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Abstract. The theoretical method developed in a previous paper is applied to the study
of the sensitivity of Hanle resonances to the fluctuations of an intense quasi-mono-
chromatic laser beam. The calculations are performed for the simplest possible transition
J = 0« J = 1. Quantitative expressions are derived for the level-crossing signals which
appear to be quite perturbed by the fast phase fluctuations.

1. Introduction

In a previous paper (Avan and Cohen-Tannoudji 1977, to be referred to as I), the
behaviour of a two-level atom in an intense fluctuating resonant laser beam has been
studied. Two conditions were assumed about the mean Rabi nutation frequency w,,
the natural width I of the excited state and the spectral width Av of the laser:

w; > Av (L.1)
Av > T. (1.2)

These two conditions imply that several Rabi nutations occur during the correlation
time 1/Av of the laser beam (very high intensity) and that atoms are sensitive to the
laser fluctuations during their lifetime (non-monochromatic laser light). It follows that
usual treatments, such as rate equations or Bloch equations, cannot be applied.

The method described in I starts from a description of the laser electric field E(z)
as a classical random variable. For a laser well above threshold, E(f) can be written as

E(t) = Re(E,y + e(t)) exp [ —i{wer + ¢(1))] (1.3)

where E, is the mean amplitude, w, is the mean frequency, e(r) and ¢(r) are the
amplitude and phase fluctuations. It can be shown (see 1, §3) that the phase exhibits
two types of fluctuation: (i) slow fluctuations characterized by a time 1,

14 = 1/Av (1.4)

and (ii) fast fluctuations characterized by a time 7, « 74. The idea of the calculation
presented in 1 is to apply two different approximations: the adiabatic approximation
for slow fluctuations, and a perturbative treatment for fast fluctuations which appear
as a relaxation mechanism.
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This method has been applied in I to the computation of the fluorescence spectrum
emitted by a two-level atom. In the present paper we study, by the same method, the
sensitivity to the laser fluctuations of the level-crossing resonances which appear on
the total fluorescence light when the static magnetic field is scanned around the value
corresponding to a crossing between two excited sublevels (Hanle and Franken
resonances). The shape of these resonances has been studied extensively in the two
extreme cases of a broad line excitation (Av >» w,) and of a pure monochromatic
excitation (Ducloy 1973, Avan and Cohen-Tannoudji 1975) but the situation
corresponding to conditions (1.1) and (1.2) does not seem to have been investigated.

Such a problem is discussed in the present paper in the simplest possible case of a
J =0to J=1 transition which leads to a three-level system, as shown in §2. The
problem is reformulated in §3 in terms of a fictitious spin 1. The fast phase fluctuations
appear for the fictitious spin as a relaxation process which is evaluated in §4. The
terms describing spontaneous emission are then included. Finally, expressions are
derived for the level-crossing signals. The shape of these signals and their sensitivity
to the laser fluctuations are discussed in § 5.

2. Notation; expression of the signals

The scheme of the level-crossing experiment is the following: an atomic beam
directed along 0z is irradiated at right angles by a fluctuating laser beam propagating
along Oy, so that one gets rid of the Doppler effect. A static magnetic field B, parallel
to Oz is applied to the atoms (see figure 1).

We consider the particular case of atoms having a ground state g of angular
momentum J, = 0, and an excited state e of natural width I' and angular momentum
J, = 1. The energy of the transition g <> e in zero magnetic field is w, (we take h = 1)
and Q, is the Larmor pulsation associated with B, in the excited state e (see figure 2).

The light wave, of mean pulsation w, in resonance in zero magnetic field with the
e +> g atomic transition, has a ¢ polarization (polarization vector e, parallel to 0x);
it therefore couples the ground-state Zeeman sublevel [0) (more precisely g, m, = 0))
to the two excited-state Zeeman sublevels |+1> (Je,m, = +1>). (The third sublevel

Detection L; {e,)
~
z

e

Detection L¢(e,)
3

&

Atomic beam

Figure 1. Scheme of the possible experiment: the atomic beam, directed along Oz, is
irradiated at right angles by the fluctuating laser beam propagating along Oy and linearly
polarized (polarization vector e, parallel to Ox). A static magnetic field B, is applied along
0z. One monitors the fluorescence signals L(e,) and L(e,) with linear polarizations e, and
e,.
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Figure 2. Atomic energy diagram. I' is the natural width of e. The energy splitting in zero
magnetic field between e and g is w, and the Larmor pulsation in the excited state e is Q..
The m = 0 excited sublevel plays no role in the problem.

le,m, = 0> is not excited and can be forgotten in the following, so that we are led
to the study of a three-level problem.)

The coupling with the electric field E(z) written in (1.3) is described by the
interaction Hamiltonian

V = —D_E(t) @.1)

where D, = e,. D is the component of the atomic dipole moment along the polarization
vector e,. The relative phases of the two excited sublevels |[+1)> and |—1) with
respect to the ground state |0> will be chosen in such a way that the two matrix
elements {1/D,[0> and {(—1|D,|0> (which have the same modulus) are real and
positive:

(+1|D 05 ={—~1|D,[0>=d  real > 0. (2.2)

We are interested here in the shape of level-crossing signals obtained when the
magnetic field B, is scanned around zero, and particularly in the variation with B,
of the fluorescence signals L(e,) and L(e,) detected in the respective directions 0z and
Ox, with the respective polarizations e, and e, parallel to Ox and 0y.

These detection signals can easily be related to the elements of the atomic density
matrix in the upper state (populations ¢, , and o__ of |+ > and |—>, Zeeman
coherence g, _ between |+ > and | — >):

Lf(e;) =) <0ID;; le><el a(t) l€'><€'|D,;l0> €€ = +1, -1 (2.3)

With the phase conventions (2.2) (which also fix the matrix elements of D) one
immediately gets

Liejoxco,, +0-_ +2Rec,_ (2.4)
Lie))co,. +0-._ —2Reo. _ (2.5)
I, —1, =Ldfe,)— Li(e)) x2Reo, _. (2.6)

As the transit time T through the exciting laser beam is generally long compared
to all other characteristic evolution times, it will be possible in expressions (2.4), (2.5)
and (2.6) to replace 6, ,, 6_ _ and o, _ by their steady-state values.
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3. Theoretical method

3.1. Formulation of the problem in terms of a fictitious spin 1

The evolution of the atomic density matrix ¢ is given by (for the moment we neglect
spontaneous emission)

; do

de

where H is represented in the basis {|+ 1), |03, |—1>} by the following matrix (in the
rotating-wave approximation):

[H, 0] (3.1)

wy + 8, aexp (—iwet) 0O
H= |a*exp(iwgt) O a*exp (iwol) (3.2)
0 aexp (—iwet) we — Q,
where
%= 3d(E, + e(r) exp [—i¢(1)] (3.3)

d being defined in equation (2.2).
If to equation (3.1) we apply the unitary transformation

exp [i(wet + @(t))] 0 O
U=10 1 0 (3.4)
0 0 exp[i(wot + ()]
the evolution of the transformed density matrix
¢"=UsU" (3.5)
becomes
. dg” .,
b = [H.+ H;,0 3.6
where
10 0 010
H.=Q,10 0 0 +d—]25° 1 01 (3.7
00 -1 010
and
1 00 010
: d
He=—-¢®n|0 0 0 +e—2(” 10 1]. (3.8)
0 0 1 010

In analogy with the two-level problem studied in I, we call the new representation
‘instantaneous representation’ L”. In £” the Hamiltonian is split into two parts:

(i) a time-independent term H_, and

(i) a fluctuating term H, depending on the laser fluctuations.
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The evolution of the three-level atom in X" can be described in terms of a
fictitious spin 1 (S) having three levels [+1)>, |0) and |—1) corresponding to the
respective atomic sublevels |+1), |0> and |—1>. The Hamiltonians H_ and H; can
be written as

H, =Q,, + w8, (3.9)
H;= —¢(0S? + /3 de(n)S, (3.10)

with
w, = dEo/\/2. (3.11)

The evolution of the three-level atom in X" is therefore equivalent (see figure 3)
to the precession of the fictitious spin 1 subjected to the following fields:

(i) two static fields; a longitudinal magnetic field b, with an amplitude —Q,/y and
a transverse static magnetic field b, parallel to Ox with an amplitude —w, /7, and

(i) two small ﬂuc/tuating fields; a magnetic field b () parallel to b; with an
amplitude —de(t)/y./2 and an electric field €(7) parallel to b, and proportional to

—¢(1).

A5

s

x”

Figure 3. Various fields ‘seen’ by the fictitious spin 1 in the instantaneous representation Z”.
bo and b, are static magnetic fields with respective amplitudes —Q,/y and —ow,/y. €is a
fluctuating electric field collinear to by, proportional to —¢(t); b, is a fluctuating
magnetic field collinear to b,, proportional to e(r).

3.2, Evolution of the fictitious spin 1

The problem is now to determine the evolution of the fictitious spin 1 under the
effect of these various fields. We will follow the method introduced in I In the
representation X", the fields € and b associated with fast fluctuations (we neglect the
contribution of slow phase diffusion to €) act on S as a relaxation process satisfying
the motional-narrowing condition (see 1, §3.3). To simplify, from now on we will
suppose, as in I, that the laser field is very well stabilized in amplitude so that the
effect of b is negligible. The Hamiltonian in X" therefore becomes

H,+ H; = Q,S, + o;S, — (1)S2. (3.12)
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When coming back to the Schrodinger representation X, some phase factors
depending on the phase diffusion ¢(t) — ¢(0} can appear but we have shown in I that
they are mainly sensitive to slow phase fluctuations and that they can be averaged
independently provided that the condition

wy > Ay (3.13)

is fulfilled (see I, §2). Actually it is easy to show, from (3.4) and (3.5) that the three
matrix elements of ¢, namely .., 6__ and o, ., appearing in the fluorescence
signals, are insensitive to the phase diffusion since they have the same expression in
the two representations X" and X:

Gl =044 o/ _=o0_. ci_=0,_. (3.14)

The signals studied in this paper are therefore insensitive to phase diffusion. Note
the difference from the signal studied in I which was related to the correlation
function of the atomic dipole moment. Here the total fluorescence light is a quadratic
function of the dipole moment components evaluated at the same time (see expression

(2.3)).

4. Relaxation of the fictitious spin

4.1. Diagonalization of the non-fluctuating Hamiltonian

It will be convenient first to diagonalize the non-fluctuating Hamiltonian

H,=Q,S, + oS, (4.1)

corresponding to the two magnetic fields b, and b, of figure 3. This is easily done
by performing a rotation around Oy which brings the 0z axis along the direction of
the total field b = b, + b;. Let B be the angle between 0z and b (see figure 3). This
rotation R(f) is given by

R(B) = exp (ifS,) (4.2)

and is such that

o~

H, = R(BH.R(—pB) = . (4.3)
where
Q, = —yb = (Q2 + w2 4.4)

The expression H; of H; in the new frame £” is easily calculated by first expanding
H; in a set of irreducible tensor operators {T{} (Messiah 1963, Omont 1976). As S?
is a linear combination of T{ and TY (see appendix 1 for the expression of T in
terms of S,, S.) then

. L2 2
Ho=—dst= g (Lo + i), 43)
7 3
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The transformation by rotation of T is easily calculated in terms of the
rotation matrices R® so that

A, = RPHR(—) = —¢ f TS + \/ S R T<2>). (46)

As S, is proportional to T{, (4.3) may also be written as
A.=.20,T. @47
Let us finally introduce the expansion of ¢” in the {T¥} basis

o= T dBTW (4.8)
k=0,1,2
q

and the corresponding expansion of
¢" = R(B)o"R(—p) (4.9)
which is given by

k.q

with
Ca = 2 Rig(B)eg- (4.11)

In the absence of fluctuations, the evolution of & in X" is very simple and is
given by

tk

&= —igQyek. (4.12)

The g = 0 components are static. The g = 0 ones oscillate at a very high frequency
qQ;.

4.2. Effect of the fluctuating fields

The relaxation induced by the fluctuating field e(¢) introduces a coupling between the
various components of 5:

¢k = —igQ, ek + Z Pl (4.13)
As shown in the following, the coupling coefficients ¥ are of the order of Av, and
consequently (see (3.13)) much smaller than the free evolution coefficients —igQ,. It is

therefore a good approximation to neglect the coupling between coefficients evolving
at different frequencies (secular approximation), and (4.13) can be replaced by

Ch= —igQ, ek + Y ek, (4.14)
<

Furthermore, it will be shown later (when the effect of spontaneous emission will be
added, introducing some damping and source terms in equation (4.14)) that the
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steady-state value of ¢ is larger than the steady value of ¢k by a factor

g8, g€

|
3 Av
It is therefore sufficient in the computation of the steady-state value of the detection
signals (2.4), (2.5) and (2.6) to keep only the contribution of &§.
¢3 is actually a constant since it is proportional to the total population of the
energy sublevels:

& =13 (4.15)

It follows that is sufficient to study the relaxation of &} and &3.
The relaxation equations of ¢} and ¢3 under the effect of H; are derived in
appendix 2; one finds

2 2

. K
V(l)k = “5k’1 <%Sln2,8COSZﬂ2—QZ + 2511’1 ﬁv_-l—TQ) Av (416)
.2

— 3, 3sin® B cos? ﬁﬁA 4.17)

,‘O

where x is the inverse of the correlation time t, of fast phase fluctuations.
It appears clearly in (4.16) and (4.17) that the order of magnitude of the r
coefficients is Av.

4.3. Effect of spontaneous emission

As in I, spontaneous emission is described by adding to the master equation some
new terms which have a very simple form when written in £” in the atomic sublevel
basis:

" d " 1"
d*tal+=—ra+- d—ta__=—ra__
d " " d " "
ag+_ = “r0+_ d—tUOi = “‘%FO'O (418)
d

aa(’)’o =T(¢%, +0”_).
The first three expressions describe the damping of the excited state e (I is the
natural width of this state); the fourth expression describes the damping of optical
coherences (with a rate I'/2); the last expression describes the transfer of atoms from
the upper to the lower state.

It is easy to express each of the matrix elements appearing in (4.18) in terms of
the coefficients c¥ (see appendix 1, (A.6)). Equations (4.18) can easily be transformed into

i 1 (1) 1
<dt cqlpem = ZA 4.19)

d
<ac ) = Z A2 + 40040 (4.20)
sp em
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where A" and A'? are the two following diagonal matrices

-T 0 0 0 0

-T2 0 0 0 -T2 0 0 0
A= 1 0 —r 0 A= 0 o0 -T © 0| @.21)

0 0 -T2 0 0 0 -T2 0

0 0 0 0 -T

and where /, is a source term given by
bo = —-T/%. (4.22)

This source term has a very simple physical meaning: spontaneous emission tends
to accumulate atoms in the [0> ground state, creating a longitudinal alignment of
the equivalent fictitious spin 1.

It remains now to transform equations (4.19) and (4.20) into the £” representation.
Using (4.11), one immediately gets

d . .
(dt ";)Spem = ZAqq ¢y t+ R(k)(ﬁ)}fo Ok2 . 423
with
AR = R(k)(,B)A(k)R“‘)(—ﬁ). (4.24)

Since T"is, as Av, small compared to w,, and therefore to Q,, it is justified to neglect
the non-secular terms (coupling by spontaneous emission between coefficients &5
evolving at different frequencies).

To summarize, spontaneous emission is included just by adding to the relaxation
equations of &} and &2 the secular terms AP)() and A{J(f), the source term of

equation (4.23) appearing only in the equation giving ¢§?:

¢o = (rg" + AGdes (4.25)
¢5 = (3% + A3 + RGY(B)Ao- (4.26)
The two terms A and A are readily evaluated from (4.21), (4.24) and (A.8); one gets
Al = —3(1 + Coszﬂ)l" (4.27)
AP = —4[(3cos? p — 1)* + 6¢os? Bsin?  + 3sin* B]T. (4.28)

By equating to zero the rates of variation of ¢ cO and ¢ c0 in equations (4.25) and (4.26),
one immediately gets their steady-state values &} and &2:

=0 (4.29)
T3 ,3)

- o 4.30
€ 132 + A (4.30)

The steady-state value of the atomic density matrix in the representation £” is
therefore given by

. 0(B)A
G =ﬁT(°O)_ ——~—A(3) T _ (4.31)

AMP.(B). 10/2~<
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i.e. coming back to the £” representation

RP(—HTY. 4.32)

5. Shape of level-crossing signals

5.1. Calculation of the signals

The total population 6%, . + o” _ of the two sublevels |+ 1) and the Zeeman coherence
o”. _ between them which appear in the detection signals can first be expressed in
terms of the ¢k components of ¢” by using relations (A.6) given in appendix 1:

o +o_ =%+ /3 (5.1)
2Rec’ . = ¢35 + c%,.
From (3.14), the steady-state values of ¢, , + o_ . and o, . are the same in X and
>” and can therefore be evaluated from (4.32). The expressions of RZ(B) and RZ(B)
are given in appendlx 1 {equations (A.8)). Putting into (4.32) the values (4.22), (4 17)

and (4 28) of 4y, 3% and A2, one easily calculates the steady-state values of ¢3, c¢3
and ¢% , which can be inserted in (5.1) to give

- +E———%+l (3cos? B — 1)?
o TT 73 3 —3cos*f + 3cos?f — 2 — 3sin® fcos® B(1/TT,)
(5.2)
(3cos? B — 1)sin? B
2Rea+_ = @ 2 a2 2
—3cos*f + 3cos* f — 2 — 3sin® fcos® f(I/TTy)
where
1 2 Ay
—_= . 53
T, x*+ Q3 (5:3)

The level-crossing signals Lc(e,), L¢(e,) and I, — I, given by equations (2.4), (2.5)
and (2.6) follow immediately from (5.2):

Le(e) oc % + $(3cos? f — 1)/D(B) (54)

Le(e,) oc 5 + 3(3cos? B — 1)(3cos? § — 2)/D(p) (5.5)

I, — 1, oc(3cos® B — 1)sin® f/D(P) (5.6)
with

D(f) = —3cos*f + 3cos?f — 2 — 3sin? Bcos? B/T'T, (5.7)
and, of course (see figure 3)

gﬁﬁ=§§§a- and w§ﬁ=5gég. (5.8)

5.2. Physical discussion

The angle [ appearing in (5.4), (5.5) and (5.6) depends on ), (Larmor precession
proportional to the static magnetic field) and on w? (proportional to the mean laser
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Lile,)

1000 0 1000
/T
Figure 4. Set of level-crossing resonances detected on Li(e,), for a fixed value of the laser

intensity (w3/2I'? = 10%). Each curve corresponds to a different value of the parameter
Av/T indicated on the figure. (Q,/I" is a normalized Larmor frequency; x/I" = 100.)

intensity). All the effects of the laser fluctuations are contained in the parameter 1/T;
which is proportional to the spectral width Av.

One first checks that for a non-fluctuating laser beam (1/7; = Av = 0), expressions
(5.4), (5.5) and (5.6) reduce to the ones obtained in the case of a pure monochromatic
laser beam (in the limit w, » T).

We have represented in figures 4, 5 and 6 the shape of level-crossing signals, i.e.
the variation with Q, of L;(e,), L¢(e,) and (I, — I,), for a given value of the parameter
w?, i.e. of the mean laser intensity, and for increasing values of the parameter Av/I"
characterizing the spectral width of the fluctuating laser light (note that Av remains
always smaller than w, so that the validity condition (3.13) is always fulfilled). The
parameter k (inverse of the correlation time 7. of fast phase fluctuations) appearing in
the expression (5.3) for 1/T; has been chosen as equal to 1007

One first notices that the various curves of each set have several common points:

(i) They all have the same values for Q, = 0 and Q, = o0, i.e. according to (5.8),
for f = mn/2 (cos f = 0)and f = 0 or x (sin § = 0). Mathematically, the coefficient of
1)TT; in D(B)—3 cos? B sin?> B—vanishes when = 0, n/2, n. The physical inter-
pretation of this result is that the fluctuating electric field €(z) cannot, for these three

L \u/
-1000 0 1000
Qe/T

Figure 5. Set of level-crossing resonances detected on L(e,), for a fixed value of the laser
intensity (w?/2I2 = 10%). Each curve corresponds to a different value of the parameter
Av/T indicated on the figure.
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I-1,

-1000 0 1000
Q/T

Figure 6. Set of curves giving the difference I} — I, between the two signals L(e,) and
L(e,) represented in figures 4 and 5.

values of f, destroy the alignment of the fictitious spin along the total field b = by + by,
so that the level-crossing signals are insensitive to the laser fluctuations. Let us call
|—T%, 10> and |+ 1> the energy levels in X”, which are the eigenstates of the com-
ponents of S along b. When § = 0 or 7, € and b are parallel or antiparallel and the
perturbation —¢S? associated with € cannot induce any transition between the |m)
states. When f§ = /2, € and b are perpendicular and the perturbation — $S? connects
only the two sublevels |—1) and |+1) without changing their total population
6. . + 6__ and consequently the alignment along b.

(i) Two other common points symmetric with respect to 0 correspond to values
of f such that

Jcos? f—1=0. (5.9)

This is obvious from (5.4), (5.5) and (5.6) since in that case Lg(e,) = L¢(e,) = 2
I, — I, =0 whatever Ay, the corresponding values of the matrix elements of ¢ being

Goe=0__=3% 6._=0_,=0. (5.10)

Such a result can be interpreted in the following way. In X" the source term for the
alignment along b is proportional to R{Z(f) (see equation (4.32)), i.e. to 3cos? § — 1.
For the values of § corresponding to the zeros of 3 cos® f — 1, the fictitious spin is
not prepared with a longitudinal alignment in £”, The steady-state value of its density
matrix is isotropic and not affected by the relaxation produced by e. This explains
the steady-state values (5.10) corresponding to a completely unpolarized spin.

(ii1) Finally, two more common points symmetric with respect to 0 appear in the
curves giving Le(e,) (see figure 5). From the expression (5.5) of L(e,) these points
correspond to

3cos?f—~2=1-3sin*B=0. (5.11)
This result is associated with the geometry of the detection. Let us first express the

two detection signals L¢(e,) and Lc(e,) in terms of the fictitious spin observables. Using
expressions (A.4) and (A.6) of appendix 1, one easily derives

Le(e,) oc 1 — <S§> (5.12)
Lele,) o 1 — (S2). (5.13)
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Le(e,) is therefore proportional to the alignment of § along Ox. The steady-state value
of this alignment is deduced from the steady value of the alignment along b by a
rotation around Oy with an angle 37 — f (see figure 3) which introduces a detection
factor

RPGEn — B) ~ 3sin? B — 1.

Such a detection factor does not appear for Lge,), which is proportional to the
alignment along Oy, since the angle between b and Oy remains constant when f varies.

Except for Q, ~ 0 or Q, » w, (f = n/2,0,7), the level-crossing signals when Av
is very large tend to the value corresponding to the common points 3cos” f — 1 = 0,
i.e. according to (5.10), to the value corresponding to a completely depolarized spin.
This means that, when the action of €(t) is not inhibited by geometrical factors, the
corresponding relaxation equalizes the populations of the three sublevels [+1), [0
and |- 1>, and destroys the coherences between [+ 1) and |—1).

More precisely, near Q,=0 and with the approximation sin®f =~ 1,
cos? B~ Q2/wi, one finds for example

2 1 3 2\
Lie) =5 + 5<1 - r_noT§> . (5.14)

This is a Lorentzian shape with a width given by

I—*T 1/2 er 1/2
<cuf—3~1—> ~<j) . (5.15)

At first sight, this result seems quite surprising since it implies that the width of
the level-crossing resonance decreases when Av increases (w7 being constant). Actually,
this behaviour can easily be understood. The fluctuations of ¢ are always inefficient
for Q, = 0. The larger the fluctuations, i.e. the larger that Av is, the smaller is the value
of Q, at which the fictitious spin begins to be affected, which explains the narrowing
of the level-crossing resonances near Q, = 0 when Av increases.

To conclude, one can say that the shape of level-crossing resonances are quite
sensitive to the fast phase fluctuations of the laser beam. To our knowledge, their
effects have not been investigated experimentally. They could provide interesting
information on the higher order correlation functions of the light beam. Such a study
would also fill the gap between the two extreme situations which are well known and
which correspond respectively to a pure monochromatic light beam or to a very
broad band excitation (Av > ).

Appendix 1. Some useful relations on irreducible tensor operators

The irreducible tensor operators T4 can be expressed in terms of the three
components S. = S, = iS,, S, of the spin 1 S. With the normalization condition

Tr TET ) = S by (A1)
one gets

T = (1//3)1 (A.2)

T9 =28, T8 =TS, (A3)
T = /3(52 - %) T? = F5S.5- +5.5) T, =353 (A4)
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It follows that, in the expansion of the atomic density matrix ¢” on the basis (see (4.8)),

o= Y cT¥ (A.5)
k=0,1,2
q

the coefficients ¢} are related to the matrix elements of ¢” by the following relations:
6= (/30 + 0l +05)=1N/3 b=/t —al)
¢l = —(1/y/2)eho +0-)  and by =(1//2) (05 + d%)

=3l +0l) -3 (A.6)
¢} =(1//20h. —a%g) and 2, = —(1/1/2)(c"%0 — 04.)
ci=o0l_ and ¢2,=0". !

In the rotation R(B) = exp (iS,) introduced in (4.2), the T'” operators transform
according to the relation

R(HTPR(— z THORY (B). (A7)

Explicit values of some coefﬁments R, will be useful, particularly in the study of the
relaxation of the fictitious spin 1, for example

RE(B) = +(3cos’ f ~ 1)

RE)(B) = /] sin peos

RA(B) = (/6/4)sin® B
with

RZ0(B) = REJ(B) = RIF(—P).

Appendix 2. Relaxation equations under the effect of the fluctuating fields

We have to determine the equations of evolution of the two coefficients ¢5 and ¢ of

the density matrix & (£ representation) under the effect of the two Hamiltonians
H, and A.:

A =0Q,/2TY (A.9)
A, = —é(r)(z/ﬁ )T + J3 > (A.10)

According to equations (A.6), it is equivalent to determmmg the equations of relaxation
of the three populations ¢, ., ¢__ and §4,. Since we have seen that the fluctuating
Hamiltonian satisfies the motional-narrowing condition, the usual relaxation theory
can be applied. One immediately gets for the coupled evolution of these three
populations:

Gav = (1 + 720+ + + y1000 + 726 -

Goo = —271800 + 716+ + 716~ (A.11)

G- = —(y1 + 7206 + V180 + 720+ +
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where the two coefficients y; and y, are the transition probabilities between levels
105 1+1> or [01-T1), and |~T1>|+7) respectively, induced by the fluctuating
Hamiltonian H; (Abragam 1961), i.e.

o= f dr (T[H(O[05 B[ Hi(t — 1) [T exp (~i€;7) + Herm conj (A.12)

Y2 =f% dt (T B0 -1>¢=T| H;(t — 1) |1 exp (—2iQ,7) + Herm conj. (A.13)
0

In these two expressions, one must average over fast fluctuations $(1). Using
equations (A.10) and (A.8), and equation (3.12) of I which gives the correlation
function of ¢:

d)P(t — 1) = LrcAvexp (— k1) (A.14)
one readily gets the explicit values of y; and y,:

2
9, = 1sin? fcos? B s A A1S
v, = 58in‘ fcos ﬁx2+§2f y ( )
2

K
RTorS (A.16)

y2 = &sin* B

The system (A.11) giving the evolution of the populations in £” can be simply
rewritten as

5’+4_ - 26’00 + 5':__ = _3'))1 (&++ - 26’00 + 5-___.)
. ) (A17)
Gir — 0= —(y; +27)(0++ —0--)
which, according to (A.6), gives immediately
é% = “3)’158
(A.18)

Co = —(y1 + 272)¢5
Finally, coming back to the notation used in §4 (4.14), one finds

2 2
rik = ——51k<%sin2ﬂcoszﬂ;€—2~—zw + 4sin ﬁ*’fﬁ)A (A.19)

2
, K
rék = —6,,3sin? B cos? B pERY: Av. (A.20)
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