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Cavity QED meets BEC - why ?
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‣ collective coupling: N1/2 enhancement
‣ control of external degrees of freedom: 
    quantized external degrees of freedom
    better control of the coupling

๏ As a tool for cavity QED:

To find the eigenenergies of the coupled BEC–cavity system for a
single excitation, we perform transmission spectroscopy with a weak,
linearly polarized probe laser of frequency vp. To this end, the res-
onance frequency of the empty cavity is stabilized to a frequency vc,
which in general is detuned by a variable frequency Dc5vc2va

with respect to the frequency va of the jF5 1æR jF’5 2æ transition
of theD2 line of

87Rb. The transmission of the probe laser through the
cavity is monitored as a function of its detuning Dp5vp2va (see
Fig. 2). The two orthogonal circular polarizations of the transmitted
light are separated and detected with single-photon counting mod-
ules. The overall detection efficiency for an intracavity photon is 5%.
To probe the system in the weak excitation limit, the probe laser
intensity is adjusted such that the mean intracavity photon number
is always below the critical photon number n05 c2/(2g0

2)5 0.04. A
magnetic field of 0.1 G, oriented parallel (within 10%) to the cavity
axis provides a quantization axis.

From individual recordings of the cavity transmission as shown in
Fig. 2 we map out the low-excitation spectrum of the coupled system
as a function of Dc (see Fig. 3). After resonant excitation we do not
detect an influence on the BEC in absorption imaging for large atom
numbers (see Fig. 1). For small BECs of the order of 5,000 atoms we
observe a loss of 50% of the atoms after resonant probing. The nor-
mal mode splitting at Dc5 0 amounts to 7GHz for s1 polarization,
which results in a collective cooperativity of C5Ng2/(2kc)5
1.63 106. The splitting for the s2 component is smaller, because
the dipole matrix elements for transitions starting in j1,21æ driven
by this polarization are smaller than those for s1.

A striking feature of the energy spectrum in Fig. 3 is a second
avoided crossing at probe frequencies resonant with the bare atomic
transitions jF5 2æR jF’5 1, 2, 3æ. It is caused by the presence of
atoms in the jF5 2æ hyperfine ground state. This avoided crossing

is located at a cavity detuning where the eigenenergy branch of
the BEC–cavity system with no atoms in jF5 2æ would intersect
the energy lines of the atomic transitions jF5 2æR jF’5 1, 2, 3æ.
Accordingly, the avoided crossing is shifted by approximately
Ng2/Dp5 2p3 1.8 GHz with respect to the intersection of the empty
cavity resonance with the bare atomic transition frequencies. From a
theoretical analysis (see Methods), we find the size of the jF5 2æ
minority component to be 1.7% of the total number of atoms.

Our near-planar cavity supports higher-order transverse modes
equally spaced by 18.5GHz, which is of the order of the collective
coupling g

ffiffiffiffi
N

p
in our system. In general, the presence of one addi-

tional mode with the same coupling but detuned from the TEM00
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Figure 1 | Experimental situation. a, 36mm above the cavity, 3.53 106

ultracold atoms are loaded into the dipole potential of a vertically oriented
one-dimensional optical lattice. This trumpet-shaped standing wave has its
waist inside the ultrahigh-finesse cavity and is composed of two counter-
propagating laser beams. A translation of the lattice transports the atoms
into the cavity mode. There, they are loaded into a crossed-beam dipole trap
formed by a focused beam oriented along the y axis and one of the transport
beams. b, Almost pure condensates with 2.23 105 atoms are obtained.
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Figure 2 | Cavity transmission for the s1 and s2 polarization component.
The probe laser frequency is scanned at a speed of 25MHzms21 while the
cavity detuning is fixed. The original transmission data, recorded with a
resolution of 0.4 ms, is averaged over 2ms using a sliding average. A single
peak for each polarization can clearly be distinguished from the background
of about 60 dark counts per second.
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Figure 3 | Energy spectrum of the coupled BEC–cavity system. The data
points are measured detunings of resonances for s1 (red circles) and s2

(black triangles) polarized light. Each data point is the average of three
measurements with an uncertainty of about 25MHz. The solid lines are the
result of a theoretical model (see Methods). Bare atomic resonances are
shown as dotted lines, whereas the empty cavity resonance of the TEM00

mode is plotted as a dashed-dotted line. Note the asymmetry in the splitting
at Dc5 0 caused by the influence of higher-order transverse modes.
Neglecting this influence, the eigenenergies shown by the dashed lines would
be expected where the free parameters were adjusted to fit the spectrum for
Dp, 0.
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Cavity-based single atom preparation and high-fidelity state read-out, R. Gehr et al, PRL 104 (2010) 

๏ Combining quantum optics and many-body physics

new physical system for many body physics
optical CQED toolbox
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Many body physics in cavity
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‣ Particle-particle interactions support collective behavior

‣ Most drastic collective phenomenon:  phase transition

Cavity: mediates effective long-range atom-atom interactions

nonlinearity, instability(if moderate)

(if strong) novel phase diagram / quantum phase transitions theoretical proposals:
M. Lewenstein, H. Ritsch, P. Domokos...

Cold atoms in cavity-generated dnamical optical lattice potentials, 
H. Ritsch et al., Rev. Mod. Phys. 85 (2013)

recent review:

@previous experiments

this talk



Physical system (on paper)
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Bose-Einstein condensate
• ~105 atoms (87Rb)
• T ~100nK

High-finesse optical cavity
• length = 178 μm
• finesse = 340 000
• single-atom strong coupling regime
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Pump laser field
• close detuned to cavity resonance



Physical system (in 3D)
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MOT/molasse, dipole trap;
cavity lock and probe chain

vacuum tank/cavity
beam control and shaping
SPCM

operators: 
german-french adaptor

2. THE EXPERIMENTAL SETUP

(Wx,Wy) = (390, 200)µm

85mW

BEC

transport
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BEC between the

cavity mirrors after

8 ms time of flight
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36mm
3.5 × 106

2×105
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Pump laser field
• close detuned to cavity resonance
• far detuned from atomic resonance

For coupling only to 
external degrees of 

freedom:
 dispersive interaction

Dispersive interaction
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Dispersive interaction

shift of atom energy, per photon
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shift of cavity frequency, per photon
cavity field for atoms: optical lattice

atoms for cavity: index of refraction
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g2/∆
a
N

hωa

cavity frequency ω
c

e
n

e
rg

y

ωa

∆a

2 N1/2 g

ωp ωa
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Ĥa

Vext

Ĥc
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shift of cavity frequency, per photon
cavity field for atoms: optical lattice

atoms for cavity: index of refraction

Cavity field depends on atomic spatial distribution ! !
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back-action:
cavity pumping: index of refraction
atom pumping: effective pumping of the cavity

Cavity mediates global interaction between atoms !
Dynamical optical lattice
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ηeff(r) = η cos(kx̂) cos(kẑ)
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η =
Ωg0
∆a

+h̄ηeff(r)(â† + â)
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η =
Ωg0
∆a

+h̄ηeff(r)(â† + â)
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η =
Ωg0
∆a

+h̄ηeff(r)(â† + â)
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4.2. THEORETICAL DESCRIPTION AND DICKE MODEL

transition a spatial symmetry of the underlying lattice structure, given by the pump and

cavity modes, is spontaneously broken. This steers the system from a flat superfluid phase

into a quantum phase with macroscopic occupation of the higher-order momentum mode and

the cavity mode. The corresponding density wave together with the presence of off-diagonal
long-range order allows to regard the organized phase as a supersolid [45, 46, 47] akin the

proposed two-component systems [48].

4.2. Theoretical Description and Dicke Model

Let us consider a single two-level atom of mass m interacting with a single cavity mode and

the standing-wave pump field. The Hamiltonian then reads in a frame rotating with the

pump laser frequency ([66] and chapter 2)

Ĥ(1) =
p̂
2
x + p̂

2
z

2m
+ V0 cos

2
(kẑ) + �η(â† + â) cos(kx̂) cos(kẑ)

− �
�
∆c − U0 cos

2
(kx̂)

�
â
†
â. (4.1)

Here, the excited atomic state is adiabatically eliminated which is justified for large detuning

∆a = ωp − ωa between the pump laser frequency ωp and the atomic transition frequency

ωa. The first term describes the kinetic energy of the atom with momentum operators

p̂x,z. The pump laser creates a standing-wave potential of depth V0 = �Ω2
p/∆a along the

z-axis, where Ωp denotes the maximum pump Rabi frequency, and � the Planck constant.

Scattering between the pump field and the cavity mode, which is oriented along x, induces

a lattice potential which dynamically depends on the scattering rate and the relative phase

between the pump field and the cavity field. This phase is restricted to the values 0 or

π, for which the scattering induced light potential has a λp/
√
2 periodicity along the x-z

direction, with λp = 2π/k denoting the pump wavelength (see figure 4.1c). The scattering

rate is determined by the two-photon Rabi frequency η = g0Ωp/∆a, with g0 being the atom-

cavity coupling strength. The last term describes the cavity field, with photon creation and

annihilation operators â
†
and â. The cavity resonance frequency ωc is detuned from the

pump laser frequency by ∆c = ωp − ωc, and the light-shift of a single maximally coupled

atom is given by U0 =
g20
∆a

.

For a condensate of N atoms, the process of self-organization can be captured by a mean-

field description [34]. It assumes that all atoms occupy a single quantum state characterized

by the wave function ψ, which is normalized to the atom number N . The light-atom in-

teraction can now be described by a dynamic light potential [132] felt by all atoms. Since

the timescale of atomic dynamics in the motional degree of freedom is much larger than the

inverse of the cavity field decay rate κ, the coherent cavity field amplitude α adiabatically

follows the atomic density distribution according to α = ηΘ/(∆c − U0B + iκ). The order

parameter describing self-organization is given by Θ = �ψ| cos(kx) cos(kz)|ψ� which measures

the localization of the atoms on either the even (Θ > 0) or the odd (Θ < 0) sublattice of the

underlying checkerboard pattern defined by cos(kx) cos(kz) = ±1 (see figure 4.1c). The sign

of the order parameter determines which of the two possible relative phases is adapted by the

cavity field. According to the spatial overlap between the atomic density and the cavity mode

profile, the atoms dispersively shift the cavity resonance proportional to B = �ψ| cos2(kx)|ψ�.
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+h̄ηeff(r)(â† + â) +h̄η(r)(â† + â) ηeff(r) = η cos(kx̂) cos(kẑ)
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Here, the excited atomic state is adiabatically eliminated which is justified for large detuning

∆a = ωp − ωa between the pump laser frequency ωp and the atomic transition frequency

ωa. The first term describes the kinetic energy of the atom with momentum operators

p̂x,z. The pump laser creates a standing-wave potential of depth V0 = �Ω2
p/∆a along the

z-axis, where Ωp denotes the maximum pump Rabi frequency, and � the Planck constant.
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parameter describing self-organization is given by Θ = �ψ| cos(kx) cos(kz)|ψ� which measures

the localization of the atoms on either the even (Θ > 0) or the odd (Θ < 0) sublattice of the

underlying checkerboard pattern defined by cos(kx) cos(kz) = ±1 (see figure 4.1c). The sign

of the order parameter determines which of the two possible relative phases is adapted by the
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transition a spatial symmetry of the underlying lattice structure, given by the pump and

cavity modes, is spontaneously broken. This steers the system from a flat superfluid phase

into a quantum phase with macroscopic occupation of the higher-order momentum mode and

the cavity mode. The corresponding density wave together with the presence of off-diagonal
long-range order allows to regard the organized phase as a supersolid [45, 46, 47] akin the

proposed two-component systems [48].

4.2. Theoretical Description and Dicke Model

Let us consider a single two-level atom of mass m interacting with a single cavity mode and

the standing-wave pump field. The Hamiltonian then reads in a frame rotating with the

pump laser frequency ([66] and chapter 2)

Ĥ(1) =
p̂
2
x + p̂

2
z

2m
+ V0 cos

2
(kẑ) + �η(â† + â) cos(kx̂) cos(kẑ)

− �
�
∆c − U0 cos

2
(kx̂)

�
â
†
â. (4.1)

Here, the excited atomic state is adiabatically eliminated which is justified for large detuning

∆a = ωp − ωa between the pump laser frequency ωp and the atomic transition frequency

ωa. The first term describes the kinetic energy of the atom with momentum operators

p̂x,z. The pump laser creates a standing-wave potential of depth V0 = �Ω2
p/∆a along the

z-axis, where Ωp denotes the maximum pump Rabi frequency, and � the Planck constant.

Scattering between the pump field and the cavity mode, which is oriented along x, induces

a lattice potential which dynamically depends on the scattering rate and the relative phase

between the pump field and the cavity field. This phase is restricted to the values 0 or

π, for which the scattering induced light potential has a λp/
√
2 periodicity along the x-z

direction, with λp = 2π/k denoting the pump wavelength (see figure 4.1c). The scattering

rate is determined by the two-photon Rabi frequency η = g0Ωp/∆a, with g0 being the atom-

cavity coupling strength. The last term describes the cavity field, with photon creation and

annihilation operators â
†
and â. The cavity resonance frequency ωc is detuned from the

pump laser frequency by ∆c = ωp − ωc, and the light-shift of a single maximally coupled

atom is given by U0 =
g20
∆a

.

For a condensate of N atoms, the process of self-organization can be captured by a mean-

field description [34]. It assumes that all atoms occupy a single quantum state characterized

by the wave function ψ, which is normalized to the atom number N . The light-atom in-

teraction can now be described by a dynamic light potential [132] felt by all atoms. Since

the timescale of atomic dynamics in the motional degree of freedom is much larger than the

inverse of the cavity field decay rate κ, the coherent cavity field amplitude α adiabatically

follows the atomic density distribution according to α = ηΘ/(∆c − U0B + iκ). The order

parameter describing self-organization is given by Θ = �ψ| cos(kx) cos(kz)|ψ� which measures

the localization of the atoms on either the even (Θ > 0) or the odd (Θ < 0) sublattice of the

underlying checkerboard pattern defined by cos(kx) cos(kz) = ±1 (see figure 4.1c). The sign

of the order parameter determines which of the two possible relative phases is adapted by the

cavity field. According to the spatial overlap between the atomic density and the cavity mode

profile, the atoms dispersively shift the cavity resonance proportional to B = �ψ| cos2(kx)|ψ�.
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â†Ĵ+
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Figure 4.2.: Analogy to the Dicke model. In an atomic two-mode picture the pumped

BEC–cavity system is equivalent to the Dicke model including counter-rotating interaction

terms. a, Light scattering between the pump field and the cavity mode induces two balanced

Raman channels between the atomic zero-momentum state |px, pz� = |0, 0� and the symmet-

ric superposition of the states | ± �k,±�k� with an additional photon momentum along the

x and z directions. b, The two excitation paths (dashed and solid) corresponding to the two

Raman channels are illustrated in a momentum diagram. For the notation see text.

The resulting dynamic lattice potential reads

V (x, z) = V0 cos
2
(kz) + �U0|α|2 cos2(kx) + �η(α+ α∗

) cos(kx) cos(kz). (4.2)

The atoms self-organize due to positive feedback from the interference term in equation (4.2)

above a critical two-photon Rabi frequency ηcr. Assuming that a density fluctuation of the

condensate induces an order parameter, e.g., Θ > 0, and the pump-cavity detuning is chosen

to yield ∆c − U0B < 0, the lattice potential resulting from light scattering further attracts

the atoms towards the even sites. This in turn increases light scattering into the cavity and

starts a runaway process. The system reaches a steady state once the gain in potential energy

is balanced by the cost in kinetic energy and collisional energy.

Fundamental insight into the onset of self-organization is gained from a direct analogy to

the Dicke model quantum phase transition [1, 19, 20]. This analogy uses a two-mode descrip-

tion for the atomic field, where the initial Bose-Einstein condensate is approximated by the

zero-momentum state |px, pz� = |0, 0�. Photon scattering between the pump and cavity field

couples the zero-momentum state to the symmetric superposition of states which carry addi-

tional photon momenta along the x and z directions: | ± �k,±�k� =
�

µ,ν=±1 |µ�k, ν�k�/2.
The energy of this state is correspondingly lifted by twice the recoil frequency ωr ≡ Er/� =

�k2/(2m) compared to the zero-momentum state. (For the inclusion of Bloch states, see

section 4.5.)

There are two possible paths from the zero-momentum state |px, pz� = |0, 0� to the excited

momentum state | ± �k,±�k�: i) the absorption of a standing-wave pump photon followed

by the emission into the cavity, â†Ĵ+, and ii) the absorption of a cavity photon followed by

the emission into the pump field, âĴ+ (see figure 4.2b). Here, the collective excitations to

the higher-energy mode are expressed by the ladder operators Ĵ+ =
�

i |±�k,±�k�i i�0, 0| =
Ĵ†
−, with the index i labelling the atoms. Including the reverse processes, the interaction
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η =
Ωg0
∆a

+h̄ηeff(r)(â† + â)
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transition a spatial symmetry of the underlying lattice structure, given by the pump and

cavity modes, is spontaneously broken. This steers the system from a flat superfluid phase

into a quantum phase with macroscopic occupation of the higher-order momentum mode and

the cavity mode. The corresponding density wave together with the presence of off-diagonal
long-range order allows to regard the organized phase as a supersolid [45, 46, 47] akin the

proposed two-component systems [48].

4.2. Theoretical Description and Dicke Model

Let us consider a single two-level atom of mass m interacting with a single cavity mode and

the standing-wave pump field. The Hamiltonian then reads in a frame rotating with the

pump laser frequency ([66] and chapter 2)

Ĥ(1) =
p̂
2
x + p̂

2
z

2m
+ V0 cos

2
(kẑ) + �η(â† + â) cos(kx̂) cos(kẑ)

− �
�
∆c − U0 cos

2
(kx̂)

�
â
†
â. (4.1)

Here, the excited atomic state is adiabatically eliminated which is justified for large detuning

∆a = ωp − ωa between the pump laser frequency ωp and the atomic transition frequency

ωa. The first term describes the kinetic energy of the atom with momentum operators

p̂x,z. The pump laser creates a standing-wave potential of depth V0 = �Ω2
p/∆a along the

z-axis, where Ωp denotes the maximum pump Rabi frequency, and � the Planck constant.

Scattering between the pump field and the cavity mode, which is oriented along x, induces

a lattice potential which dynamically depends on the scattering rate and the relative phase

between the pump field and the cavity field. This phase is restricted to the values 0 or

π, for which the scattering induced light potential has a λp/
√
2 periodicity along the x-z

direction, with λp = 2π/k denoting the pump wavelength (see figure 4.1c). The scattering

rate is determined by the two-photon Rabi frequency η = g0Ωp/∆a, with g0 being the atom-

cavity coupling strength. The last term describes the cavity field, with photon creation and

annihilation operators â
†
and â. The cavity resonance frequency ωc is detuned from the

pump laser frequency by ∆c = ωp − ωc, and the light-shift of a single maximally coupled

atom is given by U0 =
g20
∆a

.

For a condensate of N atoms, the process of self-organization can be captured by a mean-

field description [34]. It assumes that all atoms occupy a single quantum state characterized

by the wave function ψ, which is normalized to the atom number N . The light-atom in-

teraction can now be described by a dynamic light potential [132] felt by all atoms. Since

the timescale of atomic dynamics in the motional degree of freedom is much larger than the

inverse of the cavity field decay rate κ, the coherent cavity field amplitude α adiabatically

follows the atomic density distribution according to α = ηΘ/(∆c − U0B + iκ). The order

parameter describing self-organization is given by Θ = �ψ| cos(kx) cos(kz)|ψ� which measures

the localization of the atoms on either the even (Θ > 0) or the odd (Θ < 0) sublattice of the

underlying checkerboard pattern defined by cos(kx) cos(kz) = ±1 (see figure 4.1c). The sign

of the order parameter determines which of the two possible relative phases is adapted by the

cavity field. According to the spatial overlap between the atomic density and the cavity mode

profile, the atoms dispersively shift the cavity resonance proportional to B = �ψ| cos2(kx)|ψ�.
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BEC–cavity system is equivalent to the Dicke model including counter-rotating interaction

terms. a, Light scattering between the pump field and the cavity mode induces two balanced

Raman channels between the atomic zero-momentum state |px, pz� = |0, 0� and the symmet-

ric superposition of the states | ± �k,±�k� with an additional photon momentum along the

x and z directions. b, The two excitation paths (dashed and solid) corresponding to the two

Raman channels are illustrated in a momentum diagram. For the notation see text.

The resulting dynamic lattice potential reads

V (x, z) = V0 cos
2
(kz) + �U0|α|2 cos2(kx) + �η(α+ α∗

) cos(kx) cos(kz). (4.2)

The atoms self-organize due to positive feedback from the interference term in equation (4.2)

above a critical two-photon Rabi frequency ηcr. Assuming that a density fluctuation of the

condensate induces an order parameter, e.g., Θ > 0, and the pump-cavity detuning is chosen

to yield ∆c − U0B < 0, the lattice potential resulting from light scattering further attracts

the atoms towards the even sites. This in turn increases light scattering into the cavity and

starts a runaway process. The system reaches a steady state once the gain in potential energy

is balanced by the cost in kinetic energy and collisional energy.

Fundamental insight into the onset of self-organization is gained from a direct analogy to

the Dicke model quantum phase transition [1, 19, 20]. This analogy uses a two-mode descrip-

tion for the atomic field, where the initial Bose-Einstein condensate is approximated by the

zero-momentum state |px, pz� = |0, 0�. Photon scattering between the pump and cavity field

couples the zero-momentum state to the symmetric superposition of states which carry addi-

tional photon momenta along the x and z directions: | ± �k,±�k� =
�

µ,ν=±1 |µ�k, ν�k�/2.
The energy of this state is correspondingly lifted by twice the recoil frequency ωr ≡ Er/� =

�k2/(2m) compared to the zero-momentum state. (For the inclusion of Bloch states, see

section 4.5.)

There are two possible paths from the zero-momentum state |px, pz� = |0, 0� to the excited

momentum state | ± �k,±�k�: i) the absorption of a standing-wave pump photon followed

by the emission into the cavity, â†Ĵ+, and ii) the absorption of a cavity photon followed by

the emission into the pump field, âĴ+ (see figure 4.2b). Here, the collective excitations to

the higher-energy mode are expressed by the ladder operators Ĵ+ =
�

i |±�k,±�k�i i�0, 0| =
Ĵ†
−, with the index i labelling the atoms. Including the reverse processes, the interaction
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ηeff(r) = η cos(kx) cos(kz)
ηeff = ηΘ
Θ = 0 Θ = +1

1

Ceci est un test de LATEX!!

Moi-mme

18 avril 2013

1 Ceci est ma premire section ! !

Chapeau de la premire section. En italique sil-vous-plat !

1.1 Premire sous-section !

φ = 0 or π
κ = 2π × 1.3 MHz Γ g0 = 2π × 10.9 MHz γ = 2π × 3 MHz

Θ = �ψ| cos(kx) cos(kz)|ψ�
α/η � − Θ

∆̃c
g0 > κ, γ
2g

√
N

Θ/N = +1

∼ 7 GHz

U0 =
g
2
0

∆a
∆a,c = ωp − ωa,c

∆c = ωp − ωc

ψ = f(α)
α = f(ψ)
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ηeff(r) = η cos(kx̂) cos(kẑ)
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4.2. THEORETICAL DESCRIPTION AND DICKE MODEL

transition a spatial symmetry of the underlying lattice structure, given by the pump and

cavity modes, is spontaneously broken. This steers the system from a flat superfluid phase

into a quantum phase with macroscopic occupation of the higher-order momentum mode and

the cavity mode. The corresponding density wave together with the presence of off-diagonal
long-range order allows to regard the organized phase as a supersolid [45, 46, 47] akin the

proposed two-component systems [48].

4.2. Theoretical Description and Dicke Model

Let us consider a single two-level atom of mass m interacting with a single cavity mode and

the standing-wave pump field. The Hamiltonian then reads in a frame rotating with the

pump laser frequency ([66] and chapter 2)

Ĥ(1) =
p̂
2
x + p̂

2
z

2m
+ V0 cos

2
(kẑ) + �η(â† + â) cos(kx̂) cos(kẑ)

− �
�
∆c − U0 cos

2
(kx̂)

�
â
†
â. (4.1)

Here, the excited atomic state is adiabatically eliminated which is justified for large detuning

∆a = ωp − ωa between the pump laser frequency ωp and the atomic transition frequency

ωa. The first term describes the kinetic energy of the atom with momentum operators

p̂x,z. The pump laser creates a standing-wave potential of depth V0 = �Ω2
p/∆a along the

z-axis, where Ωp denotes the maximum pump Rabi frequency, and � the Planck constant.

Scattering between the pump field and the cavity mode, which is oriented along x, induces

a lattice potential which dynamically depends on the scattering rate and the relative phase

between the pump field and the cavity field. This phase is restricted to the values 0 or

π, for which the scattering induced light potential has a λp/
√
2 periodicity along the x-z

direction, with λp = 2π/k denoting the pump wavelength (see figure 4.1c). The scattering

rate is determined by the two-photon Rabi frequency η = g0Ωp/∆a, with g0 being the atom-

cavity coupling strength. The last term describes the cavity field, with photon creation and

annihilation operators â
†
and â. The cavity resonance frequency ωc is detuned from the

pump laser frequency by ∆c = ωp − ωc, and the light-shift of a single maximally coupled

atom is given by U0 =
g20
∆a

.

For a condensate of N atoms, the process of self-organization can be captured by a mean-

field description [34]. It assumes that all atoms occupy a single quantum state characterized

by the wave function ψ, which is normalized to the atom number N . The light-atom in-

teraction can now be described by a dynamic light potential [132] felt by all atoms. Since

the timescale of atomic dynamics in the motional degree of freedom is much larger than the

inverse of the cavity field decay rate κ, the coherent cavity field amplitude α adiabatically

follows the atomic density distribution according to α = ηΘ/(∆c − U0B + iκ). The order

parameter describing self-organization is given by Θ = �ψ| cos(kx) cos(kz)|ψ� which measures

the localization of the atoms on either the even (Θ > 0) or the odd (Θ < 0) sublattice of the

underlying checkerboard pattern defined by cos(kx) cos(kz) = ±1 (see figure 4.1c). The sign

of the order parameter determines which of the two possible relative phases is adapted by the

cavity field. According to the spatial overlap between the atomic density and the cavity mode

profile, the atoms dispersively shift the cavity resonance proportional to B = �ψ| cos2(kx)|ψ�.
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Figure 4.2.: Analogy to the Dicke model. In an atomic two-mode picture the pumped

BEC–cavity system is equivalent to the Dicke model including counter-rotating interaction

terms. a, Light scattering between the pump field and the cavity mode induces two balanced

Raman channels between the atomic zero-momentum state |px, pz� = |0, 0� and the symmet-

ric superposition of the states | ± �k,±�k� with an additional photon momentum along the

x and z directions. b, The two excitation paths (dashed and solid) corresponding to the two

Raman channels are illustrated in a momentum diagram. For the notation see text.

The resulting dynamic lattice potential reads

V (x, z) = V0 cos
2
(kz) + �U0|α|2 cos2(kx) + �η(α+ α∗

) cos(kx) cos(kz). (4.2)

The atoms self-organize due to positive feedback from the interference term in equation (4.2)

above a critical two-photon Rabi frequency ηcr. Assuming that a density fluctuation of the

condensate induces an order parameter, e.g., Θ > 0, and the pump-cavity detuning is chosen

to yield ∆c − U0B < 0, the lattice potential resulting from light scattering further attracts

the atoms towards the even sites. This in turn increases light scattering into the cavity and

starts a runaway process. The system reaches a steady state once the gain in potential energy

is balanced by the cost in kinetic energy and collisional energy.

Fundamental insight into the onset of self-organization is gained from a direct analogy to

the Dicke model quantum phase transition [1, 19, 20]. This analogy uses a two-mode descrip-

tion for the atomic field, where the initial Bose-Einstein condensate is approximated by the

zero-momentum state |px, pz� = |0, 0�. Photon scattering between the pump and cavity field

couples the zero-momentum state to the symmetric superposition of states which carry addi-

tional photon momenta along the x and z directions: | ± �k,±�k� =
�

µ,ν=±1 |µ�k, ν�k�/2.
The energy of this state is correspondingly lifted by twice the recoil frequency ωr ≡ Er/� =

�k2/(2m) compared to the zero-momentum state. (For the inclusion of Bloch states, see

section 4.5.)

There are two possible paths from the zero-momentum state |px, pz� = |0, 0� to the excited

momentum state | ± �k,±�k�: i) the absorption of a standing-wave pump photon followed

by the emission into the cavity, â†Ĵ+, and ii) the absorption of a cavity photon followed by

the emission into the pump field, âĴ+ (see figure 4.2b). Here, the collective excitations to

the higher-energy mode are expressed by the ladder operators Ĵ+ =
�

i |±�k,±�k�i i�0, 0| =
Ĵ†
−, with the index i labelling the atoms. Including the reverse processes, the interaction
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η =
Ωg0
∆a

+h̄ηeff(r)(â† + â)
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4.2. THEORETICAL DESCRIPTION AND DICKE MODEL

transition a spatial symmetry of the underlying lattice structure, given by the pump and

cavity modes, is spontaneously broken. This steers the system from a flat superfluid phase

into a quantum phase with macroscopic occupation of the higher-order momentum mode and

the cavity mode. The corresponding density wave together with the presence of off-diagonal
long-range order allows to regard the organized phase as a supersolid [45, 46, 47] akin the

proposed two-component systems [48].

4.2. Theoretical Description and Dicke Model

Let us consider a single two-level atom of mass m interacting with a single cavity mode and

the standing-wave pump field. The Hamiltonian then reads in a frame rotating with the

pump laser frequency ([66] and chapter 2)

Ĥ(1) =
p̂
2
x + p̂

2
z

2m
+ V0 cos

2
(kẑ) + �η(â† + â) cos(kx̂) cos(kẑ)

− �
�
∆c − U0 cos

2
(kx̂)

�
â
†
â. (4.1)

Here, the excited atomic state is adiabatically eliminated which is justified for large detuning

∆a = ωp − ωa between the pump laser frequency ωp and the atomic transition frequency

ωa. The first term describes the kinetic energy of the atom with momentum operators

p̂x,z. The pump laser creates a standing-wave potential of depth V0 = �Ω2
p/∆a along the

z-axis, where Ωp denotes the maximum pump Rabi frequency, and � the Planck constant.

Scattering between the pump field and the cavity mode, which is oriented along x, induces

a lattice potential which dynamically depends on the scattering rate and the relative phase

between the pump field and the cavity field. This phase is restricted to the values 0 or

π, for which the scattering induced light potential has a λp/
√
2 periodicity along the x-z

direction, with λp = 2π/k denoting the pump wavelength (see figure 4.1c). The scattering

rate is determined by the two-photon Rabi frequency η = g0Ωp/∆a, with g0 being the atom-

cavity coupling strength. The last term describes the cavity field, with photon creation and

annihilation operators â
†
and â. The cavity resonance frequency ωc is detuned from the

pump laser frequency by ∆c = ωp − ωc, and the light-shift of a single maximally coupled

atom is given by U0 =
g20
∆a

.

For a condensate of N atoms, the process of self-organization can be captured by a mean-

field description [34]. It assumes that all atoms occupy a single quantum state characterized

by the wave function ψ, which is normalized to the atom number N . The light-atom in-

teraction can now be described by a dynamic light potential [132] felt by all atoms. Since

the timescale of atomic dynamics in the motional degree of freedom is much larger than the

inverse of the cavity field decay rate κ, the coherent cavity field amplitude α adiabatically

follows the atomic density distribution according to α = ηΘ/(∆c − U0B + iκ). The order

parameter describing self-organization is given by Θ = �ψ| cos(kx) cos(kz)|ψ� which measures

the localization of the atoms on either the even (Θ > 0) or the odd (Θ < 0) sublattice of the

underlying checkerboard pattern defined by cos(kx) cos(kz) = ±1 (see figure 4.1c). The sign

of the order parameter determines which of the two possible relative phases is adapted by the

cavity field. According to the spatial overlap between the atomic density and the cavity mode

profile, the atoms dispersively shift the cavity resonance proportional to B = �ψ| cos2(kx)|ψ�.
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Figure 4.2.: Analogy to the Dicke model. In an atomic two-mode picture the pumped

BEC–cavity system is equivalent to the Dicke model including counter-rotating interaction

terms. a, Light scattering between the pump field and the cavity mode induces two balanced

Raman channels between the atomic zero-momentum state |px, pz� = |0, 0� and the symmet-

ric superposition of the states | ± �k,±�k� with an additional photon momentum along the

x and z directions. b, The two excitation paths (dashed and solid) corresponding to the two

Raman channels are illustrated in a momentum diagram. For the notation see text.

The resulting dynamic lattice potential reads

V (x, z) = V0 cos
2
(kz) + �U0|α|2 cos2(kx) + �η(α+ α∗

) cos(kx) cos(kz). (4.2)

The atoms self-organize due to positive feedback from the interference term in equation (4.2)

above a critical two-photon Rabi frequency ηcr. Assuming that a density fluctuation of the

condensate induces an order parameter, e.g., Θ > 0, and the pump-cavity detuning is chosen

to yield ∆c − U0B < 0, the lattice potential resulting from light scattering further attracts

the atoms towards the even sites. This in turn increases light scattering into the cavity and

starts a runaway process. The system reaches a steady state once the gain in potential energy

is balanced by the cost in kinetic energy and collisional energy.

Fundamental insight into the onset of self-organization is gained from a direct analogy to

the Dicke model quantum phase transition [1, 19, 20]. This analogy uses a two-mode descrip-

tion for the atomic field, where the initial Bose-Einstein condensate is approximated by the

zero-momentum state |px, pz� = |0, 0�. Photon scattering between the pump and cavity field

couples the zero-momentum state to the symmetric superposition of states which carry addi-

tional photon momenta along the x and z directions: | ± �k,±�k� =
�

µ,ν=±1 |µ�k, ν�k�/2.
The energy of this state is correspondingly lifted by twice the recoil frequency ωr ≡ Er/� =

�k2/(2m) compared to the zero-momentum state. (For the inclusion of Bloch states, see

section 4.5.)

There are two possible paths from the zero-momentum state |px, pz� = |0, 0� to the excited

momentum state | ± �k,±�k�: i) the absorption of a standing-wave pump photon followed

by the emission into the cavity, â†Ĵ+, and ii) the absorption of a cavity photon followed by

the emission into the pump field, âĴ+ (see figure 4.2b). Here, the collective excitations to

the higher-energy mode are expressed by the ladder operators Ĵ+ =
�

i |±�k,±�k�i i�0, 0| =
Ĵ†
−, with the index i labelling the atoms. Including the reverse processes, the interaction
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Ĥ(1) = Ĥa + Ĥc + Ĥa−c

ηeff = �η(r)� = ηΘ

η =
Ωg0
∆a

η(r) = η cos(kx) cos(kz)
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Observation of Collective Friction Forces due to Spatial Self-Organization of Atoms:
From Rayleigh to Bragg Scattering

Adam T. Black, Hilton W. Chan, and Vladan Vuletić
Department of Physics, Stanford University, Stanford, California 94305-4060, USA
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We demonstrate that emission-induced self-organization of two-level atoms can effect strong
damping of the sample’s center-of-mass motion. When illuminated by far-detuned light, cold cesium
atoms assemble into a density grating that efficiently diffracts the incident light into an optical
resonator. We observe random phase jumps of ! in the emitted light, confirming spontaneous symmetry
breaking in the atomic self-organization. The Bragg diffraction results in a collective friction force with
center-of-mass deceleration up to 1000 m=s2 that is effective even for an open atomic transition.

DOI: 10.1103/PhysRevLett.91.203001 PACS numbers: 32.80.Lg, 32.80.Pj

The dramatic success of laser cooling and trapping of
neutral atoms has relied on light forces and scattering
processes that act independently on the individual atoms
in the sample [1]. Making use of Rayleigh or Raman
scattering from a diffuse gas, conventional Doppler and
polarization gradient cooling techniques deteriorate as
the optical density of the atomic sample increases. The
need for cycling transitions in these cooling processes has
also limited the number of accessible atomic species. If
the atomic sample is spatially ordered, however, Rayleigh
scattering by individual atoms does not correctly describe
the light-atom interaction. Rather, interference in the
light emitted by the sample that is associated with the
atomic position and momentum distribution can give rise
to greatly enhanced scattering rates, as in Bragg scatter-
ing. This raises the intriguing possibility of light forces
on an ordered atomic sample that cannot be modeled as
the sum of single-atom forces, and whose performance
may improve as the atom number increases.

From the point of view of optical gain, spatial ordering
of two-level atoms has been invoked to explain apparent-
ly inversionless gain mechanisms, as in recoil-induced
resonances and the collective atomic recoil laser [2–8].
Inside an optical resonator, ‘‘self-oscillation’’ in the ab-
sence of a probe beam has been observed for a driven
sample [7,8]. There, the initial atomic density grating
formation is due to field and atomic density fluctuations
in an atom-field system characterized by a collective
instability [7]. However, few experimental studies of the
atomic motion itself [9] have been conducted.

The atomic self-organization and collectively en-
hanced scattering are of particular interest in light of
efforts to use an optical resonator’s modification of scat-
tering rates to achieve frictional light forces [10–15].
Along these lines, Domokos and Ritsch have recently
predicted self-organization of driven two-level atoms in
the regime of strong atom-cavity coupling, accompanied
by trapping and cooling of the atomic sample [15]. They
further argue that, as the atoms organize, they make a
collective, symmetry-breaking choice between two
equivalent but spatially offset lattice configurations.

We experimentally confirm the predicted stochastic
lattice formation by observing random ! jumps in the
time phase of the Bragg-scattered intracavity light.
Moreover, we observe collectively enhanced friction
forces damping the center-of-mass (c.m.) motion of
two-level Cs atoms at peak decelerations of 103 m=s2

and light-atom detunings up to !6 GHz. Because the
collective damping force is present even on an open
transition and in the weak-coupling regime, we anticipate
the possibility of slowing samples of other polarizable
particles.

The experimental apparatus [Fig. 1(a)] and procedure
are similar to those described in Ref. [14]. A nearly
confocal optical resonator with finesse F " 1000 and
length L " 7:5 cm is oriented along the vertical z axis.
The cavity has a free spectral range of c=2L " 2 GHz
and a multimode transmission spectrum width of
about 200 MHz [14]. A retroreflected laser beam along
the horizontal x axis with waist size w0 " 2 mm inter-
sects the cavity center. This y-polarized pump beam,
tuned near the cesium D2 transition wavelength " "
2!=k " 852 nm, is derived from a tunable diode laser
and amplified to a power of 160 mW in a semiconductor
tapered amplifier, yielding single-beam intensities up to
I=Is " 4:6# 103, where Is " 1:1 mW=cm2 is the D line

Cavity Mirrors

Emitted Light
Pump Beams

X

Z Fg=4

Fg=3

Fe
'

ωi

δa
(a) (b) 6P3/2

6S1/2

FIG. 1. (a) Schematic experimental setup. Atoms falling
along the cavity axis are illuminated by horizontal pump
beams and self-organize into a density grating, emitting into
the cavity. (b) Cs D2 line. The atom approximates an open two-
level system Fg " 4 ! F0

e since the light-atom detuning is
much greater than the excited state hyperfine splitting.
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 Driven by thermal fluctuations
 + self-organization not directly measured
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Beyond mean field: two mode expansion

4.2. THEORETICAL DESCRIPTION AND DICKE MODEL
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â†Ĵ+
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Figure 4.2.: Analogy to the Dicke model. In an atomic two-mode picture the pumped

BEC–cavity system is equivalent to the Dicke model including counter-rotating interaction

terms. a, Light scattering between the pump field and the cavity mode induces two balanced

Raman channels between the atomic zero-momentum state |px, pz� = |0, 0� and the symmet-

ric superposition of the states | ± �k,±�k� with an additional photon momentum along the

x and z directions. b, The two excitation paths (dashed and solid) corresponding to the two

Raman channels are illustrated in a momentum diagram. For the notation see text.

The resulting dynamic lattice potential reads

V (x, z) = V0 cos
2
(kz) + �U0|α|2 cos2(kx) + �η(α+ α∗

) cos(kx) cos(kz). (4.2)

The atoms self-organize due to positive feedback from the interference term in equation (4.2)

above a critical two-photon Rabi frequency ηcr. Assuming that a density fluctuation of the

condensate induces an order parameter, e.g., Θ > 0, and the pump-cavity detuning is chosen

to yield ∆c − U0B < 0, the lattice potential resulting from light scattering further attracts

the atoms towards the even sites. This in turn increases light scattering into the cavity and

starts a runaway process. The system reaches a steady state once the gain in potential energy

is balanced by the cost in kinetic energy and collisional energy.

Fundamental insight into the onset of self-organization is gained from a direct analogy to

the Dicke model quantum phase transition [1, 19, 20]. This analogy uses a two-mode descrip-

tion for the atomic field, where the initial Bose-Einstein condensate is approximated by the

zero-momentum state |px, pz� = |0, 0�. Photon scattering between the pump and cavity field

couples the zero-momentum state to the symmetric superposition of states which carry addi-

tional photon momenta along the x and z directions: | ± �k,±�k� =
�

µ,ν=±1 |µ�k, ν�k�/2.
The energy of this state is correspondingly lifted by twice the recoil frequency ωr ≡ Er/� =

�k2/(2m) compared to the zero-momentum state. (For the inclusion of Bloch states, see

section 4.5.)

There are two possible paths from the zero-momentum state |px, pz� = |0, 0� to the excited

momentum state | ± �k,±�k�: i) the absorption of a standing-wave pump photon followed

by the emission into the cavity, â†Ĵ+, and ii) the absorption of a cavity photon followed by

the emission into the pump field, âĴ+ (see figure 4.2b). Here, the collective excitations to

the higher-energy mode are expressed by the ladder operators Ĵ+ =
�

i |±�k,±�k�i i�0, 0| =
Ĵ†
−, with the index i labelling the atoms. Including the reverse processes, the interaction
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µ,ν=±1 |µ�k, ν�k�/2.
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the emission into the pump field, âĴ+ (see figure 4.2b). Here, the collective excitations to

the higher-energy mode are expressed by the ladder operators Ĵ+ =
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by the emission into the cavity, â†Ĵ+, and ii) the absorption of a cavity photon followed by
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âĴ+
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Ĵ†
−, with the index i labelling the atoms. Including the reverse processes, the interaction

53

Kristian Baumann,           Zürich The Dicke quantum phase transition with a superf luid gas in an optical cavity

!"#$%&'(#$)*+#,

%-$./01$#2$/,-3$456$7893$7:8987$;<878=>$?-$%&@#A$#2$/,-3$45B$CD3$$87:E89$;<88C=

coupled to
via two balanced pump-cavity two-photon transitions 

4.2. THEORETICAL DESCRIPTION AND DICKE MODEL

a

|0, 0�
| ± �k,±�k�

| ± �k, 0�� |0,±�k��

ωa

∆a

2ωr

g0

Ωp

g0

Ωp

b

px

pz

âĴ+
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â†Ĵ+
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âĴ+
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�

µ,ν=±1 |µ�k, ν�k�/2.
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4.5. METHODS

at the position of the atoms is estimated to be 20%. The pump light has a wavelength of

λp = 784.5 nm and is linearly polarized along the y-axis (within an uncertainty of 5%) to

optimize scattering into the cavity mode. A weak magnetic field of 0.1G pointing along

the cavity axis provides a quantization axis for the atoms prepared in the |F,mF � = |1,−1�
ground state. Accordingly, only σ+ or σ− polarized photons can be scattered into the cavity

mode. We observe the onset of self-organization always with σ+ polarized cavity light since

the corresponding atom-cavity coupling strength exceeds the one for σ− polarized light.

The light which leaks out of the cavity is monitored on two single-photon counting modules

each of which is sensitive to one of the two different circular polarizations. In principle this

allows to detect single intracavity photons with an efficiency of about 5%. However, for

the experiments reported in this work the detection efficiency was reduced by a factor of

10 in order to enlarge the dynamical range of our light detection (limited by the saturation

effects of the photon counting modules). The systematic uncertainties in determining the

intracavity photon number is estimated to be 25%.

4.5.2. Mapping to the Dicke Hamiltonian

The onset of self-organization is equivalent to a dynamical version of the normal to superra-

diant quantum phase transition of the Dicke model. This analogy is derived in a two-mode

expansion of the atomic matter field, and allows to infer about properties of the transition

into the organized phase.

In the absence of collisional atom-atom interactions the many-body Hamiltonian describing

the driven BEC–cavity system is given by

Ĥ =

�
Ψ̂†

(x, z)Ĥ(1)Ψ̂(x, z)dx dz (4.3)

where Ψ̂ denotes the atomic field operator, and Ĥ(1) is the single-particle Hamiltonian given

in equation (4.1). In the non-organized phase the mean intracavity photon number vanishes

and all atoms occupy the lowest-energy Bloch state ψ0 of the 1D lattice Hamiltonian
p̂2z
2m +

V0 cos
2
(kẑ). Scattering of photons between the pump field and the cavity mode couples

the state ψ0 to the state ψ1 ∝ ψ0 cos(kx) cos(kz) which carries additional �k momentum

components along the x and z direction. In order to understand the onset of self-organization

we expand the field operator Ψ̂ in the reduced Hilbert space spanned by the modes ψ0 and

ψ1. Note that for describing the deeply organized phase, higher-order momentum states have

to be included in the description in order to account for atomic localization at the sites of

the emergent checkerboard pattern.

After inserting the expansion Ψ̂ = ψ0ĉ0 + ψ1ĉ1 into the many-body Hamiltonian (see

equation (4.3)) we obtain up to a constant term

Ĥ/� = ω0Ĵz + ωâ†â+
λ√
N

(â
†
+ â)(Ĵ+ + Ĵ−) + U0Mĉ

†
1ĉ1â

†
â, (4.4)

with bosonic mode operators ĉ0 and ĉ1, and the total atom number N = ĉ
†
0ĉ0+ĉ

†
1ĉ1. Here, the

collective spin operators Ĵ+ = ĉ
†
1ĉ0 = Ĵ

†
− and Ĵz =

1
2(ĉ

†
1ĉ1−ĉ

†
0ĉ0) were introduced. Apart from

the last term, Ĥ is the Dicke Hamiltonian [33] which describes the coupling between N two-

level systems with transition frequency ω0 = 2ωr and a bosonic field mode with frequency
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cloud with spatial periodicity of l along the pump
and cavity direction. In momentum space, this
corresponds to the creation and annihilation of

pairs of correlated atoms in the momentummode
|e〉, which is the symmetric superposition of the
four momentum states jpx,pz〉 ¼ jTħk,Tħk〉. For

a macroscopically populated zero-momentum
mode containingN atoms, this is described by the
Hamiltonian

%H ¼ 2Er %c
†
%cþ NV

4
ð%c† þ %cÞ2 ð2Þ

(25), where %c† creates particles in mode |e〉. The
first term in Eq. 2 corresponds to the kinetic
energy of atoms in mode |e〉, with recoil energy
Er = ħ2k2/2m and atomic mass m.

The elementary excitations of the Hamilto-
nian %H are of a collective nature, and their ei-
genenergy Es softens for increasing interaction
strength V (Fig. 1B). The excitation energy Es

vanishes at a critical interaction strengthVcr where
interaction and kinetic energy are balanced—
that is, N|Vcr| = 2Er. This marks the transition
point between a normal and a supersolid phase.
In the supersolid phase, a macroscopic occupa-
tion of the mode |e〉 gives rise to a checkerboard
pattern in the atomic density distribution, which
is accompanied by the buildup of a coherent
cavity field amplitude a0. The energy of collective
excitations rises again with increasing interaction
strength and approaches the single-particle excita-
tion energy of the induced optical checkerboard
potential.

To measure the excitation spectrum of the
system at momenta (Tħk, Tħk), we perform a

Fig. 2. Probing the excitation spectrum
in the normal phase (P = 0.65Pcr). (A)
Absorption image of the atomic cloud
after probing the cavity for 0.5 ms and
subsequent ballistic expansion over 7
ms. (B) Excited atomic population Ne
with momenta (Tħk, Tħk), deduced from
the regions enclosed by blue circles in
(A), as a function of the probe-pump
detuning d (circles). The solid line shows
a fit based on the theoretical model (see
text). The background in Ne originates
from a residual thermal component
extending into the detection region.
(C) Recorded (circles) and fitted (solid
line) mean intracavity photon number
nph during probing. The dashed line
indicates the intracavity photon number
of the probe pulse, obtained in the
absence of atoms. (D) Temporal evolu-
tion of Ne(t) inferred theoretically from
the fit shown in (C). (E) Mean intracavity
photon number 〈nph〉, averaged over the
probe interval, as a function of d
(circles). The fit (solid line) takes into
account the calibrated photon number
of the probe pulse (dashed line). From
the recorded photon signal, we deduce
the photon number originating from
Bragg scattering off the created excita-
tions (dashed-dotted line). The shading
in (B) and (E) indicates the fluctuations
caused by variations of the relative
phase ϕ between different experimental runs. The detuning of the pump beam from the empty cavity resonance was Dc = –2p × 18 MHz; total atom
number N = 1.6 (T0.2) × 105. The damping constant g was set to 2p × 0.6 kHz (see text).

Fig. 3. Excitation spectrum. Measured resonance frequencies Es /h, obtained from atomic (Ne) and
photonic (〈nph〉) signals, are shown in blue and red, respectively, for positive (open circles) and negative
(solid circles) interaction strength V. Gray shading shows the theoretical prediction including experimental
uncertainties (25). The experimental parameters are N = 1.7 (T0.2) × 105, Dc = –2p × (19.8, 23.2) MHz
for V< 0 (normal and supersolid phase), andDc = +2p × 15.1 MHz for V> 0. For V> 0, the pump power is
scaled in terms of the critical pump power observed for Dc = –2p × 19.7 MHz.
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are negative. This unfamiliar course of the dynamical in-

stability is a signature of cavity cooling, thus it is so for

finite cavity decay rate κ.

In the limit Ω2
1 � κ2 + δ2

C , the first excitation fre-

quency can be approximated by

Reλ1 = Ω1

�

1− η2

η2
c

, (22a)

and the imaginary part is quadratic in the pump strength,

Imλ1 = − κ Ω2
1

δ2
C + κ2

η2

η2
c

. (22b)

These approximate expressions fit well the curve shown

in Fig. 3. The s-wave interaction between atoms increases

the decay rate of this particular excitation. The imaginary

part vanishes, of course, for κ→ 0.

The width of the narrow range, where the ψ0 = 1 uni-

form steady state is stabilized by that the cavity cooling

damps out zero-energy excitations, is obtained:

η2
c − η2

∗ = η2
c

�
κ Ω1

δ2
C + κ2

�2

. (23)

Similarly to the decay rate Imλ1, the range expands on in-

creasing the collisional parameter Ngc. Finally, note that

Eq. (23) is considered a small parameter in the estimation

of λ1 in Eqs. (22).

4.2 Full spectrum

Above threshold, the collective condensate-cavity excita-

tions belong to the self-consistent ground state given by

Eqs. (2) which can be calculated only numerically. There-

fore, the solution of the eigenvalue problem in Eq. (15)

is performed also numerically using LAPACK. The wave

function is defined on a spatial grid of 200 points in the

interval of one wavelength.

In Fig. 4(a), we show the first three excitation frequen-

cies and damping rates (γ1/2 is plotted) of the conden-

sate around the real ground state, and the frequency and

damping rate of a higher excited state corresponding to

the cavity mode (double dashed lines, νf/5 and γf/4000

are plotted). We depict only the positive frequencies, tak-

ing into account the symmetry of the eigenvalues of the

matrix (17).

Below threshold the wave function ψ0(x) is constant,

only the first excitation cos kx couples to the cavity field,

and tends to zero on increasing the pumping, as it has

been discussed before. All the other excitations are inde-

pendent of the field, and have constant energies giving

back the Bogoliubov excitation spectrum of a condensate

in a box, see Eq. (19). Two orthogonal excitations have a

fixed number of nodes and are degenerate in this regime.

One of the modes in each pair is orthogonal to the cavity

mode function cos kx,

At the onset of self-organization the eigenvalues dra-

matically change. At the critical point the excitation en-

ergies drop slightly below the Bogoliubov energies given
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Fig. 4. Frequencies (a) and decay rates (b) of the six lowest
collective condensate excitations and the ones corresponding to
the cavity field as a function of the transverse pump strength.
Decay rates of the lower branches of each pair are 0. For the
cavity-dominated mode the frequency and the decay rate is
divided by 5 and 4000, respectively, and γ1 is divided by 2 in
(b). Parameters are the same as in Fig. 1.

in Eq. (19). This dip is related to the collisions and disap-

pears for gc → 0. Let us mention that the numerical cal-

culation of the stationary solution of the Gross-Pitaeskii

equation becomes inaccurate at the critical point. The

convergence of the iterative solution slows down, which

is an inherent consequence of the criticality obtained at

the degeneracy of the ground and first excited state en-

ergies. Nevertheless we checked in some points that the

dip is still there if very high accuracy is demanded in the

iteration process.

At threshold, the degeneracy in the excitation pairs is

lifted. The lower branch remains orthogonal to the cavity

mode and decouples from the field fluctuations. The up-

per branches correspond to polariton excitations mixing

condensate and field fluctuations.

Far above threshold,
√

Nη → ∞, the excitation fre-

quencies increase linearly with
√

Nη and are uniformly

spaced. This can be understood if we approximate the

deep optical trap by a harmonic potential in the vicinity

of the antinodes. The adiabatic potential in Eq. (3), trans-

adiabatically crossing the critical point. We experimentally
quantify the even-odd imbalance by performing 156 ex-
perimental runs [similar to Fig. 3(a)], in each of which
the system enters the superradiant phase 10 times within
1 s. A measure for the even-odd imbalance is given by
the parameter ! ¼ ðm1 #m2Þ=10, where m2 % m1 denote
the number of occurrences of the two superradiant con-
figurations in individual traces. In 73% of the traces, the
system realized 10 times the same time phase, correspond-
ing to the maximum imbalance of ! ¼ 1 [Fig. 3(b)].
However, 12% of the runs exhibited an imbalance below
0.5, which is not compatible with a constant even-odd
asymmetry.

We attribute our observations to the finite spatial exten-
sion of the atomic cloud. This can result, even for zero
coupling ", in a small, but finite population difference
between the even and odd sublattices, determined by
the spatial overlap O between the atomic column density
nðx; zÞ (normalized to N) and the optical mode profile
uðx; zÞ. This asymmetry enters the two-mode description

[Eq. (1)] via the symmetry-breaking term 2@"Oðây þ
âÞ=

ffiffiffiffi
N

p
and renormalizes the order parameter hĴxi by the

additive constant O. The resulting coherent cavity field
below threshold drives the system dominantly into either of
the two superradiant phases, depending on the sign of O.
In the experiment, the resulting even-odd imbalance is
likely to change between experimental runs, as the overlap
integralO depends "p-periodically on the relative position
between the mode structure uðx; zÞ and the center of

the trapped atomic cloud, with amplitude O0. We can
exclude a drift of the relative trap position by more than
half a wavelength "p on the time scale given by our
probing time of 1 s, as it would lead to equal probabilities
of the two phases, pretending spontaneous symmetry
breaking.
The openness of the system provides us with direct

experimental access to the symmetry-breaking field pro-
portional to O. Indeed, we detect a small coherent cavity
field (nph < 0:02) in the normal phase whose magnitude

varies between experimental runs. In all runs exhibiting an
imbalance of ! ¼ 1 [Fig. 3(b)], the relative time phases of
the cavity field detected below and above threshold are
equal. Furthermore, the even-odd imbalance increases
significantly with the light level observed below threshold.
Postselection of those 10% of the runs with the smallest
light level yields a much smaller mean imbalance
[Fig. 3(b), inset].
In general, the influence of a symmetry-breaking field

becomes negligible, if the mean value of the order parame-
ter, induced by this field, is smaller than the quantum or
thermal fluctuations present in the system. From a mean-
field calculation performed in the Thomas-Fermi limit for
N ¼ 2' 105 harmonically trapped atoms, we estimate a
maximum order parameter of O0 ¼ 40 for zero coupling
strength, corresponding to an even-odd population differ-
ence of 40 atoms. This value is much smaller than the

uncertainty !Jx ¼
ffiffiffiffi
N

p
=2 ¼ 224, given by vacuum fluctu-

ations of the excited momentum mode. Therefore, one
expects in the extreme case of a sudden quench of the
coupling strength beyond "cr that the apparent symmetry is
spontaneously broken, resulting in nearly equal probabil-
ities of the two superradiant phases.
In the experiment, we determined the even-odd imbal-

ance ! for increasingly larger rates _"="cr at which the
critical point was crossed, i.e., in an increasingly nonadia-
batic situation [Fig. 3(c)]. As the transition is crossed faster,
the mean imbalance between the two superradiant phases
decreases significantly and approaches the value ! ( 0:25
corresponding to the balanced situation [Fig. 3(c), dashed
line]. This indicates that the effect of the symmetry-
breaking term can be overcome by nonadiabatically cross-
ing the phase transition.
Our observations [Fig. 3(c)] are in quantitative agree-

ment with a simple model based on the adiabaticity con-
dition known from the Kibble-Zurek theory [18,19]. We
divide the evolution of the system during the increase of
the transverse laser power into a quasiadiabatic regime,
where the system follows the change of the control pa-
rameter, and an impulse regime, where the system is
effectively frozen. After crossing the critical point, fluctu-
ations of the order parameter, which are present at the
instance of freezing, become instable and are amplified.
The coupling strength which separates the two regimes is

determined by Zurek’s equation [18] j _#=#j ¼ !=@, with

FIG. 3 (color online). (a) Cavity time phase (red, averaged
over 30 $s) for a single run and the corresponding time se-
quence of the coupling laser power P (dashed line).
(b) Probability distribution of the imbalance ! (see the text)
for 156 runs, where the phase transition was crossed at a rate of
_"="cr ¼ 18ð3Þ s#1. The inset displays the distribution of post-
selected data (see the text). (c) Mean imbalance (dots) as a
function of the rate _"="cr at which the transition was crossed
(extracted from 356 runs in total) and the theoretical model
(solid line). The error bars indicate the standard error of the
mean of ! and systematic changes of "cr during probing.
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The frequency and power of this laser control the effective
mode frequency ! and the coupling strength !, respec-
tively [8]. Above a critical laser power, the discrete
!p=2-spatial symmetry, defined by the optical mode struc-
ture uðx; zÞ ¼ cosðkxÞ cosðkzÞ, is spontaneously broken,
and the condensate exhibits either of two density waves
[Fig. 1(b)]. Correspondingly, the atomic order parameter

hĴxi, given by the population difference between the even
[uðx; zÞ> 0] and odd [uðx; zÞ< 0] sublattices, exhibits a
negative or positive macroscopic value, while the emergent
coherent cavity field oscillates (for ! $ ") either in
(# ¼ 0) or out of phase (# ¼ $) with the coupling laser.

As described previously [8], we prepare Bose-Einstein
condensates of typically 2% 105 87Rb atoms in a crossed-
beam dipole trap centered inside an ultrahigh-finesse opti-
cal Fabry-Perot cavity, which has a length of 176 %m. The
transverse coupling laser at wavelength !p ¼ 784:5 nm
is red-detuned by typically ten cavity linewidths 2" ¼
2$% 2:5 MHz from a TEM00 cavity mode, realizing the
dispersive regime ! $ !0 of the Dicke model. We moni-
tor the amplitude and phase of the intracavity field in real
time by using a balanced heterodyne detection scheme
[Fig. 1(a)]. Because of slow residual drifts of the differen-
tial path length of our heterodyne setup, which translate
into drifts of the detected phase signal of about 0:1 $=s, we

cannot relate the phase signals between consecutive ex-
perimental runs separated by 60 s.
To observe symmetry breaking, we gradually increase

the coupling laser power across the critical point [Fig. 2(a)].
The transition from the normal to the superradiant phase is
marked by a sharp increase of the mean intracavity photon
number [Fig. 2(b)]. Simultaneously, the time phase #
between the two light fields locks to a constant value,
implying that the symmetry of the system has been broken
[Fig. 2(c)]. The observation of a constant time phase above
threshold confirms that the system reaches a steady-state
superradiant phase in which the induced cavity field oscil-
lates at the coupling laser frequency. When lowering the
laser power to zero again, the system recovers its initial
symmetry and a pure Bose-Einstein condensate is retrieved,
as was inferred from absorption imaging after free ballistic
expansion.
To identify the two different superradiant states

[Fig. 1(b)], we cross the phase transition multiple times
within one experimental run [Fig. 3(a)]. Above threshold,
the corresponding phase signal takes always one of two
constant values. From multiple traces of this type, we
extract a time-phase difference of 1:00ð2Þ % $ between
the two superradiant phases, where the statistical error
can be attributed to residual phase drifts of our detection
system.
If the system were perfectly symmetric, the two ordered

phases would be realized with equal probabilities, when
repeatedly crossing the phase transition. However, the
presence of any symmetry-breaking field will always drive
the system into the same particularly ordered state when

FIG. 2 (color online). Observation of symmetry breaking and
steady-state superradiance. Shown are simultaneous traces of
(a) the coupling laser power P, (b) the mean intracavity photon
number nph, and (c) the relative time phase # between the

coupling laser and cavity field (both averaged over 150 %s).
The coupling laser frequency is red-detuned by 31.3(2) MHz
from the empty cavity resonance, and the atom number is
2:3ð5Þ % 105. Residual atom loss causes a slight decrease of
the cavity photon number in the superradiant phase.

FIG. 1 (color online). (a) Experimental setup. A Bose-Einstein
condensate is placed inside an optical cavity and driven by a far-
detuned standing-wave laser field (wavelength !p) along the z
axis. The phase and amplitude of the intracavity field are
measured with a balanced heterodyne setup (PD, photodiodes).
(b) Steady-state order parameter hĴxi as a function of coupling
strength !, with corresponding atomic density distributions
(1)–(3). The order parameter vanishes in the normal phase (1)
and bifurcates at the critical point !cr, where a discrete
!p=2-spatial symmetry is broken. The two emergent superra-
diant phases [(2) and (3)] can be distinguished via the relative
time phase #.
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We study symmetry breaking at the Dicke quantum phase transition by coupling a motional degree of

freedom of a Bose-Einstein condensate to the field of an optical cavity. Using an optical heterodyne

detection scheme, we observe symmetry breaking in real time and distinguish the two superradiant phases.

We explore the process of symmetry breaking in the presence of a small symmetry-breaking field and

study its dependence on the rate at which the critical point is crossed. Coherent switching between the two

ordered phases is demonstrated.
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Spontaneous symmetry breaking at a phase transition is
a fundamental concept in physics [1]. At zero temperature,
it is caused by the appearance of two or more degenerate
ground states in the Hamiltonian. As a result of fluctua-
tions, a macroscopic system evolves into one particular
ground state which does not possess the same symmetry as
the Hamiltonian. Finding a clean testing ground to experi-
mentally study the process of symmetry breaking is noto-
riously difficult, as external fluctuations and asymmetries
have to be minimized or controlled. The protected environ-
ment of atomic quantum gas experiments and the increas-
ing control over these systems offer new prospects to
experimentally approach the concept of symmetry break-
ing. Recently, rapid quenches across a phase transition
were studied in multicomponent Bose-Einstein conden-
sates [2–4] and optical lattices [5,6]. Such a nonadiabatic
quench causes a response of the system at correspondingly
high energies. Therefore, a central characteristic of a phase
transition, which is its diverging susceptibility to perturba-
tions, remains partially hidden.

In this work, we study the symmetry-breaking process
while slowly varying a control parameter several times
across a zero-temperature phase transition. Compared to
quenching, this allows us to explore the low energy spec-
trum of the system which probes its symmetry most sensi-
tively. For very slow crossing speeds, we identify the
presence of a residual symmetry-breaking field of varying
strength. Larger values of this residual field can be corre-
lated to the repeated observation of one particularly or-
dered state. For increasingly steeper ramps across the
phase transition, the influence of the symmetry-breaking
field almost vanishes.

We investigate the symmetry breaking in the motional
degree of freedom of a Bose-Einstein condensate coupled
to a single mode of an optical cavity. Our system realizes
the Dicke model [7–9], which exhibits a second-order
zero-temperature phase transition [10–13]. The broken
symmetry is associated with the formation of one of two
identical atomic density waves, which are shifted by half an
optical wavelength [8,9,14,15]. Using an interferometric

heterodyne technique, we monitor the symmetry-breaking
process in real time while crossing the transition point. A
similar technique has been used to test self-organization in a
classical ensemble of laser-cooled atoms [15], where the
symmetric phase is stabilized by thermal energy rather than
kinetic energy [16].
The Dicke model [7] considers the interaction between

N two-level atoms and the quantized field of a single-mode
cavity, which is described by the Hamiltonian

Ĥ ¼ @!0Ĵz þ @!âyâþ 2@!ffiffiffiffi
N

p ðây þ âÞĴx: (1)

Here, â and ây denote the annihilation and creation opera-
tors, respectively, for the cavity mode at frequency !, and
Ĵ ¼ ðĴx; Ĵy; ĴzÞ describes the atomic ensemble with tran-
sition frequency !0 in terms of a pseudospin of length
N=2. The cavity light field couples with coupling strength
! to the collective atomic dipole Ĵx. In the thermodynamic
limit, the Dicke model exhibits a zero-temperature phase
transition from a normal to a superradiant phase when the
control parameter ! exceeds a critical value given
by !cr ¼

ffiffiffiffiffiffiffiffiffiffi
!!0

p
=2 [10–12]. Simultaneously, the parity

symmetry of the Dicke Hamiltonian, given by the invari-
ance under the transformation ðâ; ĴxÞ ! ð!â;!ĴxÞ, is
spontaneously broken [13]. While parity is conserved in
the normal phase with hâi ¼ 0 ¼ hĴxi, two equivalent
superradiant phases (denoted by even and odd) emerge
for !> !cr, which are characterized by hĴxi + 0 and
hâi _ 0, respectively [Fig. 1(b)].
In our experiment [8], we couple motional degrees of

freedom of a Bose-Einstein condensate with a single cavity
mode by using a transverse coupling laser [Fig. 1(a)].
Within a two-mode momentum expansion of the matter-
wave field, the Hamiltonian dynamics of this system is
described by the Dicke model [Eq. (1)] [8,9,17], where the
effective atomic transition frequency is given by!0 ¼ 2!r

with the recoil frequency !r ¼ @k2=2m, the atomic mass
m, and the wavelength !p ¼ 2"=k of the coupling laser.
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Roton-Type Mode Softening in a
Quantum Gas with Cavity-Mediated
Long-Range Interactions
R. Mottl, F. Brennecke, K. Baumann, R. Landig, T. Donner, T. Esslinger*

Long-range interactions in quantum gases are predicted to give rise to an excitation spectrum of
roton character, similar to that observed in superfluid helium. We investigated the excitation
spectrum of a Bose-Einstein condensate with cavity-mediated long-range interactions, which couple
all particles to each other. Increasing the strength of the interaction leads to a softening of an
excitation mode at a finite momentum, preceding a superfluid-to-supersolid phase transition. We
used a variant of Bragg spectroscopy to study the mode softening across the phase transition.
The measured spectrum was in very good agreement with ab initio calculations and, at the phase
transition, a diverging susceptibility was observed. The work paves the way toward quantum
simulation of long-range interacting many-body systems.

Experiments with ultracold gases have suc-
ceeded in realizing a variety of quantum
many-body phases by exploiting the tun-

ability of short-range atom-atom interactions (1).
Creating quantum gases with long-range inter-
actions (2–5) is motivated by the prospect of
observing previously unexplored phenomena and
phases (6). In particular, long-range interactions
in a Bose-Einstein condensate (BEC) have been
predicted (7–10) to give rise to an excitation spec-
trum similar to the roton spectrum observed in
superfluid helium (11). A roton spectrum emerges
from density-density correlations that can be in-
duced by short-range van der Waals interactions,
as in liquid helium, or by momentum-dependent
long-range interactions in dilute quantum gases
(7). Suchmode softening at finite momentum has
been proposed as a possible route to a supersolid
phase (12).

Important steps toward realizing quantum
gases with long-range interactions have been
achieved by cooling atomic species with large
magnetic dipole moments to quantum degenera-
cy (2, 5) and by efforts to prepare ultracold polar
molecules in their ground state (3, 4). Effects of
long-range interactions in quantum gases have
been observed in the anisotropic expansion, in
collective as well as Bloch oscillations, and in
the stability of interacting dipolar BECs (13–16).
However, a roton-type mode softening requires
very strong long-range interactions and is chal-
lenging to observe in quantum gases.

A different approach to long-range interactions
in cold gases makes use of the radiative coupling
between electric dipoles induced by off-resonant
laser light, which has been shown theoretically to
cause a roton-like minimum in the energy spec-
trum of a BEC (8, 10). A large enhancement of
such radiative coupling is achieved by placing
the dipoles into an optical resonator, which leads
to strong global atom-atom interactions (17–20).

We create long-range interactions in a BEC
by placing it into an optical high-finesse cavity
and irradiating the atoms with a transverse pump
laser, which is far detuned from the atomic tran-
sition frequency (21–23) (Fig. 1A). The induced
electric dipoles of the atoms oscillate at the pump
laser frequency and collectively couple to a sin-
gle cavitymode, which is detuned from the pump
frequency by a few cavity linewidths. In turn, the
induced cavity field leads to an ac Stark shift in
the atoms. The resulting atom-atom interaction
extends over the entire atomic cloud and is tun-
able in strength. For a critical strength of the
long-range interactions, the BEC undergoes a
quantum phase transition to a supersolid phase
with checkerboard density order (22), as observed
in (23). At the phase transition, a discrete spatial
symmetry provided by the cavity mode structure
is broken, thus establishing nontrivial diagonal
long-range order. We have developed a method

to measure the excitation spectrum across this
phase transition. The method combines Bragg
spectroscopy (24) and cavity-enhanced Bragg
scattering, and we use it to observe a notable
change in the dispersion relation while crossing the
phase transition. This is complemented by a di-
verging susceptibility, in agreementwith the second-
order nature of the phase transition (Fig. 1B).

The cavity-mediated long-range interaction
is described by the Hamiltonian %H aa ¼ ∫ %Y†

(r)
%Y
†
(r′)V(r,r′) %Y(r′) %Y(r)d3rd3r′ with atomic

field operator %Y(r). This Hamiltonian is obtained
from the dispersive atom-light interaction Hamil-
tonian by adiabatically eliminating the fast cavity
field dynamics (19, 25). The interaction potential
has the form

V(r,r′) ¼ Vcos(kx)cos(kzÞcos(kx′)cos(kz′) ð1Þ

and describes the ac Stark shift experienced by
an atom at position r as a result of the cavity
field induced by a second atom at position r′. As
a consequence of the interference between the
mediating cavity field and the transverse pump
field, the spatial dependence of the interaction is
determined by the corresponding mode functions
cos(kx) and cos(kz), where k = 2p/l denotes the
optical wave vector (Fig. 1A). The interaction
strengthV ¼ ħh2=D̃c (where ħ is the Planck con-
stant divided by 2p) depends on the two-photon
Rabi frequency h, which can be tuned experi-
mentally via the transverse pump power P (25).
The sign of V is determined by the detuning
D̃c ¼ wp − w̃c between the transverse pump la-
ser frequency wp and the dispersively shifted cav-
ity resonance w̃c. In the experiment, jD̃cj is large
relative to the cavity linewidth 2k.

For negative V, the cavity-mediated interac-
tion induces density correlations in the atomic

Institute for Quantum Electronics, ETH Zürich, CH-8093 Zürich,
Switzerland.

*To whom correspondence should be addressed. E-mail:
esslinger@phys.ethz.ch

Fig. 1. Experimental scheme and mode softening. (A) A 87Rb BEC inside a Fabry-Perot resonator is
transversally illuminated by a far red–detuned standing-wave laser field. In a quantized picture, atoms
off-resonantly scatter photons from the pump field into a close-detuned TEM00 cavity mode and back at a
rate NV/ħ (see text), creating and annihilating pairs of atoms in the superposition of momenta (px, pz) =
(Tħk, Tħk) (one of four possible processes is shown schematically). This results in global interactions
between all N atoms. The interaction strength V is controlled via the power of the transverse laser field. (B)
The cavity-mediated atom-atom interaction causes a softening of a collective excitation mode at momenta
(Tħk, Tħk) and a diverging susceptibility (blue shade) at a critical interaction strength (dashed line).
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‣ Other approach for longe range interactions: Rydberg atoms

Domokos 2008

‣ Towards multiple cavity modes

C. Guerlin et al., PRA 82, 053832 (2010)Cavity QED with a Rydberg blocked atomic ensemble,

CAVITY QUANTUM ELECTRODYNAMICS WITH A . . . PHYSICAL REVIEW A 82, 053832 (2010)
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FIG. 1. (Color online) (Left) A Bose-Einstein condensate inside an ultrahigh finesse optical cavity is coupled in a two-photon scheme to a
Rydberg state, with the first photon being provided by a single quantized cavity mode and the second photon by a classical coupling beam. The
system is interrogated by monitoring the cavity transmission of a weak probe beam on a photon counter. (Middle) The quantized cavity mode
has a frequency ν1 and couples the collective atomic ground state |G〉 to an intermediate level |I 〉 with a detuning ". The collective vacuum
Rabi coupling is given by g0

√
N . A blue photon of frequency ν2 drives the excitation to a Rydberg state |E〉 with a classical Rabi coupling #.

(Right) The interaction between two Rydberg atoms leads to an energy shifted and broadened state |Ẽ〉 containing two excitations. This allows
selectively addressing the single excitation state. The resulting situation can be described by a Jaynes-Cummings Hamiltonian.

collective ground and singly Rydberg excited states of the
ensemble |G〉,|E〉. The associated effective Jaynes-Cummings
Hamiltonian Eq. (3) is block diagonal, coupling only pairs of
states (|G,n〉,|E,n − 1〉) with the same total number n of either
photonic or atomic excitations. The frequencies ωn,± of the
dressed eigenstates |n,±〉, obtained by direct diagonalization
of H̃JC, are given by

ωn,± = nωc ± geff
√

n. (4)

The resulting nonlinearity is depicted in Fig. 2.
This system can be driven by a classical probe field, which

either illuminates the atoms on the g-i transition or feeds the
cavity via one of the cavity mirrors. In the following we shall
consider the latter solution. Due to the cavity and atomic

|n=2, >

|G>

|n=1, > 2geff

4geff

(a) (c)(b)

2  2geff

FIG. 2. (Color online) Dressed ladder states of the atoms-cavity
system: (a) without interatomic interaction, the system would
be formally equivalent to two coupled oscillators and transition
frequencies between the multiplicities are degenerate; (b) when
the interaction between excited atoms is strong enough for the
atomic sample to be fully dipole-blocked, the system is described
by the JCM, and the nonlinearity prevents simultaneous excitation
of several multiplicities; (c) for larger atomic samples or weaker
dipole interaction, several Rydberg “bubbles” can appear, and the
system’s spectrum is described by “combinatorially dressed states,”
still preserving a nonlinearity for small enough bubble numbers.

decay, the combined field-atom system will reach a steady
state after a few relaxation times, i.e., a few microseconds
for the specific system under consideration. If the driving
field is weak, this state only slightly differs from the ground
state |G,n = 0〉 and, depending on the driving frequency, we
may estimate the probability amplitude with which the system
populates the excited eigenstates |n,±〉 of the unperturbed
Jaynes-Cummings model.

A. One-photon resonance

To excite the system, the driving frequency should match
one of the two dressed state components at ωc ± geff , shifted
by the so-called vacuum Rabi splitting. Directly measuring
the absorption or transmission of the cavity as a function of
the driving frequency, thus reveals the collectively enhanced
coupling strength geff . The width of the resonances is mainly
governed by the cavity decay (as noted above the atomic
decay rate γ is negligible compared to the cavity decay
rate κ). With geff ∼ 2π × 10 MHz and κ ∼ 2π × 1 MHz, the
two resonance lines are then clearly split, and it is possible
to selectively excite one of the dressed states |n = 1,±〉 ≡
(|G,1〉 ± |E,0〉)/

√
2. If the probe field couples to the cavity

mode according to the Hamiltonian

V = α∗eiωt â + αe−iωt â†, (5)

the coupling strength of the ground state to either of the dressed
states is the same, given by β1 = 〈n = 1, ± |V |G,0〉 =
α∗/

√
2. We therefore expect these states to be excited with

a probability p1 ∼ |β1|2/(δ2 + κ2/4), where δ denotes the
probe frequency detuning with respect to the dressed state
eigenfrequency. The dressed state populated is a superposition
of the atomic and field excited state, and the mean photon
number inside the cavity is expected to be 〈n〉 = 1

2p1.
To analyze the problem theoretically, we have carried out

numerical Monte Carlo simulations of the dynamics of the
driven atom + cavity system. The cavity decay occurs by
emission of photons [34], and we simulate the detection of
these emission events by a photon counter in the Monte Carlo
wave function (MCWF) formalism [35,36]. Such simulations
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FIG. 11. Schematic zero-temperature (i.e., quantum) phase dia-
gram for a BEC in a concentric cavity, with the control parameters
being the atomic scattering length a and the inverse effective
atom-cavity coupling ζ−1 (or equivalently the inverse laser intensity
"−2). For weak, repulsive interactions, the superfluid first undergoes
self-organization via the Brazovskii transition, thus forming a
supersolid. If the laser intensity is increased further, the supersolid
undergoes a transition into a normal solid (i.e., a Mott insulator).
However, for strong, repulsive interactions, the uniform BEC can lose
phase coherence concurrently with the first-order self-organization
transition. This situation is to be contrasted with that for the case
of a single-mode cavity (inset), in which there should always be a
supersolid (SS) region separating the uniform fluid (SF) and normal
solid (S) regions. First- and second-order transitions are marked (1)
and (2), respectively.

should be observable in a multimode cavity. Recently, the
self-organization transition was observed in a single-mode
cavity using Bose-Einstein-condensed 87Rb atoms. The cavity
was characterized by the cavity QED parameters (g,κ,γ ) =
2π × (10,1,3) MHz; and the pump laser was detuned from the
atomic resonance by &A ≈ 2π × 1013 Hz [16]. An appreciable
photon population was observed in the cavity for &C up to
2π × 40 MHz. For these parameters, the mean-field value of
the self-organization threshold "mf is approximately 2π ×
2 GHz. For a concentric cavity having these parameters, the
range in frequency space of the fluctuation-dominated regime
for the classical self-organization transition is approximately
2π × (2–20) MHz. (The precise value depends on the healing-
length parameter χ , but only as χ−1/3; hence these results
are not very sensitive to the choice of χ .) As previously
noted [17], this range is greater than the frequency width
associated either with spontaneous decay or with the intensity
noise of a typical laser (converted to frequency units). For
the quantum transition, the fluctuation-dominated regime (for
87Rb at unit filling far from a Feshbach resonance) would be
of order 0.1–1 MHz; the width of this regime can, however,
be extended by tuning the interparticle interaction through a
Feshbach resonance.

The nucleation rates, both thermal and quantal, can
be expressed—for the case of the interacting system—as
U exp[−K("th − "mf

th )/(" − "th)]. In this expression, " is
the pump laser strength and K is a number of order unity; the
expression is only valid when the exponent exceeds unity, i.e.,
for " sufficiently near "th. For U far from a Feshbach reso-
nance, this expression implies that, for the regime discussed
in this work, in which nucleation proceeds via the formation
of large, well-defined droplets, the average nucleation time

scale should typically exceed the lifetime of the experiment
(discussed in the next paragraph). It might therefore prove
necessary to enhance U by means of a Feshbach resonance in
order to explore the physics of nucleation. Note that this does
not imply that the self-organized state is inaccessible away
from a Feshbach resonance: rather, one expects that the laser
strength would have to be increased (decreased) well past
threshold before the system entered (left) the self-organized
state. In other words, the process of self-organization should
exhibit significant hysteresis.

For the experimental parameters just given, Baumann
et al. [16] found that the lifetime of the self-organized BEC
(i.e., the time scale on which atom loss destroys the BEC)
was approximately 10 ms. For detunings &C > κ , atom loss is
largely due to spontaneous scattering, which occurs at a rate Rγ

proportional to γ"2/&2
A. The corresponding time scale is long

enough to enable the observation of the family of phenomena
discussed in the present work. In order to perform a similar
experiment with cavities in the weak-coupling regime (i.e.,
for smaller g), one would have to ensure that the spontaneous
decay rate Rγ stays below 1 kHz. This would involve satisfying
two conditions: g2N/&C > 103 and κ $ &C . One could do so
by increasing the number of atoms in the BEC or by increasing
the finesse of the cavity mirrors (which would reduce κ).

XII. SYSTEMS OF COUPLED LAYERS AND THE
ORIGINS OF FRUSTRATION

We have discussed how an equilibrium atomic cloud,
confined by the pump laser to a plane near the equatorial
plane of the cavity, spontaneously crystallizes globally into one
of a family of degenerate quasicheckerboard arrangements.
Now let us consider an atomic cloud confined to a single
plane away from the equator of the cavity. In this case,
spontaneous crystallization still occurs but, as we shall now
explain, the particular checkerboard arrangement into which
the atoms crystallize varies statically across the plane—
energetics demands, e.g., that the center and edge of the cloud
crystallize in distinct arrangements. This is a consequence of
frustration: satisfying local energetic preferences introduces
“fault zones” between locally ordered regions.

In our analysis of equatorial-plane atomic distributions (see
Fig. 8), we were able to focus on the family of degenerate
modes TEMlm having l = 0. To generalize our analysis
beyond the equatorial plane, we must consider all modes that
meet the degeneracy condition l + m + n = K0R. Consider
the situation illustrated in Fig. 12(a), first focusing on the
nonequatorial sheet marked (i). Near the center of this sheet,
crystallization into modes with l = 1 is suppressed because
such modes have low intensity, whereas crystallization into
l = 2 modes is favored because they have maximal intensity;
away from the center, the opposite is true. The change in
l forces a change in m or n, owing to the degeneracy
condition, so the mode functions in the sheet must change
across an interfacial zone between the l = 1 and l = 2 favored
regions. Therefore, either a dislocation, associated with a
change in m, or an abrupt change in lattice periodicity (i.e.,
a discommensuration), associated with a change in n, is
expected. (This picture assumes that, as is always the case
near threshold, the self-organized lattice is not strong enough
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