strip

of the Z? lattice denoted Zs"'P = {(i,j) € Z?% j <i < j+ N}. The discrete models con-
sidered in [26] are the following.
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Definition 2.7 (Last passage percolation). — Let a € (0,1) and ¢1,¢c2 > 0 such
that aci,aco < 1. We associate a family of independent random variables w; ; to the
vertices of Z*"P. We assume that in the bulk of the strip, i.e. for j < i < j + N,
wj j ~ Geom(a?), while on the left boundary w;; ~ Geom(ac;) and on the right boundary,
wjtn,; ~ Geom(acz). For a given initial condition Gy : [0, N] — R with G(0) = 0, we set
G(i,0) = Go(i) and define

G(n,m) = max {Go(i)—i— ’ max Z wiyj}, (2.4.1)

1<i<N m:(2,1)—=(n,m) (i)en

where the inner maximum runs over up-right paths 7 from (i,1) to (n,m), as shown in
Fig. |22 We may then define the Markov process G = (G (i))<;cy OD ZN by setting

Gm(i) =G(m +i,m) —G(m,m) for 1 <i < N.

We say that a probability measure P***t on Z% is a stationary measure for LPP on the
strip if Go ~ P53 implies that G,,, ~ P53t for all m > 0.

Definition 2.8 (Log-gamma polymer model). — Let o > 0 and u,v € R such that
o+ u, a0 +v > 0. We consider another family of independent random variables w; ; such
that for j < i < j+N, w; j ~ Gamma™'(2a), on the left boundary w; ; ~ Gamma ™! (a-+u)
and on the right boundary, w;,y; ~ Gamma™'(a + v) (here, Gamma™'(f) denotes the

inverse Gamma distribution with shape parameter #). For a given initial condition Hy :
[0, N] — R with H(0) = 0, we set H(i,0) = Hy(¢) and define

H(n,m) =log ( Z o) Z H wiyj) : (2.4.2)

I<iSN m:(4,1)=(n,m) (i,5)€m
We may then define the Markov process Hy, = (Hp(7)),<;< v O0 RY as before by setting
Hy(i)=H(m+1i,m)— H(m,m) for 1 <i< N
and consider its stationary measures.
2.4.2. Probabilistic description of stationary measures. — For both Markov pro-

cesses G, and H,,, and for any choice of parameters, an explicit description of their unique
ergodic stationary measure is found in [19].

Definition 2.9. — Under the same assumptions on parameters a, cq, ¢ as in Definition
let us define a probability distribution on couples of integer-valued random walks
L1 = (Ll(i))ogz‘gN and L2 = (L2(i))0<z<N by
1 _
P2 (L, Lo) = —aerey (c102) H1@2N) plez (1) pect (L), (2.4.3)
Geo

where the reference measure P‘g}eo is the law of geometric random walks with parameter
q, starting from L;(0) = L2(0) =0, i.e.

N
Pl (L) = [ ¢~ 10D (1 - ),
=1

and the composition L; ® Ly is the discrete Pitman transform

Ly @ La(k) = min {L1(j = 1) + Lo(k) — La(3)}.
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Theorem 2.10 (|19, Theorem 1.3]). — The marginal distribution of Ly under the
probability measure Pa 1SV s the unique stationary measure of the process Gy, from Defi-

nition [27.

Remark 2.11. — Definition [2.9|is a reformulation of [19, Definition 1.2]. We chose this
rewriting to make the Pitman transform appear. Following notations from |OY02], we
could have defined the composition

| BRO) Lg(k) = max {Ll( ) + Lg(ki) — LQ(] — 1)}

\\

The discrete Pitman transform is then generally defined as the map (Li,Lo) — (L; ®
Ly, Ly ® Ly). Using that Ly + Ly = Ly ® Ly + Ly ® Ly, we could have defined Pg. as

1
~a761702
ICGeo

P& 2 (L) Ly) = (e1e2) L2010 Y (L) PY (Ly), (2.4.4)

1~0,C1,C2 + . . .
where 5. is another normahzatlon constant. Since we do not assume that a/c; and

a/ce are in [0, 1), we prefer using than ([2.4.4)).
We now turn to the log-gamma polymer.
Definition 2.12. — Under the same assumptions on parameters as in Definition [2.8] let
us define a probability density for real-valued random walks L1, Lo by
1
,Ca,u,v
LG

where now the reference measure P{'q is the law of log-gamma increment random walk
with parameter «a, starting from Lq(0) = L2(0) = 0, i.e. with density

a U, U(L17 Lg) €(u+v)Ll®L2(N)PgaU(L )Pa+u(L2)7

AR
te@ =11

=i Fe)

and, with a slight abuse of notations, the composition ® is now the discrete geometric
Pitman transform defined as

exp (—a(L(i) — L(i - 1)) — e~ MO-LE=0)) (2.4.5)

k
L1 X LQ(I{,') = — log Z e_(Ll(j_1)+L2(k)_L2(j))
j=1

Theorem 2.13 (|19, Theorem 1.6]). — The marginal distribution of Ly under the
probability density P15 is the unique stationary measure of the process Hy, from Defini-

tion 2.8

2.4.3. Two-layer Schur and Whittaker measures. — Our results are based on de-
scription of stationary processes different from Definition [2.9 and Definition 2.12} the
two-layer Schur and Whittaker processes. These probablhty measures are introduced in
[19] as Gibbs measures defined on certain graphs. In this text, we will first define them as
variants of the Schur and Whittaker processes.

1. Here, geometric refers to the geometric Brownian motion appearing in the study of exponential
functionals of the Brownian motion, where positive temperature analogues of the Pitman transform where
first studied [M'Y00], or geometric random walks appearing in geometric liftings of the RSK correspondence
INY04; |COSZ14].
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2.4.3.1. Ascending two-layer Schur process. — Consider an integer N > 1, and parame-
ters a, c1, co as in Definition with the additional assumption that c;co < 1. Let Sign,
denote the set of (A1, A2) € Z% with A\; > A\y. Define a probability measure on sequences
A=A\ ..., AN of elements A € Sign, such that
N

I OPHESY
Saaa Gl Cy Syi/xni—1(a) Lyo_g (2.4.6)
ZL2(N) z:l_ll / 2=0

where sy, is a skew Schur function defined in (L.1.3). Then, as proved in [19}, Prop. 2.17],
we have the equality in law

P(X) =

(d) x €
(Ll(x)7L2(x))0<m<N = ()\1 - )\(1)’ >\2 - Ag)og:&N’

where Ly, Lo are distributed as in Definition (the equality is shown by explicitly aver-
aging over A in (2.4.6)).

2.4.3.2. Ascending two-layer Whittaker process. — Consider an integer N > 1, and pa-
rameters «, u,v as in Definition with the additional assumption that u + v > 0. We

(2.4.7)

consider the probability measure on sequences A = (A°,..., AV) € (R?)N*+! with density
N

P(A) = %e_“()‘?_)‘g)e_”()‘iv AT wa (A /X 13(A). (2.4.8)
ra (V) i=1

where for \,u € R? and (aq,...,a;) € C*, W, o (\/p) is a skew Whittaker function
defined below in . In the equation above, dy denotes a Dirac mass at zero, so that
throughout the paper, for both models, we always have Ay = 0. Then, similarly as for
two-layer Schur processes, we have again an equality in law of the form ([2.4.7) where now,
L, Ly are distributed as in Definition (this is proved in 19, Prop. 3.14]).

2.4.4. General two-layer Schur process. — In order to prove that the probability
measure above are stationary, one needs to define a more general object that describes the
increments of stationary last passage times of free energies along any down-right paths
that joins both sides of the strip.

We start with the Schur case. We define a probability measure on a sequence of signa-
tures in

Signy = {(A1, \2) € Z% M > Ao}

depending on some down-right path P as depicted in Figure [3] It also depends on a
sequence ai, . ..,ayn of inhomogeneity parameters. This probability measure describes the
stationary measure of Last Passage Percolation on a strip along any down-right path, and
we refer to [19] for more precise statements.

F1GURE 3. A down-right path P joining left and right boundaries of the strip.

We will consider paths P joining points pg, p1, . - ., Py where pg = (z, x) for some x € 7Z,
and py = (y + N,y) for some y € Z, such as p;+1 — p; can be either (1,0) = “ — ” or
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(0,—1) = “ ] 7. Up to translations in the diagonal direction, such paths P are determined
by the sequence of increments p;;1 — p;, which can be seen as a word w € {—, [}V,

Definition 2.14. — Consider an integer N > 1, parameters ai,...,ay € (0,1) and
boundary parameters c1, co such that cica < 1 and ¢ja; < 1 for all 4, j. Let w € {—, V.
The two-layer open Schur process is a probability measure on sequences A = (\°, .. ., AN ) €

(Signy) V! such that

1 )\O_)\O )\N_)\N
P()\) = Wcll 2021 2 H SN'/MA(&,;) H S)\z‘fl//\i(ai) ]1)\(2):0,
Geo (N) 1<i<N 1<i<N
W; =— W; :‘L
(2.4.9)

where the normalization constant 22’53’62 does not depend on the shape of the path w
([19, Proposition 2.15]).

In particular, when w = (—,...,—), that is when P is a horizontal path, so that
N
1 AO_)\0 AN _ )N
PA) = —————c1" 2yt 2 [ snini-i(as) Tyoy, (2.4.10)
28603702 (N) i1 2

and we recover the ascending two layer Schur process of Section [2.4.3.1

2.4.5. General two-layer Whittaker process. — We define, for (ay,..., o) € C*
and z,y € R", skew Whittaker functions via the branching rule

k
(n) _ 1 k—1 (n) (.0 /01
Vo (@/y) = /Rn(kﬂ) dr*...dz ilzll v (x' /2 7), (2.4.11)

under the convention that z¥ = 2 and 2° = y. As for the two-layer Schur process, the
two-layer Whittaker process in general depends on a down-right path P as in Figure
encoded by a word w € {—, | }V.

Definition 2.15. — Consider an integer N > 1, parameters a1,...,ay € (0,1) and
boundary parameters u,v € R such that v + v > 0 and v 4+ «; > 0 for all 4,5. Let
w € {—,}}". The two-layer open Whittaker process is a probability measure on sequences
A= (A0 ... A\N) € R2N+2 with density

P(A) = —ammrome e OY N [T w@i/n) [ w@ 0N (M),
Za” (V) 1<i<N 1<i<N
w; =— W; :l/

where the normalization constant Zf‘éu’v(N ) does not depend on the shape of the path
([19, Proposition 3.12]).

We will focus in particular on the case where w = (—,...,—), where
Pauv(A) 1 —u(A9=A9) —v(AN -2 IJ_V[ ‘11(2)()\1'/)\1‘—1)5 ()\0) (2 4 12)
i = —guo € e ; . 4.
Zﬁx(’;u’v(N) i=1 “ e
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(a) (b)

FIGURE 4. (a) A down-right path P. (b) Two-layer graph GP associated to the
path P.

2.4.6. Two-layer Gibbs measure. — Let us consider some down-right path P as in
Figure 3| (a)). To such a down-right path, we associate a two-layer graph GP, depicted
in Figure [4| (b), which consists of two copies of the path P, rotated counter-clockwise by
7/4, with certain interaction edges between the two paths.

A two-layer configuration is an assignment of numbers )\Ej), i=1,2,1 <5< N to

each vertex of two-layer graph GP in Figure [4| (b). These take integer values in the case
of geometric LPP and real values in the case of log-gamma polymer. We will use the

shorthand A; == (A . A™)) for i = 1,2 and A = (A1, Ay).

We assign to any two-layer configuration on GP a weight wt9” (\) given by the product
of (model dependent) Boltzmann weights over all edges in the graph. The specific form
of Boltzmann weights (see (2.4.15)) and (2.4.18) below) comes from the structure arising
in discrete half-space Gibbs line ensemble [6; 30]. We will view the weight of a two-layer
configuration as an infinite measure over all configurations on GP — referred as the two-
layer Gibbs measure below — which is translation invariant under adding the same constant

to all )\Z(j ) 1t may be thought of as a discrete analogue of the measure (2.3.2)

2.4.6.1. Dynamics. — It turns out that for both geometric LPP and the log-gamma
polymer, the dynamics of the height function can be seen as a marginal of more general
Markov dynamics that map the two layer Gibbs measure associated to one path to the two-
layer Gibbs measure associated to another path. These Markov dynamics are constructed
as the dynamics on half-space Macdonald processes in Chapter [, First, we notice that
any down-right path P can be updated to any down-right path Q above it by sequentially
performing the following three types of ‘local moves’:

L — 1 = |

which we respectively refer to as the bulk/left boundary/right boundary local move. We
associate to each local move P — P of a down-right path the corresponding local move
of the two-layer graph GP — GP. In [26], we define three types of Markov kernels U,
U= and U that map two-layer configurations X on GP to two-layer configurations A’ on
GP. These Markov kernels are local, in the sense that they only update the configuration
on the vertex which moves during the local move, and the update only depends on the
configuration on neighboring vertices. The bulk kernels U-,U= and U that we chose
below are very close to push-block dynamics as in Section [I.3.5]

The existence of these kernels follows from certain identities that we show about the
local weights in the bulk and boundary for the two-layer Gibbs measures. For instance,

) Y
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in the bulk we have

A1 1 T
S wt | whiw | = 3wt A/w\ﬂ (2.4.13)
K1,K2 \/ 1,72 /\
Ko Ao H2

where on each side of the equation, the weights are products of Boltzmann weights over
all the edges of the subgraphs depicted above. We have only stated here the identity
corresponding to a bulk local move, which may be seen as a variation of the (skew)
Cauchy identity in symmetric function theory.

Remark 2.16. — 1t is possible that other type of dynamics, such as the so-called RSK-
type dynamics [BP16; |[MP17; BM18; BP19| could be used as well, though the push-block
type kernels seemed to be the most convenient choice for our purposes.

The kernels U=, U= and U' also have the property that the first layer marginal of
the two-layer dynamics coincides with the recurrence relations satisfied respectively by
geometric LPP passage times and by the log-gamma polymer partition functions. Hence,
by construction, those marginal distributions of two-layer Gibbs measures wt9% () are
precisely the stationary measures we are after.

In order to arrive at a simple description for the stationary measures, we perform
several additional steps, by adapting to the discrete setting the procedure that transforms
the measure to the one in (2.3.1). First of all, the two-layer Gibbs measures are
translation invariant infinite measures. To normalize them into probability measures, we
notice that under certain restrictions of the range of boundary parameters (analogous to
u—+v > 0 in the case of the open KPZ equation), the mass of these infinite measures with
fixed value AEO) is finite. Therefore one obtains bona fide stationary probability measures
under those conditions.

2.4.6.2. Analytic continuation. — To get rid of the constraint on boundary parameters,
we finally average the aforementioned (stationary) probability measures over the ‘zero

mode’ A = )\go) — )\éo). Remarkably, this yields probability measures on Z» or RY that are
well-defined without any restrictive constraint on boundary parameters. This procedure
is analogous to the one performed non-rigorously in [16] for stationary measures of the
open KPZ equation in Section [2.3]

The proofs of stationarity of these measures (Theorem and Theorem ) to the
full-range of boundary parameters follow analytic continuation arguments. The argument
is roughly the following. Let us denote the stationary measure by P : KV — [0, 1], where
K is Z or R. The dynamics of each model can be encoded by a Markov transition kernel
U(L)|Ly) for Ly, L] € KV, where L; denote the sequence of last passage times or free
energies along a path centered by the value on the left-boundary, and L) denote the same
sequence along the same path translated by (1,1), i.e., by 71. Assume that under some
restriction on boundary parameters (say u-+wv > 0), for all L} € KV, we have an equation
of the form

S UL[L)P(Ly) = P(L)), (2.4.14)

L} eKN

(the summation is an integral when K = R), where U and P depend on boundary pa-
rameters. The equation may be analytically extended to a larger range of u,v, provided
both sides of are real analytic functions of the variable u. In the case of geometric
LPP, we show that the RHS is analytic by direct inspection of an explicit formula, and we
prove that the LHS is a power series in the boundary parameter with appropriate radius
of convergence [26]. In the log-gamma case the argument is considerably more involved
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as the sum in (2.4.14)) becomes an integral. We prove in [26] a stronger result than real
analyticity. Using Morera’s theorem and bounds on integrability we show that both sides
are holomorphic functions in u in a suitable open set.

Remark 2.17 (About analyticity of stationary measures)

For open ASEP a simple argument shows that its stationary measure depends real
analytically on bulk and boundary parameters ¢, «, 3,7, d, in the region of the parameter
space when the stationary measure is unique (we refer to [DEHP93]| for a precise definition
of the model). This actually holds for a wide class of Markov chains with finite state space.
Suppose Cg is a family of continuous-time Markov chains with the same state space S
(where |S| < 00) and with infinitesimal generator matrices Lg depending real analytically
on a set of parameters @ = (01,...,60,,) € Q, where Q is an open subset of R™. We also
assume that the stationary measure of Cg, denoted ug, is unique. Then ug depend real
analytically on 0 € Q.

Indeed, by definition, the column vector pg € RIS is the unique solution of equations
Ljpneg = 0 and [1,...,1)ug = 1. The system can be solved by Gaussian elimination, so
that each component of g can be expressed as a rational function of the coefficients in
Ly, hence g depends real analytically on @ € €2. This argument does not apply for the
geometric LPP and log-gamma polymer models, which have infinite state spaces.

2.4.6.3. FExpression of local weights. — Now we define the Gibbs measure on the set of
two-layer configurations on the two-layer graph GP.

Definition 2.18 (Two-layer geometric Gibbs measure)
For z,y € Z, the weights of solid, dashed and arced edges are

xr X
WhGeo | €1 ( =ci Y, Whgeo ) e [ =d7Y, (2.4.15a)

Y Yy

x X

a a

WiGeo / = WiGeo \ = ax—y]lm>y, (2415b)
Y Y

x X

WhGeo |, = WtGeo S| =1y (2.4.15c¢)
Yy Yy

We define the weight Wt(g}EO()\) of a two-layer configuration A associated to a two-layer
graph GP to be the product of the above weights over all labeled solid edges, dotted
edges and arcs in GP. It is also convenient to write wtge, of a configuration drawn on a
sub-graph of GP to denote the weight of that configuration. For example, we have

A M1
1ab

Whaeo | Ao 0 o | = T, _gpleTINT, = sy (a)s,. (D). (2.4.16)

N

a b
K2

Notice that Wt%f'O()\) is always positive and translation invariant, in the sense that, for all
x €7,

Wl (A) = Wtgo, (A + ), (2.4.17)
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where we write A + z = ()\go) +a,.. .,)\(1N) + l’,)\go) +x,... ,)\gN) + ).

We shall view the weight Wt%fo()\) as a measure on {\ € Z*¥+2}. In fact, the measure
is actually supported on Signy ™1 since each AY) € Sign, has )\gj) > )\gj). Due to the
translation invariance ([2.4.17)), wt%fo must have infinite mass. However, it can be shown

[26] that the measure of A with fixed )\go) (or any other fixed coordinate )\Z(j )) is finite
under the assumption cyco < 1. Using the definition of the weights above, it is easy to
check that this probability measure is exactly (2.4.9).

In the case of the log-gamma polymer and the two-layer Whittaker measure, the story
is the same with the following weights:

Definition 2.19 (Two-layer log-gamma Gibbs measure)
For z,y € R, the weights of solid, dashed and arced edges are

X X
wirg | U ( =e ) wipg ) v | = ey, (2.4.18a)
Y Yy
x x
a a o
wiee | S | =wtie | N | = e, (2.4.18b)
Y Y
X X
wig | 0 | =whe| | =e e (2.4.18¢)
Y Y

Notice that the weights in (2.4.18b)) are precisely of the form of the density of the log-
gamma distribution. This explains why log-gamma random walks will naturally arise in
this context.

2.4.7. Markovian description of stationary measures. — The stationary measure
for the open KPZ equation can be described in terms of the increments of a Markov process
with a specific initial condition [BK21]. This point of view is quite useful when studying
various type of limits (large scale limit, limit from the interval to R4, limit from discrete
processes to continuous ones, etc, see for instance [BK21; BW24;  BKW24; BW23c]).

In this section, we explain how the probability measures from Section can be alter-
natively viewed as Markov processes. The argument is inspired by earlier results: on the
one hand the results of [BKWW23| expressing the open KPZ stationary measure in terms
of a Doob transform of a Brownian motion killed at a certain rate, and on the other hand
the results of [DS24] which relate certain two-layer Gibbs measures (very similar with
our two-layer Whittaker process) and Doob-transformed processes. Moreover, in [24], we
show that one can provide fully explicit expressions for the transition probabilities of the
Doob-transformed Markov processes involved.

These explicit expressions can in turn be studied as N goes to infinity, or in other
asymptotic regimes. This may be used to show that as N goes to infinity, the stationary
measures of last passage percolation or the log-gamma polymer in a strip converge to
stationary measures of half-space last passage percolation or log-gamma polymer which
are described below.
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2.4.7.1. Two-layer Schur process: Markovian description. — The marginal distribution
of A\ under the probability measure (2.4.6) can be written as po(\?) where

po(A) = &' *2ho (A1 — A2)Ty,—0,

and the functions h, y : Z>o — Ry are defined by

ha:,N(g) o qux(g)

= "7 2.4.19
S oo chan (0 (2.419)

with
A=A
anl€) = (1= 3 sy ((@7) 2,
A€Signy

where (a)™ = (a,...,a) € [0,1)™. We note that the denominator 3,5, cfqn (¢) in (2:4.19)
is equal to the partition function Z&5*(N) in (2.4.6), but we chose to write it in this
way so that it becomes clear that py defines a probability distribution.

For integers 0 = z9 < x1 < --- < x, the function h, y is defined precisely so that the
marginal distribution of A*0, A\®1 . A®k ig given by

k
pO()‘IO) H pmifhwi()‘zi_la )‘IZ)?

i=1
where

_ _\2(y—=x) y—x hyJV(Nl - :LLZ)
pz,y()‘hu) =(1-a) Sp/x ((a) ) hx,N()\l _ )\2)'

Thus, the process (A)o<ci<n defined by can also be described as a time-
inhomogeneous Markov process with initial distribution py and transition kernel pg (X, )
(from time z to time y). Furthermore, all quantities appearing in the definition of the
kernel admit explicit integral formulas. Skew Schur functions can be written as a contour
integral by Lemma, the normalization constant Z&.2“*(N) is given in (2.4.26). Finally,
the function gjs admits the following expression (proved in [24]).

For c¢1,co < 1, and any ¢ € Z>(, we have

1 [ dz 1 1 1 1 l—a 1—a\M
3 ) () i ()
am (6) 2%2i7r <Z 21 )\ 22 l—czl—co/z\1—azl—a/z ’

(2.4.20)
where the contour is a circle of radius 1 around the origin.
Remark 2.20. — When N — oo one can show that for any x and ¢y < 1,
han(£) —— h(€) :== (L +1)(1 —c1)* (2.4.21)
N—o0

In particular the limit does not depend on x. Thus, for c¢1,co < 1, the large N limit of
the Markov process with transition probabilities psy(A, ;) becomes a very simple Doob
transformed process, which can be interpreted as a conditioned random walk studied in

[OCo003].

Remark 2.21. — The limit (2.4.21) has another application. It allows to define a con-
sistent family of probability measures
By (A A) = T M x ﬂ(1 —a)2syi i1 (@) | X R(NE — AD)
n g e ey — Cl )\820 a 5)\1/)\1—1 a 1 2)-
i=1
They are consistent in the sense that for all & > 0, the marginal distribution of \°, ..., \F
in P, is the same for all n > k. We believe that these measures are the appropriate object
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to adapt the method of [19] to half-space models. In general, one should consider a family

of possible functions h, parametrized by co with
Attt

h(f) 5(0,0) (c2,1/co) = p—

2.4.7.2. Two-layer Whittaker process: Markovian description. — The Whittaker case is
similar. Using the branching rule for Whittaker functions, the marginal distribution of A°
under the probability measure (2.4.6) has density Po(\?) where

Po()\) = efu()‘li/\Q)HO’N()\l — )\2)50()\2),
and the functions H, x : R — R are defined by
QN—w(e)

H, n(0) =
RN ST T)
with
1 —v(A1—X\
QM(e):W/R2 AN (01 (A (£,0))e "1 =32),
For integers 0 = xp < 1 < --- < Xk, the marginal distribution of AT0, A*1 ... A%t has
density
k
PO(/\IO) H Pzi—1,$i()‘xi717 )‘xi)v
i=1
where
1 Hy n(p1 — p2)
ProwO\, pt) = ————W yy—o (/) S22
z,y( 7:“') I‘(oz)Z(y*l“) (a)v (:UJ/ )H:c,N()\l_)Q)

Thus, the process (A\")o<i<n defined by is a Markov process with initial distri-
bution Py and transition kernel P, ,. Again, all quantities appearing in the definition of
the kernel admit explicit integral formulas. In particular, the function Q3; admits the
following expression. For u,v > 0, and any ¢ € R, we have

B dz D(v+z) (D(a+2)\M
QMM)A%ﬁwmxaobr@2@< I'(a)? ) '

Remark 2.22. — When N — oo an asymptotic analysis of the above integral shows
that for any x and v > 0,
2K(2e/?)
H y{l) —— H{) := —————=
x7N( ) Ne—oo ( ) F(U)Q )
where K is a Bessel K function. Again, the limit does not depend on z, so that for
u,v > 0, the large N limit of the Markov process with transition probabilities P, , (A, @)
becomes a very simple Doob transformed process, with transition probability (from time
ztox+1)
5 H(p —p) 1
P\ p) = v A). 2.4.22
One remarks that the function H is the same as in the Markovian description of limits of
the open KPZ equation stationary measure [BK21, Theorem 2.3] (up to some factors of 2
which result from different conventions used). The same H-transform appeared earlier in
several works, for instance in the Matsumoto-Yor theorem [MY00].
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2.4.8. Integral formulas. — The definition of stationary measures for last passage
percolation and the log gamma polymer in Sectio and Section [2.4.7] are useful to
have a qualitative understanding of the process and take limits. But do they allow to
answer quantitative questions? What is the probability that the first step of the stationary
increment process for LPP in a strip is equal to 57 This type of questions can be answered
using explicit formulas, whose existence comes from the orthogonality and summation
properties satisfied by Schur and Whittaker functions. We developed this point of view in
[24].

We start with the case of last passage percolation. For integers 0 = 29 < 1 < -+ <
xr = N the joint distribution of the increments Lj(x;) — Li(x;—1) for 1 < i < N is
characterized by the generating function

k
L8 (6,%) = B [H 20 00t o12)

i=1
Let us introduce the notations
(1-22)(1-1/2?) 1

_ _ Q) = 2.4.2
mGeo(d'z) 2 5 d)(Z, Cl) ¢Geo(za CL) 1— zav ( 3)
and define the kernel
t1\?
Kaeo(t1,to; 21,22) = /1 — = GGeo(2221, 11 /t2) PGeo(22/ 21, t1 /T2). (2.4.24)

Theorem 2.23 ([24]). — Let a,c1,ca be parameters as in Definition[2.7. Let tq, ...ty
be real numbers such that c1 < t1 < - <ty < é and at < 1. For ci,cy < 1, we have the
formula

k 2
a,c1,c 1 mGeO(dzl) mGeo(de) e
‘CGe(l) Q(tvx) = é»gé,CQ(N) 7{ 2in %T i:]:Ed)(Zuati)m rimt
k—1 2
X | (21, c1/t1) (2, caty) H Kaeolti, tiv1; zis zig1)| 5 (2.4.25)
=1

where the integration contours are (positively oriented) circles around O with radius 1 (for
a variable z on such contour, and a rational function f with real coefficients, |f(2)|> =
f(2)f(1/z), so that the integral in is a complex contour integral in the usual sense,
and it can be evaluated by residues). The normalization constant can be computed explicitly
as

Z5 (V) = § maeo(d2) |62, 1)z e2) (62, )| (2.4.26)

In the simplest case, that is for £ = 1, Theorem [2.23| implies that for ¢1,co < 1 with
c1 <t<min{l,?1

c2’al
E((L},CLCQ {tQLl(N)} _
€o

1 dz (1-2%)(1-1/2% 1 1 1 1
ZEAP(N) S 2imz 2 ((1— taz)(1 — ta/z)N 1 — 221 -9 1— 201 — otz
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We now state an analogous result for the log-gamma polymer stationary measure, more
precisely for the joint Laplace transform of its increments

Eﬁg’v(t X auv He i(La(z;)—Li(z—1))

Let us redefine the function ¢ as

d(z,a) = dora(z, ) =T (z + a),
and use the notations

1 d(z2 + 215t — t2)P(22 + 21561 — t2)
b K t 7t ; ) = *
o=z Treltteiz, 2) T(2t, — 26»)

myG(dz) =

Theorem 2.24 ([24]). — Let a,u,v be parameters as in Definition . Let tq,...,t
be real numbers such that u >ty > --- >t > —v and a + tx > 0. For u,v > 0, we have

2
o 1 myG(dz1) myG(dzg)
U (¢ — i ts Ti—Ti—1
LG ( ,X) ZLocéL,v(N) - 2in - i H¢ Z o+ )
k—1 2
X |¢(z1,u — t1)d(z, v + tr) [] Kratistiv; zi, zip1)| 5 (24.27)
i=1
where we recall that for z € iR, |f(2)]? = f(2)f(—2).
The normalization constant is given by
a,u,v . ng(dZ) N|?
FETN) = | T 0wz ) (6(z, )|
N
_ %F(u +2)I(v+2) (T(axz)) . (2.4.28)
iR 217 2I'(+22)

In the second line, we use the notational convention that each time that + appears in the
formula, we take the product of the Gamma function with a plus sign and the Gamma
function with a minus sign.

In the simplest case, that is when & = 1, Theorem implies that for u > ¢ >
max{—v, —a},

sy [ 2L (V) 1 dz T(u—t+2)Dw+t+2) (D(la+t+2)Y
ELG |:€ i| = ZO(,U,U(N) / 2.7 2P —
LG iR 2im (22)'(—22)

(2.4.29)

Remark 2.25. — Using the change of variables z; = ™ with 6; € (—1,1] in (2.4.25)
and interpreting the 6; as successive values of a Markov process, the Laplace transform
n can be rewritten in terms of the free Askey-Wilson process [BW07; BMWO0S].
Askey-Wilson processes are stochastic processes taking values in [—1, 1], introduced in
[BW10] in the context of quadratic harnesses [BMWO07|. Their transition density is ex-
pressed in terms of the orthogonality measure for Askey-Wilson orthogonal polynomials,
hence the name. Askey-Wilson processes also arises in Laplace transform formulas charac-
terizing the stationary measure of open ASEP [BW17|. The limit of these formulas when
ASEP scales to the KPZ equation was studied in [CK24], which led to study a limit of
Askey-Wilson processes called continuous dual Hahn processes, also considered in [Bry12]
(see also [Bry22]). Letting z; = +i/z;/2 in (2.4.27)), we also notice that the formula
(2.4.27)) can be rewritten as a functional of the continuous dual Hahn process. We believe
that the relations between two-layer Gibbs measures and Askey-Wilson processes deserve
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to be studied more systematically. This point of view has been recently investigated in
[BSW25] which re-derived Theorem without using Schur functions.

2.5. Stationary measures of models in a half-space

2.5.1. Old results for TASEP. — For the asymmetric simple exclusion process, it
was understood as early as in |Lig75| that stationary measures for the system on Z~( are
limits as ¢ — oo of stationary measures of the system on [1,¢]. For simplicity, let us
consider the TASEP on [1, ¢] with jump rates p = 1, ¢ = 0 and boundary parameters «, (3
arbitrary and v = 0,0 = 0. Let us denote my Mﬁi)ﬁ the stationary measure of the system.
Its limit as ¢ goes to infinity satisfies the phase transition:

Maximal current phase : If o, 3 > 1/2, then ,ug)ﬂ converges to a probability measure
M&O?)/Q depending only on the parameter «.

Low density phase : If « < 1/2 and a < 3, then M,(f)g converges to the probability
measure 1/&00), that is the law of independent Bernoulli variables with parameter a.
High density phase : If § < 1/2 and a > §, then Mg)g converges to the probability

measure ,u,((xooﬂ) which depends on both parameters « and 5. Under this probability

measures, the occupation variables 7., nz41,...,N.+k are distributed as independent
Bernoulli variables with parameter § as z goes to infinity.

Moreover, these limiting probability measures are stationary measures for half-line TASEP.
Similar results hold for ASEP |[Gro04].

2.5.2. A convergence result of Hariya Yor. — In view of the results of Liggett
[Lig75] on half-line TASEP, it is likely that the stationary measures of the KPZ equation
on Ry are given by limits as L — oo of the stationary measure of the open
KPZ equation given by the law of By in — see Theorem [2.6] This conjecture was
stated in [16], and, quite fortunately, the limit of the probability measure had been
studied previously by Hariya and Yor [HY04], independently of the KPZ context. They
were simply interested in understanding Brownian measures reweighted by exponential
functional of the Brownian motion, which satisfy many curious exact relations such as the
Matsumoto-Yor theorem [MYO00|. In order to state the result of [HY04] in a convenient
way for our purposes, we introduce the following stochastic processes.

Definition 2.26. — For u € R and v < min{0, u}, define the process H, ,(z) as
Hup(x) = log (1 /x dseB1(s)+B2(@)=Ba(s) | GBQ(I)) (2.5.1)
’ w 0 Y

where By and Bs are independent standard Brownian motions with drifts —v and v (resp.),

and w ~ Gamma_l(u —v), independent from By and By. When u = v, we define % =0.
Let us mention a few important properties of the process H, ,:

= For general u, v, spatial increments of H,, ,, are not independent or translation invariant.

s For u=v <0, H,, = By is Brownian motion with drift « = v (follows immediately).

s For u = —v > 0, H,,, is Brownian motion with drift « = —wv (this is not obvious but
true [19]).
» The parameter v controls the drift at infinity, in the sense that almost surely,
Huyo(z
lim Huo(@) =—
T—00 T
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s The definition of the process H,, in makes perfect sense for v > 0 (provided
u > v) in which case the processes H, , and H, —, have the same distribution (again,
this is not obvious, but this is true [19]). Thus, we may restrict the sign of v, and we
choose v < 0 in order to be consistent with earlier literature where the process
has appeared |16; BK21].

Let hiv be distributed as Bj in (2.3.1)), that is the unique stationary measure of the open
KPZ equation. Then, we have the weak convergence of probability measures in C'(Ry,R):

Hu,O(JJ) if U,V = 0
hﬁ’v(x) — Hyu(z) fu<0,0>u
Huv ifv<0,u>v

As expected, the large L limits of the stationary measures of open KPZ equation [0, L]
are stationary measures for the KPZ equation on R.

Theorem 2.27 ([16; [19]). — For any v € R and any v < min{0, u}, H,,, is stationary
for the half-space KPZ equation (KPZ,).

We also conjecture the following classification:

Conjecture 2.28 ([16]). — {Hu.v}v<minfo,u} constitutes all evtremal stationary mea-
sures for (KPZ) and for any initial data H(0,z) with drift —v as X — oo we have the
following.

1. Foru > 0: Ifv <0, the process H(t,-) — H(t,0) converges in distribution ast — oo to
the process Hy o (+); if v > 0, it converges to the process Hqo(:).

2. Foru < 0: If v < u the process H(t,-) — H(t,0) converges in distribution ast — oo to
the process Hy ;5 if v > u, it converges to Hy, that is a Brownian motion with drift
u.

Some additional conditions besides having drift —v may be needed in this conjecture.
The phase diagram that is conjectured is illustrated in Figure [l In the limit where the
drift —v goes to —oo, the sequence of initial datum H(0,z) = —vzx + log(v) approximates
of narrow wedge initial data where ¢™(0:%) = 0(x). In this case the conjecture suggests
that #(t,-) weakly converges as t — 0o to a Brownian motion with drift « when u < 0
and to H, o when u > 0. Similarly, for flat initial data #(0,-) = 0 the process H(t, )
should weakly converge as t — oo to a Brownian motion with drift « when u < 0 and to
Huy,0 when u > 0.

2.5.3. Log-gamma polymer on a half-quadrant. — Theorem is proved in [19]
by taking the scaling limit of an analogous result for the log-gamma polymer in a half-
quadrant — we recall that the convergence of the log-gamma polymer to the KPZ equation
is discussed in Section 6.3

The partition function for the log-gamma polymer in a half-quadrant/?)| defined in
Section satisfies the following discrete version of the SHE subject to imposing suitable
initial data for the distribution of the process (Z(n,0)),,:

Z(n,m) = wpm(Z(n—1,m)+ Z(n,m—1)) forn >m > 1,

dSHE,, o
Z(n,n) =wpnZ(n,n—1) for n > 1. ( a)

2. It was denoted by ZlZI(n7 m) in Section In this chapter, we drop the superscript.
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Huw(X) .

FiGURrE 5. Fix u,v € R. Conjecture claims that the solution to
converges at large time to one of the spatial process Hy ., Hy,0 Or a Brownian
motion B(X) 4+ uX, according to where (u,v) lies in this diagram. The same
diagram also describes the large L limits of hﬁ)v for different values of (u,v),

obtained in [HY04]. Along the antidiagonal line u+v = 0, hﬁﬁv is always Brownian
motion with drift u = —wv.

We assume that the weights @, ,, are all independent, and distributed as

Wn,m ~ Gamma ™1 (20) forn>m>1,
Wnn ~ Gamma (o +u) forn >1,
where we have a bulk parameter o > 0 and a boundary parameter u > —a. The free

energy H(n,m) := log Z(n,m) plays a similar role here as the KPZ equation. A pro-
cess (H(k)) keZoy is stationary for the half-space log-gamma polymer if the solution to

(dSHE,, ,|) with initial data #(-,0) = H(-) has the property that the distribution of
(H(m + k,m) — H(m,m)) in the same for all m € Z>( (and equal to that of the
initial data).

We say that a process (T(k))ke@o is a Gamma () multiplicative random walk if
(r(k + 1)/r(k))kez>o are i.i.d. Gamma™!(6).

keZ;O

Definition 2.29. — For a € Ryp and u,v € R with u,v > —a and v < min{0, u}, define

ro(k)

uvk ::1 Zuyk, f k Z ,
=1 Huw(k) :=1log Zy(k), forkeZx

k
Zuo(k) == ro(k) + % > ri(0)
/=1

(2.5.2)
where 71 and 7y are independent Gamma™!(a + v) and Gamma™!(a — v) (resp.) multi-
plicative random walks with r1(0) = r2(0) = 1, and @ ~ Gamma ' (u — v) is independent
(again, when u = v, we define = = 0).

Let us mention a few properties of the process Z, ,:
s For general u,v, 2, ,(k+1)/2,,(k) are not independent or translation invariant.
s Foru=v<0, 2,,=misa Gamma_l(a — u) multiplicative random walk.

» Foru=—v>0, Z,_, is a Gamma ! (o — u) multiplicative random walk (this is not
obvious, but proved in [19]).
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FIGURE 6. The stationary half-space log-gamma polymer with parameters a (in
the bulk), u (at the boundary) and v (at infinity).

s The parameter v controls the behaviour at infinity in the sense that Z,,(k +
1)/2u0(k) = Gamma™'(a + v) when k goes to infinity (it may be justified using
results from [ABO24]).

s The definition of Z,, in (2.5.2)) makes perfect sense for v > 0 (provided —a < v < u)
in which case the processes Z,, and Z, _, have the same distribution [19].

Theorem 2.30. — For any o € R~ and u,v € R such that u,v > —a and v < min{0, u},
the process Ha, is stationary for the half-space log-gamma polymer, i.e., for (dSHE, .|).

We also conjecture in [19] an analogue of Conjecture for the half-space log-gamma
polymer. Theorem suggests the following open problem, for which a potential ap-
proach is discussed in [24].

Open Problem 2.31. — Show that the limit of stationary measures of the log-gamma
polymer in a strip (Definition converge to the process (2.5.2) in Definition

according to the same phase diagram as in (HY04).

2.5.4. Rerouting paths argument. — The proof of Theorem [2.30] is based on the
following argument. Let us consider the log-gamma polymer in a half-quadrant depending
on parameters aq, g, ... as in Section Since it is a marginal of a Macdonald processes
(as t =0, in the limit ¢ — 1) — see Section — one can show that the law of

(Z(m,m), Z(m+1,m),...,Z(m+ k,m))

is invariant with respect to permutations of parameters aq, ..., a,,. In order to construct
the stationary log-gamma polymer model, we let oy = v, a0 = —v and a; = a for ¢ > 3,
as depicted in Figure [} We have used the following coloring conventions:

» The weight B is distributed as Gamma (v — v) = +oo. In practice, weights should
not be infinity, so one has to assume that a; = v + € and let ¢ — 0 at the end of the
argument.

s The weights e are distributed as Gamma ! (a 4 v) or Gamma™*(a — v).

s The weight e is distributed as Gamma ™! (u—wv). It should be identified with the weight
w in the definition Z, , in (2.5.2).

Using the symmetry with respect to permuting parameters, we may exchange rows and
columns, so that the following two partition functions have the same distribution:
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On the left, we are considering the log-gamma polymer in a half quadrant Z(n,m) with
initial condition Z, , defined in . On the right, only the paths going through the
huge weight B can contribute to the partition function. Hence, when one considers ratios
% the contribution of paths from (1,1) to B cancels out, and one is
left with a ratio of two-row partition functions distributed as 2, ,(k)/Z, (k). Thus, we
conclude that for any m,

which proves Theorem It also leads to Theorem [2.27] after a scaling limit.

of the form

Remark 2.32. — The argument explained above, based on the symmetry with respect
top parameters and rerouting paths, also applies to models of last passage percolation with
exponential or geometric weights [19]. The corresponding stationary measures are similar
to except that log-gamma variables are replaced by exponential or geometric ones,
and logarithms of sums are replaced by maximums.

Interestingly, the argument based on rerouting paths also applies in other settings. For
instance, in 18], we apply it to determine the stationary measure associated with the
evolution of partition functions for k£ non-intersecting polymer paths.

2.6. Outlook

2.6.1. A random matrix model. — Endow the space P, of d X d positive definite
symmetric matrices with the product

AxB=+vB AVB.

In this section, we consider the following recursion, introduced in [ABO23|,
Z(n,m) = (Z(n = 1,m) + Z(n,m — 1)) % (Wym) ™!

where W, ,,, is a Wishart random matrix, that is with density

1 T dw
P(dW) = (W™ W p(@dw), W= det(W), p(dW) = —F.
La(a) W%

When d = 1, the model reduces to the partition function of the log-gamma polymer. In
[33], we consider stationary versions of this model. In particular, we may consider the
recursion in a strip with appropriate boundary conditions depending on weights

Wi~ Wishart ™ (2a) for j <i < j+ N
Wi~ Wishart_l(oé + u)
Wjsn,j ~ Wishart ™! (a + v).
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Assume u + v > %. Then, we may consider the measure

Pao(A1, A2) = pu(dAf”) A5 ()1 A5V (A3 11

N () (AG—D)y-1
A7 (A
H (AP ag ™)) PRV (APRV (Ay)  (2.6.1)
where PRV denotes the random walk on P; with inverse Wishart increments:
PRV (R H Py (R(j = DR(G)™) w(dR()))

with
P,(R) = |R|*e TE,

The measure ([2.6.1)) is not a probability measure because Ago) is p-distributed, and pu

. . 0 .
is only a Radon measure. However, if we fix Ag ) , then the measure can be normalized
whenever u + v > 41

Theorem 2.33 ([33]). — The law of x — Agm) under Py 4 5 a stationary measure of
the inverse- Wishart polymer model in a strip.

Remark 2.34. — The partition function Z(n,m) of the inverse-Wishart polymer is sig-
nificantly harder to analyze than the log-gamma polymer for several reasons:

» The partition function Z(n,m) cannot be written as a sum over paths. As a conse-
quence, we lack monotonicity results. In particular, it is not clear that we can use
sub-additivity arguments to prove law of large numbers.

» When d > 1, the ratios (Z(m + k,k)/Z(m,m));~o do not form a Markov process as
m increases. As a consequence, we may only consider stationary measures for the
evolution of partition functions themselves. These are necessarily infinite measures.

» Even in the simplest setting of the model on a quadrant or the model on a strip with
u + v = 0, where inverse-Wishart random walks with p-distributed starting point are
stationary, this is not sufficient to predict the law of large numbers satisfied by the
partition function, because there may exist other stationary measures (thanks to Neil
O’Connell for useful discussions on that point!).

2.6.2. Hall-Littlewood, ¢g-Whittaker, higher spin, two-layer Gibbs measures.
— Since the method explained in Section [2.4] works for two-layer Schur processes and
two-layer Whittaker processes, it is likely that it may work as well for other models corre-
sponding to other symmetric functions. For instance, the case of Hall-Littlewood functions
should be related to the stochastic six vertex model in a strip, studied in [Yan22] via the
Matrix Product Ansatz. The model is a probability measure on up right paths in a strip
as depicted in Figure [7] defined using the weights and as in Section
The boundary weights may also be reparametered using a, b, ¢, d as in Section [2.2.1
The associated two-layer Hall-Littlewood measure takes the form

1
P A, )= ————H H b, d
zabed(A1, A2) ZgapedN) Agot,\;‘))(a’c) /\ENLAQN)(’ )
(G-1) _ (1)
x 11 (1-") PO P00 (262
1<GKN

AD A AG=D G-
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FIGURE 7. Stochastic six-vertex model in a strip, depending on a family of inho-
mogeneity parameters z1, ..., 2y, which should be taken equal in order to consider
stationary measures.

where PEW is the probability measure of a Bernoulli random walk with parameter z, and
Hp(a,c) are essentially g-Hermite polynomials, defined in (2.2.2). The probability dis-
tribution of x + Aj(z) is the unique stationary measure for the height function of the
stochastic six vertex model in a strip. This description should be equivalent to using the
MPA representation in [Yan22] with the representation given in Section [2.2.1] Further-
more, adapting the arguments of [24] to the Hall-Littlewood case should allow to re-derive
the results of [BW17]. This is a work in preparation with Ivan Corwin. It would be also
interesting to the case of higher spin stochastic six-vertex model [Yan23|, as well as the
case of (higher spin) ¢g-Whittaker functions.

The essential input in order to make the method work is a skew-Cauchy type identity
of the form , as well as a skew Littlewood type identity to deal with the boundary
dynamics. In the context of vertex models, such identities are typically consequences of
the Yang-Baxter equation, and some of the required identities actually appeared in earlier
works [BM18; BP19; He24].

Remark 2.35. — When ¢ = 0, the description of the stationary measure coincides
with the random walk description in [DEL04]. In the case of ASEP, this two-layer line
ensemble is however different from that of [BZ24; Bry24; [HY24|] which is actually related
to the representation of the MPA found by Derrida-Enaud [EDO04].

2.6.3. Deformed MPA, higher cumulants. — In this chapter, we have seen many
results about stationary measures of models defined on a bounded domain with open
boundary conditions. What can be said beyond stationary measures? For models in the
KPZ class, the most general scaling to consider is when the size of the system scales as
¢ = t3/3. A major open problem is the following:

Open Problem 2.36. — Let H(t,xz),z € [1,/] be the height function of open TASEP —
or any other model in the KPZ class — with £ = t2/3 and boundary densities scaled as

~1/3 ~1/3

1 1
Qazf‘*'Ut ,szi—vt .

2

Characterize the fluctuations of the rescaled process

H(tr, 2t*/3) — C(t, )
+1/3 ’

where C(t,x) is some deterministic function to determine, as t — oo.
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If one keeps the size of the system fixed, however, one can say more. Let us consider
the open KPZ equation (KPZ,,|) on [0, L]. Starting from the stationary initial condition,
it is possible to deduce from Theorem that

E[h(t,0)] = tei (L, u,v)
where, if u,v > 0, the constant ¢; is expressed as [24]
-1 1
C1 (Lv u, ’U) = ﬁ + 58L 10g ZU,U(L)a
where Z, ,(L) is the normalization constant that appears in (2.3.2), and can be computed

explicitly as
Zyo(L) = / dz

dz |[D(u+2)T'(v +2) 2 e2’L
R 2im '

I'(22) 2
Moreover, extrapolating arguments of [GK24] from periodic to open boundary conditions,
we expect that the height function satisfies a central limit, so that
h(t,0) — Cy(u,v, L)t
e o N(0:e2)
for some constant ca = ca(u, v, L). We computed its exact expression in [32].

More generally, let k;(X) denote the kth cumulant of the random variable X. In [32],
we computed the large time limit of cumulants of the open KPZ height function. More
precisely, we computed the constants

1
Ck(uv v, L) = t1i>r£o ;HkUl(ta 0))

The coefficients are expressed as power series coefficients of some function defined as the
analytic solution to some functional equation involving an explicit integral operator. Our
method is based on physics techniques, very far from being mathematically rigorous, but
the beautiful structure that emerges calls for a mathematical explanation.

We actually use in [32] two different methods leading to the same formulas. The first
method is due to Brunet and Derrida [BD00a; BDOOb]. It is based on the analysis of
solutions to the Bethe equations associated with the delta Bose gas on [0, L], i.e. the
operator acting on functions [0, L]* — R

H= A+Z5($i—$k)
1<J
with (u,v)-dependent boundary conditions. This comes from the fact that moments
E[Z(t,z1)...Z(t,xy)] satisfy the PDE 0yu = Hu. Then, the computation of the cu-
mulant generating function comes from a highly non-rigorous physics method called the
replica trick.

The second method we use is to take a scaling limit of the work of [GLMV12] on the
cumulants of the open ASEP height function, based on the deformed matrix product
ansatz. Roughly speaking, the MPA allows to find the dominant eigenvector of some
Markov matrix. If one deforms the Markov matrix by multiplying some entries by e?,
where 2 is some parameter, one can count how many times the corresponding transitions
happen. The deformed MPA method will no longer yield an eigenvector associated to
the eigenvalue 0 (or the eigenvalue 1 in the discrete-time setup). It yields an eigenvector
associated to the eigenvalue

o1 zh(t,0)

ti g 200
and it allows to compute the cumulant generating function. The deformed MPA is studied
in details in [Laz13} |Laz15; LP14]. In [32], we simply checked that the two methods above
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lead to compatible formulas. It would be interesting to find a direct connection between
certain representations of the MPA and solutions of the Bethe equations.

Moreover, it is shown in [MP18] that the top eigenvalue and associated eigenvector in
the deformed MPA can be related to reweighted random walks similar to . Itis a
compelling direction (on which I am working!) to better understand their connections to
Gibbsian line ensembles studied in integrable probability.
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CHAPTER 3

DIFFUSION IN RANDOM MEDIA

In this chapter, I start with random walks in Beta distributed random environment
(Beta RWRE), a model introduced in , part of my PhD thesis. Then, I present subse-
quent developments:

» a continuous model of diffusion in random uncorrelated environment ;

s a discussion of moderate deviations and their connection to the KPZ equation ;
= asymptotics of the zero temperature model ;

» half-space variants ;

» and finally, connections to energy exchange models such as the Kipnis-Marchioro-
Presutti model .

3.1. The beta random walk in random environment

Let X (t) be a discrete-time random walk on Z. Assume that jump probabilities depend
on time and space, say that if X (¢) = x then X (t+1) = x+1 with probability p; , and X (t+
1) = . — 1 with probability 1 —p; .. When all p; , are equal to some p € (0,1) then X(¢) is
the simple random walk and one may apply all the standard toolbox of probability theory:
law of large numbers, Donsker’s central limit theorem, Cramér’s theorem to compute the
large deviation rate function, etc. However, when jump probabilities are disordered, for
instance if they are given by i.i.d. random variables in (0, 1), the situation is more delicate.



FIGURE 1. We compare trajectories of N = 10000 simple random walks (left) and
N RWRE in uniform environment (right). The density field is much rougher in
presence of a random environment.

We stress that the case where jump probabilities depend only on space is very different
from the present setting which is generally referred to as a random walk in dynamic
random environment. From a physical point of view, it would be desirable to study random
environment with a structure, for instance given by the configuration of some interacting
particle system. Below we will restrict to the simplest case of i.i.d. environments.

If we average over the environment, the probability distribution of one random walk
in random environment (RWRE) is just the law of the simple random walk with jump
probabilities E[p] and 1 — E[p]. We will see that for typical environment, one RWRE
behaves at large scale exactly as the average law — called annealed law in the context of
directed polymers.

Now consider two RWRE X (t) and X»(t) drawn independently, but in the same en-
vironment. Now, if one averages over the environment, the law of the couple (X7, Xs) is
not that of two independent simple random walks. When the two walks meet, they have
a slightly higher chance of sticking together. Hence we already see some impact of the
environment, and we will see that the change becomes drastic when considering a large
number N of RWRE. The simulation shown in Figure [1| shows that the density field of
random walks in random environment is much rougher than simple random walks. We
will also see the behaviour of the extreme particle, i.e. the asymptotics

My () = max {Xi(1)} (3.1.1)

depends very much on the presence of a random environment.

3.1.1. General results. — We start with some notations.

Definition 3.1 (RWRE). — Let (p1z)tezzez be a family of i.i.d. random variables
following some fixed probability distribution on (0,1). We denote by P its probability
distribution (and E the associated expectation). We will denote by P (resp. E) the
probability distribution (resp. expectation) associated with the random walk with jump
probabilities, i.e.

PX(t+1)=z+1X(t) =2) = pta.
We also define a discrete heat kernel

Ps,t(x7y) =P (X(t) = y|X(S) = ‘T)
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and we will use the shorthand notations Pi(z,y) = Po(z,y), and more generally, for
ECZ,
Psi(z, E) =P (X(t) € E|X(s) =x).
Finally, for #, ¢ € Z*, we will sometimes denote by
k

i=1
the transition probability of k independent RWRE sampled in the same environment. We
call this Markov process the k-point motion.

There exist many results, with various levels of generality, proving that random walks
in a random environment obey a law of large numbers and a functional CLT, for almost
every environment. This type of question is also relevant in the continuum where one
may consider a diffusion in some velocity field, and it has been studied in the context of
turbulence. In the discrete setting, early works on this type of problem often assumed an
ellipticity condition, i.e. the random variables p;, are supported on (§,1 — ) for some
6 > 0, and consider various hypotheses on how the environment depends on time.

In our case of space-time i.i.d. environment, it is proved in [RS05] — see also [BMP04;
BMPO07; RS09; Bér04] — that if P(p;, # 0,1) > 0, then for almost every environment
{Pt.s} (t,0)ez., xz, We have the weak convergence in C'(Ry,R)

X(tr) —dt
\/1 —dtl/? t—oo
where B, denotes a Brownian motion, and the drift is d = E[2p — 1].
Random walks in random environment also satisfy a large deviation principle [RSY13}

RS14] under general conditions. In particular, if logp and log(1 — p) have a finite third
moment, then the limit

T

_ 1 1 z Xt
Az) = tliglo ElogE [e }
exists almost surely and for x > d,
lim log P(X(t) > xt) = —1(x)
t—o0

where the rate function I(z) is the Legendre transform of the limiting cumulant generating
function A, i.e.
I(x) = sup {zz — A(2)}.
z€RL
In general, the functions A and I are characterized through some variational principle but
computing an exact expression is not easy.

3.1.2. An exactly solvable model — the Beta RWRE. — In order to go beyond
the general results stated above, one needs an integrable model, introduced in [4], taking
a limit of a model integrable particle system from [Pov13].

Definition 3.2 (Beta RWRE [4]). — We keep the same notations as in Definition [3.]]
and we now assume that (p;;)tezzez follow the Beta(a, §) distribution, i.e. with density

- 1 D(a+p)
a—1 -1
1- 1 .
P =) R GyT(p) el
We remind that the case & = § = 1 corresponds to the uniform distribution on [0, 1].

Below when we need to specify the value of parameters «, 5, we will refer to the model as
the Beta(a, 3)—RWRE.

The model is exactly solvable in the following sense
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Proposition 3.3 ([4]). — Forxy > ... > x, with t + x; even, we have

dz dzy, Za — Zb
E[Pt(xl,Z+)...Pt(:ck,Z+)] = Tl/ T H ail
4 27 e 2T oy P T b
9 t/2 Ti_q
XH (a+ 2) (z +a+6)2 1 519
zi(zi + a+ ) % zita+f
where the contours vi,...,7 all contain 0, exclude —a — 3, and are nested in such a way

that ~; contains v; +1 for all 1 <i < j < k.

Under the same hypotheses, we also have

E[Pi(21,0) ... Pu(y,0)] = (o + B x d/dk I

v 2mi w 2T l<a<b<k Zq —2p— 1

(a+ 2)? /2 zi+a+ B F+1 1
XH(zZzﬁ-a—i-B)) ( Z; ) (zi + a+ B)% (3.1.3)

This last formula is a variant given in [TL16], see also [CG17, (3.1)], proved in [22, Ap-
pendix BJ. Since P;(z1,Z4) in a bounded random variable in [0, 1], its moments character-
ize its distribution. Using ideas from [BC14; BCS14] one establishes Fredholm determinant
formulas for the Laplace transform of the random variable Py(z1,Z, ), and one can de-
duce from their asymptotic analysis that for the uniform environment the rate function is

simply expressed as
I(z)=1-V1—22 (3.1.4)

The general a, B case can be treated as well but formulas are more complicated [4; Kor22;
OPR21]. Moreover, we can characterize the law of fluctuations of lower order corrections
to the large deviation principle.

Theorem 3.4 ([4]). — Consider the Beta(1,1)—RWRE (i.e. the case of uniformly dis-
tributed disorder). For x > 0,

log P(X (t) > xt) + I(x)t
]P’( Ve < s) - Fy(s)

where

The study of lower order corrections to some large deviation principle, which concerns
events of exponentially small probability, may seem, at first sight, a purely mathematical
curiosity. But it is actually very interesting: in general, second order fluctuations in the
tail of some probability distribution translate directly in fluctuations for the maximum of
i.i.d. samples, which is an extremely common situation in practical modeling.

Corollary 3.5 ([4]). — Consider N independent samples of the Beta(1,1)—RWRE, i.e.
sampled independently in the same environment, and let PYN) denote their distribution
averaged over the environment (i.e. the N-point motion, as in Definition . Recall that
Mn(t) denotes the mazimum of the RWREs, as in (3.1.1). If N = e, c € (0,1),

My — I (o)t
P(N) N - l/gc) <s FQ(S),
IT(c)t t—o0
where the rate function I is given in (3.1.4) and & = /2¢(1 — ¢)?.
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FIGURE 2. Left: Simulation of 2 sticky Brownian motions z1 () and x5 (t) starting
from z = 0 at ¢t = 0. Right: Simulation of 5 sticky Brownian motions. For most
of the time, at least two trajectories are stuck together.

3.2. A continuous model

In [13], we considered a continuum analogue of the results above. We study an exactly
solvable model of diffusion in random environment introduced by Le Jan and Raimond
[LRO4b; |[LRO4a] and further studied in |[LL04; HWO09; [SSS15].

3.2.1. Diffusion in a white noise velocity field. — The simplest way to define a
continuum model of diffusion in random environment would be to replace random walks
by Brownian motions, and to impose on them a random drift that is independent in space
and time, that is, to consider the diffusion process

dz(t) = £(t, (1)) dt + dB, (3.2.1)

where B, is a Brownian motion and £ is a space—time white noise. This diffusion has been
considered in some works in physics, in particular [LT17], but from a mathematical point
of view it is not well defined, due to the irregularity of the white noise. Nevertheless, if the
velocity field £ were smooth, then the associated transition probabilities ps(x,y) would
satisfy the stochastic PDE

owp(t,x) = %8mp(t, x) + Oup(t, x) £(t, x), (3.2.2)
which suggests a stochastic PDE approach to define the model. But again, this stochastic
PDE is also not well defined when £ is white noise, so one needs to regularize the noise by
assuming that its correlation is given formally by

E[£(t, 2)¢(s,y)] = 6(s — th (fff - y>

r

where 7 is some length scale which will be eventually sent to zero, and R is some nonneg-
ative smooth function such that [ R(x)dz = 1.

3.2.2. Sticky Brownian motions. — The limit as » — 0 was investigated in |[GHO04;
Warlb|. Motivated by the study of Kraichnan’s model [Kra68] of passive scalar in tur-
bulence (see also [GK95; GK96; BGK98; (GV00]) Gawedzki-Horvai [GHO04] showed that
two independent diffusions x1(t), z2(t) following with the same drift £ converge as
7 goes to 0 to a pair of so called sticky Brownian motions (the sticky interaction was first
introduced in |Fel52]). This means that x;(¢) and z2(t) behave as standard Brownian
motions when z(t) # z2(t), however, the two trajectories stick together in such a way
that the Lebesgue measure of coincidence times between the two trajectories has a positive
expectation (see Figure 2] left).

Warren [Warl5| further proved that n independent diffusions z1(t),. ..,z (t) following
(3.2.1) with the same drift £ converge as r goes to 0 to a n-tuple of sticky Brownian
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motions. The way these Brownian motions stick together in the » — 0 limit, depends on
a family of parameters 6(k, ) which measure the rate at which k + [ paths stuck together
will split into groups of k£ and [ paths — see Figure [2| for an example of trajectory of 5
sticky Brownian motions.

In general, families of sticky Brownian motions, can be considered from different points
of view:

1. As limits of discrete RWRE. If p(dp) denotes the law of the p;, and

e 'p(1 — p)p‘(dp) = v(dp) (3.2.3)

for some finite measure v on (0,1) as € — 07, then 2¢(t) = eX (e ~2t) converges to a dif-
fusion z(t) in a random environment. Likewise, several random walks X (¢), Xa(t) . ..
sampled independently in the same environment converge to diffusions z;(t), z2(%), . ..
which can be seen as independent diffusions in the same environment. These diffusions
will have the same joint distribution as sticky Brownian motions where the splitting
rates 0(k, 1) are related to the measure v via

o(k,1) = /O "R — ) (dw), (3.2.4)

This convergence was first studied in |[LLO04] in a specific case, and then more generally
in [HWO09|.

2. Asindependent diffusions in a random environment. The environment was constructed
explicitly [SSS14] (see also the review [SSS15|) using results on the so-called Brownian
web [Arr79; TW98| and Brownian net [SSO§|. The diffusions follow paths of the Brow-
nian web/net, and at special points of the Brownian web/net (classified in [TW98;
NRS10; FINRO4; SSS09)), trajectories may branch according to a random variable of
law v (potentially renormalized to be a probability measure), we refer to [SSS15| for
details.

3. As a diffusion process characterized by a martingale problem, see [SSS15; HW09.

Sticky Brownian motions fit in the theory of stochastic flows of kernels [LR04aj; LR02|.
Informally, a stochastic flow of kernels is a family of random probability measures
Kst(x, dy) which represent the probability for a diffusion starting at = at time s to arrive
in [y, y+dy] at time ¢. For any family of sticky Brownian motions characterized by a given
sequence of parameters 0(k,[) there exist a stochastic flow of kernels such that n sticky
Brownian motions corresponds to a n-dimension diffusion having transition probabilities
equal to the n-point motion

PM(Z,dj) = E [H Kot (24, dyi)] .

i=1
3.2.3. An integrable model of stochastic flows of kernels. — We consider now
the special case where
AT (K1)
0(k,l) = - =———< 3.2.5
)= pig g (325)

depending on a single parameter A. This family of sticky Brownian motions was considered
by [LRO4Db; [LL04] in the context of stochastic flows of kernels. Using (3.2.3), we see that
the corresponding stochastic flow of kernels Ky (z, E) arises as the limit of the Beta RWRE,
when oo = 3 = e. In particular as e — 0, the transition probability P,.-1 ,.-1(e 7?2, ?E)
for the Beta RWRE converges in law to Ky (z, E). We showed in [13] that this model is
exactly solvable.
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Proposition 3.6. — For x1 > -+ >z, and t > 0, we have [15, Proposition 1.20]

E[K—t,o(fcl,RJr) o Kogo(og, R+)] =
/ da / dz T 25 H exp MQ LAz L (3.2.6)
i HR 217 raHR 217 I<A<Bek PA 2B~ z .

where for i < j, the real parts of contours satisfy r; > r; + 1.

This allows to prove analogues of Theorem and Corollary for this continuous
model of random motions in random environment.

Remark 3.7. — One may observe [13| Section 6] that the integral formula (3.2.6) is a
solution u(Z,t) of the following heat equation on {# € R¥ : 1 > --- > x3} subject to
boundary conditions

{atu(f 1) = lAu(: t), t>0,7ecRF,
(a aﬂﬁz+1 ( - xz+1))u(fa t)|wi=xi+1 = 0.

It is customary to associate to ( m 3.2.7)) the following equation on R¥ with point interactions,

(3.2.7)

(t,T) = $Av(t, & —I—fZ(S — )0y, 0, 0(t, T). (3.2.8)
i#j

so that v = u on the set {# € R¥ : 1 > --- > x;}. We note that is precisely
the equation that one would obtain by computing the equation satisfied by moments of
the solution of in the limit where £ is white noise. This confirms that our model
is a correct model for a diffusion in white noise velocity field. That said, as observed by
[BW23b], it appears that solutions of are not unique.

3.3. Moderate deviations

In [12], we refined the results of [4] in another direction, more interesting from a physical
point of view. Results also apply to the continuous case, but we present them here only
in the discrete setting.

We considered the asymptotics of the transition probabilities P;(0,2t%), where o €
(0,1), as ¢ tends to infinity. For o € (0,1/2), nothing particularly interesting happens.
When o = 1/2, it was known that the stochastic flow converges to the stochastic heat
equation dyu = Au+¢ [Yul6]. When « = 1, Theorem [3.4]states that log Pg (0, xt) exhibits
fluctuations on the /3 scale, governed by the Tracy—Widom law. We showed that when
o = 3/4, there is an intermediate regime in which the fluctuations of log Po (0, 2t>*) have
the same exponential moments as the solution of the KPZ equation . The exponent
3/4 was predicted in earlier work of Le Doussal and Thiery [LT17; [TL16], using less precise
arguments.

3.3.1. Convergence of moments. — Our result in [12] is the following. It can be
stated for the general Beta(a, 5) RWRE but we will specialize here to o = § for simplicity.
Consider the scalings

X = —20%L%* —axL'/? (3.3.1)
T = 2a*L.
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Then, taking a limit of Proposition we obtain that for 7 < --- < 2,

E {H’]"C:l Pr(X, ZJF)} / dzl/ de 11 _FATZB H tei iz

lim =
L—oo Hle ClLita 1+iR 2im oHR 21T Acp FA T B — 1

(3.3.3)

—E lﬁ Z(2t,xi)] . (3.3.4)

where Z(t,x) is a solution to (SHE|) with delta initial condition, and the renormalization
factor Cp, 1 is given by

Criz= ﬁ exp (—aQt (\FL + %) - aL1/4a:) , (3.3.5)

and the contours are vertical lines oriented from bottom to top with real parts r; such
that for i < j, r; > r; + 1. The equality between the mixed moments of the multiplicative
SHE in (3.3.4) and the integral formula (3.3.3) was shown earlier in [BC14] Proposition
6.2.3]. This convergence of moments strongly suggest the following:

Conjecture 3.8 ([12]). — Fiz o= > 0. We have the weak convergence of processes

1/2

¢
log P_ri (—7t¥/4 — a2, 2., ) + T atVA flog (#/1a) +

12

— (TQ x) . (3.3.6)
t——+o00 o«
where h(t, ) is the solution to the KPZ equation with narrow wedge initial condition. We
expect the convergence to hold in the space C(Rsq, C(R,R)).

Remark 3.9. — If one replaces above P_; o (—Tt3/4 — xth/?, Z+) by

> P_rio (—Tt3/4 — xt'/? y) Zo (\%) Cty

yeZ

for some well chosen function C},, we expect that the convergence holds towards the
solution to the KPZ equation with initial condition log Z.

Conjecture further suggests that if one samples N = eV random walks in the same
environment, then as ¢ tends to infinity,

~ Vg N 41— (G +h(0,7) — Sloglog N) , (3.3.7)

where G is a Gumbel random variable, 1ndependent of the solution A of the KPZ equation.
We recover the result of Corollary [3.5) when 7 — oo since the KPZ equation at large time
converges to the Tracy-Widom distribution [ACQ11; CDR10; [SS10; Dot10]. As 7 — 0 one
also recovers the results given by classical extreme value theory for independent Gaussian
random variables.

These predictions have been discussed extensively in the physics literature as they are
relevant for understanding when impurities in a medium start to affect diffusion phenom-
ena [LT17; (12; HCCC23; HCC24; HDCC24; HDCC25; Has25|.

In the mathematics literature, partially motivated by conjectures in [13; [12], variants of
Conjecture have been considered in the context of sticky flows [BW22; DDP24a] and
a general class of simple random walks in space time i.i.d random environment [DDP24b).
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3.3.2. Local central limit theorem. — Conjecture [3.8| is partially proven. Indeed,
[DDP24b| proved that a slightly different observable, log P,+(0, 7t3/4 4+ xt'/2) — now we
fix the starting point and vary the endpoint — converges to the KPZ equation as t — oo.
However, even for fixed time 7, the convergence does not hold in the space C(R, C(R,R))
but in C(R4,S'(R)) where S’(R) is some space of distributions discussed below. Thus, the
convergence holds only after integrating against suitable test functions. This is not due
to a technical limitation. Actually, one should not expect even point-wise convergence of
finite dimensional distributions, because the density field of RWRE is very disordered when
viewed as a function of the endpoint — see Figure [I} For large ¢, the random probabilities
Po.t(z,y) do not depend much on small changes in z, but depend very much on the arrival
point y.

This dependence on the arrival point can be characterized more precisely by the fol-
lowing local central limit theorem, which we state as another conjecture, although it is
partially proven.

Conjecture 3.10. — Consider the Beta(«, 5) RWRE. For any fized x € R, we have the
convergence in law (in the sense of finite-dimensional marginals)

Ly
o+

VP _; 0 (—dt — xVt, y) — 9o ()

where d is the annealed drift, i.e. d = %, Jo 18 the density of the Gaussian distribution

with mean 0 and variance 0> =1 —d?, and (Ty)yez is a sequence of i.i.d. Gamma(a + j3)
random variables.

Conjecture|3.10|is compatible with the general results of Section[3.1.1} if one sum y over
some large interval, the Gamma variables average out and one is left with the Gaussian
density, compatible with the convergence of RWRESs to Brownian motions. The existence
of a random field I'y is ensured by the local central limit theorem proved for general
RWRE in [BMP99| Theorem 2]. Moreover, it was predicted in the physics article [TL16]
that the local random field is Gamma distributed. This prediction is proved with full rigor
in [22, Prop. 1.13]. The local random field of i.i.d. gamma variables should be seen as
the invariant measure for the random recurrence that governs the evolution of transition
probabilities: For any fixed starting point x,

Po,i(xo, ) = Pot—1(o, 2 — 1)Dt—1,0—1 + Pot—1(20, x + 1)(1 — Dt—1,041)-

3.3.3. Universality. — An important question is whether the connection between
RWRE and the KPZ is universal.

Open Problem 3.11. — Consider a simple random walk in space time random envi-
ronment {p; o} where p; , ~ p € P([0,1]). What are the assumptions on p so that up to
p-dependent constants, Theorem[3.4] and Corollary [3.5 are still true?

It is well-known that this question is extremely difficult: universality has not been
proved for any class of models in the KPZ class, despite being the central open problem
in the field. A more approachable question is whether is universal, that is if the
asymptotics of

log P (0, 7t3/* + 1/2)

as t — oo converge to the same limit for a large class of stochastic flows Py ;(x, y) satisfying
mild hypotheses. Interestingly, [HDCC25| suggested that universality seems to hold with
some restrictions. If the average of elementary increments, i.e. the random variable
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E[X(t + 1) — X(t)], is deterministic, then asymptotics are different and 3/ should be
replaced by t7/8. This fact is proved in [Par24].

More precisely, [Par24] considers a general family of discrete time stochastic flows
(Kst(x, E))stez,zer,Ecr. The scalings depend on the smallest integer k such that the
kth moment of an elementary increment is random. In other terms, if one denotes by
X (t) a random walk with kernel IC, we should consider the integer

Fmin = min {k; E[(X (1) — X(0))*] is random }.

For example, for the Beta RWRE, E[X (1) — X (0)] = 2pg o — 1 is random, so that kmyin = 1.
But if we consider a random walk which does not move with probability 1 — p; , or jumps
by £1 with probability p; /2, in that case E[X (1) — X(0)] = 0 is deterministic, so that
kmin = 2. Back to the result of [Par24], we shall assume the following mild hypotheses
(stated here in an informal manner):

(d)

1. Transition kernels Ky are i.i.d. and translation invariant, i.e. K(z,A) = K(z +
a,a+ A).

2. The averaged kernel E[K(0, -)] is a probability measure with finite exponential moments
and variance 1.

3. Increments decorrelate for far enough starting points (this is expressed in terms of the
first moments of the k point motions).
4. The 2-point motion is irreducible.
Then, the function
4p—1

(t,x) — Fy(t, ) := Kone(y,n % + n%w),

properly rescaled, converges to the (SHE)) in the space C(Ry,S’(R)). where S’ is a space
of distribution, dual to the Schwartz space

S(R) := {f € C°(R) : Va, B € Zxo, sup|ma(D'6f)(m)| < oo}
z€R

Quite surprisingly, the convergence of the moments of (F,,#) turn out to be sufficient
to prove the convergence in distribution. this is similar in flavour to the earlier work
[BW22; |DDP24a; DDP24b] on special stochastic flows, and it is also reminiscent to the
work [Tsa24] on the stochastic heat flow. it is proved in [Par24] using stochastic analysis
arguments that up to some renormalization constants,

k - (i)
E[(Fu(t, ), )] ~ & | ESF |T]en /" X000 <X("f)>H

converges to

k
E |[]¢(BD) [T "5 (3.3.8)
i=1 i<j
where BY, ..., B®) are independent Brownian motions and ¢;,(B(") — B()) denotes the

local time of intersection. The expression (|3.3.8) is known to match with the moments of

E K / 7, :E)gb(:p)d;t) k]

where Z(t,x) is a solution to (SHE)).
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3.4. Beta random walk on N
We considered a half-space analogue of the Beta RWRE in [22].

Definition 3.12. — The half-space Beta RWRE is a RWRE as in Definition [3.1] ex-
cept that we assume that the family of transition probabilities p;, are independent and
distributed as

Dtz ~ Beta(a,a) ifx>2

DPt1 ~ Beta(aa 77)

pro = 1.
Hence, if at some time ¢, X (¢) = 0, then almost-surely X (t+1) = 1, so that all increments
are given by £1 and X; remains in N = Z>,.

This model is integrable in the sense that we have the following moment formula.

Theorem 3.13 ([22]). — Let a,n > 0. Let Pg4(z,y) denote transition probabilities for
the half-space Beta RWRE. For 1 < x1 < ...<x, andt >0, with t + x; odd, we have

d d
E[Po(z1,1),...,Pos(zx, 1)] = (=2)*(a + )i LS B

iR 271 iR 27l

t/24+1 _
H Za — 2b Za + 2p ﬁ 22 / (zia)(% D/2 1 (3.4.1)
—zp—lzg+2p+1 22 — 2 Zi + Zi(ZrFT})' o

1<a<b<k ~0 i=1 \%i —

The starting point of the proof is that random variables P ;(z, 1) have the same distri-
bution as P_; o(z, 1), which satisfy the recurrence relation

{P_t,o(a:, 1) =W_1oP_ ol +1,1) + (1= W_io)P__polz—1,1) ifz >1
P—to(ov 1) = Pf(t+1),0(17 1)'
(3.4.2)

The random recurrence relation implies a recurrence relation for mixed moments
in , which we solve explicitly via Bethe ansatz, leading to Theorem The
approach is similar to the one employed for the full-space beta RWRE [4], except that an
extra boundary condition at x = 1 must be satisfied. Verifying that (3.4.1) satisfies this
boundary condition turned out to be particularly challenging, and there should exist a
more conceptual method using integrability.

In contrast to the full-space case, the half-space Beta RWRE is much more difficult to
analyze asymptotically, as often with half-space models. In particular, we did not obtain
Tracy-Widom type asymptotics, but the following local central limit theorem:

Corollary 3.14 ([22]). — Assume a+1n > L (this is a technical hypothesis). We have
the weak convergence

tP 1 —_— 4.
\[ 0,t(07 )ﬁ \/ﬂQO[, (3 3)
where T'y ~ Gamma(n + «) and
2 Ty
tP —_— 4.4
VIPo0:0) =2 Jom 4 (344

with Ty ~ Gamma(n).

In (3.4.3) and (3.4.4]), we have intentionally not simplified the factors of 2, because the
prefactor —2= should be interpreted as the density at 0 of a reflected Brownian motion. We

X

further conjecture that the half-space Beta RWRE satisfies a local central limit theorem as
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in Conjecture where the stationary random field I',, is made of independent Gamma
distributed random variables with

Gamma(2a) if x > 2,
Iy~ ﬁ(}amma(a +n) ifx=1
ﬁGamma(n) if x =0.

3.5. Energy exchange models

3.5.1. The model of Kipnis, Marchioro and Presutti. — Motivated by the dynam-
ics of energy in chains of harmonic oscillators, [KMP82| introduced a simple Markovian
model now called the KMP model. Let G = (V, E) be a graph. We assign a random
energy 7(zx) to each site z € V. Energies evolve according to a continuous time Markov
process as follows. A Poisson process is attached to each bond (z,y) € E such that at
rate 1, energies are redistributed as

(), n(y)) = (Un(z) +n(y)), (1 = U)(n(x) +1(y)))

where U ~ Uniform([0,1]). More generally, one may assume that U ~ Beta(a,«). All
random variables U involved are independent. In the following, we work in the simplest
setup, when the graph G is a one dimensional lattice G = Z.

This model has been studied by several groups of researchers. It is frequently mentioned
in the literature on Markov dualities — see e.g. [GRT24] and references therein — because
the article [KMP82] was one of the first applications of Markov duality. The model on
a finite lattice connected to heat baths (playing the same role as boundary reservoirs),
is one of the simplest examples of a diffusive system driven out of equilibrium. It shares
many similarities with the Symmetric Simple Exclusion Process (SSEP). Like the SSEP,
the large deviation behaviour of KMP’s model is studied in the physics litterature via
Macroscopic Fluctuation Theory |GPRIB22; RGIB23; BSM22a; BSM22b; BM24]

While the SSEP is known to converge to the (linear) stochastic heat equation, we showed
in [29] that the large scale behaviour of KMP’s model is much richer, and in particular
it converges to the Kardar—Parisi-Zhang equation. We restrict to the initial condition
n(0,z) = 1,—0. As time increases, this initially localized distribution of energy/mass will
progressively spread. Most references focus on a region of size O(/t) around the origin,
but we argue in [29] that it is interesting to consider the behaviour of 7(¢,z) in larger
domains — see Figure

3.5.2. Energy exchange models are stochastic flows of kernels. — Define a ran-
dom field
Fo(t,x) := Dyt zn(nt, n3/4 4 nl/Q:L'), where Dy, ¢, = et”1/2/2+m1/4+t/8,

which we shall view as a random distribution. A test function ¢ € C.(R) can be integrated
against the random field F;, as

= 5 5)4 ()

TEZ

Theorem 3.15 ([29] — informal version). — For the KMP model on Z with parameter
a, F,(t,-) converges in distribution as n — oo to Z(t,x), solution to

0 2(t,x) = %&mZ(t, 2) + VDE(t 2)Z(t, ),

with noise strength D = ﬁ and delta initial condition, in the space C(R4,S'(R)).
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T >t
n(t,z) =0
x =vt,v € (—1,0) ! z=0 (ﬁ) \ z =vt,v € (0,1)
KPZ fixed point ' Stochastic heat equation ¥ KPZ fixed point
1 1
1 1

1

1

1 . . .

1 moderate deviation regime
.

Fi1cURE 3. Diagram in space time coordinates showing the expected scaling limits
of the KMP model with initial condition 7(0,z) = 1,—¢. In the gray area, the
energy field is frozen (equal to zero with probability exponentially close to 1).
In the diffusive scaling window in the middle, the KMP model is expected to
converge to the stochastic heat equation (based on results of [BRS06; [Yul6| for
similar models). Conjecture below is about the scaling x = vt,v € (0,1),
in green. Theorem [3.I5] shows that between these last two regions, there exist a
critical scaling = ~ 3/ where fluctuations are described by the KPZ equation.

Again, the convergence is not expected to hold point-wise because 7(t,z) locally con-
verges to the stationary measure of the KMP model, which is given by i.i.d. Gamma
distributed variables [KMP82]. We show in [29] that Theorem is a direct conse-
quence of the universal convergence results of stochastic flows from [Par24], which we
explained in Section [3.3.3] Indeed, one can view the evolution of energies in the KMP
model as a certain flow of kernels. To see that, we introduce a continuous-time random
walk in random environment X (¢), which we couple to a KMP process in such a way that
when the Poisson clocks rings at time ¢ on the bond (z,z + 1), a walker at either x or
x + 1 goes to x with probability U ~ Beta(a, ) and goes to x + 1 with probability 1 — U,
where the uniform random variable U is the same as in the KMP model.

There is a stochastic flow of kernels

Ksi(y,x) = P(X(t) = 2| X (s) = )

naturally associated to the continuous-time RWRE X (¢). Then, under the coupling de-
scribed above, it is not difficult to check that

n(t,z) =Y no(y)Kor(y, z)
YEL

since both side satisfy the same time evolution, conditionally on the times when Pois-
son clocks rings and the associated uniform random variables. In other terms, the energy
n(t, z) should be interpreted as the probability to find a particle at x at time ¢ starting from
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FIGURE 4. Tllustration of the continuous time RWRE X (¢) associated to the KMP
model. Times when a Poisson clock rings are depicted using Blue segments.

distribution 79(-). The conservation of total energy in the KMP model becomes the con-
servation of probability. Conversely, stochastic flows corresponding to Markov processes
in a random environment may be viewed as the evolution of a field of energies/masses
evolving according to some local scrambling mechanism that conserves the energy/mass.

At distances of order z = vt from the origin with |v] < 1, we expect that energies

n(t,z) are exponentially small but their fluctuations should be similar as large deviation
probabilities of RWRE.

Conjecture 3.16. — For any v € (—1,1) with v # 0, there exist functions f,g such that

logn(t,vt) + f(v)t
IP’( PO < 8) P Frw(s)

where Frw is the Tracy-Widom GUE distribution. More generally, we expect that
Hy(t,x) = logn(tr, vt + t*/3x) converges to the KPZ fized point.

There are other scaling limits that it would be interesting to consider. In particular,
in Section [3.2.3] we considered a continuum limit of the Beta RWRE model. It would be
interesting to consider the same question for the KMP model.

Open Problem 3.17. — Can one describe the scaling limit of n(e~%t,e~'z) when o = ¢
as € goes to zero? Is it the same as the Le Jan-Raimond flow discussed in Section[3.2.37
Is it another stochastic flow of Howitt-Warren type [HW09] with different values of 0(k,¥)?

3.6. Zero temperature limit

Suppose that a pedestrian wants to go from a point A to a point B in a city where the
streets form a rectangular grid — see Figure [5l At each intersection, the configuration of

pedestrian crossings is either L or L with probability 1/2, where the green edge means
that one can cross towards the north without waiting, and the red edge means that one
can cross towards the east only after an exponential waiting time Exp(1). All waiting
times are independent. Let T(A — B) be the minimal cumulated waiting time to go from
A to B, i.e. the sum of waiting times minimized over all possible paths of minimal distance
(the pedestrian does not want to make the walk longer). This model arises as a limit of
the Beta RWRE model when o = 8 = ¢ and one defines

T.(A — B) = —clogP(A — B).
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A

FiGURE 5. The Bernoulli-Exponential first passage percolation model, viewed as
a model of optimal pedestrian travel times.

It is shown in [4] that T.(A — B) weakly converges to T(A — B). As a consequence of
exact solvability, we have the following:

Theorem 3.18 () — The minimal passage time between two points A, and B, far
away from each other so that A, — B, = (n,kn), with k € (0,4+00),k # 1, is such that
there exist (explicit) constants Ty, 0, such that

P (T(An — By) — mun

ont/3

< s) —= F5(s).

n—o0

Remark 3.19. — The model may be generalized depending on parameters a,b such

that with probability QL—H) the upward edge has zero passage time and the rightward edge

is Exp(b) and with probability Lb the rightward edge has zero passage time and the

a
upward edge is Exp(b). Theorem still holds in this setting.

Remark 3.20. — When the waiting times are not random but all equal to 1, the model is
still in the KPZ universality class. In that case, it is even possible to prove that T(A — B)
converges to the directed landscape [VV23].

3.6.1. Evolution of a percolation cluster. — One may view the model as an evo-
lution of a percolation cluster. If we fix the point A to be the origin A = O, then the
set of points M such that T(O — M) = 0 is given by the trajectory of some random
walk — see Figure @ The set of points M accessible in time T(O — M) < t grows as t
increases. It grows according to a Markov process where initially, the cluster is formed by
a random walk trajectory, and from each point in the cluster, one may branch after an
exponentially distributed waiting time, and immediately add to the cluster the trajectory
of the branching random walk, which eventually coalesce with the cluster — see Figure [6]

In |8] we considered the asymptotics of the shape of the cluster at finite time ¢. Then, at
distance n to the origin, the cluster has width n?/3 around the diagonal, with Tracy-Widom
distributed fluctuations.

Moreover, it is showed in that it is interesting to consider the cluster at times
of order t = sn~/2 in such case, the width of the cluster is n/2 and fluctuations are
different. This suggests the following.

Open Problem 3.21. — Define a continuum limit of the model in such a way that the
portions of random walks added to the cluster become portions of Brownian trajectories.
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(0,0)

FIGURE 6. A sample of the river delta (Bernoulli-exponential FPP percolation
cluster) near the origin. The thick black random walk path corresponds to the river
(percolation cluster) at time 0. The other thinner and lighter paths correspond to
tributaries added to the river delta (percolation cluster) at later times.

It is likely that the model should be constructed using a Brownian net, or at least a
Brownian web, in a similar way as in [VV23] although the distances need to be rescaled
differently.

3.7. Outlook

3.7.1. Conjectures. — Cube root fluctuations with Tracy-Widom limit, as in Theo-
rem [3.4] are only a small part of the universal features in the KPZ class. First of all,
the exponent 1/3 is complemented by an other exponent 2/3, which describes the decay
of correlations (h(t,z) and h(t,y) have nontrivial correlations when |z — y|O(t*/3)) and
the wandering of directed polymer paths (A directed polymer of length n drawn accord-
ing to the polymer measure typically fluctuates at distance n?/® from the straight line).
Furthermore, one can describe much more precisely the correlations of fluctuations.

Regarding the Beta RWRE, the wandering exponent was proven to be 2/3, in the sense
that if one conditions a random walk to have a velocity v different from the typical velocity
d= %, then RWRE paths wander at distance t/3 from a straight line [BRS19]. Their
proof is based on the study of a stationary structure for the (backwards in time) evolution
of Beta RWRE transition probabilities. The analysis is parallel to earlier work on the log-
gamma polymer [Sep12; (GRSY15]. The 2/3 exponent should also arise in the correlations
of Beta RWRE transition probabilities.

Open Problem 3.22. — Prove that for the Beta RWRE
n~1/3 (log Pon,tn(zn3 en + yn?/3) + (t — s)nI(c)>

converges (up to some constants) to the directed landscape L(s,x;t,y) introduced in
[DOV22).

In order to prove it, the currently most plausible route would be to

1. study a discrete line ensemble associated to the Beta RWRE using its connection to
vertex models, as in [AB24];
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2. then follow the strategy proposed in [ACH24], exploiting the strong characterization
of the Airy line ensemble from [AH23|.

3.7.2. A quantum RWRE. — In this section, we consider a discrete version of the
Schroedinger equation

i0p(t, x) = (A + (8, 2))v(t, ). (3.7.1)
The stochastic PDE is known to be ill-posed — see the references [BKR10; GK21|
for a discussion of a possible renormalization procedure. At least at a formal level (in the
sense that we apply the rules of differentiation without care for issues of regularity) we
see that the evolution is unitary: the L? norm

R
R

remains constant. Since the ill-posedness was provoking some conflicting results in the
physics literature, it was argued in [SKR92] that one should work with a discrete analogue.
Authors further argued that the directed polymer interpretation of the usual stochastic
heat equation is key, and that unitary analogues should likewise be defined through
a path integral, i.e. a sum over lattice paths. These considerations led them to the
following discrete model. We consider a wave function W;(z) € C? evolving at discrete
times as follows. It is convenient to write

Uy (x)
‘ljt xTr) = t,
(@) (w (x)
and imagine that the components Wi (x) are attached to the edges adjacent to (t,z) in
the lattice, ¥, (x) is the component of wave function coming from above, i.e. coming to
(t — 1,2 + 1), so it should be associated with the edge from (¢ — 1,2 + 1) to (¢,x), and

similarly for W, (z). The time evolution is determined by the following. It is convenient
to write

in () = <qf§j<x>> _ (m;@)) () (‘I’Eﬁt’f(@> _ (q@l(x - 1)> |
i () Uy (x) Uy () U (z+1)
Then,
VP (@) = Uty U} (2) -
where Uy, is a Haar distributed 2 x 2 unitary matrix (and the family Uy, is i.i.d.). Pic-
torially,

U (x) Vi (z+1)

Uy (x) Uiy (2 — 1)

Since Uy, is unitary, we have
Pwose ) = et
Moreover, as argued in [SKR92|, the law of
t,—
o @P
T
[ ()|

does not depend on W™ (because the Haar measure is translation invariant) and is uni-
formly distributed (because columns of Haar unitary matrices are uniformly distributed
on the complex sphere).

(3.7.2)
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FIGURE 7. Left: Before and After. This Galton board was made by Mathemateca
( Universidade de Sao Paulo) CC-BY-SA 4.0 Matemateca (IME/USP)/Rodrigo
Tetsuo Argenton.

Right: a very schematic description of a photonic Galton board. Similar devices
are considered in physics articles, see |[ADZ93; Kar+09; [Sch+10; [Per+10;
Gra+16; [ZW24].

Thus, the evolution of the norm of the wave function is exactly the same as transition
probabilities for the Beta RWRE when oo = § = 1.

Proposition 3.23 ([SKR92; 29]). — Assume that ||Vo(y)||? = Ly—. Then, for all
t>0,

1%, (y)[1* = Pos(z,y).
where Py (z,y) denote the Beta(1,1)-RWRE transition probabilities.

As a consequence, all results on the Beta RWRE also apply to this model, which phys-
ically corresponds to the wavefunction of a single photon in a quantum Galton board
(Figure , that is an array of beam splitters whose behavior is determined by indepen-
dent unitary matrices.

The model may also be viewed as a random quantum circuits, since the updating rule can
be rephrased in a unitary dynamic evolving quantum states — see for instance [FKNV23].
Interestingly, entanglement in random quantum circuits is also expected to be related
to the Kardar—Parisi-Zhang class [NRVH17|. More generally, it would be interesting to
study how extreme statistics in stochastic quantum systems may be related to the Kardar—
Parisi—Zhang class.
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RESUME

Ce document présente une synthése de mes travaux de recherche depuis la soutenance
de mon doctorat. lls se situent dans le domaine des probabilités dites intégrables, qui
regroupe I'étude de modeles aléatoires possédant une structure bien particuliere
permettant de les analyser au moyen de calculs exacts. Les applications portent
principalement sur des modeles de la classe de Kardar-Parisi-Zhang.

Le premier chapitre introduit les processus de Macdonald en demi-espace. Les processus
de Macdonald sont des mesures de probabilité sur les partitions d'entiers basées sur des
identités remarquables satisfaites par les fonctions de Macdonald. La variante en demi-
espace que nous introduisons permet d'étudier des modeles de la classe KPZ définis sur
une moitié de quadrant, ou bien des modeles ou le désordre est symétrique par rapport a
un axe, ou encore des systemes de particules reliés a un réservoir.

Le deuxiéme chapitre porte sur le calcul de mesures stationnaires de modeles de la classe
KPZ sur un domaine borné, avec des conditions au bord dites ouvertes, en particulier
I'équation KPZ sur un segment.

Le troisieme chapitre discute de marches aléatoires et diffusions en environnement
aléatoire, dont le comportement extréme n’est pas décrit par la théorie classique de la
diffusion mais obéit plutdt aux lois de la classe KPZ.

ABSTRACT

This document provides an overview of my research work since the defense of my PhD. It
belongs to the area of integrable probability, which encompasses the study of random
systems exhibiting a particular structure that allows for exact analysis. The main
applications concern models within the Kardar-Parisi-Zhang (KPZ) universality class.

The first chapter addresses Macdonald processes in a half-space. Macdonald processes
are probability measures on integer partitions based on remarkable identities satisfied by
Macdonald functions. The half-space variant we present enables the study of KPZ-class
models defined on a half-quadrant, models where the disorder is symmetric about an axis,
or particle systems connected to a reservoir.

The second chapter focuses on the computation of stationary measures for KPZ-class
models on a bounded domain with open boundary conditions, particularly the KPZ equation
on a segment.

The third chapter examines random walks and random diffusions in random environment,
whose extreme behaviour is not described by classical extreme value theory but instead
follows the laws of the KPZ class.
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