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- Proposition:

The sum of the ensemble variance of the temporal means and the
ensemble mean of the temporal variances remains approximately
constant across the integrability-to-ergodicity transition

- Example of a Sinai-type billiard
- Example of long-range interacting hard-core bosons
- Ensemble variance of temporal means as a cos2 of the Hilbert-Schmidt

(HS) angle between the observable and integrals of motion

HS geometry of density matrices for Quantum Information: 164 arXiv
articles
HS geometry of observables: 0 arXiv, hints in Suzuki’s quantum
extension of Mazur’s theorem (Physica 51 (1971))

- IPR as an angle between the original and perturbed integrals of motion
- An application of the HS geometry: Optimal integrals of motion for GGE
- Mesoscopicity and integrability on the same footing → “nano-meso”
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A Sinai-type billiard: V arMC[Meant[A]] vs.
MeanMC[V art[A]]
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HCB+NNNNN: V arMC[Meant[A]] vs.
MeanMC[V art[A]]
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Hilbert-Schmidt inner product
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“[T]he angel of geometry and the devil of
algebra share the stage, illustrating the dif-
ficulties of both.”

Hermann Well

The Hilbert-Schmidt (HS) inner product between two matrices:

(Â|B̂) ≡ Tr[Â†B̂] .

HS product is invariant under unitary transformations:

(Û ÂÛ−1|ÛB̂Û−1) = (Â|B̂) .

The unitary transformations form a (small) subgroup of the group of HS
rotations: the latter preserve the HS norm, defined as

||Â|| ≡
√

Tr[Â2] .
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Some definitions
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Introduce:

(a) a microcanonical window: WMC ≡ {|α〉 | Eα ∈ [Emin, Emax]},
where |α〉 and Eα are the eigenstates and eigenenergies of a Hamiltonian Ĥ;

(b) a HS normalized identity operator: Î = (NMC)−1/2I;

(c) a space of the diagonal (w.r.t. Ĥ) observables:
Ld, Ĥ ≡ Span[{|α〉〈α| | |α〉 ∈ WMC}];

(d) a space of the off-diagonal (w.r.t. Ĥ) observables:
Lo−d, Ĥ ≡ Span[{2−1/2(|α〉〈β| + h.c.)} ∪ i2−1/2(|α〉〈β|− h.c.)} | |α〉 ∈
WMC ; |β〉 ∈ WMC ; β > α }].
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The integrability-ergodicity-to-HS
dictionary
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Then:

ensemble variance of the temporal means (ETH variance) ≡
(

N−1
MC

WMC∑

α

A2
α, α − 〈Â〉MC

)
/
(
〈Â2〉MC − 〈Â〉2MC

)
= cos2(Â̂ Ld, Ĥ) − cos2(Â̂Î)

ensemble mean of the temporal (quantum) variance ≡

N−1
MC




WMC∑

α, β "=α

A2
α, β



 /
(
〈Â2〉MC − 〈Â〉2MC

)
= cos2(Â L̂o−d, Ĥ)

ensemble variance ≡
〈Â2〉MC − 〈Â〉2MC = N−1

MC

(
||Â2||− N−1

MC ||Â||2
)

inverse participation ratio (ITR) between the eigenstates of an integrable (Ĥ0)

N−1
MC

WMC∑

α, αo

|〈α0|α〉|4 = cos2(Ld, Ĥ0
L̂d, Ĥ)
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HS Geometry of the
Integrability-Thermalizability transition
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HS Geometry of the
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HS Geometry of the
Integrability-Thermalizability transition
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HS Geometry of the
Integrability-Thermalizability transition

Preview Sinai billiard Hard-Core Bosons Optimizing the GGE Concusions

Frobenius... | Olshanii | UMB KITP | Aug 7, 2012 – 16 / 32
g

!"
#$%
#&
'$
()
*+
,

)&
-"
#.
'&
/"

$0
"#
1
'/
,'
."
#'
2"

3)
*$
#)
//"
4,
&5

$0"
#1
'/

6/%
3$%
'$(
)*
-

!"" #$%&!'%(
!)*+%,!+-

,+%.*(*--/!)*+%,!+-

$#*',$,0

4".('$()*

#$%&!'%(

6#)1"#2)4(3($5

Friday, November 23, 2012



Optimizing the GGE
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Optimizing the GGE
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Optimizing the GGE
Preview Sinai billiard Hard-Core Bosons Optimizing the GGE Concusions

Frobenius... | Olshanii | UMB KITP | Aug 7, 2012 – 21 / 32

!"#$!%&!'

(!')*'%&!'+,#$&-.!-+'!'&-+,#)/#0*'*.+,&1*2#3&44/
$&-.!-+'!'&-+,#*'/*$4,*

!4/*.)+4,*

*'*.05

!"#&'%*.*/%

&'%*0.+,

Friday, November 23, 2012



Optimizing the GGE
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Optimizing the GGE: underlying exact
inequality
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V arGGE[〈α|Â|α〉]
V arMC[〈α|Â|α〉]

≤ sin2[Îtl,d

V
Âtl,d] + 2| cos[Îtl,d

V
Âtl,d]|

√
V arGGE[〈α|Î|α〉]
V arMC[〈α|Î|α〉]

︸ ︷︷ ︸

O
 

∆I√
V arMC[〈α|Î|α〉]

!

,

where ∆I ≡ maxj(Ij+1 − Ij) = maximal GGE interval for Î,
B̂tl,d ≡

∑
α(〈α|B̂|α〉 − MeanMC[〈α|B̂|α〉])|α〉〈α|
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Optimizing the GGE: hard-core bosons
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Optimizing the GGE: hard-core bosons
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Optimizing the GGE: hard-core bosons
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Optimizing the GGE: beyond integrability
Preview Sinai billiard Hard-Core Bosons Optimizing the GGE Concusions

Frobenius... | Olshanii | UMB KITP | Aug 7, 2012 – 29 / 32

!"

!"#$

!"#%

!"#&

!"#'

!(

!(#$

!(!$!)!%!*!&!+!' !(" !(* !$"

,-
.-
/0
12
-

314-560.!78!974:71

!"

!"#$

!"#%

!"#&

!"#'

!(

!(#$

!( !$ !) !% !* !& !+ !'

;6
-<
:24
:/-
!;
7=
-6

>79-14?9!<:@46:A?4:71!979-14B!m

4C-697<D109:2@
EEFG!271/-14:710.

EEFG!((!97@4!7H4:90.
!"

!"#$

!"#%

!"#&

!"#'

!(

!(#$

!( !$ !) !% !* !& !+ !'

;6
-<
:24
:/-
!;
7=
-6

>79-14?9!<:@46:A?4:71!979-14B!m

4C-697<D109:2@
EEFG!271/-14:710.

EEFG!%!97@4!7H4:90.

0=0D!8679!:14-560A.-
!"

# $

!"

!"#$

!"#%

!"#&

!"#'

!(

!(#$

!(!$!)!%!*!&!+!' !(" !(* !$"

,-
.-
/0
12
-

314-560.!78!974:71

:14-560A.-

Friday, November 23, 2012



 0

 0.5

 1

 1.5

 2

 2.5

 0  1  2  3  4  5  6  7  8

M
om

en
tu

m
 d

is
tri

bu
tio

n,
 N

(k
)

Momentum, k

time average
GGE: 8 most optimal
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Generalized thermodynamics: 
4 interacting bosons on 16 sites

 - N = 4 | L = 16 | PBC

 - Interactions: soft-
   core repulsion of
   radius 4
   and strength U=3 +
   hard-core

 - Initial state:
   ground state with
   no soft-core

 - # of additional integrals ofmotion= 7

 - MC windows = 1/10 of state-to-state variance
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Outlook: Maxwell demon of 
non-ergodicity

Idea: in mesoscopic 
systems, use finite-size-
induced deviations from 
ergodicity to control 
observables of interest 

Credits: Zack Hilt*, Amit Gupta, Prof. Nick Peppas*, Prof. Rashid Bashir, 
School of Electrical and Computer Engineering, Purdue University
*School of Chemical Engineering 
UT Austin, Austin, TX
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In this presentation we

- suggested the following proposition:

The sum of the ensemble variance of the temporal means and the
ensemble mean of the temporal variances remains approximately
constant across the integrability-to-ergodicity transition

-
!"

!#

!$"

!$#

!%"

!%#

!" !# !$" !$# !%" !%#

&'
()
*
+,
!-
./0
(1
/2!
33
43
5
64
5
7 .
8%
7 .
8 9
:
8$
;%

<&=!-./0(1/2!343457.63457.89:8
%79:8

$;%

<&=!1-!&'()*+,!>+)?+@A(!B!5!C!<D!6!<E!!B!!!%F!G?@+?!HI:!9J

>;<C/"J

/$K

/J$/K%
$/%

!"

!"/"%

!"/"L

!"/"K

!"/"M

!"/$

!" !"/"% !"/"L !"/"K !"/"M !"/$

&'
()
*
+,
!-
./0
(1
/2!
33
43
5
64
5
7 .
8%
7 .
8 9
:
8$
;%

<&=!-./0(1/2!343457.63457.89:8
%79:8

$;%

<&=!1-!&'()*+,!>+)?+@A(!B!=+)0:N)(IN-N@-OG:PCL!Q+.CL!RC$K

SG:C"

/"$
/"#

/$
/%#$"/

T)+@0N*
TL
TK

- linked the proposition to the Hilbert-Schmidt (HS) geometry of the
observables: ETH variance = cos2(HS angle between the observable and
integrals of motion); IPR = cos2(HS angle between the original and
perturbed integrals of motion);

- found a way to identify the optimal integrals of motion for GGE;
- found a way to treat the integrability and mesoscopicity under the same

umbrella, with possible applications in nano-systems
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We suggest

tan2[ΘA] ≡ V arMC [Meant[A]]
MeanMC [V art[A]]

as a measure of the position of an observable A on the (Integral of
Motion)-(Thermalizable Observable) continuum.
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