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Abstract We study the Facilitated TASEP, an interacting particle system on the
one dimensional integer lattice. We prove that starting from step initial condition,
the position of the rightmost particle has Tracy Widom GSE statistics on a cube root
time scale, while the statistics in the bulk of the rarefaction fan are GUE. This uses a
mapping with last-passage percolation in a half-quadrant which is exactly solvable
through Pfaffian Schur processes. Our results further probe the question of how
first particles fluctuate for exclusion processes with downward jump discontinuities
in their limiting density profiles. Through the Facilitated TASEP and a previously
studied MADM exclusion process we deduce that cube-root time fluctuations seem
to be a common feature of such systems. However, the statistics which arise are
shown to be model dependent (here they are GSE, whereas for the MADM exclusion
process they are GUE). We also discuss a two-dimensional crossover between
GUE, GOE and GSE distribution by studying the multipoint distribution of the first
particles when the rate of the first one varies. In terms of half-space last passage
percolation, this corresponds to last passage times close to the boundary when the
size of the boundary weights is simultaneously scaled close to the critical point.

1 Introduction

Exclusion processes on Z are expected, under mild hypotheses, to belong to the
KPZ universality class [6, 11]. As a consequence, one expects that if particles start
densely packed from the negative integers — the step initial condition — the positions
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of particles in the bulk of the rarefaction fan will fluctuate on a cube-root time scale
with GUE Tracy-Widom statistics in the large time limit. The motivation for this
paper is to consider the fluctuations of the location of the rightmost particle and
probe its universality over different exclusion processes.

In the totally asymmetric simple exclusion process (TASEP) the first particle
jumps by 1 after an exponentially distributed waiting time of mean 1, independently
of everything else. Hence its location satisfies a classical Central Limit Theorem
when time goes to infinity (i.e. square-root time fluctuation with limiting Gaussian
statistics). This is true for any totally asymmetric exclusion process starting from
step initial condition. However, in the asymmetric simple exclusion process (ASEP),
the trajectory of the first particle is affected by the behaviour of the next particles.
This results in a different limit theorem. Tracy and Widom showed [19, Theorem 2]
that the fluctuations still occur on the #'/? scale, but the limiting distribution is
different and depends on the strength of the asymmetry (see also [13] where the
same distribution arises for the first particle’s position in a certain zero-range
process). In [3], another partially asymmetric process called the MADM exclusion
process was studied. The first particle there fluctuates on a r!/3 scale with Tracy-
Widom GUE limit distribution, as if it was in the bulk of the rarefaction fan. An
explanation for why the situation is so contrasted with ASEP (and other model
where the first particle has the same limit behaviour) is that the MADM, when
started from step initial condition, develops a downward jump discontinuity of its
density profile around the first particle (see Figure 3 in [3]).

In this paper, we test the universality of the fluctuations of the first particle in the
presence of a jump discontinuity — does the #'/3 scale and GUE statistics survive
over other models? We solve this question for the Facilitated TASEP. Our results
show that the GUE distribution does not seem to survive in general, though we do
still see the 1173 scale.

1.1 The Facilitated TASEP

The Facilitated Totally Asymmetric Simple Exclusion Process (abbreviated
FTASEP in the following) was introduced in [4] and further studied in [9, 10].
This is an interacting particle system on Z, satisfying the exclusion rule, which
means that each site is occupied by at most 1 particle. A particle sitting at site x
jumps to the right by 1 after an exponentially distributed waiting time of mean
1, provided that the target site (i.e. x + 1) is empty and that the site x — 1 is
occupied. Informally, the dynamics are very similar with TASEP, with the only
modification being particles need to wait to have a left neighbour (facilitation)
before moving (See Fig. 1). It was introduced as a simplistic model for motion in
glasses: particles move faster in less crowded areas (modelled by the exclusion
rule), but need a stimulus to move (modelled by the facilitation rule). We focus here
on the step initial condition: at time 0, the particles occupy all negative sites, and
the non-negative sites are empty.
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Fig. 1 The particles in black jump by 1 at rate 1 whereas particles in gray cannot

Since the dynamics preserve the order between particles, we can describe the
configuration of the system by their ordered positions

e <Xy < X < OQ.

Let us collect some (physics) results from [9] which studies the hydrodynamic
behaviour — but not the fluctuations. Assume that the system is at equilibrium
with an average density of particles p. A family of translation invariant stationary
measures indexed by the average density — conjecturally unique — is described in the
end of Sect. 3.1. Then the flux, i.e. the average number of particles crossing a given
bond per unit of time, is given by (see [9, Eq. (3)] and (8) in the present paper)

_d=pCp—-1
p :

J(p) (1)

This is only valid when p > 1/2. When p < 1/2, [9] argues that the system
eventually reaches a static state that consists of immobile single-particle clusters.
One expects that the limiting density profile, informally given by

p(x,t) := lim ]P’(H particle at site x7" at time tT),
T—o0

exists and is a weak solution subject to the entropy condition of the conservation
equation

0 0
5 P+ i (p(x, 1)) = 0. 2)

Solving this equation subject to the initial condition p(x, ) = 1 o) yields the
density profile (depicted in Fig. 2)

1 ifx < —1,
Vi >0, p(xt, t) = \/2;? if —1<x<1/4
0 ifx > 1/4.

See also [9, Eq.(5)]. It is clear that there must be a jump discontinuity in the
macroscopic density profile since in FTASEP particles can travel only in regions
where the density is larger than 1/2.

barraguand @math.columbia.edu
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1/4

Fig. 2 Limiting density profile, i.e. graph of the function x +— p(x, 1)

In general, the property of the flux which is responsible for the jump discontinuity
is the fact that j(p)/p, i.e. the drift of a tagged particle, is not decreasing as a
function of p. The density around the first particle will be precisely the value pg that
maximizes the drift. Let us explain why. On one hand, the characteristics of PDEs
such as (2) are straight lines ([7, §3.3.1.]), which means in our case that for any
density p occurring in the rarefaction fan in the limit profile, there exists a constant
7 (p) such that

p(T(p)t.1) = p. (3)

m(p) is the macroscopic position of particles around which the density is p.
Differentiating (3) with respect to ¢ and using the conservation equation (2) yields
w(p) = %&;@. If we call pg the density around the first particle, then the macroscopic
position of the first particle should be 77 (pg). On the other hand, the first particle has
a constant drift, which is' j(09)/p0. Combining these observations yields

97 (p) _Jo) . d )

.€. =0.
P | p=py o do P p=p,

This implies that a discontinuity of the density profile at the first particle can occur
only if the drift is not strictly decreasing as a function of p, and it suggests that pg is
indeed the maximizer of the drift (see also [3, Section 4] for a different justification).
In the example of the FTASEP, the maximum of

J(p) _ (1=p)2p—1)
P p?

I Assuming local equilibrium — which is not expected to be satisfied around the first particle but
close to it— the drift is given by j(p)/p when the density is p.
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is such that pg = 2/3 and 7w (pg) = 1/4. In particular, this means that x1(¢) /¢ should
converge to 1/4 when ¢ goes to infinity.

The fluctuations of x1(¢) around ¢/4 are not GUE distributed as for the MADM
exclusion process [3, Theorem 1.3], but rather follow the GSE Tracy-Widom
distribution in the large time limit.

Theorem 1 For FTASEP with step initial data,
x1(t) — §
P (Z_TW =X m FGse(—x),

where the GSE Tracy-Widom distribution function FGsEg is defined in Definition 7.

In the bulk of the rarefaction fan, however, the locations of particles fluctuate as
the KPZ scaling theory predicts [12, 18].

Theorem 2 For FTASEP with step initial data, and for any r € (0, 1),

1—6r4r>
Xipe) (8) — 1=

73 z x| —— Fgue(—x),
gt / t—o0

_ »—4/3141)"
where ¢ = 2 (=r)17

defined in Sect. 4.

and the GUE Tracy-Widom distribution function FGUE is

We now consider a slightly more general process depending on a parameter o >
0 that we denote FTASEP(«), where the first particle jumps at rate « instead of 1. We
already know the nature of fluctuations of x1(¢#) when o = 1. It is natural to expect
that fluctuations are still GSE Tracy-Widom distributed on the ¢!/ scale for o > 1.
However, if « is very small, one expects that the first particle jumps according to a
Poisson point process with intensity « and thus x(¢) has Gaussian fluctuations on
the ¢!/2 scale. It turns out that the threshold between these regimes happen when
a=1/2.

Theorem 3 Let x(t) = {x,(t)},>1 be the particles positions in the FTASEP(«)
started from step initial condition, when the first particle jumps at rate . Then,

1. Fora > 1/2,

\Y

p x1(t) — § P
2_4/3t1/3 =Z X l‘—)OO; GSE(_-X)
2. Fora =1/2,

p(10-3 N\ g
s =) o Fooe(=).
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3. Fora < 1/2,
t) —ta(l —
P(xl() (1 — o) >x> G,
ct /2 f—>00
where G (x) is the standard Gaussian distribution function and ¢ = \/%

It 1s also possible to characterize the joint distribution of several particles. An
interesting case arises when we scale o close to the critical point and we look at
particles indexed by /3 for different values of > 0. More precisely, we scale

1 4+ 2%~ 1/3
= 2 5

o

where @ € R is a free parameter and for any n > 0 consider the rescaled particle
position at time ¢

X137 () — 4+ 77,00_121/3t2/3 — 22743 A

where pg = 2/3 (This is the density near the first particles in FTASEP(1)).

Theorem 4 Forany py,...,pr € R, and0 < np < -+ < i
k
zl—i>IgoIP) ﬂ {X,(m) Z Pi} = Pi(J — KcrOSS)LZ(Dk(—Pl ,,,,, —PK))’

i=1

where the right hand side is the Fredholm Pfaffian (see Definition S) of some kernel
KOS (depending on w and the n;) introduced in [1, Section 2.5] (see also Sect. 5
of the present paper) on the domain Dy (—p1, ..., — pxr) where

Dr(x1,...,x) ={G,x) e{l,....k} xR:x > x;}.

For the FTASEP, that is when « = 1 we have

Theorem S Forany py,...,pr € R, and0 <n; < --- <k
k
: _ SU
Jim P | ({X:00) = pi} | = PEU =KD 20 py. i

i=1

where the right hand side is the Fredholm Pfaffian of some kernel KSU (depending
on the n;) introduced in 1, Section 2.5] (see also Sect. 5).

barraguand @math.columbia.edu



Facilitated Exclusion Process 7
1.2 Half-Space Last Passage Percolation

Our route to prove Theorems 1, 2, 3, 4 and 5 in Sect. 3 uses a mapping with Last
Passage Percolation (LPP) on a half-quadrant.

Definition 1 (Half-space exponential weight LPP) Let (w”’m)n>m>0 be a
sequence of i.i.d. exponential random variables with rate 1 (see Definition 2)
when n > m + 1 and with rate « when n = m. We define the exponential last
passage percolation time on the half-quadrant, denoted H (n, m), by the recurrence

forn > m,

max{H(n — 1, m): H(n,m — 1)} ifn>m+l,
Hn,m—1) ifn=m

Hn,m)=wym+

with the boundary condition H (n, 0) = 0.

We show in Proposition 2 that FTASEP is equivalent to a TASEP on the positive
integers with a source of particles at the origin. We call the latter model half-line
TASEP. The mapping between the two processes is the following: we match the
gaps between consecutive particles in the FTASEP with the occupation variables in
the half-line TASEP. Otherwise said, we study how the holes travel to the left in
the FTASEP and prove that if one shrinks all distances between consecutive holes
by one, the dynamics of holes follow those of the half-line TASEP (see the proof
of Proposition 2, in particular Fig.6). In the case of full-space TASEP it is well-
known that the height function of TASEP has the same law as the border of the
percolation cluster of the LPP model with exponential weights (in a quadrant). This
mapping remains true for half-line TASEP and LPP on the half-quadrant (Lemma 2,
see Fig. 3).

The advantage of this mapping between FTASEP and half-space last-passage
percolation is that we can now use limit theorems proved for the latter (see [1] and
references therein), which we recall below.

Theorem 6 ([1, Theorem 1.4]) The last passage time on the diagonal H (n, n)
satisfies the following limit theorems, depending on the rate o of the weights on
the diagonal.

1. Fora > 1/2,

H —4
lim IP( (n,7) — 4n

T2l <X) = fase ()
2. Fora =1/2,

) Hn,n) —4n
lim P(W <x> :FGOE(x)a

n—oo

where the GOE Tracy-Widom distribution function Fgog is defined in Lemma 6.

barraguand @math.columbia.edu
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Fig. 3 LPP on the half-quadrant. One admissible path from (1, 1) to (r, m) is shown in dark gray.
H (n, m) is the maximum over such paths of the sum of the weights w;; along the path. The light
gray area corresponds to the percolation cluster at some fixed time, and its border (shown in black)
is associated with the particle system depicted on the horizontal line

3. Fora < 1/2,

H(n,n) — -2
. ; (I—a)
Jm P onl/2

<x]|=Gx),

where G (x) is the probability distribution function of the standard Gaussian, and

) 1 -2«
221 —a)?

Away from the diagonal, the limit theorem satisfied by H (n, m) happens to be
exactly the same as in the unsymmetrized or full-space model.

Theorem 7 ([1, Theorem 1.5]) For any k € (0,1) and « > Kk we have that

1+’
when m = kn + sn2/3_€,for anys € Rande > 0,
H(n,m) — (1 2
fim p (Am =V N e,
n—>00 onl/3

where

(1 + i)¥3
o =—.
Je'?
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Facilitated Exclusion Process 9

In [1], we also explained how to obtain a two dimensional crossover between all the
above cases by tuning the parameters « and k close to their critical value in the scale
n~1/3 (see Fig. 4). The proofs of the following results were omitted in [1] (they were
stated as Theorem 1.8 and 1.9 in [1]) and we include them in Sect. 5. Let us define

H(n + n2/3$n, n— n2/3§‘n) —4n + n1/3§2n2

9

wheren > 0,0 = 24/3 and & = 22/3 We scale « as

B 1+ 20 lon1/3
- 2

o

where @w € R is a free parameter.

Theorem 8 ForO<n; <---<n, w € R,

k
lim P | () {Ha(ni) < hi} | = PE(T — KT)

n— oo g
i=1

L2(Dg (hy,..., hr))’

where K% is defined in Sect. 5.

We refer to [1, Sections 1.5 and 2.5] for comments and explanations about this
kernel and its various degenerations. The phase diagram of one-point fluctuations is
represented on Fig. 4.

In the case when o > 1/2 is fixed, the joint distribution of passage-times is
governed by the so-called symplectic-unitary transition [8].

Theorem 9 Foroa > 1/2and0 < n; < --- < ng, we have that

k
1 . . _ SU
HILHC}OP ﬂ {Hn(”l) < h,} =Pf(J —K )Lz(n)k(hl ..... i)’
i=1
where KSY is a certain matrix kernel introduced in [1] (See also Sect. 5).

Theorem 9 corresponds to the = — +o00 degeneration of Theorem 8.

Outline of the Paper

In Sect. 2, we provide the precise definitions of all probability distributions arising
in this paper. In Sect. 3, we explain the mapping between FTASEP and TASEP on a
half-space with a source, or equivalently exponential LPP on a half-space. We prove
the limit theorems for the fluctuations of particles positions in FTASEP(«) using the

barraguand @math.columbia.edu
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GSE
GUE
o
o = +00
GSE :
Leross(s @, M)
2 GUE :
a=1/24q . GQE GUE
Gaussian .
a=0 e . :
mo= 1 R : GUE
Gaussian GOE2

Fig. 4 Phase diagram of the fluctuations of H (n, m) as n — oo when « and the ratio n/m varies.
The gray area corresponds to a region of the parameter space where the fluctuations are on the
scale n'/? and Gaussian. The bounding GOE? curve asymptotes to zero as n/m goes to +00. The
crossover distribution %55 (+; @, 1) is defined in [1, Definition 2.9] and describes the fluctuations
in the vicinity of n/m = 1l and @ = 1/2

asymptotic results for half-space LPP. In Sect. 4, we recall the k-point distribution
along space-like paths in half-space LPP with exponential weights (Proposition 3),
derived in [1]. In Sect. 5, we provide a rigorous derivation of Theorem 8 and 9 from
Proposition 3. This boils down to an asymptotic analysis of the correlation kernel
that was omitted in [1].

2 Definitions of Distribution Functions

In this section, we provide definitions of the probability distributions arising in the
paper.

Definition 2 The exponential distribution with rate o € (0, +00), denoted &(«), is
the probability distribution on R~ o such that if X ~ &(«),

Vx € Rog, P(X > x) = e **.

Let us introduce a convenient notation that we use throughout the paper to specify
integration contours in the complex plane.

barraguand @math.columbia.edu
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Definition 3 Let €% be the union of two semi-infinite rays departing a € C with

angles ¢ and —¢. We assume that the contour is oriented from a + cce ™% to a +
+igp

ooe™?,

We recall that for an integral operator % defined by a kernel K : X x X — R, its
Fredholm determinant det(/ + .%); > (X0 18 given by the series expansion

(0.@)
1 k
det(I + H)p2x ) =1—|—ZE/X.../Xdet(K(xi,xj))w:l d® ey ),
k=1 """

whenever it converges. Note that we will omit the measure p in the notations and
write simply IL?(X) when the uniform or the Lebesgue measure is considered. With
a slight abuse of notations, we will also write det(/ + K)j2(x, instead of det(/ +

H)12(x)-

Definition 4 The GUE Tracy-Widom distribution, denoted -Zgug is a probability
distribution on R such that if X ~ ZGuE,

P(X < x) = Fguge(x) = det(] — KAi)]Iﬁ(x,—koo)

where Kaj is the Airy kernel,

Kai(u, v) =

3
dw dz e% /3 1
f 5)

&P 2im Jgrs 2im eW/3—wv 7z —

In order to define the GOE and GSE distribution in a form which is convenient
for later purposes, we introduce the concept of Fredholm Pfaffian.

Definition 5 ([16, Section 8]) For a 2 x 2-matrix valued skew-symmetric kernel,

Kii(x, y) Kia(x, y)
K 9 - b 9 X’
. 7) (Kzl(X, y) Kaa(x, y)) e

we define its Fredholm Pfaffian by the series expansion

(0.¢)
1 k
— Sy ®k
Pf(J—I—K)Lz(X,M)_1—|—ZE./X.../;ng<K(x,,x]))ij:1du (X1 ... X2,
k=1 ’
(6)

provided the series converges, and we recall that for an skew-symmetric 2k x 2k
matrix A, its Pfaffian is defined by

1 :
Pf(A) = T Z $1gN(0 ) o (1)0(2)40 (3)0 (4) - - - Ao (2k—1)0 (2k)- (7)

065”2/(

barraguand @math.columbia.edu
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The kernel J is defined by

01
J(x,y) = -10

0 ifx #y.

ifx =y,

In Sect.5, we will need to control the convergence of Fredholm Pfaffian series
expansions. This can be done using Hadamard’s bound.

Lemma 1 ([1, Lemma 2.5]) Let K(x, y) be a 2 x 2 matrix valued skew symmetric
kernel. Assume that there exist constants C > 0 and constants a > b > 0 such that

IKii(x, y)| < Ce =% |Kpa(x, y)| = [Kai (v, x)| < Ce™ Y [Kop(x, y)| < CeP* 0.
Then, for all k € Z-~,
X k
‘Pf[K(-xi’ xj)]i,j:l ‘ < (2k)k/2Ck 1_[ e_(a_b)xi'
i=1

Definition 6 The GOE Tracy-Widom distribution, denoted -ZGoE, is a continuous
probability distribution on R whose cumulative distribution function Fgog(x) (i.e.
P(X < x) where X ~ ZGoE) is given by

Fgor(x) = Pf(J — KOOF)

L2(x,00)’

where KOOF is the 2 x 2 matrix valued kernel defined by

d d — :
GO n = fon i o B T
1 1

/3 2ixr Jo3 2im 74w
dz dw w—z2 3 3
KGOE(y ) — _KGOE :f dz. dw 334w [3-xz—yw.
1 (xy) o1 (X, y) ¢ 2in <g1/13/2 2ir 2w(z + w)e
KSOE (x ) :f dz dw  z-w /34w B-xz—yw
22 ’ Cgfﬂ 2im ﬁﬂ i 4zw(z + w)

+/ dz e /3-2x f dz €@ /3- sgn(x — y)
<g1f/3 2im 4z <g’lf/3 2im 4z 4 ’

where sgn(x) = 1,-0 — 1y <o.

barraguand @math.columbia.edu
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Definition 7 The GSE Tracy-Widom distribution, denoted .ZGsg, is a continuous
probability distribution on R whose cumulative distribution function Fgog is given

by
Fosk (x) = Pf(J — K95F)

L2(x,00)°

KGSE

where is a 2 x 2-matrix valued kernel defined by

GSE(x V) = f / dw z-—w o2 /3w 3—xz—yw
Gl 2im Gl 2im 4zw(z + w) ’

GSE(x y) = GSE(X y) = f / dw z-—w o2 /3w 3—xz—yw
¢ 21 Jg? 2im dz(z + w) ’

GSE(X y) = f / dw z-— = e 3/3+w3/3—xz—ywdzdw.
Gl 2ir Gl 2ir 4(z + w)

3 Facilitated Totally Asymmetric Simple Exclusion Process

3.1 Definition and Coupling

A configuration of particles on a subset X of Z can be described either by occupation
variables, i.e. a collection n = (1y)recx Where n, = 1 if the site x is occupied and
ny = 0 else, or a vector of particle positions X = (x;);c; Where the particles are
indexed by some set /. We will use both notations.

Definition 8 The FTASEP is a continuous-time Markov process defined on the
state space {0, 1}% via its Markov generator, acting on local functions f : {0, 1}Z —
R by

LI =Y me1me(l = 0o ) (f g ) — £ (),

X€Z

where the state 5, ,; is obtained from 7 by exchanging occupation variables at
sites x and x + 1.

That this generator defines a Markov process corresponding to the particle dynamics
described in the introduction can be justified, for instance, by checking the
conditions of [14, Theorem 3.9].

We will be mostly interested in initial configurations that are right-finite, which
means that there exists a right-most particle. Since the dynamics preserves the
order between particles, it is convenient to alternatively describe a configuration

barraguand @math.columbia.edu
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of particles by their positions
e <Xy < X < OQ.

We also consider a more general version of the process where the first particle jumps
at rate «r, while all other particles jump at rate 1, and denote this process FTASEP(«).
Let us define state spaces corresponding to configurations of particles in FTASEP(«)
where the distance between consecutive particles is at most 2:

Xo0 = | ()iezn € 250 : Vi € Zog, i = xigr — 1€ (0, 1)},
and
X = {(xi),-ez 7% Viel xi—xip—1€l0, 1}}.

Because of the facilitation rule, it is clear that the FTASEP(«) dynamics preserve
both state spaces.

Definition 9 For « > 0, the FTASEP(«) is a continuous-time Markov process
defined on the state space X. via its Markov generator, acting on local functions
f:X.0— Rby

LETASEL £ = ol et (F ) = F ) + Y L=t L =2 (f (D) = £ (),

i>2

where we use the convention that the state Xl+ is obtained from x by incrementing
by one the coordinate x;.

Remark I One may similarly define FTASEP(«) on the state space X instead of
X< 0, in order to allow initial conditions without a rightmost particle.

In order to study FTASEP(«), we use a coupling with another interacting particle
system: a TASEP with a source at the origin that injects particles at exponential rate
a. We consider configurations of particles on Z-.o where each site can be occupied
by at most one particle, and each particle jumps to the right by one at exponential
rate 1, provided the target site is empty. At site O sits an infinite source of particles,
which means that a particle always jumps to site 1 at exponential rate « when the
site 1 is empty (See Fig.5). We will denote the occupation variables in half-line
TASEP by g;(¢) (equals 1 if site i is occupied, O else).

source p——0—@—H——0—0@—H—@———

Fig. 5 Illustration of the half-line TASEP. The particles in gray cannot move because of the
exclusion rule

barraguand @math.columbia.edu



Facilitated Exclusion Process 15

Definition 10 The half-line TASEP with open boundary condition is a continuous-
time Markov process defined on the state space {0, 1}%>0 via its Markov generator,
acting on local functions f : {0, 1}%>0 — R by

LM @ =a(f(1,82,835...) = fe1,82....))
+ > gl = gD (flgexs) — £(®).

x€Zwg

where the state g, y+1 1s obtained from g by exchanging occupation variables at
sites x and x + 1. We define the integrated current N, (¢) as the number of particles
on the right of site x (or at site x) at time z.

Define maps

Do : Xop — {0, 1}%>0

(Xi)iez.y > (xi — Xi+l — l)ieZ>o’
and

d: X — {0, 1}~
(xiez —> (Xi —xig1— 1), 5.

Proposition 1 Let x(t) = (x,(t)),>1 be the particles positions in the FTASEP(«)
started from some initial condition x(0) € X.¢ (resp. X). Then denoting g(t) =
{gi®)}z., = P(X()), the dynamics of g(t) are those of half-line TASEP (resp.
TASEP) starting from the initial configuration @~ (x(0)) (resp. @ (x(0))).

Proof We explain how the mapping between the two processes works in the
half-space case (which corresponds to the FTASEP(«) defined on the space of
configurations X. (), since this is the case we will be most interested in this paper,
and the full space case is very similar (Fig. 6).

~— ~— ~—
- — ——— — —@ } —O . . . . . . .
-0-9 8§ -7 -6 -5 -4-3 -2-10 1 2 3 4 5 6 7 8

L T L L o L o
t W t t \Wj t W}

Fig. 6 Illustration of the coupling. The dynamics of particles in the bottom picture is nothing else
but the dynamics of the holes in the top picture. In order to see it more precisely, consider the
holes in the top picture and shrink the distances so that the distance between two consecutive holes
decreases by 1; one gets exactly the bottom picture with the corresponding dynamics
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16 J. Baik et al.

Assume that particles at positions (x;);cz_, follow the FTASEP(«) dynamics,
starting from some initial condition x(0) € X.(, and let us show that the g; =
Xx; — xi+1 — 1 follow the dynamics of the half-line TASEP occupation variables.

If x; = x2+1 (i.e. g1 = 0), the first particle in FTASEP(«) jumps at rate «. After
it has jumped, x; = x2+2 (i.e. g1 = 1). This corresponds to a particle arriving from
the source to site 1 in the half-line TASEP. After this jump, x;1 = x2+2 (i.e. g1 = 1),
so that the first particle cannot move in the FTASEP(«) because of the facilitation
rule and no particle can jump from the source in half-line TASEP. More generally,
because of the exclusion and facilitation rules, the (i + 1)th particle in FTASEP(«)
can move only if g; = 1 and g;+1; = 0 and does so at rate 1. After the move, x;1
has increased by one so that g; = 0 and g;+; = 1. This exactly corresponds to the
half-line TASEP dynamics.

Remark 2 Formally, Proposition 1 means that for any x € X.( and local function
f:{0, 13770 > R,

L f @) = LLTASER(f o @) ().

In the following, we are mainly interested in FTASEP(«) starting from the step
initial condition, or equivalently the half-line TASEP started from a configuration
where all sites are initially empty.

Proposition 2 Let x(t) = (x,(t))},>1 be the particles positions in the FTASEP(«)
started from step initial condition (see Definition 9). Let (Nx(t))xecz., be the
currents in the half-line TASEP started from empty initial configuration (see
Definition 10). Then we have the equality in law of the processes

(2n (1) + ”)n>1,r>o = (Nn(t))n>1,t>0'

Proof Because we start from step initial condition, x,(t) + n in FTASEP(«) equals
the number of holes (empty sites) on the left of the nth particle. Using Proposition 1,
and denoting the occupation variables in half-line TASEP by g;, we have

)
Xp+n = Zgi = N,

i>n

jointly for all n as claimed.

Let us explain how Proposition 2 enables us to quickly recover the results from [9].
We later provide rigorous results substantiating many of these claims, but for the
moment just proceed heuristically. Consider the case @« = 1. One expects (and we
prove in the next Sect. 3.2) that the law of large numbers for the current of particles
in the half-line TASEP is the same as in TASEP. Intuitively, this is because we expect
that the law of large numbers is determined by a conservation PDE (of the form (2))
which is simply the restriction to a half-space of the conservation PDE governing
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Facilitated Exclusion Process 17

the hydrodynamics of TASEP on the full line. Thus,

Nt (t s. 1
I([( ) a.s _(1 _K)Z.
t t—oo 4

Then, Proposition 2 implies that for FTASEP,

1 1—6 2
m a.s. —(1—/{)2—162 K—f—K.
t t—oo 4 4

One can deduce the shape of the limiting density profile from the law of large
numbers of particles positions. Let 7 (k) be the macroscopic position of the particle
indexed by k1, i.e.

1 — 6Kk + k2

(k) = 1

This yields k = 3 —24/2 4 7 (which can be interpreted as the limit of the integrated
current in the FTASEP at site ¢, rescaled by #). The density profile is obtained by
differentiating « with respect to i, and we get (as in [9, Equation (5)])

1

p(me,t) Nor=a

In light of the mapping between FTASEP and half-line TASEP from Propo-
sition 1, it is possible to write down a family of translation invariant stationary
measures in the FTASEP. They are given by choosing gaps between consecutive
particles as i.i.d Bernoulli random variables. From these, we may also deduce the
expression for the flux from (1). Assume that the system is at equilibrium, such
that the gaps between consecutive particles are i.i.d. and distributed according to
the Bernoulli(p) distribution. Let us call v, this measure on {0, 1%, Then, by the
renewal theorem, the average density p is related to p via

1 1
~ 1+E[gap] 1+p°

0

The flux j(p) is the product of the density times the drift of one particle, and
since particles jump by 1, the drift is given by the probability of a jump for a
tagged particle, i.e. p(1 — p). Indeed, considering a tagged particle in the stationary
distribution, then its right neighbour has a probability p of being empty and its left
neighbour has a probability 1 — p of being occupied. This yields

(I-p)2p—-1)
. :

J()=p(—p)p= (8)
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18 J. Baik et al.
3.2 Proofs of Limit Theorems

We use now the coupling from Proposition 2 to translate the asymptotic results
about last passage percolation from Theorems 6, 7, 8 and 9 into limit theorems for
the FTASEP(w).

Let x(1) = {x,(¢)},>1 be the particles positions in the FTASEP(«) started from
step initial condition. Using Proposition 2, we have that for any y € R

P(xa (1) < y) = P(xa(1) < Ly))
=P(N.(t) < Ly) +n).

In order to connect the problem with half-space last passage percolation, we use the
next result.

Lemma 2 Consider the exponential LPP model in a half-quadrant where the
weights on the diagonal have parameter o, and recall the definition of last passage
times H(n, m) from Definition 1. Consider the half-line TASEP where the source
injects particles at rate o with empty initial configuration and recall Ny (t), the
current at site x. Then for anyt > Qandn, y € Z~qy we have that

P(N,(t) <y)=P(H(n+y —1,y) >1).

Proof This is due to a standard mapping [17] between exclusion processes and last
passage percolation, where the border of the percolation cluster can be interpreted
as a height function for the exclusion process. More precisely, the processes have to
be coupled in such a way that the weight w;; in the LPP model is the (i — j + 1)th
waiting time of the jth particle in the half-line TASEP — the waiting time is counted
from the moment when it can jump, and by convention the first waiting time is when
it jumps from the source into the system.

3.2.1 GSE (x > 1/2) and GOE (¢ = 1/2) Cases
By Theorems 6 we have that
H(n,n) =4n + an1/3)(n,
where o = 2*3 and y, is a sequence of random variables weakly converging to the

GSE (divided by +/2 according to the convention chosen in Definition 7) distribution
when o > 1/2 and to the GOE distribution when o = 1/2. Let y € R be fixed and
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¢ > 0 be a coefficient to specify later. For r > 0, we have
LAV _ Lo Lo
P<x1(t)<4+t gy)—lP’<H<L4+t gyJ,tht gyj)?t)

B s LIYE Jm
_P(4(L4+t gyJ)+0L4+t Y| A garngy] =1

=P (45yf”3 @D + 0 x| 2 0(t1/3)>

4/3

where the o(tl/ 3) errors are deterministic. Thus, if we set ¢ = 277/~, we obtain that

. t 1/3 .
> —_ = < —_— = -
tl_l)rgoIP’ (xl(t) ~ 4 T gy) tl—l>nt;lop <X|_§+t1/3§yj = y) FGsi( ﬁy)
when o > 1/2 and
t
lim P <x1(t) > -+ t1/3y) = FGOE(—Y)
t—00 4

when o = 1/2.

3.2.2 Gaussian Case
By Theorem 6 we have that

Hn,n) = h(a)n + anl/an,

ﬁ, o = ﬁ and G, is a sequence of random variables
weakly converging to the standard Gaussian when @ < 1/2. As in the previous
case, let y € R be fixed and ¢ > 0 be a coefficient to specify later. For r > 0, we

have

where h(a) =

P(xi0) <1/h@ +1'cy)
=P (H (Lﬁ + tl/zgyJ, Lﬁ + tl/zgyJ) > t)

_ o ot ap |2
ﬂ(“”@h(a)“ o) 4ol + 7] 6 g uine >

=" (h(ot)gytl/Z + G(t/h(a))l/zGLfT+z1/3gYJ z 001/2)) .
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20 J. Baik et al.

1—2«a

, we obtain that
a(l—a)

Thus, if we set ¢ =
. ! 1/2 .

> = < — = —v).

tl_l)ffolop(xl(t) ) +1 §y) t1—1>rgoP<GLh@)+fl/2§yJ S )’) G(=y)

3.2.3 GUE Case

We have

P (ertJ t) <t + gt”3y> =

P (H <2|_rtJ + |7t + st Py =1, [rt] + |7t + gt1/3yJ> > t) E)

By Theorem 7 we have that for m = kn + O(n'/3),
H(n,m) = (1+ i)’n +on'/ .

where

(14 )43
o= ﬁ1/3

and x, is a sequence of random variables weakly converging to the GUE distribu-

. K
tion, for o > L. Hence

1+4/K

2
©) =P <1+ /r’jn) n4onBy >

2
where n = 2\_rtJ + |_m‘—|— gt1/3yJ — 1. Choosing 7 such that (1 + /A2 ) 2r+

2r+4m
m)=1,1e.
1 —6r +r?
T=—,
4
we get that
- 2
=P <1 + u) gt1/3y + a((2r + n)t)1/3xn > 0(t1/3)
2r+m
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Hence, letting

1 5/3
¢ =o@r+m)3 =40

(1 —=r)l/3’
yields
lim (9)= lim P(x, > —y +o(1)),
11— 00 n—oo
so that
. (1 —6r +r)t
lim P (ertJ(t) > +1t'Py¢ | = Foue(—y),
t—00 4
fora > l%r (This condition comes from the condition @ > % in Theorem 7).

3.2.4 Crossover Case

For the sake of clarity, we explain how the proof works in the one-point case. The
multipoint case is similar. Assume

. 1 +20 lon1/3
- 2

o
Combining Lemma 2 and Proposition 2 as before,
P (Hy(n) < p) =P (xp2ng,01(4n + (po = 20)n'?) > n = 3n*3¢n).

where £ = 2%/3. Letting
t =4n+ (po —&nHn'’,

we have that

1+ 243173

-1/3
4 ,
5 + o )

o

202y +1 =232 1 013y,

t 3¢ n’§* —op
n — 3n2/3§ = Z — 221/3 t2/3 + Ttl/s +0(t1/3)
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Hence, under this matching of parameters
lim P (H,(n) < p) = lim P(X;(n) > p),
n— 00 I—00

where the rescaled position X, (1) is defined in (4).

Remark 3 Although we do not attempt in this paper to make an exhaustive analysis
of the FTASEP with respect to varying initial conditions or parameters, such further
analysis is allowed by our framework in several directions. In terms of initial
condition, Proposition 1 allows to study the process starting form combinations of
the wedge, flat or stationary initial data and translate to FTASEP some of the results
known from TASEP [5, 15]. In terms of varying parameters, one could study the
effect of varying « or the speed of the next few particles and one should observe the
BBP transition [2] when considering fluctuations of x,; for r > 0 (See Remark 1.6

in [1]).

4 Fredholm Pfaffian Formulas for k-Point Distributions

We recall in this Section a result from [1] which characterizes the joint probability
distribution of passage times in the half-space exponential LPP model.

Proposition 3 ([1, Proposition 1.7]) For any hy, ..., h; > 0 and integers 0 <
ny<np <---<ngandmip > my > --- > my such that n; > m; for all i, we have
that

B(H (. mi) < b Hnomg) < ) = PR —K™) 0

where J is the matrix kernel

) . 01
J@,u; j,v) =16 u=3v (_1 0) , (10)

and

Dr(gr,...,80) ={,x)e{l,....,k} xR:x > g;}.

The kernel K®*P was introduced in [1] in Section 4.4. It is defined on the state-
space ({1, ..., k} x R)? and takes values in the space of skew-symmetric 2 x 2 real
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matrices. The entries are given by

Re*P(i, x; j,y) whena > 1/2,
K*P(i, x; j, ) = 19P(, x; j, y) + Y R*P(i, x; j,y) whena < 1/2,
Re*P(i, x; j,y) whena = 1/2.

Recalling the Definition 3 for integration contours in the complex plane, we define
[°*P by the following formulas.

|SXP i xs i, ::/ /
11 i, x;7,y) ‘KY/% 217_[ %T/% 217_[

LT W ey (429" 4 20)"
4zw(z + w) (1 —=2z)mi(1 —2w)™i

(l X Jy) = /<gf/g 2im /%1/3 2im

Z—w ] (1+22)"% (142w)™ 2a—1+4 2z
2z7(z + w) (1 =2w)% (1 —=27)m 200 —1—2w’

2z + 20 — 1)Qw + 20 — 1).

(11)

where in the definition of the contours %’ZZ/ 3 and %;i 3, the constants a;, a,, € R are
chosensothat0 < a, < 1/2,a, +ay, > 0anday,, < Qo —1)/2.

(l Yo y) = /cgf/g 2im /cgr/? 2im

z— we_xz_yw (14 22)"™ (1 +2w)™ 1 1 (12)
Z4+w (1 =22 (1 =2w)% 20 —1—=2z2a — 1 — 2w’

where in the definition of the contours %’T/ 3 and %7/ 3 the constants b;, by, € R are
chosen so that 0 < b,, b, < Qo — 1)/2 when o > 1/2, while we impose only
b;,by > 0wheno < 1/2.

We set Rﬁp(z’,x; j,y) =0, and F{Tgp(i,x; j,¥) = 0wheni > j, and likewise
for R®P and R°*P. The other entries depend on the value of « and the sign of x — y
Case o > 1/2: When x > vy,

Ry (i, x; j, y) = _/ dz (42" —22)" 1 ! ke
Ca

2
v 2ix (1= 22y (1 +20)" 2a— 1 —2z2a — 1422
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and when x < y

exp,; . dz (1422)"7 (1 —2z)™ 1 1
R22 (l’xa _]vy): . . .
¢ 2im (1 —22)" (1 +22)" 20 — 1 —2z2a — 1 + 22

zze—lx—ylz,

where (1 — 2a)/2 < a, < (2a — 1)/2. One immediately checks that Rg’;p i
antisymmetric as we expect. Wheni < jand x > y

—lx—ylz

9

exp . . dz (1 +22)" (1 —22)"™
Ry, @ x;j,y)=— : : :
‘ff//j 2ir (1 +2z)" (1 — 2z)™
while if x < y, R?’;p(i, X, j,y)= R?ép(i, y; j, x). Note that Ry, is not antisymmet-
ric nor symmetric (except when k = 1, i.e. for the one point distribution).
Case « < 1/2: When x > y, we have

12«
A i . —e 2 7 dz (1 4+22)™Qa)™ e ¢
RO G, x; j,y) = /

2 2 (1 — 22)" (2 — 2a) 20 — 1 + 22
N PRt / dz (14 22)™i Qa)™ e ™"
2 27 (1 — 22) (2 — 2a)" 20 — 1 + 22
_ / dz (I422)™ (1 —2z)" 1 ! 2ze" Yz
%;1/3 2imr (1 —22)% (1 +22)" 20— 1 —2z2a — 1 + 22

eV ()M (2 — 20 s e 2y (2 — 2a)Mi 13
4 2-20)"nQ2a)h 4 2-20)"Qa)y’

where the contours in the two first integrals pass to the right of (1—2«)/2. When x <
y, the sign of the third term is flipped so that R;’;p(i, xX;j,y) = —R;ﬁp(j, v; i, X).
One can write slightly simpler formulas by reincorporating residues in the first two
integrals: thus, when x > y,

1—2¢

—e 2 y/ dz (14 22)" Q)™ e ¥z
%a.

Ry (x5 j,y) =

2 /3 2im (1 —22)" (2 = 2a)" 2a — 1 + 22
s P f dz (1 +22)"™ Qo)™ eV
2 Jgmr 2in (1 =22 (2 — 20)" 20 — 1 + 22
dz (1 422)"i (1 — 27)"i 1 1
_/ e U 2d =2 2ze T (14)
i 2imr (1 —22)% (1 +22)"Y 2aa — 1 —2z20 — 1 + 22
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200—1 12« : .
where =5— < a; < ——. Wheni < j,ifx >y

ek (15)

nexp . . dz (1+2z)" (1 —2z)"

Ry (x:j.y)=— . : :
cglf//z 2im (1 4+22)" (1 — 2z)™

while if x <y, R (, x; j, y) = R3PG, y; j, x).

Case o = 1/2: When x > y,

REP(, x: j. y) = —/

dz (1 +2z)™ e / dz (1 4+2z)™ e %
<gf//j 2ir (1 —2z)" 4z 4

7220w (1-22)" 4z

1

/ dz (14 2z7)Mi(1 —2z)mi e~z
¢y, 2im (1 =29 (142" 2z 4’

(16)

with a modification of the last two terms when x < y so that ﬁ;’;p(i L, X5 J,y) =
—R;ép(j,y; i,x).Wheni < j,ifx >y

—lx—ylz
9

Sexp . dz (1+422)" (1 —22)"
R12 (l’x’.]’y)__ . n; .
3 2 (14 22)" (1= 22y

while if x < y, R1Y (G, x; j, y) = RY (i, y; j, x).

Remark 4 It may be possible to write simpler integral formulas for K®*P by
changing the contours used in the definition of |**P and identifying certain terms of
R*P as residues of the integrand in I**P. The reason why we have written the kernel
[°*P as above is mostly technical. For the asymptotic analysis of these formulas, it

is convenient that all contours may be deformed so that they approach 0 without
encountering any singularity, as will be explained in Sect. 5.

S Asymptotic Analysis in the Crossover Regime

This section is devoted to the proofs of Theorems 8 and 9. We start by providing
formulas for the correlation kernels K% and KSY used in the statements of both
theorems.

barraguand @math.columbia.edu



26 J. Baik et al.
5.1 Formulas for KS

The kernel K°* introduced in [1, Section 2.5] can be written as
KCI‘OSS(Z-, .X; j, y) — |CI‘OSS(i, x; j’ y) + RCI‘OSS(Z-’ .X; j, y)’

where we have

dz dw
ISTOSS (j x: J. :/ ndl -
i (%) & 2in Jog 2im

Ani Wzt WA T 5303 ayw

trw+n +n;  z+mn; w+n;
dz dw
ICIOSS i,x; " :/ _f R
12 GBI Z | S [ i
4 aw
Z2+n —w+mn; I+ +n; o2 /3w 3—xz—yw
2@+ i)z +n +w—n;) —w+@+n;
o1 G xs juy) == 1% (5, 0,
dZ dw z—n; — w + n] eZ3/3+w3/3—xz—yw

ICI‘OSS(i )C'j y) :/ - N .
22 b @ 2w JglP 2im Az =i+ w —nj) G- @ —n)w —@ —1j)

Z

The contours in I{7** are chosen so that a, > —n;, a; + ay > n; —n; and a,, <

@ + 1. The contours in I57** are chosen so that b, > n;, b, > n; +@ and by, > 1,
by >n;+ .

We have RY"(@, x; j,y) = 0, and R{5*(@, x; j,y) = 0 wheni > j. When
i<,

—(i—n ) H6(x+y) (ni—n )2 +3(x—y)?
—eXp ( T2t
Cross

12 (l’x; j9 y)= )
Var(nj —ni)

which may also be written as

—+00
REIOSS (7, x; j, y) = — / dhe =1 Aj(x; 4 M) Ai(xj + A).

—00

The kernel R55* is antisymmetric, and when x — n; > y — n; we have

RSS™ (i, x: j, y) =
=1 [ dzexp(@+m)*/3+ @ +0)>/3—x@+m) — y(@ +n)))
4 Jg3 2im o +2
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N 1/ dz exp ((z+n)*/3+ (@ +1)*/3 =y + 1)) = x(@ + )
4 i 2im o +z

b

1 / dz zexp ((z+1)3/3+ (—z+1;)*/3 —x(z+n) — y(—z+ 1))
<z,

2 73 2im (@ +2)(w — 2)

where the contours are chosen so that ¢, < —w and d, is between —w and @ .

5.2 Formulas for KSY

The kernel KSY introduced in [1, Section 2.5] decomposes as
KU (i, x; j, y) = 8V, x5 j, v) + RV, x; j, ),
where we have

3 3
ISU(Z x; j, y) / d_Z d_w z+n —w-— r]j)ez /34w’ /3—xz—yw
cng/3 2im glrﬁ 2im 4(z 4+ ni)(w + )z +w+n; + 1))

13V, x; j, y) :/ & dw LEm WA, g7 /3w Amxemyw,
> 2in Jg? 2im 2(z + i)z + w +n; —nj)
BV G, x: j,y) = =B Guxj i, 30)
dz dw z —ni —w +1; o7 3w 3—xz—yw

y Xs )y =
22(1 J y) \/%71;/3 T <(gjr/?) zlnz_nl+w_nj

The contours in |Sg are chosen so that a; > —n;, a; + ay > nj — n;. The contours

IS2 are chosen so that b, > n; and b,, > ;.

We haveR (z,x,j,y) =0, and R?g(z,x,],y) =O0wheni > j. Wheni < j,

—(i—n ) H6(x+y) (ni—n)*+3(x—y)?
12(ni—n;)

Var(nj —ni)

The kernel Rgg is antisymmetric, and when x — n; > y — n; we have

_exp(
R, x; j,y) = RSSG, x; j, y) =

RY (@i, x; j,y) =

1 dz ; [P | |
_5/#/% 2—Z6Xp((Z+7]z) / +(_Z+T]J) / _X(Z+T]l)—y(—z—+—nj))

where the contours are chosen so that a, > —w and b, is between —w and @ .

barraguand @math.columbia.edu



28 J. Baik et al.
5.3 Proof of Theorem 8

Recall that we scale « as

. 1+ 20 lon1/3
— 5 .

o

The proof of Theorem 8 follows the same lines as that of Theorems 1.4 and 1.5 in
Sections 5 and 6 of [1] (corresponding to Theorems 6 and 7 in the present paper).
We introduce the rescaled correlation kernel

KD (G, x5 7, xj) o=

3 3 3 3
Xi4nixi—n3/3—n3/3 . . Xi—nixi—n3/3403/3 . .
o 2n2/3 Nixitnixj—n; /3=nj/ KT)ip(l,Xi;_],Xj) onl/3eMiXi—nixj—n; /3+n;/ Kfép(z,X,-; ],Xj)
1/3 —niXi+nx;+n03 /3=03 /3 0exp 2y | . =i =0 x40} /3403 /3 eeXp [y L . ’
onl/3e i 7Ky (l,X,,_},Xj) e i 17Ky, (z,X,,],Xj)

where
X, =4n+ n1/3(6xi — Sznl-z),
so that we have

P (Ha(m) < x1,..., Hy(qi) < xx) =PE(J — KCXP’H)U(Dk(xl ..... )’
where the quantity H,(n) is defined in Sect. 1.2. We will decompose the kernel
as K*P(G, x5 j,xj) = 1P, x5 7, x;) + R0, x5 j, xj) according to the
formulas in Sect. 4. The parameter o can be greater or smaller than 1/2 depending
on the sign of @, so that we will need to be careful with the choice of contours.

In order to prove Theorem 8, we need to show that

lim Pf(J — K1)

N— 00 L2(Dy (x1,...,xk))

= P(J — KE™o%) (17)

L2(D(x1,..., xr)) "

We will first show that the kernel K**P-" (i, x; j, y) converges to K“5(i, x; j, y) for
fixed (i, x; j, y). Then, we will prove uniform bounds on the kernel K**P'" so that
the Fredholm Pfaffian is an absolutely convergent series of integrals and hence the
pointwise convergence of kernels implies the convergence of Fredholm Pfaffians.
We introduce two types of modifications of the contour %’g/ 3. For a parameter
r > 0, we denote by %]r] the contour formed by the union of an arc of circle
around 0 of radius 7n~!/3, between —m/3 and 7/3, and two semi-infinite rays in
directions £ /3 that connect the extremities of the arc to oo (see Fig. 7, left). With
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/3
0

\
\
\

/3

¢lr]

Fig. 7 The contours ¢[r] when r > 0 (left) and 4]r] when r < 0 (right)

this definition O is on the left of the contour %{r]. For a parameter r < 0, we denote
by %lr] a similar contour where the arc of circle has radius —r and is now between
angles from v /3 to 51r/3 so that O is on the right of 4{r] (see Fig. 7, right).

Thanks to Cauchy’s theorem, we have some freedom to deform the contours used
in the definition of K**P in Sect. 4, as long as we do not cross any pole. Thus we can
write

/ dw z—w
A1 2ir <1 24 4zw(z + w)

KEP" XN Y= 3=03/3 2 2/3

(i, x5 7,y) =

2z 420 ton 32w + 20 ton™ ) exp (n(f(z) + f(w))
+n*(En; log(1 — 42%) + Enjlog(1 — 4w?))
+n1/3§2n,~2z+n1/3§2n§w —n1/3a(xz—|-yw)>, (18)
where the function f is

f(z) = —4z+1og(1 + 2z) — log(1 — 2z).

To take asymptotics of this expression, we use Laplace’s method. The function f
has a double critical point at 0. We have

3
f(z) = —z 3+ 0(zY, (19)
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where o = 2%/3 and we know from Lemma 5.9 in [1] that the contour %g/ 3is steep-
descent for Re[ ] (which shows that the main contribution to the integral comes
from integration in a neighborhood of 0, see the proof of Theorem 6 in Section 5 of
[1]). Let us make the change of variables z = n~'/37 /o and likewise for w, and use
Taylor expansions of all terms in the integrand. Using the same kind of estimates
(to control the error made when approximating the integrand) as in Proposition 5.8
in [1], we arrive at

dz dwz—wzt+tow+o

KEP™ G, . 3) en,x+n,~y—n?/3—n3/3 / : dw
cglrﬂ 2im <gflf/3 2imz4+w  z w

exp (z3/3 + w3/3 — 4“;‘mz2/62 - 4“;‘njw2/a2 + §2mz/o + Sznjw/a — Xz — yw) .

With our choice of o and &, we have that 4& /o2 = £2 /o = 1, so that after a change
of variables (a simple translation where z becomes z + 1; and w becomes w + 7;),

exp n

@, x;j,y) —= KPP G, xs ) =

/ dz dw z+n — Ww—njz+wo+nwt+o+n; 23/3+w3/3 —Xz—yw
/3 2im e 2im (z + n)w+n;)  z+mn; W+ 1,

xp n Iexp n exp n

Regarding K2, we write K| +R; where

3 3 dz dw z—-w
157" Gy x; ) = ™Y "i/3+"f/3an1/3/ —= .
Ga 27 Jga,) 2im 22(z + w)

27+ 20 twn1/3
2w+ 20— lwn-1/3 eXp (n(f(Z) + f(w))

+ 0?3 (En; log(1 — 4z%) — &y, log(1 — 4w?)) +n'Pe?n?z

—|—n1/3€277§w—n1/30(xz—|—yw)), (20)

where the contours are chosen so that a, > 0, a; + a,, > 0 and a,, < @. Applying
Laplace method as for K;1, we arrive at

. y_p3 3 d dw —w + o
exp,n , . . X 2 /341> /3 Z Z Z
|12p (l,x;]»y)—>e"’ njy=; 3%/ / -

<5ZZ/3 2im ﬁf 2in 2z2(z4w) —w+ @

exp (/3 + w3 — dgmi? o + dgn P 0% + E2mizfo + 2 jw/o — xz— yw).
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Thus, we find that after a change of variables

CXP”(I X ] y) cross(l x; ] y)
/ g d_w Z+n —w+n; I+ @+ ez3/3—|—w3/3—xz—yw
i 27 Jrs 2im 2@+ )@+ ni +w—nj) —w+ @ +n; ’

where the contours in the last equation are now chosen so that a, > —n;, a; +ay >
nj —ni and ay, < @w +n;. Wheni < j (and consequently n; < n;), and for x, y
such that ox — &2n; > oy — Sznj (which is equivalentto x —n; > y —n;), we use
Eq. (15) for R;; and find

exp n

(i joy) —— f d—ZeXp((Z—n')3/3—(Z—n')3/3—x(z—n-)+y(z—n-))
oo gg/]r//j i ! J ! Jo

One can check that with x —n; > y — n;, the integrand is integrable on the contour
‘6’17//2 When x — n; <y — n; however, we have

exp n

Y Vi3 )3 N .
Gox: j.y) —— /%7/3 e (1) /3 G a3+ x4 m) — v+ )

One can evaluate the integrals above, and we find that in both cases

— (i =) H6(x+y) (1 =0 ))>+3(x—y)?
- exl’( Ty

Var(nj —ni)
As for K32, we again decompose the kernel as Kgp M= IexP’ + RGXP’ . @p " we

chose contours that pass to the right of all poles except 1 / 2,as in the casea = 1/2
of Sect. 4. We can write

rix—n s ytn? 3 dz dw z —
"G joy) = e "fy+"i/3+ﬂj/3f f
b, 2in Abwl iz +w

1
(27420 ton=13) (2w + 20~ lwn

+n?3(—&n; log(1 — 4z%) — &njlog(l — 4w?))

17 & (n(F@ + Fw)

+n1/3.§2r),~zz+nl/3€2n§ 1/3a(xz—|-yw)> (21)
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where b, and b,, are positive and greater that . Again, by Laplace’s method we
obtain

exp n

Gx;j,y) ——e "ix”fy+”?/3+”?/3/ dz dwz-w

<g7];/3 21 cgbfﬂ 2im 7+ w

exp (/3 + w? /3 + 4§22 /o2 + 4gn w02 + E2miz/o + E2nw/0 — xz - yw)
2z — 2w)Qw — 2w) '

Thus,

PG, xs G, y) —= 19553, x5 j, y) =

dw z— ni —w + n; ez3/3+w3/3 XZ—yw
fgr/S 2im /%;,/3 2imdz—ni+w—n;) c—w —n)(w—w —1n;)

where the contours are chosen so that b, > n;, b, > n; + @ and by, > nj, by, >
n; + @. For Ry, we use (13). Note that the form of the expression does not depend
on whether @ is positive or negative, because of our choice of contours for IeXp "
in (21). We find for x; — n; > x; — n;

ReXp n(l X5 J,y) Tog
-1 dz exp (@ +n)?/34 (@ +n;)*/3 —x@+n) — y(@ +n;))
4 Jgr? 2im w+z

N 1/ dz exp (@ +1,)°/3+ (@ +1)°/3 =y +n)) —x(@ + 1))
4 cg;rzﬂ 24 w +z

1/ dz zexp ((z+n)3/3+ (—z+n;)*/3 —x(z +n) — y(—z+n}))
2 Jog? 2im (w + 2) (o — 2)

1
— 2 exp (o + 03+ @ +0)*/3 = y(—w +n)) —x(@ +m))

1
+  exp (o + 1) /34 @ +n)°/3 —x(—o +n) — y(@ + 1)),

where the contours are chosen so that ¢, > —o and d, is between —@ and .
When x —n; <y —nj, F%e P is determined by antisymmetry.
At this point, we have shown that when ¢ = 1/2 and for any set of points

{ir,xi,s Js» Xj hicrs<k € {1, .. k) X R,

k k
Pf(KeXp’n(l.r, Xi js’ xjs)) _— Pf(Kcross(lr, Xi, s ]S7 va)) l.
r,s=

r,s=1 g—1
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In order to conclude that the Fredholm Pfaffian likewise has the desired limit, one
needs a control on the entries of the kernel K®*P-" in order to apply dominated
convergence.

Lemma3 Leta € Rand(0 > n; < --- < ng be fixed. There exist positive constants
C,c,mforn>mandx,y > a,
K?’ip’n(i, x; j,y)| < Cexp(—cx —cy),

K", x; j, y)| < Cexp (— ex),

K™, x: /. y)| < C.

Proof The proof is very similar to that of Lemmas 5.11 and 6.4 in [1]. Indeed, using
the same approach as in the proof of these lemmas, we obtain that

[exp:n

0 Gxs o) < Cexp(—ex —cy),

Iexp,n

12 (l’x’.}’y) <Cexp(_c-x)a

Igép’n(i, x; j,y)| < Cexp(—cx —cy),

and
Rflnip,n(i’ x5 7, )| =0,
RY(, x5 j, y)| < Clicjexp ((x 4+ y)(i — 1)),

R, x; j, y)| < C.

Recall that when i < j, n; —n; < 0, so that the bounds on I**P" and R**P" combine
together to the statement of Lemma 3.

The bounds from Lemma 3 are such that the hypotheses in Lemma 1 are satisfied.
We conclude, applying dominated convergence in the Pfaffian series expansion, that

lim P

n—oo

{Hn(ni) < x,'} = Pf(] _ KcrOSS)
1

k
L2 (x1,..00Xk)) "

]
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5.4 Proof of Theorem 9

The proof is very similar as that of Theorem 8. We use a similar rescaling of the
kernel: we define the rescaled kernel

Kexp:n (i, Xis j, xj) =

—2 2. 273 mixi4nxj—n3/3—n3/3 exp . . 1 1/3 niXi—n;X;—n3 /3403 /3 exp .
(w o223 Mixitnx =i 3=/ K (l,Xi,],Xj)w' onl/3emximnixi=ni/3+m;/ K, (l,Xi,],Xj)

113 X x 3 303 /3 peexp 0yl 2= nixi—nx 03 /343 /31 eexp ;v
o lon! B MUTNNTNETGEREP (1 X5 j, X ) wle M TN PRSP (L Xis ., X )

Then, we decompose the kernel as KP"(i,x;; j,x;) = 1P, x;5 j, x;) +
Re*P"(i, x;; j, x;) using the formulas (and choice of contours) of Sect. 4 in the case
a > 1/2. Thus, the formulas are slightly simpler than in the proof of Theorem 8. To
show that the kernel K*P-"* converges pointwise to K3V | we follow the same steps as
in the proof of Theorem 8 as if @w = +o00 and contours %la;], ¢lay], €1b;], €1bw]
are chosen to be consistent with the constraints on contours in the case o« > 1/2 of
Sect. 4. Finally, the kernel satisfies the same uniform bounds as in Lemma 3, so that
we conclude the proof by dominated convergence as above.
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