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Abstract. We study an oriented first passage percolation model for the
evolution of a river delta. This model is exactly solvable and occurs as the
low temperature limit of the beta random walk in random environment.
We analyze the asymptotics of an exact formula from [13] to show that, at
any fixed positive time, the width of a river delta of length L approaches a
constant times L?/3 with Tracy-Widom GUE fluctuations of order L*/9.
This result can be rephrased in terms of particle systems. We introduce
an exactly solvable particle system on the integer half line and show that
after running the system for only finite time the particle positions have
Tracy-Widom fluctuations.

Keywords: KPZ universality - First passage percolation -
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1 Model and Results

1.1 Introduction

First passage percolation was introduced in 1965 to study a fluid spreading
through a random environment [37]. This model has motivated many tools in
modern probability, most notably Kingman’s sub-additive ergodic theorem (see
the review [5] and references therein); it has attracted attention from mathe-
maticians and physicists alike due to the simplicity of its definition, and the ease
with which fascinating conjectures can be stated.

The Kardar-Parisi-Zhang (KPZ) universality class has also become a central
object of study in recent years [27]. Originally proposed to explain the behavior
of growing interfaces in 1986 [39], it has grown to include many types of models
including random matrices, directed polymers, interacting particle systems, per-
colation models, and traffic models. Much of the success in studying these has
come from the detailed analysis of a few exactly solvable models of each type.

We study an exactly solvable model at the intersection of percolation theory
and KPZ universality: Bernoulli-exponential first passage percolation (FPP).
Here is a brief description (see Definition 1 for a more precise definition).
Bernoulli-exponential FPP models the growth of a river delta beginning at the
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origin in Z%, and growing depending on two parameters a,b > 0. At time 0,
the river is a single up-right path beginning from the origin chosen by the rule
that whenever the river reaches a new vertex it travels north with probability
a/(a+b) and travels east with probability b/(a + b) (thick black line in Fig. 1).
The line with slope a/b can be thought of as giving the direction in which the
expected elevation of our random terrain decreases fastest.

(0,0)

Fig. 1. A sample of the river delta (Bernoulli-exponential FPP percolation cluster)
near the origin. The thick black random walk path corresponds to the river (percolation
cluster) at time 0. The other thinner and lighter paths correspond to tributaries added
to the river delta (percolation cluster) at later times.

As time passes, the river erodes its banks creating forks. At each vertex
which the river leaves in the rightward (respectively upward) direction, it takes
an amount of time distributed as an exponential random variable with rate a
(resp. b) for the river to erode through its upward (resp. rightward) bank. Once
the river erodes one of its banks at a vertex, the flow at this vertex branches to
create a tributary (see gray paths in Fig. 1). The path of the tributary is selected
by the same rule as the path of the time 0 river, except that when the tributary
meets an existing river it joins the river and follows the existing path. The full
path of the tributary is added instantly when the river erodes its bank.

In this model the river is infinite, and the main object of study is the set of
vertices included in the river at time ¢, i.e. the percolation cluster. We will also
refer to the shape enclosed by the outermost tributaries at time ¢ as the river
delta (see Fig. 2 for a large scale illustration of the river delta).

The model defined above can also be seen as the low temperature limit of
the beta random walk in random environment (RWRE) model [13], an exactly
solvable model in the KPZ universality class. Bernoulli-exponential FPP is par-
ticularly amenable to study because an exact formula for the distribution of the
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percolation cluster’s upper border (Theorem 3 below) can be extracted from an
exact formula for the beta RWRE [13]. We perform an asymptotic analysis on
this formula to prove that at any fixed time, the width of the river delta satis-
fies a law of large numbers type result with fluctuations converging weakly to
the Tracy-Widom GUE distribution (see Theorem 2). Our law of large numbers
result was predicted in [13] by taking a heuristic limit of [13, Theorem 1.19];
we present this non-rigorous computation in Sect. 1.4. We also give other inter-
pretations of this result. In Sect.1.6 we introduce an exactly solvable particle
system and show that the position of a particle at finite time has Tracy-Widom
fluctuations.

Fig. 2. The percolation cluster for 400 x 400 Bernoulli-exponential FPP at time 1 with
a = b = 1. Paths occurring earlier are shaded darker, so the darkest paths occur near
t = 0 and the lightest paths occur near ¢t = 1.

1.2 Definition of the Model

We now define the model more precisely in terms of first passage percolation
following [13].
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Definition 1 (Bernoulli-exponential first passage percolation). Let E.
be a family of independent exponential random variables indexed by the edges e
of the lattice ZQ>0- FEach E. is distributed as an exponential random variable with
parameter a if e is a vertical edge, and with parameter b if e is a horizontal edge.
Let (G,5) be a family of independent Bernoulli random variables with parameter
b/(a+b). We define the passage time t. of each edge e in the lattice Z2, by

_ JGijE. if € is the vertical edge (i,7) — (i,5 + 1),
< (1—¢ij)Ee if e is the horizontal edge (i,7) — (i + 1,7).

We define the point to point passage time TTF (n,m) by

TP (n,m) = min te.

( ) 7:(0,0)— (n,m) eezﬂ ©
where the minimum is taken over all up-right paths from (0,0) to (n,m). We
define the percolation cluster C(t), at time ¢, by

C(t) = {(n,m) : TP (n,m) < t}.

At each time ¢, the percolation cluster C(¢) is the set of points visited by a
collection of up-right random walks in the quadrant ZZ%,. C(t) evolves in time
as follows:

— At time 0, the percolation cluster contains all points in the path of a directed
random walk starting from (0, 0), because at any vertex (4, j) we have passage
time 0 to either (4,5 4+ 1) or (i + 1, j) according to the independent Bernoulli
random variables ¢; ;.

— At each vertex (4,7) in the percolation cluster C(t), with an upward (resp.
rightward) neighbor outside the cluster, we add a random walk starting from
(i,7) with an upward (resp. rightward) step to the percolation cluster with
exponential rate (a) (resp. b). This random walk will almost surely hit the
percolation cluster after finitely many steps, and we add to the percolation
cluster only those points that are in the path of the walk before the first
hitting point (see Fig.1).

Define the height function Hy(n) by
Hi(n) = sup{m € Z>o|T"" (n,m) < t}, (1)

so that (n, Hi(n)) is the upper border of C(¢).

1.3 History of the Model and Related Results

Bernoulli-exponential FPP was first introduced in [13], which introduced an
exactly solvable model called the beta random walk in random environment
(RWRE) and studied Bernoulli-exponential FPP as a low temperature limit of
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this model (see also the physics works [49,50] further studying the Beta RWRE
and some variants). The beta RWRE was shown to be exactly solvable in [13]
by viewing it as a limit of ¢-Hahn TASEP, a Bethe ansatz solvable particle
system introduced in [44]. The ¢-Hahn TASEP was further analyzed in [20,28,
54], and was recently realized as a degeneration of the higher spin stochastic six
vertex model [2,15,25,31], so that Bernoulli-exponential FPP fits as well in the
framework of stochastic spin models.

Tracy-Widom GUE fluctuations were shown in [13] for Bernoulli-exponential
FPP (see Theorem 1) and for Beta RWRE. In the Beta RWRE these fluctuations
occur in the quenched large deviation principle satisfied by the random walk and
for the maximum of many random walkers in the same environment.

The connection to KPZ universality was strengthened in subsequent works.
In [30] it was shown that the heat kernel for the time reversed Beta RWRE
converges to the stochastic heat equation with multiplicative noise. In [9] it was
shown using a stationary version of the model that a Beta RWRE conditioned
to have atypical velocity has wandering exponent 2/3 (see also [26]), as expected
in general for directed polymers in 14 1 dimensions. The stationary structure of
Bernoulli-exponential FPP was computed in [48] (In [48] Bernoulli-exponential
FPP is referred to as the Bernoulli-exponential polymer).

The first occurrence of the Tracy-Widom distribution in the KPZ universality
class dates back to the work of Baik, Deift and Johansson on longest increas-
ing subsequences of random permutations [7] (the connection to KPZ class was
explained in e.g. [45]) and the work of Johansson on TASEP [38]. In the past
ten years, following Tracy and Widom’s work on ASEP [51-53] and Borodin and
Corwin’s Macdonald processes [16], a number of exactly solvable 1 + 1 dimen-
sional models in the KPZ universality class have been analyzed asymptotically.
Most of them can be realized as more or less direct degenerations of the higher-
spin stochastic six-vertex model. This includes particle systems such as exclusion
processes (q-TASEP [10,22,33,43] and other models [6,12,36,54]), directed poly-
mers ([17,18,21,32,40,42]), and the stochastic six-vertex model [1,3,11,19,24].

1.4 Main Result

The study of the large scale behavior of passage times 777 (n, m) was initiated in
[13]. At large times, the fluctuations of the upper border of the percolation cluster
(described by the height function H(n)) has GUE Tracy-Widom fluctuations
on the scale n'/3.

Theorem 1 ([13, Theorem 1.19]). Fiz parameters a,b > 0. For any 6 > 0 and

r € R,
H - 0
li P < T(0)n H‘( )Tl

S <) = Faunto) ?)

n—oo
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where Fayg is the GUE Tracy-Widom distribution (see Definition 3) and x(0),
7(0), p(0) = :,Ezgp(ﬂ) are functions defined in [13] by

1 1

02 (a+0)2
T T

@107 ~ (asbr0)°

1 1 1 1 B a(a + b)
0= 9+”(9)<a+6 a+b+9>92(2a+b+29)’

pl6) = [;‘mlor’”“’) <<a+b1+o>3 - <a+10>3>}1/3‘

Note that as 6 ranges from 0 to oo, x(€) ranges from +oo to a/b and 7(6)
ranges from +oo to 0.

Remark 1. In [13] the limit theorem is incorrectly stated as

<mini<n TYY (i, k(0)n) — 7(0)

lim P p(@)n1/3

n—oo

n
< x) = Fgug(z),

but following the proof in [13, Section 6.1], we can see that the inequality and the
sign of x should be reversed. Further, we have reinterpreted the limit theorem
in terms of height function H;(n) instead of passage times TFF (n,m) using the
relation (1).

In this paper, we are interested in the fluctuations of Hy(n) for large n but
fixed time t. Let us scale 6 in (2) above as

0— na(a +b) 1/3
B 2t ’

so that
T(@)n =t + O(n~/3).

Let us introduce constants

N (a(a+b)>”3” g_dala+d) (3a(a+b))\>1/3.

2t 2bA 2b3 3)

Then, we have the approximations
Kk(0)n = %n + dn?/3 + o(n*/?),
p(0)nt3 = on’? + o(n?/?).

Thus, formally letting 6 and n go to infinity in (2) suggests that for a fixed time
t, it is natural to scale the height function as

H:(n) = %n +dn?/® + O'Tl4/9Xn,

and study the asymptotics of the sequence of random variables y,,.
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Our main result is the following.

Theorem 2. Fiz parameters a,b > 0. For anyt > 0 and z € R,

Hy(n) — %n — dn?/3
lim IP’( () b4n/9 o< sc) = Foup(x),
an

n—oo

where Fayg is the GUE Tracy-Widom distribution.

Note that the heuristic argument presented above to guess the scaling expo-
nents and the expression of constants d and o is not rigorous, since Theorem 1
holds for fixed 8. Theorem 1 could be extended without much effort to a weak
convergence uniform in 6 for € varying in a fixed compact subset of (0, +00).
However the case of # and n simultaneously going to infinity requires more care-
ful analysis. Indeed, for 6 going to infinity very fast compared to n, Tracy-Widom
fluctuations would certainly disappear as this would correspond to considering
the height function at time 7(0)n =~ 0, that is a simple random walk having
Gaussian fluctuations on the n'/2 scale. We explain in the next section how we
shall prove Theorem 2.

The scaling exponents in Theorem 2 might seem unusual, although the pre-
ceding heuristic computation explains how they result from rescaling a model
which has the usual KPZ scaling exponents. A similar situation occurs for scal-
ing exponents of the height function of directed last passage percolation in thin
rectangles [8,14] and for the free energy of directed polymers [4] under the same
limit.

1.5 Outline of the Proof

Recall that given an integral kernel K : C? — C, its Fredholm determinant is
defined as

1

det(l + K)L2(C) = Tﬁ

— 1
ZE/ det[K(wi, 7))]7 j—1dwy...dwy,.
n=0 "

To prove Theorem 2 we begin with the following Fredholm determinant formula
for P(H;(n) < m), and perform a saddle point analysis.
Theorem 3. ([13, Theorem 1.18]).

P(Ht(n) < m) = det(I - K’I’L)]L2(Cg)7

where Cy is a small positively oriented circle containing 0 but not —a — b, and
Ky : L%(Co) — L2(Co) is defined by its integral kernel

1 1/2+ico s d
Ky (u, ) = —/ v gl 5 where (4)
2mi J1j9—ico S g(stu)s+u—u

o= (222) ()
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Remark 2. Note that [13, Theorem 1.18] actually states P(H:(n) < m) = det(I+
Kn)L2(co), instead of det(f — Ky, )r2(c,) due to a sign mistake.

This result was proved in [13] by taking a zero-temperature limit of a similar
formula for the Beta RWRE obtained using the Bethe ansatz solvability of g-
Hahn TASEP and techniques from [16,22]. The integral (4) above is oscillatory
and does not converge absolutely, but we may deform the contour so that it
does. We will justify this deformation in Sect. 2.2.

Theorem 2 is proven in Sect.2 by applying steep descent analysis to
det(1 — K,,), however the proofs of several key lemmas are deferred to later
sections. The main challenge in proving Theorem 2 comes from the fact that,
after a necessary change of variables w = n~/3u, the contours of the Fredholm
determinant are being pinched between poles of the kernel K, at w = 0 and
w = ’n‘f—/}b as n — oo. In order to show that the integral over the contour near
0 does not affect the asymptotics, we prove bounds for K,, near 0, and carefully
choose a family of contours C,, on which we can control the kernel. This quite
technical step is the main goal of Sect.3. Section4 is devoted to bounding the
Fredholm determinant expansion of det(1—K,)z2(c, ), in order to justify the use
of dominated convergence in Sect. 2.

1.6 Other Interpretations of the Model

There are several equivalent interpretations of Bernoulli-exponential first passage
percolation. We will present the most interesting here.

A Particle System on the Integer Line. The height function of the percola-
tion cluster H¢(n) is equivalent to the height function of an interacting particle
system we call geometric jump pushTASEP, which generalizes pushTASEP (the
R = 0 limit of PushASEP introduced in [23]) by allowing jumps of length greater
than 1. This model is similar to Hall-Littlewood pushTASEP introduced in [36],
but has a slightly different particle interaction rule.

Definition 2 (Geometric jump pushTASEP). Let Geom(q) denote a geo-
metric random variable with P(Geom(q) = k) = ¢*(1 — q). Let 1 < py(t) <
p2(t) < ... < pi(t) < ... be the positions of ordered particles in Z>q1. At time
t = 0 the position n € Z>q is occupied with probability b/(a + b). Each particle
has an independent exponential clock with parameter a, and when the clock cor-
responding to the particle at position p; rings, we update each particle position p;
in increasing order of j with the following procedure. (p;(t—) denotes the position
of particle i infinitesimally before time t.)

— If j <1, then p; does not change.
— pi jumps to the right so that the difference p;(t) — p;(t—) is distributed as
1+ Geom(a/(a + b))
- If j > i, then
o If the update for p;_i(t) causes p;_1(t) > pj(t—), then p;(t) jumps right
so that p;(t) — p;j—1(t) is distributed as 1 + Geom(a/(a + b)).
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o Otherwise p; does not change.
o All the geometric random wvariables in the wupdate procedure are
independent.

OnGn G ROt o

Fig. 3. This figure illustrates a single update for geometric jump pushTASEP. The
clock corresponding to the leftmost particle rings, activating the particle. The first
particle jumps 2 steps pushing the next particle and activating it. This particle jumps
1 step pushing the rightmost particle and activating it. The rightmost particle jumps
3 steps, and all particles are now in their original order, so the update is complete.

Another way to state the update rule is that each particle jumps with expo-
nential rate a, and the jump distance is distributed as 1 + Geom(a/(a + b)).
When a jumping particle passes another particle, the passed particle is pushed
a distance 1 + Geom(a/(a + b)) past the jumping particle’s ending location
(see Fig. 3).

The height function H(n) at position n and time ¢ is the number of unoccu-
pied sites weakly to the left of n. If we begin with the distribution of (n, H¢(n)) in
our percolation model, and rotate the first quadrant clockwise 45°, the resulting
distribution is that of (n, H;(n)). The horizontal segments in the upper border
of the percolation cluster correspond to the particle positions, thus

Hi(n) = pi(n) —n =sup{k : Hy(n+ k) > k}.
A direct translation of Theorem 2 gives:
Corollary 1. Fix parameters a,b > 0. For anyt > 0 and x € R,

(pt(n) — (4£2) 0 — dn?/?

lim P YLy

n—oo

< 33) = Fgue(z),

where Fgug(x) is the Tracy-Widom GUE distribution.

To the authors knowledge Corollary 1 is the first result in interacting particle
systems showing Tracy-Widom fluctuations for the position of a particle at finite
time.
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Degenerations. If we set b = 1,¢' = t/a, and a — 0, then in the new time
variable t' each particle performs a jump with rate 1 and with probability going to
1, each jump is distance 1, and each push is distance 1. This limit is pushTASEP
on Zxo where every site is occupied by a particle at time 0. Recall that in
pushTASEP, the dynamics of a particle are only affected by the (finitely many)
particles to its left, so this initial data makes sense.

We can also take a continuous space degeneration. Let = be the spatial coor-
dinate of geometric jump pushTASEP, and let exp(\) denote an exponential ran-
dom variable with rate A. Choose a rate A > 0, and set b = %, ' =x/n,a= ”T_)‘,
and let n — oo. Then our particles have jump rate ”T_)‘ — 1, jump distance
w — exp(\), and push distance w — exp(A). This is a con-
tinuous space version of pushTASEP on R> with random initial conditions such
that the distance between each particle position p; and its rightward neighbor
pi+1 is an independent exponential random variable of rate A. Each particle
has an exponential clock, and when the clock corresponding to the particle at
position p; rings, an update occurs which is identical to the update for geo-
metric jump pushTASEP except that each occurrence of the random variable
1+ Geom(a/(a + b)) is replaced by the random variable exp(\).

A Benchmark Model for Travel Times in a Square Grid City. The
first passage times of Bernoulli-exponential FPP can also be interpreted as the
minimum amount of time a walker must wait at streetlights while navigating a
city [29]. Consider a city, whose streets form a grid, and whose stoplights have
i.i.d exponential clocks. The first passage time of a point (n,m) in our model has
the same distribution as the minimum amount of time a walker in the city has
to wait at stoplights while walking n streets east and m streets north. Indeed
at each intersection the walker encounters one green stoplight with zero passage
time and one red stoplight at which they must wait for an exponential time.
Note that while the first passage time is equal to the waiting time at stoplights
along the best path, the joint distribution of waiting times of walkers along
several paths is different from the joint passage times along several paths in
Bernoulli-exponential FPP.

1.7 Further Directions

Bernoulli-exponential FPP has several features that merit further investigation.
From the perspective of percolation theory, it would be interesting to study how
long it takes for the percolation cluster to contain all vertices in a given region,
or how geodesics from the origin coalesce as two points move together.

From the perspective of KPZ universality, it is natural to ask: what is the
correlation length of the upper border of the percolation kernel, and what is the
joint law of the topmost few paths.

Under diffusive scaling limit, the set of coalescing simple directed random walks
originating from every point of Z? converges to the Brownian web [34,35]. Hence
the set of all possible tributaries in our model converges to the Brownian web.
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One may define a more involved set of coalescing and branching random walks
which converges to a continuous object called the Brownian net ([41], [47], see
also the review [46]). Thus, it is plausible that there exist a continuous limit
of Bernoulli-Exponential FPP where tributaries follow Brownian web paths and
branch at a certain rate at special points of the Brownian web used in the construc-
tion of the Brownian net.

After seeing Tracy-Widom fluctuations for the edge statistics it is natural to
ask whether the density of vertices inside the river along a cross section is also
connected to random matrix eigenvalues and whether a statistic of this model
converges to the positions of the second, third, etc. eigenvalues of the Airy point
process.

1.8 Notation and Conventions
We will use the following notation and conventions.

— B.(x) will denote the open ball of radius € > 0 around the point z.

— Relx] will denote the real part of a complex number z, and Jm[z] denotes the
imaginary part.

— C and ~ with any upper or lower indices will always denote an integration
contour in the complex plane. K with any upper or lower indices will always
represent an integral kernel. A lower index like ~,., C,, or K, will usually
index a family of contours or kernels. An upper index such as ¢, C¢, or K¢
will indicate that we are intersecting our contour with a ball of radius ¢, or
that the integral defining the kernel is being restricted to a ball of radius €.

2 Asymptotics

2.1 Setup

The steep descent method is a method for finding the asymptotics of an integral

of the form
Ins :/er(Z)dz,
C

as M — oo, where f is a holomorphic function and C is an integration contour
in the complex plane. The technique is to find a critical point zy of f, deform
the contour C so that it passes through zy and PRe[f(2)] decays quickly as z
moves along the contour C away from zg. In this situation er(zD)/er(z) has
exponential decay in M. We use this along with specific information about our
f and C, to argue that the integral can be localized at zg, i.e. the asymptotics of
meE(ZO) eMI(2)dz are the same as those of I;. Then we Taylor expand f near zo
and show that sufficiently high order terms do not contribute to the asymptotics.
This converts the first term of the asymptotics of I, into a simpler integral that
we can often evaluate.

In Sect.2.1 we will manipulate our formula for P(h(n) < m), and find a
function f; so that the kernel K,, can be approximated by an integral of the form
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f/\+iR e Pl =f @) gy, Approximating K,, in this way will allow us to apply
the steep descent method to both the integral defining K,, and the integrals over
Co in the Fredholm determinant expansion.

For the remainder of the paper we fix a time ¢t > 0, and parameters a,b > 0.
All constants arising in the analysis below depend on those parameters t,a, b,
though we will not recall this dependency explicitly for simplicity of notation.

We also fix henceforth

m= {%n + dn?/® + n4/gaxJ . (6)

We consider K,, and change variables setting z = s + u, dZ = ds to obtain

dz.

Ruful) = o [ Ao
"= 55 i GG ) 903)

In the following lemma, we change our contour of integration in the Z variable
so that it does not depend on u.

Lemma 1. For every fixed n,

- 1 t(Z—u)
Kn(u,u') = — / B p g(qf) dz.
2mi Jpasagr (2 —uw)(Z2— ) g(2)
Proof. Choose the contour Cy to have radius 0 < r < min[1/4, A]. This choice of
r means that we do not cross Cy when deforming the contour 1/2 + u + iR to
A+ 1iR. In this region K is a holomorphic function, so this deformation does not
change the integral provided that for M real,
1AM t(Z—u)

1 € g(u) -

: — = —dz
2mi Jijovugive (Z—u)(Z —u') g(2)  M—zeo

This integral converges to 0 because for all Z € [n'/3)\ —iM,1/2 +u — iM] U
[n'/3X +1iM,1/2 4+ u + iM] we have

! 1
(Z-u)(Z-uw)g(z)| M’
as M — oo.
Set
= a+z a+z P (s z
hn(z) =—Nn IOg (2) — mlog <a—f—b—|—z) s so that ehn( ) = g(z)
Then
1 ti+ha(2) 3 dz
Kn(u,u/) _ 7./ € _ i _ Z~ )
271 Jpsagir etetha(@) u (2 —u)(Z2 —u/)
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Now perform the change of variables

1/3 1/3

z2=n"1Pzw=n"1"u o =n 3.

If we view our change of variables as occuring in the Fredholm determinant
expansion, then due to the dw;s, we see that scaling all variables by the same
constant does not change the Fredholm determinant det(1 — K,,)2(¢). Thus our

change of variables gives

1/3
1 n/Ct(z—w)
Ko (w,w’) /}\ . (e—ehn(Z)—hn(W)gdz
+i

" 2ri z—w)(z —w)
where
5 1/3 8 _ a+n/3z a+n/3z

Remark 3. The contour for w, w’ becomes n~1/3C, after the change of variables,
but K, (w,w’) is holomorphic in most of the complex plane. Examining of the
poles of the integrand for K, (w,w’), we see that we can deform the contour for
w,w’ in any way that does not cross the line A+iR, the pole at —(a+b)/n'/?3, or
the pole at 0, without changing the Fredholm determinant det(/ —K,) z2(,-1/3¢,)-

Taylor expanding the logarithm in the variable n gives

m@)ﬁ“(““+wlﬂ>wm<ﬁw)+m@y

222 z

Here 7,(2) = O(1) in a sense that we make precise in Lemma 3. The kernel can
be rewritten as

Kn(w,w’) =
i/ exp(n!/3(f1(2) — fi(w)) + n'/°(f2(2) — f2(w)) + (Tn(z) — Tn(w))) 20
2mi AFiR (Z — w)(z — w’) w
where ( b b )
ala + ox
fl(Z)*tZ*TQJF;a fz(z)*T' (7)

We have approximated the kernel as an integral of the form [ e Pl ()= h @) gy,
To apply the steep-descent method, we want to understand the critical points of
the function f;. We have

ala+b db 3a(a+b 2bd
Ho=t+ DD D g = 2OED LB e =

12a(a +b)  6bd
ey
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Where a, b are the parameters associated to the model. Let the constant A be as
defined in (3), then 0 = f{(A) = f'(A\) =0, and

poy =2ty (b)) (Y

is a positive real number. o is defined in Eq. (3).
Recall the definition of the Tracy-Widom GUE distribution, which governs
the largest eigenvalue of a gaussian hermitian random matrix.

Definition 3. The Tracy-Widom distribution’s distribution function is defined
as Four(r) = det(1 — Kai)£2(2,00), where Ka; is the Airy kernel,

27i/3 wi/3 .
1 e?m/8 00 1 e300 ez3/37zs 1

Kai(s, s') = — dw— dz )
i(55) 2T Jomomissng 2T Joomisae,  e¥?/37w8 (2 —w)

In the above integral the two contours do not intersect. We can think of the
inner integral following the contour (e~"/300,1] U (1,e™/%00), and the outer
integral following the contour (e=2™/300,0] U (0, e2™/300). Our goal through the
rest of the paper is to show that the Fredholm determinant det(I —K,,) converges
to the Tracy-Widom distribution as n — oo.

2.2 Steep Descent Contours

Definition 4. We say that a path v : [a,b] — C is steep descent with respect
to the function f at the point x = v(0) if LRe[f(y(t))] > 0 when t > 0, and
LRe[f(y(t))] <0 when t < 0.

We say that a contour C is steep descent with respect to a function f at a
point z, if the contour can be parametrized as a path satisfy the above definition.
Intuitively this statement means that as we move along the contour C away from
the point z, the function f is strictly decreasing.

In this section we will find a family of contours ~, for the variable z and so
that ~, is steep descent with respect to PRe[f1(z)] at the point A, and study the
behavior of Re[f1]. The contours C,, for w are constructed in Sect. 3.

Lemma 2. The contour A + iR is steep descent with respect to the function
Re[f1] at the point \.

Proof. We have that

a(a+b)  bd
(A +iy)?  A+iy]’

dilyme[flu +iy)] = —Im[F{(A+iy)] = ~Tm | ¢ +

Now using the relation 2bd\ = 3a(a + b) and computing gives

a

—4a(a +b)y?
dy '

(AQ + y2)3

This derivative is negative when y > 0 and positive when y < 0.

Re[f1(A+1y)] =
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-1.0 -05 0.0 0.5 5 2.0

Fig. 4. The level lines of the function Re[f1(z)] at value Re[f1(A\)]. In this image we
takea=b=t=1.

Now we describe the contour lines of Qe[ f1(z)] seen in Fig. 4. e[ f1] is the real
part of a holomorphic function, so its level lines are constrained by its singular-
ities, and because the singularities are not too complicated, we can describe its
level lines. The contour lines of the real part of a holomorphic function intersect
only at critical points and poles and the number of contour lines that intersect
will be equal to the degree of the critical point or pole. We can see from the
Taylor expansion of f1 at A, that there will be 3 level lines intersecting at A with
angles 7/6,7/2, and 57/6. From the form of fi, we see that there will be 2 level
lines intersecting at 0 at angles 7/4 and 37/4, and that a pair of contour lines
will approach ico and —ioco respectively with Re[z] approaching f;(\)/t. This
shows that, up to a noncrossing continuous deformation of paths, the lines in
Fig. 4 are the contour lines Re[f1(z)] = f1(A). We can also see that on the right
side of the figure, tz will be the largest term of Re[f1(z)], so our function will
be positive. This determines the sign of JRe[f1(z)] in the other regions.

Our contour A + iR is already steep descent, but we will deform the tails, so
that we can use dominated convergence in the next section.

Definition 5. For any r > 0, define the contour vy, = (=2 /300, A — ri) U [\ —
ri, A + ri] U (A + ri, e?™/300) and 75 = v, N B.(\). These contours appear in
Fig. 5.

Because for any fixed n, we have e(*) — 1 as |z| — oo has

3¢ (z—w)

’ w(z—w?(z—w’)
linear decay in z, and e” has exponential decay in z, we can deform the
vertical contour A + iR to the contour ~,. Thus

1/34(5_
Kn(w,w’):/ L”)/ehn(@—hnwidz_
o (2 —w)(z =) w

The function PRe[f;] is still steep descent on the contour +, with respect to the
point A. Lemma 2 shows that Re[f1] is steep descent on the segment [A—ri, A+ri],
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6271'1/300

°( A

e—27n/3oo

Fig. 5. The contour ~, is the infinite piecewise linear curve formed by the union of the
vertical segment and the two semi infinite rays, oriented from bottom to top. The bold
portion of this contour near A is ;.

and on (e=2™/300, X — i) U (A + i, e*™/300) we inspect f](z) and note that for
z sufficiently large, the constant term ¢ dominates the other terms. Because our
paths are moving in a direction with negative real component the contour =, is
steep descent.

Up to this point we have been concerned with contours being steep descent
with respect to fRe[f1], but the true function in our kernel is exp(n'/3t(z — w) +
hn(z)—hy(w)). To show that ~,. is steep descent with respect to this function, we
will need to control the error term n'/3tz4h, (2) —n'/3 f1(2) = n'/2 fo(2) +rp(2).
The following lemma gives bounds on this error term away from z = 0.

Lemma 3. For any N,e > 0 there is a constant C' depending only on &, N such
that
[f2(w)] < C and |ry ()] < C, (9)

for allm > N, and w > ‘a;fl/je.
Similarly for any § > 0, there exists N5 and C' depending only on §, such
that

[f2(w)] < C" and |r},(w)] < C7, (10)
for alln > Ns, and w satisfying |w| > 9.

Lemma 3 is proved in Sect. 3.
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At this point we have a contour -, for the variable z, which is steep descent
with respect to PRe[f1]. We want to find a suitable contour for w. The following
lemma shows the existence of such a contour C,,, where property (c) below takes
the place of being steep descent. This lemma is fairly technical and its proof is
the main goal of Sect. 3. To see why observe that the function n'/3 f; (w) does not
approximate n'/3tw—h,, (w) well when w is near 0. The fact that the contribution
near 0 is negligible is nontrivial because the function n'/3tw — h,(w) has poles
at 0 and 71‘}—/_3”, and our contour C,, is being pinched between them; we will use
Lemma 4 to show that the asymptotics of det(1 — Ky,)z2(c, ) are not affected by
these poles

Lemma 4. There exists a sequence of contours {Cp}n>n such that:

(a) For all n, the contour C,, encircles O counterclockwise, but does not encircle
(—a —byn=1/3,

(b) C,, intersects the point A at angles —m/3 and —2m/3.

(¢) For all € > 0, there exists n, N. > 0 such that for alln > N., w € C, \ C§
and z € 7., we have

Re[n'Bt(z — w) + hn(2) — hn(w)] < —n'/3,

where C5 = C,, N B ().
(d) There is a constant C' such that for all w € Cy,

Re[n/3t(\ — w) 4+ hn(\) = hy(w)] < n/0C.
The next lemma allows us to control Re[n'/3tz + h,(2)] on the contour ;.

Lemma 5. For all € > 0, and for sufficiently large r, there exists C, N. > 0,
such that for allw € Cy,, and z € v, \ 7, then

Relhy (2) — hn(w) + 03t (z —w)] < —n~"V/3C.

Proof. We have already shown that ~, is steep descent with respect to fi(z).
By Lemma 3, |r,| < C, |f2] < Cn'/? away from 0. We have

hn(2) = b (@) + 1124z = w) =n!/3(£1(2) = 1 (@) + 01/ (fa(2) = F2(0)) + (7 (2) = Ta(w))
<n'B(fi(2)=f1(w) +n1/0C + C <nlB(f1(2) — fi(w) +0),

for any sufficiently small 6 > 0. Because f1(z) is decreasing as we move away
from A, we have

3tz + by (2) < 03N+ hp(N) + Cnl/0.
Thus by 3, we have that for all € > 0 there exists C such that for z € v, \ 72,
Re[hn(2) — hn(N) + 013t (z = N)] < —nt/3C.
By Lemma 4(d), we have
Re[hn(N) — hn(w) + /3N — w)] < n/°C,

for w € C,,. This completes the proof
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2.3 Localizing the Integral

In this section we will use Lemmas 4 and 5 to show that the asymptotics of
det(1 — Ky,)z2(c,) do not change if we replace C, with C; = C, N B:(A), and
replace the contour «, defining K,, with the contour 7 =+, N B(0).

First we change variables setting z = A+ n~"%Z,w = A+ n~
W =\+n"1%.

1/9%, and

Definition 6. Define the contours Dy = [—ioco,icc], and D = Dy N Bs(0). (We
will often use § = n'/%.)

Our change of variables applied to the kernel K5, gives

K @ U/) _ L/ 1 (>‘ + nil/gz) en1/3f1(>\+n_1/93)7f1(>\+n_1/9U)
e 27i Jpp!/®e (2 -w)(Z - W) (A +n"1/%)
« MO P2 OO — £ (At 0T rn AT OB —ry (A T 0@) g2 (11)

Definition 7. The contours C_1 and C%, are defined as C_y = (e=2™/300, —1)U
[—1,e?™/300) and C; = C_1 N Byije.(—1).

By changing variables, for each m we have

/ det(K;(wi,wj))zjgzldwl...dwm:/ et (K (@1, 3,)) sy A1 ...
cs)m

(eny/Peym

This equality follows, because after rescaling the contour Cf,, we can deform it to
the contour Cﬁll/gg without changing its endpoints. The previous equality implies

det(1 — KZ)LZ(CE) = det(1 — Ri)

Lz(Cﬁll/gi)'
We will make this change of variables often in the following arguments. Given a
contour such as C, or v,, we denote the contour after the change of variables by

Cn or 7,. Now we are ready to localize our integrals.
Proposition 1. For any sufficiently small € > 0,

lim det(1 — K, (w,w))r2c) = lim det(1 — K5 (w,w))2(c2),

n—oo

where

" 27

n 3t (z—w n(z)—hn(w
< 1/6 t( )+h()h()idz.
y

. (z—w)(z —w) w

Proof. The proof will have two steps, and will use several lemmas that are proved
in Sect.4. In the first step we localize the integral in the z variable and show
that lim,, o det(1 — Ky)p2(cey = limy, oo det(1l — K5,)2(ce) using dominated
convergence. In order to prove this, we appeal to Lemmas 12 and 13 to show
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that the Fredholm series expansions are indeed dominated. In the second step we
localize the integral in the w,w’ variables by using Lemma 14 to find an upper
bound for det(1+ K,)z2(c,) — det(1 + Ky,)r2(ce)- Then we appeal to Lemma 15
to show that this upper bound converges to 0 as n — oo.

Step 1: By Lemma 5, for any € > 0, there exists a C’, N > 0 such that if w € C,,
and z € v, \ 75, then for all n > N,

Relhn(2) — hn(w) +n/3t(z —w)] < —nt/3C".
We bound our integrand on v, \ 72, w,w’ € Cg,

_ /3¢ (21—
ehn(2)=hn(@)tn Pt(z—w) _ /3¢ pointwise
—_—

0.

(52 n— oo

(- w)(z —w)

(the §% comes from the fact that |z —w| > §). By Lemma 3, there exists a n > 0
such that for sufficiently large n,

ehn(z)fhn(w)+n1/3t(z7w) z enl/s(fl (Z)7f1 (w)+77) z

< (z-—w)(z—w) w|

z-w(z—w) w

The linear term of f1(z) in (7) implies

il
27i -

In the previous inequality we should write |dz| instead of dz. We will often
omit the absolute value in the dw portion of the complex integral when the
integrand is a positive real valued function.

e P (f1(2)=f1(w)+n) z
dz < 00.

z-—w(z—-w) w

So for each w,w’, by dominated convergence

—dz—0 as n — oo,

1 / 6h"(z) n(w)+nt/3t(z—w) P
\y (z —w)(z —w) w

So limy, 00 K& (w, w') = limy, 00 Ky (w, w').
Now by Lemmas 12, and 13, both Fredholm determinant expansions det(1 —

Kn)r2(ce) and det(1 — K3,)z2(c<), are absolutely bounded uniformly in n. Thus
we can apply dominated convergence to get

lim det(1 — Kn)L2(CE) = lim det(1 — KZ)LQ(CE)- (12)

n—oo n—oo

Step 2: In the expansion

det(1 — Ky)r2(c,) = Z m'/ det (Ky (wis w)))7j=1dwrs -, dwny.

) m
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The mth term can be decomposed as the sum
/ det(Kn(wi,wj))ﬁjzldwl...dwm—|—/ det(Kn(wi,wj))zjzldwl...dwm.
A ez

Lemma 14 along with Hadamard’s bound on the determinant of a matrix in
terms of it’s row norms, implies that when wy € C,, \ C; and wo, ..., w,, € C",

| det (K (wi, wj)) iy | < m™2MmY2L %" 0 as n — co. (13)

Now let R be the maximum length of the paths C,. The rescaled paths C,, will
always have length less than n'/?R. We have

/ |det(Kn(wi,wj))%:1|dw1...dwm
Cm\(c.s)m ’

<m duwq / | det (K (wi, w;))i=1|dwa...dwn,
Cr\C5, et

<m i, / | et (Ron (@1,0,)) 7' |4 . dDr
67,,\65 E:ln—l ’

— _ _nl/8

g/ dwl/ m™ 2 M2 Lt e T aG, dw,
C,\C;, (Gl

1/3

< m(nl/QR)mmm/2M(m—1)/2L4n4/96—n n

< e—nl/Bn(nl/Q)mml+m/2(MR)mn4/9. (14)

The first inequality follows from symmetry of the integrand in the w;. In the
second inequality, we change variables from w; to @;. In the third inequality we
use the first inequality of (13). In the fourth inequality, we use the fact that the
total volume of our multiple integral is less than (nl/ 9R)™. In the fifth inequality
we rewrite and use M™ > M(m=1)/2,

So we have

| det(Ky, (wi, wi))i"_q |dwy ...dwpy,
Z m! /cm\«:s)m T

> 1 . 1/3
< Z me n n(nl/Q)mm1+m/2(MR)mn4/9

m=1

(oo}
1
— /9 *n E —' MRn1/9 mitm/? (15)
m!
m=1

Applying Lemma 15 with C' = M Rn'/? gives.

nA/9e—nt %y i(MRnl/Q)mml-&-m/Z < n4/96—n1/316(MRn1/9)4e2(MR)2n2/9 0.

8

m=1
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Thus
lim det(l - Kn)Lz(C )y = lim det(l - K?L)L2(CZ)' (16)

n—o00 n n—o0

Combining (12) and (16) concludes the proof of Proposition 1.

2.4 Convergence of the Kernel

In this section we approximate Ay, (2) — by, (w) +n'/3t(z — w) by its Taylor expan-
sion near A, and show that this does not change the asymptotics of our Fredholm
determinant.

Proposition 2. For sufficiently small e > 0,

lim det(l — KZ)LQ(Cg) = lim det(l — K(w))LQ(C,lﬁ

where . o[- N
Koy (7)) = —
(@ (@ T) 27i _/D, ew=ru (z —u)(z —u')’

and

D' = (e ™/300,0) U [0, e™/300).
Proof. Let

K@,o) = — / B HNE-SeENED) (q7)
’ 27 Jp (Z—0)(Z - W) ’

We have seen in Sect. 2.3 that

det(1 — K (w,w)) 2y = det(1 — K, (@,5))

L2(Cﬁ11/95)'

The proof will have two main steps. In the first step we use dominated conver-
gence to show that

lim det(1 — K, (0, = lim det(1 — K, (@,o"))

oo n ))L2(Cﬁll/95) ol LZ(Cﬁll/ge)'

In the second step we control the tail of the Fredholm determinant expansion to
show that

nh_)l’I;O det(l — R(a:) (E, w’))LZ(Ci/ga) = det(l — R(m) (w, w/))Lz(cil).
In step 1 we will use Lemma 12 to establish dominated convergence.
Step 1: We have the following pointwise convengences

A+ n~10%%
A+ n—1/9%

— 1,
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and for z = \ + n_l/gz,w =\ n—l/gw7

n3(f1(2) = 1) + 010 (f2(2) = f2(w) + 7 (2) = rn(w) — %J”{”(A)(23 ~ @)+ f5(N)(z ).
(18)

Because z is purely imaginary, for each w,@’, the exponentiating the right hand

side of (18) gives a bounded function of Z and z/w < Ii‘:} The left hand side

of (18) can be chosen to be within §/n'/? of the right hand side by choosing e
small by Taylor’s theorem, because all the functions on the left hand side are

holomorphic in B.(\). Thanks to the quadratic denominator m, we can
apply dominated convergence to get
K () Leimtwiee, L G E-S 6+ RNED) (1)

n—oo 27l Jip (z—w)(z—w’)

Because the integrand on the right hand side of (19) has quadratic decay in
z, we can deform the contour from ~y to D’ without changing the integral, so
the right hand side is equal to K(w,w’) from 17. Now by Lemma 12 we can
apply dominated convergence to the expansion of the Fredholm determinant
det(1 — K)) -y» to get

nl/9
L2(cry

lim det(1—K}) = lim det(1 — K)

n—0o L2(eny*) T oo L2 ey’

5)'
Step 2: Now we make the change of variables s = —(f4(\)/z)z
—(f4(\)/x)w, and v = —(f}(\)/z)w’. Keeping in mind that —2(f5(A
1"(A), we get

3
- 1 e’ /3—xs ds
Kw,o') = K(z)('lhul) = o /D/ ev’/3=ru (s —u)(s — ')’

) u =
/x)?

)

Recall the expansion:

m

det(1 — K))rn2c Z / det(K(p) (wi, wy))i=1dws ...dwpm,

m=0 ! -1

—27i/3

where C_; = (e 00, 1] U (1,€?™/300), and C™, is a product of m copies of

C_1.
|det(1 — Ka))r2(c_y) — det(l = Ky rzes | <

| det (K (g (wi, wj))ZLj:l |dws ...dwpy,

1/95)m

e,

m=0

so to conclude the proof of the proposition, we are left with showing that

o0 1 ”
S ﬁ/m o 1960 )t 0 (20
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Note that
/Cm ety | det(K(p) (wi,w;))i=1|dwr...dwy, <
1 -1

m | det(Kp) (wi, w;i))i_q |dwy...dwpy,.
C_l\Cﬁll/gs /le1 (=) J ,J=1

Set
M, = / |Eef1”/(’\)23/6+f5(’\)2|d2 < 0.

Then K, (w,w’) < Mle_|w‘3_””“"|, and Hadamard’s bound gives
| det(Kp) (wiy )= | <m0y T femt /30,
i=1

We have

]ﬁ \Cnugsjém1|detﬂ<@ﬂ@%,wjﬂze_lkﬁUy“dwnl
-1\t -1

can [ T o do,
coi\ery/*e Jer i

3
<mtormapapt [ e, @)
c_i\cry/%e
where My = fc e’ ~®@|dw < oo because —w? lies on the negative real axis.

(21) goes to zero becaube n'/% — co. So

/ / |det(K ) (wi,wj));”j:d dw;...dwy, —— 0.
c \621/95 CTI—I ’ n—oo
Note also that

/ 1/0 |det(K(z)(wi,wj))le:1|dwl...dwm < / | det(K () (wi,w;))i=1ldwi...dwm
cm\(en/2sym cmy

< mMtm2 6 M

By Stirling’s approximation

=1
> —m M MG < oo,
=0 m

So by dominated convergence (20) holds which concludes the proof of Pro-
position 2.
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2.5 Reformulation of the Kernel

Now we use the standard det(1 + AB) = det(1 + BA) trick [17, Lemma 8.6]
to identify det(1 — K(y))r2(c_,) with the Tracy-Widom cumulative distribution
function.

Lemma 6. Forz € R,
det(l - K(z))LQ(C_l) = det(l - KAi)L2(z,oo)~

Proof. First note that because Re[z —w] > 0 along the contours we have chosen,
we can write
L / e METg,
z—Ww Ry

Now let A : L?2(C_;) — L*(R4), and B : L?(Ry) — L%(C_1) be defined by the
kernels

A(w,)\) — e—w3/3+w(x+)\)’ (22)
wi/3 3
e 1y 6% /3—z(x+X)
B\ W) = —_— . 23
(A,e) A—wi/Sw 2 2 — W (23)

We compute

e"i/soo dz 623/372(z+>\)

AB(w,w) =/ e*“’s/‘”“’(m“)/ —

R, e—mi/B0g 21z — W

wi/3
1 oo 23z dz

T 27 Jommissg €397 (2 —w)(z — W)

/
= K(a,) (w, w )
Similarly,
/ 1 £27i/3 oo 1 e™i/3 59 ez3/37z(z+s) 1 ,
BA =— dw —— d = Kai '
(5,57 2mi \/e*ZWi/Boo w27ri e—7i/300 26“’3/3_“(“’5/) (2 —w) Al E st

Because both A and B are Hilbert-Schmidt operators, we have

det(1 — K(z))LQ(C) = det(1 — AB)L?(R+) = det(1 — BA)Lz(R+)
= det(1 — KAi)L2(m,oo) = Foug(z).

3 Constructing the Contour C,

This section is devoted to constructing the contours C,, and proving Lemma 4.
We will prove several estimates for n'/3w 4 h,(w); then we will construct the
contour C,,, and prove it satisfies the properties of Lemma 4. We begin by proving
that we can approximate n'/3w + h,(w) by n'/3 f;(w) away from 0.
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3.1 Estimates Away from 0: Proof of Lemma 3

Both inequalities for |fa]| = b(’Tx follow from the fact that fo and f4 are bounded
on C\ B.(0). Let y = 1/w, and let m = n~'/%. Define the function g(y,m) =
rn(w). First we prove (9). Note that h,(w) is holomorphic in y and m except
when n = oo, n*/3w = 0,—a — b. By Taylor expanding h,(w), we see that
rn(w) = g(y,m) is holomorphic in y and m, except at points (y,m) such that
n'/3w = 0,—a — b, in particular there is no longer a pole when n = oo. Thus
for any N, g(y,m) is holomorphic with variables y and m, in the region U =
{(y,m) :n > N,w > |a+b|/N'/3}, because in this region n'/3w > |a + b|. The
region U, = {(y,m) : n > N,w > |a;f|/§r€} is compact in the variables y and m,
and because U, C U, the function g(y, m) is holomorphic in the region U.. Thus
g(y,m) = rp(w) is bounded by a constant C in the region U..

Now we prove (10). For any d, pick an arbitrary € and an N large enough that
|a;§)l;re
in the compact set Uy, the function %g(y, m) = —w?r! (w), is also holomorphic

in y,m. So \w ! (w)] < C on U.. We rewrite as |, (w)| < C/|w|?, and this gives
[r! (w)| < |6|2 < ', on the set U. N (N x Bs(0)¢). But by our choice of Ny, we
have Uz N (N x B(;( )€) is just the set {(y,m):n > Ns,|w| > §}.

< 4. Because g(y,m) = r,(w) is holomorphic in the variables y and m

3.2 Estimates Near 0

The function n'/3 f1(w) only approximates —n'/3tw — h,, (w) well away from 0. In
this section we give two estimates for —n'/3tw — h,,(w): one in Lemma 7 when w
is of order n~'/3 and one in Lemma 8 when w is of order n®~1/3 for 6 € (0,1/3).
Together with Lemma 3 which gives an estimate when w is of order 1, this will
give us the tools we need to control —n'/3tw — h,, (w) along C,,. First to prove the
bound in Lemma 7, we choose a path which crosses the real axis at —a, between
the poles at 0 and —a — b before rescaling iln to h,. We show that after the
rescaling, we can bound Re[—n~/3w — h,,(w)] on this path for small w.

Lemma 7. Fiz any co > 1 and let s = co(a + b). For C = log (V's* + a?) —
log(s) > 0, we have

1
limsup — sup Relh,(\) — hn(in™ 3y — n™3a)] < —C.

n—oo T ye[—s,s]

Rel[hn (A)—hn (iy—an~1/3

Proof. Let y € [—s, s] and expand e 1 to get

y " Y 173\ "la+b+nl/3\
Vy? + a? Vy? + b2 n'/3X +a n'/3X+a
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The third factor is always less than 1. For sufficiently large n, the second
factor times the fourth factor is less than 1, because |y| < |s| while n'/3\ — oco.
We can bound the first factor by

Y < ( S )n — e—nC
[y2 +a?| — Vs2 + a2 ’
with C = log ( (s2 + az)) — log(s).

Next we will prove the estimate for w of order n~1/3. In this proof we will
consider w of the form w = —n~/3a+in’~/3¢(a+b), choose ¢ sufficiently large,
then let n — oo. The largest term in the expansion of —n~1/3w — h, (w) will be

of order ";25. We introduce the following definition to let us ignore the terms

n1—26
c2

which are negligible compared to uniformly in 4.

Definition 8. Let A and B be functions depending on n and ¢, we say A ~s B
or A is 0-equivalent to B, if for sufficiently large ¢ and n,

2/3-26 p1-36 nA/9-5
M, + My +

|A—B| < M;.

c? c3

for some constants My, My, M3 independent of ¢ and n.
Now we prove the estimate.

Lemma 8. For all § € (0,1/3), setting w = —n~3a +in’~3¢c(a + b), gives

7,L1726

Re[n'3tw + hp(w)] ~5 Re[n'/3 fr(w)] ~5 M =

where ~g is defined in Definition 8.

The proof of this Lemma 8 comes from Taylor expanding h,, and keeping
track of the order of different terms with respect to n and c.

Proof. Recall that

a b
hn(w) = —nlog (1 + m) + mlog (1 + M}) . (24)
For [n'/3w| > a and |a + n'/3w| > b, we can Taylor expand in n'/3w to get

I S L < O D R A
hn(w)—_nkZ:l 2 <n1/3w) +mz A atniBy)

k=1

Let w = —n~'3a 4 in®1/3¢(a + b) for 6 € (0,1/3), so [n*/3w]|,|a + n'/3w| >
ndc(a+b) > c(a+b), for a constant ¢ to be determined later. If ¢ > 2, we have

> a

[e'e]

k > b k a 1\* 2a n=?
s 1;1 (n‘sc(a—i-b)) s ndc(a +b) kgo (5) s ndc(a +b) - TM’
(25)
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and

k

= ki::l (n50(2+b)>k = n‘sc(Zer) ki::o (%>k N ﬁ N nT_(SM
(26)

>

k=1

(o)
a+nl/3w

In what follows, we will use (25) or (26) when we say that an infinite sum is
d-equivalent to its first term.
We examine the first term in (24).

L (—1)kH a k B a 1 a 2 2L (—1)kHt a k
—n; k n/3w) — \nlw + 2 \nlBw) " I;J k nt/3w )
a 1 a 2
AR S VER + 2\ nlBw)

where the d—equivalence follows because ‘ o 3 1)“1 (L)k’ il Vs

nl/3w
for some M by (25).
Recall that

00 b k 0o b k
mz:l (a+n1/3w> - [(%) n+dn*/? +aa:n4/9} Z (a+n1/3w) .

pa k=1

IN

We decompose this series as three sums. First the (%) n term gives

(71)k+1 b k
=1 k (a+n1/3w> B
(o) (L I YV S
a+n1/3w 2 \b a—+nt/3w b = k a—+ nt/3w
(O (L) -n (L i
AN a+ntBw 2 \a+ntBw/) ’

: k )
—4nd (Gl (*) ‘ < Mn'=3%/c3 for some M. The second

NE

n

a
b

=

because = Vi

term is

k41 k k+1 k
dn2/32 (— 1) b — an?/® b —dn2/3z (=1) b
a+nl/3w a+nt/3w k a4+ nl/3w

k=2
b
~ 2/3 (7
5 dn <a+n1/3w>

1 k+1

k
because |dn?/? Zz‘;z% (m) ’ < Mn?/3-2/c? for some M. The

% k+1 k
1/9 (=1 b N
UIZ Lk (a—|—n1/3w 5 0,
k=1

third term is
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14/9-5
< M”f for some M.

k
s
because the full sum [n*/ %02y 7 | k (m> <

Now we have shown

2
a a

) s —m2/3L L3 4
w

—nlog (1+ 52"

a
75 (27)

b
1 14+ ——— | ~
" og( + a—|—n1/3w) 0
a b a b S b
N (7 Y2y 2 E N
" (b) <a + n1/3w> " (21)) (a + n1/3w> - dn <a+ n1/3w> (28)
Adding (27) and (28) together yields
2
s 238 1/3 0 ay (b
hp(w) ~s +n 50 2+n<b) <a—|—n1/3w)
2
a b 2/3 b
n(2b> (a+n1/3w> dn (a+n1/3w -(29)
Adding the first and third terms from (29) gives the following cancellation.
_n23% L (2) L
w b/ \a+nt/3w

2
230 oppa|, A Sk (O N s e
" w—i—n 1 n1/3w+kz( 1) nl/3w Al w?’

thus

2 2
SO VCY (L B A Y G LY G
in(w) ~5 =1 <2w2> n<2b) <a—|—n1/3w> - dn a+ntBw)’

When we expand a+nb1/3w = nl?gw ( YEm ) Zk 1 (n1/3 ) we see that because
n'/3w ~s nlic(a + b), the sum is of order 1/c times the first term. So we can
take only the first terms in our expansion, just as when we Taylor expand. This

approximation leads the n?/3 terms to cancel giving

2
13 (@~ +ab 3 (b 1/3
hn(w) ~s —nt/ ( 5.2 ) + dn*/ (w ~s 13 (f1(w) — tw) .

This implies that Me[n'/3tw + h,(w)] ~5 Re[n'/?f1(w)]. Completing the first
d-equivalence in the statement of Lemma 8.
Now observe that in

el )] =9t |t (- 5D 1 2]

2w? w
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we can bound the first term [Re[n'/3tw]| < n®M. We can bound the third
term by Re [n!/34] < M ala+th)

202 ~5
(@) (L;%) . Thus

Re[n'/? f1(w)] ~s (a(a; b)> (nl_%) -

—. For the second term, we have

c

This gives the second J-equivalence in the statement of Lemma 8, and completes
the proof.

3.3 Construction of the Contour C,,

To construct the contour C,, we will start with lines departing from A at angles
eF2m/3 and with a vertical line —n'/3a + iR. We will cut both these infinite
contours off at specific values ¢ and p respectively which allow us to use our
estimates from the previous section on these contours. We will then connect
these contours using the level set {z : Re[—f1(2)] = —f1(X) —€}. The rest of this
section is devoted to finding the values p and ¢, showing that our explanation
above actually produces a contour, and controlling the derivative of f; on the
vertical segment near 0.

We note s
n = (5 s (30)

ala 2/3
p:\/; <(2t+b)) > 0. (31)

By simple algebra, we see that Re[— f1(Liy)] < Re[—f1(A)] < 0, when y < p,
with equality at y = p.

and let

Lemma 9. %mt[_fl(nfl/?’a + iy)] is positive for y € [n"Y/%|a + b|,p], and
negative for y € [-n~'/3|a + b|, —p).

Proof. We compute

d%me[fl (n~3a+iy)] = — Im(Re[f1(n"2a + iy)]) (32)

~ YPala+b) | aPlatbn Py 3aP(a+ by
T Bat iyt | [nYPa+iyls | 20An-3a+ iyt

(33)

Note that for y € [n=13|a+b|, p|U[—n~"/3|a+b|, —p], we have |n~3a+iy| ~ |yl
so the first term of (33) is of order y~3 and the third term of (33) is of order
y~3n~1/3. So for large enough n, the third term of (33) is very small compared
to the first term. For y = +n~'/3|a 4 b|, we have |n"'a(a +b)*| = |y>a(a+b)| >
la(a 4+ b)n=2/3ay| = |a*(a + b)®>n~1/3|, and the derivative of y®a(a + b) is larger
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than the derivative of a(a+b)n=2/3ay for y € [n='/3|a+b|, p)U[—n~/3|a+b|, —p],
so the first term of (33) has larger norm than the second term for y € [n='/3|a +
bl,p] U [—n~"3|a + b|, —p]. Thus the sign d%%e[ffl(nfl/:sa +iy)] is determined
by the first term of (33) in these intervals.

Now we can define the contour C,. We will give the definition, and then
justify that it gives a well defined contour.

Definition 9. Let ¢ > 0 be a fized real number such that for 0 < y < g,
d%iﬁe[—fl()\ + ye®2™/3)] < 0. Let

s = max {Re[—f1 (A + ge =2/ Re[—f1 (A + ge>/%)),
Rel—f1 (0~ (a — ifa+ b)) Re[—fu(n~ (@ + ila+b)] } - (34)
Let a be the contourline o = {w : Re[— f1(w)] = s}, and define the set
Sp={A+yet?3 . 0<y<gtUaU[—an"V? —ip, —an"? +ip).

For sufficiently large n, define the path C, to begin where « intersects {\ +
ye 2m/3 . 0 < y < q}, follow the path {\ + ye 2™/3 . 0 < y < ¢} toward
y = 0, then follow the path {\ + ye*™/3 . 0 < y < q} until it intersects a.
Cn then follows « in either direction (pick one arbitrarily) until it intersects
[—an_1/3 —ip, —an~1/3 + ip] in the upper half plane. C,, then follows the path
[—an=/3 —ip, —an~3 + ip| toward —an~'/® — ip until it intersects a in the
negative half plane. Then C,, follows « in either direction (pick one arbitrarily)
until it reaches ils starting point where it intersects {\ + ye 2M/3 .0 <y < q}.
See Fig. 6

We see that the ¢ in Definition 9 exists by applying Taylor’s theorem along with
the fact that fi;”(\) > 0, and the f](X) = f{/(A\) =0.

Lemma 10. The sets {\ +ye*™/3:0 <y < ¢} and {\ +ye 2™/3 .0 <y < q}
both intersect o at exactly one point. Lemmas 11 and 10 will show that C,, is a
well defined contour.

This follows from the definition of ¢ and s.

Lemma 11. There exists N > 0 such that for all n > N, the sets [n=/3 +
in=3|a+b|,n"Y3a+p] and [—an"/3 —n"1/3|a+b|, —an"1/3 —p] both intersect
« exactly once.

Proof. This is true because
Re[—f1(—n"3(a+ila+b]))] < Re[—f1(N)]. (35)

by the contour lines in Fig. 4. This in addition to Lemma 9, and (30) implies the
lemma.
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3.4 Properties of the Contour C,,: Proof of Lemma 4

Most of the work is used to prove part (c). The idea of this proof is to patch
together the different estimates from the beginning of Sect.3. Away from 0 we
use Lemma 3 and the fact that the contour is steep descent near \. Very near 0
on the scale n='/% we use Lemma 7. Moderately near 0 we use Lemma 8, and
our control of the derivative of f; on the vertical strip of C, near 0. This last

argument allows us to get bounds uniform in ¢ € (0,1/3) when w is on the scale
nl/3=6.

Proof (Proof of Lemma 4). (a) and (b) follow from the definition of C,,. By a
slight modification of the proof of Lemma 4, we see that for z € ~,.,

Re[hn(2) — hn(N) +n'/3t(z — N)] < n?/°C, (36)
so to show (c) it suffices to show that for w € C,, \ C&, we have

Re[hn(N) — b (w) + n1/3t(A —w)] < —n =3, (37)

Fig.6. C, is the thick, colored piecewise smooth curve, the contour lines {z
Re[—f1(z)] = fi(\)} are the thin black curves. On the right side of the image we
see C, as a thick blue curve sandwiched between the contour lines. On the left we
zoom in near 0 and see C,, pass the real axis as a dotted line to the left of zero. The
contour lines meet at the point 0 on the left and A on the right. We will now describe
what section of the proof of Lemma 4 bounds h,, (z) — hn(w) 4+ nt'/(z —w) on different
portions of C,. The diagonal segments of C,, near A are bounded in (ii). The curved
segments in the right image, and the solid dark blue vertical segments at the top and
bottom of the left image are bounded in (i). The dark red dashed segment that crosses
the real axis in the left image is distance O(n~'/®) from 0 and is bounded in (iii). The
green dotted segments in the left image are distance O(n®~1/3) from 0 for § € (0,1)
and are bounded in (iv).
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Below we split the contour into 4 pieces and bound each separately. See Fig. 6.

By Lemma 9 and the construction of C,, we have Re[—fi(w)] < s <
Re[—f1(N)] for w € C \ (N +yet?™/3 .0 <y < gy U3 (—a —ila +
b),n='/3(—a +1ila+0b|)]). So we can apply Lemma 3 and the fact that f is
bounded outside a neighborhood of 0 to show that for any ¢; < 0, we have
Re[hn(2) — hy(N) + 03tz = N)] < —n~3n for w € Cp, \ ({\ 4 ye*2m1/3 .
0<y<qtU[-n""3a—ici|a+b|,—n"3a+ici|a+ b]]).

By the definition of ¢, The contour {\ 4+ ye=>™/3 : 0 < y < ¢} is steep
descent with respect to the function f; at the point A, so we can apply
Lemma 3 and the fact that fy is bounded outside a neighborhood of 0 to
show Rel[hn(2) — hn(\) +n'/3t(z = N)] < —n =137 for w € {\ 4 ye®2m1/3
0<y<q}\B:N).

By Lemma 7, for any cg, we have Re[h,, (2) —h, (\)+n1/3t(z—\)] < —n~/3y
for all w € [n=Y3(—a —icola + b|),n "3 (—a — icola + b])].

Now we bound the Re[h,, () — hy,(\) +n'/3t(z — \)] on the last piece of our
contour [n='/3(—a — icola +b|), —n~"3a +ici|a + b U [-n"3a —ici|a +
bl,n"Y3(—a — icola + b|)]. We will do this by fixing a constant ¢ > ¢y,
and bounding the function on w = n~3a + in®~/3¢(a + b) for all pairs
n > N,§ € (0,1/3) such that n'/3 < ¢;/c.

By Lemma 8, we have that when w = n=/3a 4 in®~/3¢(a 4 b), there exist
constants My, My, Mz, such that

n2/3-26 nl=30 ni/9—38
Re[n'Ptw + hy(w) — '3 f1(w)] < M+ Mo+ ——— My,
and
n1—26
f1 ((AJ) ~§ M 82 .

First we consider the case when § € (0,1/3 —¢). In this case, for any r > 0
we can choose ¢ and N, large enough that for all n > N,.,

n2/3-26 nA/9—8

My + nlc;% My +
Re[nl/3 f1(w)]

M.
c 3 <r/2,

c2

uniformly for all § € (0,1/3 — ¢). In this case we also have that, by Lemma 3,
|Re[n'/3tz + hn(2)]] < 03 fH1(N) + 0t/ fo(N) + C.

By potentially increasing N,., we have that for all n > N,

|Re[n!/3tz + hy(2)]|
Re[n1/3 f ()] <r/2.

By Lemma 9 and (35), for all pairs n, § such that n°~1/3 < ¢/cy, there is an
n > 0 such that

Re[—f1(w)] < Re[-f1(N)] = 21 < 2.
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setting r = 1/2 gives

Re[n'/3t(z — w) + hn(2) — hn ()] < Re[—nt/3 f1 (w)] + %me[nflﬁfl (w)] < —nnt/3.

Now we prove the case § € (1/3 —¢,1/3). Note that in the expression

n2/3-20 130 nA/9—o

Re[n'Ptw + hy(w) — '3 f1(w)] < My + ——M, +

. M,
C C &

when n is sufficiently large, we can bound the right hand side by (M; +
Mo)n3s < (r/2)n'/3 for any r > 0. We also have

[Re[n'/3tA — hn(N) — 03 fL(N)]] < 021 (N) + C < (r/2)n'/3.

The first inequality comes from Lemma 3, and the second holds for large
enough n. By Lemma 9 and (35), for all pairs n, § such that n®~'/3 < ¢/c;,
there is an 17 > 0 such that

Re[— f1(w)] < Re[-f1(A)] = 2n < —2n.
Setting r = 7 gives
Re[n/3t(\ —w) + hn(\) = hp(w)] < n3Re[f1(N) — f1(w)] + 03y < —pnt/3.

The ¢; in part (i) can be chosen as small as desired, the ¢ in part (iv) has
already been chosen, and the ¢y in part (iv) can be chosen as large as desired.
Choose ¢; < ¢ < ¢g to complete the proof of (c).

Given inequalities (36) and (37), part (d) follows if we can show

Re[n/3t(\ — w) 4+ hn(\) = hn(w)],
for w € C;,. Indeed this follows from Lemma 3 and the fact that the contour

{\+yet?m/3 .0 <y < ¢} is steep descent with respect to the function SRe[— fi]
at the point A.

4 Dominated Convergence

In this section we carefully prove that the series expansion for det(1 —K,,) L2(cs)
gives an absolutely convergent series of integrals bounded uniformly in n. This
allows us to use dominated convergence when we localize the integral in Propo-
sition 1, and again when we approximate the kernel by its Taylor expansion in
Proposition 2. First we zoom in on a ball of radius epsilon and show that we can
absolutely bound det(1 — K, )2(c:) uniformly in n.

Lemma 12. For any sufficiently small ¢ > 0, and sufficiently large r, there
exists a function F(0,w'), such that for all w,w" € Cﬁll/gs, z € D{)Ll/gf, n>N
the integrand of K, (@,@') in Eq. (11) is absolutely bounded by F(w,&',%), and

Z/ o |det (/ » F(wi,wj,z)dz> dwy..ds, < oo.  (38)
=0 ( 21 E)m D'(r)z €

7,j=1
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Proof. For w,w’ € C¢,, and zZ € D§, we have

Ate
A—el’

A+ n"19%
A+n1/%

g

and by Taylor approximation, we have the additional bounds

nBAA+n79%) = A+ 7m)) < (F'(N) + 01)(F - @), (39)
n2(fa(A+n7%) — (A +n7V0@))) < (F5(N) + 02)(Z — @), (40)
A4+ n7Y22) — 1 (A4 07 V0%) < Cn V0 (z — @) < Ce < 65, (41)

Note that in these bounds we can make d1, 2, 3 as small as desired by choosing
¢ small. Equations (39) and (40) follow from the fact that fi, and f2 are holo-
morphic in the compact set B.()\). And Eq. (41) follows from Lemma 3. Note
that along Dy, z is purely imaginary, so (39), (40), and (41) show that the full
exponential in the integrand in (11) is bounded above by

263 o= (1 (N =807~ (F4 (V) =62) (42)

We choose ¢ small enough that §; < fi”()\), so that (42) has exponential decay
as w goes to oo in directions e¥2/3 Set

F(@,0,7) = | [ 255 2~ =@ —ry—e)___ 1|
T A—e¢ Z+1)Ez+1)

By the sentence preceeding (42) F absolutely bounds the integrand of K,. Now

A+
set L1 = |‘>\ il‘ 265 fD(J m(ﬁ so that 26 & fD(J mdz S Ll. Then

/ F(@,7.%) < L ‘e*(f{"(A)751)537(f2’(/\)752) 7 (43)

By Hadamard’s bound

m m
T m/25m —(f" N =8@° ~(f(\)—8)@
det (/DHI/QEF(w“wJ,z)d?) 3 <m™=LjY 1_[1‘6 1 2 .
1,]= 1=

Now because 61 < fi”()\), we can set

S:

B (;(f{”<A>fa)w37<f;<x>75>w’ dw < oo.
ery/%e

Then we have the bound,

m
/(ME) det (/ang F(wi,w;,z)dz> dwy...dy, < m™?(SLy)™
0

i,5=1
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So by Stirling’s approximation

Z det F(wi,wj,2)dz dwy...dw,, < .
o/ ey Peym Dy

ij=1

The next lemma completes our dominated convergence argument, by con-
trolling the contribution to det(I — K,)rz2(cs) of z € v \ ;.

Lemma 13. For any sufficiently small € > 0, and sufficiently large r, there is
a function G(@, @', Z), and a natural number N, such that for all w,@e Ci and
Z €7,, n> N, the integrand of K, (w,&") is absolutely bounded by G(w,w,Zz),
and

m
0o 1 .
Z 7/ det < G(wi,wj,z)dz> d@d@ < 00, (44)
m! Jaeym =
m=0 (C ) I i,j=1
where 7, and 62 are the rescaled contours of v, and C% respectively.
Proof. Let G = F for z € v5. We decompose the integral along -, in three parts:

the integral along 72, the integral along (e=2™/300, —1) U (r, e2™/300) and the
integral along [—r, —&] U [e,7]. For z € v, \ 72 we have the following bounds

|en' /Mt E—)Hhn () =ha(@)| < |en' (A1) = fr(@) 40!/ CatCs)

< e = fi@)+9))

< [P (1@ = iN+0) || n' P (L= Aw))|. (45)

Where the first inequality follows from Lemma 3. If we choose ¢ < 7/2, and
recall that if z € v\, then f1(2)—f1(A) < —n,s0 f1(2)—fi(A)+6 < —n/2 < 0.
So if we wish we can bound (45) by either of the following expressions

|en P (=) (46)

|€n”9(7t2+t/\)Henl/"‘(fl(k)ffl(w))| (47)

The bound (47) follows from the fact that we can choose r large enough so that
|f1(2) + tz| < § outside B,(0). Then because the exponent in the first factor of
(45) is negative, for large enough n we can remove the constant ¢ in return for
reducing n'/? to n'/?.

Now for z € [—r, —¢] U [e, r]|, we have

1
G-)GE-2)

T+ A
A—¢

z

w

<1

7

So for z € [—r, —¢] U [e, r], we set

r+ A
A—¢

G(w,w',z) =

G-0)Ez-)

=

enl/B(fl(/\)—fl(w))‘ ,



518 G. Barraquand and M. Rychnovsky

Using the above bounds and (46) we see that the integrand of K,, is absolutely

bounded by G in this region. Set Ly = fiR % mdf so that the integral of

G on the rescaled contour of [—r, —] U[e, 7] is bounded by Lg\enl/g(fl()‘)*fl @)).
For z € (e72™/300, —1) U (1, e?™/300), we have

<1

1
Z-w)(E-v) ‘
So for z € (e72™/300, —1) U (1, e?™/300), we set

G@,@,z) = ‘3’ ‘et“*a
w

‘eef{“u)w)w‘ ‘

Thus by (47), we can see that the integrand of K,, is absolutely bounded by G
in this region. Now let L3 = f(efzwi/Soo )‘+E‘ |et()‘_z)|d2. For all

,—r]U[r,e2™1/300) | A—¢
n, the integral of G over the rescaled contour (e=2"/3o00, —7] U [r, e*™/300) is
bounded above by L|e(~fi"(N+3)@%|,
Let 7, be the rescaled contour v, in the variable z

/ Gdz < (L1 + Ly + Ly)e /0% < [o(=f" (V) +6)@° (48)

T

where the constant L comes from (43). Thus we have bounded f7 Gdz by a

+27i/3

constant times a term which has exponential decay as w — e 00. The same

argument as in Lemma 12 shows that

© g m

g —/ det (/ G(wi,wj,z)dz> dw...dw; < oco.
m!

m=0 (ce)m Vi

i,j=1

Lemma 14. Let wy € C, \C; and wa, ..,wy, € C™. There exist positive constants
M, Ly,n > 0 so that for sufficiently large n, we have

K (@i,w;)] < M

and - s
Ko (@1,@;)] < Lan® e,

for alli,j.

Proof. By Lemma 4, for any € > 0, there exists a N,C > 0, such that if v €
Cn \ C:, and z € ~,, then for all sufficiently large n, we have

Re[hn(2) = hn(w) + 'tz — w)] < —nl/3p.

For z € 7, and w,w’ € C, \ C5, n > N we have the following bounds:

1 ~(2Y 1 _n'/?
(z—w)(z—w’)_(s) ’ w= a’
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and
|enl/St(z—w)-Q—hn(z)—hn(w) | < ‘e’l’bl/'?'(fl (2)—f1(w)+6) | (49)

< Jen P @=H M) ||en' P (1) = Aiw)te) (50)

where (49) follows from (3) and the fact that f is bounded away from 0. Note
that for z € .., | f1(2)— f1(A)] <0, and for w,w’ € C,\CE, f1(A)— f1(w)+d < —n,
so (50) is bounded above by

|1 D=V g=n"Pn|.

Thus if we set Ly = =5 f |2||ef1(:) =iV |dz < 0o, we get

3

Ko (w, )| < Lan*/3e="n,
So if we change the variable of integration to dz = n'/?dz gives.
|Kn(@,@")] < Lyn®/%e=n"""n for w,w’ € C,, \ C;, (51)

Let wy € C,, \ C& and wo, .., wy, € C™, then for ¢ # 1,

1/3

K (@1,@;)| < Lyn*Pe ™ "1,

Ko (@, @;)| < max[Le(~ "N+ [ p4/9=n"""n) < pf (52)

The first equality follows from (48) and the second inequality holds for large n,
when we set M = max[Ly, L] because — f{"(A) +d < 0.

The last thing we need to complete the proof of Theorem 2 is to bound (15)
from Proposition (2.3). We do so in the following lemma.

Lemma 15. For any C > 1, we have
Z icmml-l-m/Q < 16046202.
m! -
Proof. We have

m1+m/2 m2m/2

ml = (m2])

so that

Z C 1+ 2 < Z /2J 2C2) 2

m= 1

2k(2CH)F X (2k +1)(202)k+1
<
= ; Moot ; 7

< 1604e2°7,
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