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The physical origin of the central resonance of the Mollow absorption spectrum for a two-level atom is studied. This resonance
has a dispersive line shape and is centered in w'=w where @' and w are the frequencies of the probe and pump beam. We give a
diagrammatic interpretation of this resonance and we show that it is associated with two-photon spontaneous emission processes.
The amplification of the weak beam can be described by one amplitude which exhibits a resonance in w=w’. On the other hand,
the absorption is described by two amplitudes, one resonant and one nonresonant. The resonant amplification and absorption
amplitudes have effects which are balanced. The interference between the resonant and nonresonant absorption amplitudes breaks
this symmetry and permits to achieve amplification. This is an example of gain without population inversion because the transi-
tion occurs between equally populated levels both in the bare and dressed atom basis. Examples of lasers working along this
scheme have indeed been reported in the literature. We finally show that these ideas can be used to suggest new types of lasers
without population inversion.

1. Introduction

The absorption spectrum of a weak probe beam of frequency w’ by a two-level atom submitted to an intense
pump wave of frequency @ has been calculated by Mollow in 1972 [2] and observed [1] a few years later.
This spectrum consists of three lines (fig. 1a). When the intense beam is detuned from resonance and when
its intensity is not too large, these lines are centered in @y, 2 —w, and @ where @y is the atomic frequency.
The resonance in @'~ w, corresponds to a resonant elastic scattering process where one probe photon @’ is
absorbed and one fluorescence photon with frequency w, =" is emitted (fig. 1b). The resonance in @'~ 2w —w,
corresponds to a higher-order scattering process where two pump photons w are absorbed and two photons are
emitted, one stimulated photon at frequency w’ and one spontaneous photon at frequency w,=~w, (fig. 1c).
This scattering process has been widely studied in the literature for its applications to spectroscopy [3] and
amplification of field @’ [4]. In contrast with the resonances occurring in @, and 2w — @, which have a clear
physical interpretation, the dispersion line centered in w’= is not so easy to understand. Detailed calculations
using optical Bloch equations have been done [5-7] and have shown good agreement with experimental studies
[6]. Macroscopic descriptions have also been derived which involve grating formations [8] or time-modulated
excitation [9]. The connection with two-wave mixing in photo refractive crystals and stimulated Rayleigh scat-
tering has also been stressed [8]. However no microscopic description showing how photons are exchanged
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| Fig. 1. (a) Sketch of the variations with @’ of the intensity of a

I| | weak probe beam of frequency ' transmitted through a gas of
| | two-level atoms (atomic frequency w,) interacting with an in-
| . \| tense pump beam of frequency w. (b) Rayleigh scattering pro-
cess at the origin of the absorption line of (a), centered in @' = wy:
\ | absorption of one probe photon @’ and spontaneous emission of
one fluorescence photon @,. Pump photons are represented with
thick arrows, probe photons with thin arrows and fluorescence
photons with dashed arrows. Level b is represented with a thick
line to describe its natural width I, whereas the stable level a is
represented with a thin line. (¢) Multiphoton process at the ori-
gin of the amplification line of (a), centered in @'= 2w — w,; ab-
sorption of one pump photon w, stimulated emission of one probe
photon @', absorption of a second pump photon w, and, finally,
spontaneous emission of one fluorescence photon w,. The spec-
trum of (a) exhibits also a small dispersion-like structure near

b "= w, the interpretation of which is the subject of this paper.

near this resonance between the fields and the atom has, to our knowledge been proposed so far. This is the
aim of this paper. We will show that the dispersive shape involves the competition between gain and absorption
processes for photons w’. Two fluorescence photons appear in the diagrams describing these processes. The
absorption process involves the interference between several amplitudes, some of them involving a resonance
for @'~ . Depending upon the sign of @ —w’, the interference is destructive (absorption decreases) or con-
structive (absorption increases). Note that a similar interference does not exist for the gain. Because of the
interference appearing on the absorption, gain and absorption are not balanced and an amplification of the
weak beam may be obtained. A laser based on this amplification process has indeed worked [8,10]. Since this
amplification scheme does not involve any population inversion (neither in the bare atom basis nor in the
dressed atom basis [11]), the present study is also connected with the problem of laser without population
inversion [12] which has recently attracted a considerable attention.

2. General

We consider a two-level atom (ground state a, excited state b having a lifetime /') interacting with two
quasiresonant fields of frequencies w and @’. The detunings from resonance d=w—w, and ' =w’'— w, verify
'« |d|,|d"| <. However, we assume that @— @’ remains on the order of I so that |w—w’| <« |d],|d’]. We
use a quantum description for the fields and assume that initially there are /N photons in the mode w, N’ pho-
tons in the mode @’ (N>>N’'>> 1) and that the other modes are empty. The resonance Rabi frequency for the
two-level atom interacting with the field w is 2, = —dﬁo{eof: N/L? where L3 is the quantization volume
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and d is the matrix element of the electric dipole moment assumed to be real (d=({b|d-e.|a) where e, is the
polarization of the fields @ and ') [11]. In the following, we will assume that Q%/6%<< 1. In contrast, no
assumption is made for Q}/I'|§| which can possibly be equal or larger than 1.

We use a dressed-state representation for the system consisting of the two-level atom and of the field of fre-
quency w. In the limit 2,/|d]| < 1 and for d<0, the eigenstates | 1(N) » and |2(/) ) of the dressed-atom [11]
are respectively equal to:

[I(N)>=|b,N>—(£,/20) |]a,N+1>, |2(N)>=|a, N+1)>+(£,/2d) |b,N> . (1la,b)

We note that the |1(/N) > levels have a dominant component coming from the atomic excited state b. In the
radiative cascade of the dressed-atom [11], the |1 (N) > levels have a lifetime of the order of I"~!. In contrast,
the levels |2(N) > which have a dominant component associated with the atomic ground state a, have a much
longer lifetime

The matrix elements of the electric dipole moment between levels of different manifolds can be deduced
from eq. (1):

2=C1(N+1)|d|2(N)>=d5 =(2(N)|d|1(N+1))=d, (2a)
dh=(2(N+1)|d|2(N)>=d5n=<(2(N)|d|2(N+1)>=dQ,/26 (2b)
H=(1(N+1)|d]1(N)>=dr =<1 (N)|d] L (N+1)>=—dRQ,/25, (2¢)
5H=C2(N+1)|d|1(N))=di=<{1(N)|d|2(N+1))=—-dQ7/45>. (2d)

The initial state of the system is assumed to be |i>=|2(N)>®|N’, 0) where 0 corresponds to the vacuum
state for all the modes of the field except the modes w and w’.

We will study several scattering processes for the photons w’. To use the scattering theory, we assume that
a system in the |2(/N) ) state does not decay during a time interval sufficiently long so that the scattering pro-
cess can entirely take place during this interval. Under these conditions, the states |2(/N) > can be used as sat-
isfactory asymptotic states for the initial and final states of the scattering process. On the other hand, the levels
| L (N)> which have a radiative lifetime on the order of I'~' cannot be considered as possible final states for
a scattering process. Any scattering process considered in this paper should thus start from a |2(N) ) level and
end in a |2(N’') ) level. In some sense, this means that the frequency resolution that we consider in the fol-
lowing is on the order of the inverse of the lifetime of the |2(N)) levels (ref. [13], sect. Byy.3).

We will give diagrammatic representations of the scattering processes in the dressed-atom energy diagram.
Because several intermediate states can be considered for each scattering process, we split in the corresponding
figure the scattering process into different contributions corresponding to different intermediate states. The
relevant intermediate states will be represented with solid lines while other levels are shown with dashed lines.
In the energy diagram, we will use for the |1 (N))» and |2(N)) levels thick and thin lines, respectively. The
use of thick lines for the | 1(N)) levels is justified by the fact that these levels have a width on the order of
I' because of spontaneous emission. The levels |2(/N) > have a much longer lifetime and are assumed to be
stable for the scattering processes considered here.

3. Absorption of photons w’

3.1. Processes involving spontaneous emission of one photon

We first consider the elastic scattering process where one photon @’ is absorbed and one photon is emitted
in another mode w,. Final states for this process are thus |2(N)>® |(N'—1), lw, ). There are two diagrams
which describe this process, each of them being split in two because of different intermediate states. These
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diagrams are shown in fig. 2. We calculate here the transition amplitude [11] associated with the dominant
diagram (fig. 2a). The contribution of the other diagrams is considered in the appendix where it is shown that
they can be neglected.

The diagram of fig. 2a corresponds to the absorption of one photon @’ followed by the spontaneous emission
of one photon w,, the intermediate state of the scattering process being | I(N+1)>®|(N'—1), 0). Using the
—d+E(0) interaction hamiltonian between the atom and the field, one finds the transition amplitude .7 $%:

,—(;:a) \/wwlﬁl didfrz

780 = o+il/2’ (3a)

2¢0L3
where €, is the component of the polarization of the scattered photon along the z direction. Using the d of
eq. (2a), eq. (3a) yields:

o _ YOO 5 (3b)
fi 2¢0L3 'ZJ’+ T

From the transition amplitude 7 §**’, one can calculate the transition rate towards the group of final states |

having the same energy as |i):

wy_ 2m [ d’ky

; wi 7 ) Gariy Y1782 8(he' —hw,) . (4)

The total cross-section ¢} for this process is obtained by dividing the transition rate by the flux of photons
' equal to N'c/L>:
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Fig. 2. Diagrammatic representation of the various physical processes involving one fluorescence photon e, and responsible for the
absorption of the probe field @’ for w'~w. The states | 1(N+1), |2(N+1)5, |[T(N)>, |2(N) >, |[I(N=1)>, |2(N=1)>, .., are the
energy levels of the atom dressed by the pump photons w. For each of the four diagrams, the initial, intermediate and final states of the
scattering process are represented with solid lines, whereas the other states are represented with dashed lines. Levels | 1(N+1)3%, [L(N) 3,
|[1(N—=1)>, ..., which contain a large admixture of the atomic excited state b, have a width on the order of the natural width I" and are
represented with thick lines. Levels |2(N+1)>, |2(N) >, |2(N=1)), .., are represented with thin lines, because they contain a large
admixture of the ground state a, which explains their small radiative width.
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Using eqs. (3b) and (4), the relation:

d?=3ne hl(c/wp)? (6)

and the sum over the polarizations and solid angle [11]:

[aa 3 16.17=8n/3, (1)
€]

one finds the well known result for the resonant scattering cross-section:
3 2y

] e A
Tabs 2?1_ 05'2+(Fg"2)2, (8)

where we have replaced the slowly varying functions of @’ by their value in w,. The scattering cross-section
ali) is resonant for @’ =, and is associated with the process shown in fig. 1b. Actually, in the situation con-
sidered in this paper (I'<< |d'| <), one deals with the wings of the absorption line. In this condition, we

obtain:
olsd = (3/8m)A3(I'/6)*, (9)

where we have replaced &’ by J because |0—d'| << |d].
3.2. Processes involving spontaneous emission of two photons

In this section, we consider the transition from |i> = |2(N)>® |N’, 0) towards [f>=[2(N=1)>®|(N'—=1),
lw,, lw,)» where two spontaneous photons are emitted. We first consider the case where w,; and w, are close
10 (2w —wmg) and @y, respectively. We have shown in fig. 3 the dominant diagrams for this scattering process.
Two types of diagrams can be distinguished: diagrams (3a) and (3c) have a nonresonant intermediate step
while all the steps are nearly-resonant for diagrams (3b), (3d) and (3e). However, the matrix elements of the
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ol o,
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Fig. 3. Diagrammatic representation of the dominant scattering processes, involving two fluorescence photons , and w, (with w, =~ 2w —w,
and @, = wy), and responsible for the absorption of the probe field @', for @'~ w. The conventions are the same as for fig. 2. Diagrams
(a) and (c) contain a non resonant intermediate state, whereas all intermediate states are nearly resonant for diagrams (b), (d), (e).
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electric dipole moment are smaller for the nearly-resonant processes. In fact, we will show that the ratio between
the transition amplitudes of the resonant and nonresonant processes is on the order of (23/62)(d/I"). For
small values of ©7/4I", the nonresonant processes are dominant while in the opposite case, the nearly-resonant
processes have the largest transition amplitude. Interference effects between all these diagrams should appear
in the calculation of the transition rate because the initial and final states of the scattering process are identical.
We first calculate the transition amplitudes associated with the nonresonant processes. For the diagram in
fig. 3a, the intermediate states are |[2(N—1))>®@|N', lw, ) and |1 (N)>®|(N'—1), lw, ). The transition am-
plitude 7§ is equal to:
g (3a) _ dsdirds,

768 = Toto —o, —wo) +il 2] (0—w;) ’

(10)

with

,wa,wz\/_
ST R (11)

Using (w—w, )~ [w—(2w—wy) ] =—4d and eqgs. (2), we find:

?(33)_(.,( &) d3
8 7Y\ 25) [(wtw' —w, —wy) +il/2]6°

(12)

For the diagram in fig. 3c, the intermediate states are |I(N+1))>®|(N'—1),0) and |[I1(N)>®|(N'—1),
lw,>. One obtains

d5ndndi
(3c) 214142 o
76 C[(w+w —w, —wy)Hil 2] (' —wy) -~ (13)
Using (' —wg) =4 and eqgs. (2), we find
y:}JC) f(‘ila] . (14}

We now consider the nearly resonant diagrams and we begin by the diagram in fig. 3b. The intermediate states
are [I(N=1)>®@|N’, ley,» and |I(N)D>®@|(N'=1), lwy):

dyndhdin

FO . . : (15)
s (00—, —wo) +il /2] [ Qe— @, —we) +il/2]
Using eqs. (2), this yields:
3
g :C(Q—l) i : (16)
f 26) [(o+0' —w,—wo) +il/2] [ Qe—w; —wo) +il/2]

Because the denominators of eq. (16) can become resonant, the ratio of 7 ** and 7 * (given by eq. (12))
is on the order of 27/4I as stated before.
The contribution of the diagrams in figs. 3d and 3e is calculated in the appendix where it is shown that

FED 4 g3 _ g0 (17)

Using eqs. (14) and (17), we find that the total transition amplitude for the scattering processes involving
absorption of one photon @’ and spontaneous emission of two photons w; and @, is:

o——(Ja} +‘97(3b) +9 r-(3c} _|_3,v-{3ﬂl +3-(331 =2(9 f'uﬂ} +,-3F'|(_13b]} . (18)

The physics of this scattering process should thus be understood from the interference between the nonresonant
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process of fig. 3a and the nearly resonant process of fig. 3b. The corresponding diagrams in the bare-atom pic-
ture are shown in fig. 4a for the nonresonant process and fig. 4b for the nearly resonant process.
From the knowledge of the transition amplitude, one can calculate the transition rate

d3k, d3k

‘2’_ I 2 12(T 80+ T ) 12 6(ho+ho' —hw, —hw,) (19)
(r/) & & o

and the cross-section a{Z) by dividing >;w{»’ by the flux N'c/L>. The cross-section ¢{Z} is the sum of three

terms. The first term ¢{27 comes from the contribution of the nonresonant transition amplitude 7, the

second term o) comes from the contribution of the resonant transition amplitude 75" and the third term

o is associated with the interference terms involving products such as 7. f'é“”".

sl =allD Yol Falls. (20)

Usingeqs. (6), (7), (11), (12), (16), (19) and (20) and replacing the slowly varying functions of w by theirs
values in wg, one finds
+oo

3 (0 F3I do,
i DL, | o ) W0
o= 2’1"(25) 7 ) (wrw'—w, —w) +17/4° (la)
3 2, j‘ dw,
(E)is 7= o 42
Tabs = Yn? 3% (25) ) (ot —w —wy)*+I*/4]1[ (Qo—w, —wy)>+T7/4]° (210)
4
3 QNI j‘ dw, )
{int) __ 2 ey .
Pt A (25) 5( ) (ot —w, —wy)*+1?/4] Qo—w, —w—il/2) e ) ketel

The calculation of each integral is performed by replacing the lower bound 0 by —co and using the residue
theorem. This yields:

2 2 6
3 Q, I® 3 0 I?
(nr) __ 2 ol ry _ =32 1 I -
Tabs’ = 57 %0 (25) (a) Tabs = n""(:z(s) I+ (o—o')?’ (22a,0)
3 Qi\.I* o' —w
(int) __ 2 PR i B i A
Oan’ =7 % (25) o I+ (w—w)" (22¢)

We note that o{i2" can be positive or negative depending upon the sign of (w—w"), the total cross-section
given by eq. (20) remaining of course always positive. The fact that ¢{{®" changes sign from one side of the
resonance to the other indicates that on one side of the resonance, the interference between the diagrams in
figs. 3a and 3b is constructive and the absorption cross-section increases. On the other side of the resonance,
the interference is destructive and the absorption cross-section decreases. Similar types of interference for V
[14] or A [15] three-level atoms have been already reported.

b
\
\ \
\
o o 1® @0
oY !
‘i Fig. 4. Diagrammatic representation, in the bare atom basis, of
a a some of the scattering processes represented in fig. 3. Diagrams
(4a) and (4b) correspond respectively to diagrams (3a) and
a b (3b).
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We can compare each of the cross-sections given by eqgs. (22) with the usual absorption cross-section given
by eq. (9). The order of magnitude for @' —w~1 are

O [0ied = (21/0)*, oh/ald ~ (RQ1/9)*($1/6)*, o /ol ~ (21/0) (2,/5)>. (23a,b,c)

It is clear that gy’ is much smaller than o}). In contrast, the relation between ¢} and ¢} on one hand
and between o{in" and ¢{}} on the other hand depend upon the value of the parameters because their ratio
appears to be the product of a small parameter (£2,/6)? by a quantity that can eventually be larger than 1. The
reason why a process involving spontaneous emission of two photons may predominate over a process in-
volving spontaneous emission of one photon is that the two-photon emission is associated with a fully-resonant
diagram while the one-photon emission corresponds to a nonresonant scattering process.

Other nearly-resonant scattering processes involving the spontaneous emission of two photons with a fre-
quency close to w are considered in the appendix. The transition amplitude associated with these diagrams is
shown to be negligible.

In conclusion, the absorption cross-section of photons @’ is the sum of the usual scattering cross-section
alse and of the cross-sections of) and ¢ which are associated with processes induced by the presence of
photons w and which display a resonance around w’'=w.

4. Amplification of photons o’

In the case of two-level atoms, there exist amplification processes which have a close relationship with the
absorption processes. We should thus consider the amplification processes that involve the spontaneous emis-
sion of one or two photons. In facl the amplification cross-section associated with the spontaneous emission
of one photon is smaller than ¢} by a factor on the order of (£,/J)* and can therefore be neglected (see
appendix). Indeed, this ratio corresponds to the relative magnitude of the cross-sections associated with the
processes shown in figs. (1b) and (1c) where the difference between absorption and amplification is very clear.

We now consider the processes where two spontaneous photons are emitted. We show in fig. 5, the dominant
processes for amplification of photons @’ associated with the spontaneous emission of two photons with fre-
quencies @, and w, close to 2w—w, and @,, respectively. The final state of the scattering process is
[f>=[2(N=3)>®|(N'+1), lw,, lw,). In contrast to the case of fig. 3, the non-resonant diagrams (such
as figs. 3a and 3c) should not be retained here because the matrix element d; ~d(£,/6)? replaces the matrix
element di, ~d found in 7 (eq. (10)) and 7 (eq. (13)). Besides, the diagrams that involve spon-
taneous photons having a frequency close to @ (such that those considered in the appendix for the absorption
process) interfere destructively.

The three diagrams in fig. 5 are nearly resonant. The transition amplitude for the diagram in fig. 5a is

dydindin

g B _ o : - 24
75 J [(Bw—w' —w; —wy) +iT/2] [ Qo—w, —wo) +1/2]° (24)
with
IS
g NN Sl (25)
{26 La):wz\/“

Comparing eqs. (24) and (25) with egs. (15) and (11), using \/N'+1~,/N’ and df, =d; and writing the
energy denominators as a function of the independent variables @ and @’ —w, one finds

TN (0w -0)=-T (w—w') . (26)

Similar equations can be obtained for the other transition amplitudes:
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Fig. 5. Diagrammatic representation of the dominant scattering
processes, involving two fluorescence photons w, and w, (with
w, = 2w —wy and w, ~wy), and responsible for the amplification
of the probe field for @'~ w. The conventions are the same as for
fig. 2. For each of the three diagrams, all intermediate states are
nearly resonant. The diagrams containing one non resonant in-
termediate state may be shown to have a negligible contribution,

Fig. 6. Diagrammatic representation, in the bare atom basis, of
the scattering process represented in fig. Sa.

TN -0)=-TE (w-0), TEN0-w)=-TE)(w-w'). (27a,b)
Using eqs. (17) and (26), one then obtains
TV 4 g0 _ g Ga) (28)

which shows that the knowledge of 7 is sufficient for calculating the amplification cross-section. The dia-

gram which corresponds to fig. 5a is shown in fig. 6 in the bare-atom basis.

The amplification cross-section can be calculated starting from a formula identical to eq. (19) where

T8+ 78 s replaced by 7. In fact, because of the equality (26), the amplification cross-section
iz (w—w’) is just equal to the contribution o{f)(w’—®) of the resonant transition amplitudes to o{2). Fur-
thermore, because o{{}(®w’—w) is an even function of (w—w’) (given by eq. (22b)), this yields:
O':grzn]p :U;(n‘;; . (29)
The equality between these cross-sections is particularly clear in the bare-atom picture. The Raman process of
fig. 6 just balances the Raman process of fig. 4b because on one hand the same transitions are involved and
the other hand the initial and final states coincide in both cases with the atomic ground state.

5, Competition between absorption and amplification

In the limit considered in this paper, the total absorption cross-section g, results from the processes con-
sidered in sections 3.1, 3.2 and 4:
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Oabs :U;};g +U§ll§$} _Jésn:;) J (30)
From eqgs. (20) and (29), we find
Oabs :Ugtl)s) +0-;£=)I;” 3 (3} )

because we have shown that oIl < g{l!. Using eqs. (9) and (22¢), we finally obtain

3 ry o W' —w
o= 5:8(5) | 1+ 3 (] (32)
This expression coincides with the leading terms of the expansion of a,,, obtained from the exact expression
[7]. In particular, it predicts that o, can become negative, i.e. that amplification is possible when Q%>
4|6|°I", a condition which was derived in ref. [8]. When this condition is fulfilled, the resonant scattering
processes of fig. 3b is so large that its interference with the small non resonant contribution of fig. 3a can be
larger than the losses due to Rayleigh scattering given by eq. (9).

It is worth emphasizing the origin of the amplification. The absorption and gain processes shown in figs. 4b
and 6 lead to exactly opposite effects. This equilibrium is broken by the interference occurring on the ab-
sorption between the diagrams in figs. 4a and 4b. In particular, when §(w’—w) <0, the absorption is weakened
so that amplification may be achieved.

For the processes considered here, amplification is not associated with any population inversion both in the
bare state basis and in the dressed state basis. In the bare state basis, the Raman processes start and end in
the ground state (see figs. 4 and 6). In the dressed-state basis, the transition occurs between two levels |2(N,)
and |2(N,) > which have exactly the same population. Here the origin of amplification is really associated with
a weakening of absorption due to a destructive interference between several processes.

6. Conclusion

All the results described in this paper for the case of radiative damping can be extended to other damping
mechanisms and in particular to collisional relaxation. For example, diagrams analogous to those shown in
figs. 4a and 4b and yielding collisionally-aided absorption are shown in figs. 7a and 7b. Here again, these two
diagrams can interfere leading to an increase or a decrease of the absorption depending on the sign of (w'—w)
[14]. One should of course add to these absorption processes the usual elastic scattering considered in sub-
section 3.1. The collisionally-aided gain process analogous to the process of fig. 6 is shown in fig. 7c. Here again,
in the absence of interference on the absorption, the collisionally-aided gain of fig. 7c would be balanced by
the collisionally-aided absorption of fig. 7b. However the interference can be sufficiently large to break this
symmetry and to yield an amplification which was sufficient to observe a laser oscillation with sodium atoms
[10].

The approach that we present here is important, not only because it provides a better understanding of a
phenomenon which was known for years, but also because it provides the possibility to imagine new lasers
without population inversion. In the diagrams shown in fig. 7, we can, for instance, replace the one-photon
processes involving the field w by two-photon processes provided that levels b and a can be coupled by one-
and two-photon transitions (that can be done by applying a static electric field ). For a sufficiently large value
of the pump field, the destructive interference that occurs between the diagrams of figs. 7a and 8a on one side
of the resonance 2w=¢" allows the Raman gain of fig. 8b to become dominant. A laser emission occurring
near w’=2w is then possible. It is important to note that this process is very different from harmonic gen-
eration. The maximum gain will not occur for @’ =2 but for |@’—2w| ~ I'. Furthermore, the phase-matching
condition (k'=2k), which is of fundamental importance for harmonic generation because the second harmonic
originates from the coherent superposition of the fields radiated by all the electric dipole moments in the sam-
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Fig. 7. Collisionally-aided processes leading to an absorption or
an amplification of the probe field w'. The double arrow repre-
sents the energy provided by the collision. Diagrams (a) and (b)
describe absorption processes which are analogous to those rep-
resented in figs. 4a and 4b, respectively. Diagram (c) describes
an amplification of the field @’ analogous to the process repre-
sented in fig. 6. Here again, the interference between the ampli-
tudes associated with diagrams (a) and (b) breaks the balance
between the absorption and the amplification amplitudes asso-
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Fig. 8. Collisionally-aided processes leading to an absofption or
an amplification of the probe field @’ and involving the absorp-
tion or the emission of pairs of pump photons w. The conven-
tions are the same as for fig. 7. Levels a and b have not a well
defined parity so that they can be connected by one-photon or
two-photon transitions. Here again, the interference between the
amplitudes associated with the diagrams of fig. 7a and fig. 8a can
break the balance between the absorption and the amplification
amplitudes associated with the diagrams of (a) (b).

ciated with diagrams (b) and (¢).

ple, has a much weaker importance for the process described here because this process corresponds to an am-
plification mechanism. In fact, for stationary atoms the absorption coefficient (given by an equation similar
to eq. (32)) is even independent of (k'—2k). This factor only appears for moving atoms because the re-
placement of w by w—k-vand @’ by @’ —k’-v and the averaging over the velocity distribution leads to a residual
Doppler effect depending on (k'—2k). These points (position of the resonance, phase-matching conditions)
show clearly the difference between harmonic generation and the gain mechanism described here.

Appendix

We specify in this Appendix some of the results that have been presented without any demonstration
precedently.

We first consider the three diagrams shown in figs. 2b—d and show that their contribution to the absorption
cross-section is negligible compared to that of the diagram in fig. 2a. The diagram of fig. 2b corresponds to a
process where the photon w,; is emitted before the photon @’ is absorbed, the intermediate state being
[T(N=1)>®|N', lw,>. The corresponding transition amplitude is

o (2b) _ \f&?wl dhdn
T8 = e VN 55 (Ad)

Each of the matrix element d; of eq. (A.1) is on the order of d(23/62) (see eq. (2d)). The energy denom-
inator of eq. (A.1) being on the same order of magnitude as the one of eq. (3) because we have assumed that
|6—4'| < |d]|, we conclude that

T o (94}:54)042.;) ! (A.2)

f’}'f.zm can thus be neglected. We now consider the diagrams of figs. 2c and 2d. These diagrams involve as in-
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termediate states [2(N+1)>®|(N'—1), 0> and |2(N—1)>®|N’, lw,>, respectively. The transition am-

plitudes for these diagrams are
T » Vo'oy N'e,, dzzdn T 5 AN N'e, dzzdzz
F-4 (J'J = .

~ ~ A.
£0L3 1 2 L] ( 3a}b)
It clearly appears that
(2c)+ ~(2d) 0., (A.4)

The two diagrams shown in figs. 2¢ and 2d have an opposite amplitude so that their global contribution to the
scattering process is zero. In the dressed-state basis the processes involving the absorption of one photon '
and the emission of one fluorescence photon is thus described entirely (at the lowest order in £,/d) by the
diagram of fig. 2a.

We now consider the diagrams describing absorption of photon @’ and involving spontaneous emission of
two photons. We first study the relation between the diagrams in figs. 3b, d and e. The diagram in fig. 3d has
intermediate states equal to |[2(N+1)>®|(N'—=1),0) and |I(N)>Q|(N'=1), lw,>:

F0) o dydinds, (A.5)
i [(w+w'—w; —wy) +iT 2] (0 —w) :
Using eqgs. (2), we find
3
Q d?

\2s [(w+w —w, —wp) 12 (w' —w) (A:6)
The intermediate states for the diagram in fig. 3e are | [(N—1)>®|N’, lw;) and |2(N=2)>® |N’, lw,, lw,):
g,w‘gae)hc dHhdydi . (A7)

[Qw-w —w)][(RQuw—w, —w) +il/2]’

The energies of the initial state |1} and of the final state |f) being equal, we have w+ ' =, + w,. It follows
that (2w—w,—w;)=(w—w’). Using eqs. (2), we get
3

g (3e) ‘Q) dS
7a N_C( (w—")[Qw—0, —wy)+il/2] (:8)

A simplification occurs if one sums 7 ** and 7. From egs. (A.6) and (A.8), we deduce

2\ 3
5,—(3d1+f—(3e},.vc( )
[(wt+w —w; —wy) +iT/ 2] [ (Lo—w, —wy) +iT7/2]

(A.9)

Comparing this expression with eq. (16), we find eq. (17).

Other nearly-resonant scattering processes involving the emission of two photons are possible, these two pho-
tons having frequencies @, and w, close to w. Diagrams associated with this type of process are shown in fig.
9. It is possible to show that these processes do not contribute to the absorption cross-section for photons &’
because the sum of the transition amplitudes associated with those nearly resonant scattering processes is equal
to 0. More precisely, each of the transition amplitude of the diagrams in fig. 9 can be calculated as it was done
before for the diagrams in figs. 2 and 3 and one obtains

,—(93}+ a]—(gh) +7 ,—(9c) -0. (A.10)

Finally, it turns out that the dominant nearly-resonant scattering processes are described by the diagrams in
figs. 3b, d and e and that the contribution of these diagrams can be larger than the usual absorption process
shown in fig. 2a. Because a scattering process involving the spontaneous emission of two photons may be larger
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Fig. 9. Diagrammatic representation of scattering processes in- Fig. 10. Diagrammatic representation of scattering processes in-
volving two fluorescence photons @, and @, (with w,=w, volving one fluorescence photon w, and responsible for the am-
w,~w), and responsible for the absorption of the probe field for plification of the probe field w’ for @'~ w. The conventions are
@'= w. The conventions are the same as for fig. 2. The sum of the the same as for fig. 2.

amplitudes associated with the three diagrams (a), (b), (c), may
be shown to be equal 1o zero.

than scattering processes where only one photon is emitted, one may wonder if it would not be necessary to
consider terms with three, four, ..., emitted photons. This is not the case. For example, the comparison of fig.
3c with fig. 2a shows that fig. 3¢ has an additional step which is resonant. However, the cross-section associated
with fig. 3c is smaller than the one associated with fig. 2a by a factor (£2,/6)? (see eq. (22a)). Actually, for
each nearly-resonant photon added to a given diagram, the cross-section is multiplied by a factor on the order
of (1/I')?(dy/d)*I"*. The first factor (1/I")? comes from the new resonant denominator in the transition am-
plitude, (d;;)? arises from the new matrix element of the dipole moment appearing in the transition amplitude.
(I'/d*) is a constant and a final I” appears from the integration of the energy of the spontaneous photon. In
conclusion, each time a new resonant spontaneous photon is emitted, the cross-section decreases by a factor
{d,j;’d)z. The transition from a two-photon emission to a three-photon emission implies that d; is di; or
d5. The corresponding cross-section is then reduced by a factor (£2,/4)2. The transition from a two-photon
emission to a four-photon emission needs either two d;; or a di; and a d3,. In both cases, the corresponding
cross-section is reduced by a factor (£2,/6)%.

We finally consider the diagrams describing amplification of the field w’ and we calculate the processes where
only one spontaneous photon is emitted (the processes involving spontaneous emission of two photons are
described and calculated in sect. 4). The final state of a process involving amplification of photons «’ and
spontaneous emission of one photon w, (fig. 10) is [f>=|2(N=2)>®|(N’'+1), lw, ). First we note that the
two diagrams shown in figs. 10a and 10b in which the intermediate state hasa |2(N—1) > component interfere
destructively (the calculation is similar to the one done for the diagrams in fig. 2c and 2d):

g(10a) 4 ~(10b) _
T T =0

The two diagrams shown in figs. 10c and 10d are nearly equal. Replacing 2w —wy—w’ by § (because wx~ '),
one obtains
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(10c)
fi

T

_(ody '@ dxdpy
— — N'+le,———— =

7 DL Y i &1
Because di; is smaller than d1; by a factor (£2,/26)?, the comparison between eq. (A.11) and eq. (3b) shows
that

j_f—,mc)—-‘57(10‘1)“(91!‘26)2"?:-12“ ) (A.12)

The amplification cross-section associated with the diagrams in fig. 10 is thus smaller than the absorption cross-
section o) given by eq. (9) by a factor on the order of (£2,/6)* and can therefore be neglected. In fact, one
may consider the diagram in fig. 10c to be the wing of the amplification process described in fig. 1¢ in the bare
state basis.
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