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We can compare each of the cross-sections given by eqs. (22) with the usual absorption cross-section given
byeq. (9). The order of magnitude for w'-w~rare

(23a,b,c)

It is clear that a~~~)is much smaller th an a~~;. ln contrast, the relation between a~[,~and a~~; on one hand
and between a~~~t)and a~~; on the other hand depend upon the value of the parameters because their ratio
appears to be the product of a small parameter (QI /5) 2 by a quantity that can eventually be larger than 1. The
reason why a process involving spontaneous emission of two photons may predominate over a process in
volving spontaneous emission of one photon is that the two-photon emission is associated with a fully-resonant
diagram while the one-photon emission corresponds to a nonresonant scattering process.

Other nearly-resonant scattering processes involving the spontaneous emission of two photons with a fre
quency close to w are considered in the appendix. The transition amplitude associated with the se diagrams is
shown to be negligible.

ln conclusion, the absorption cross-section of photons w' is the sum of the usual scattering cross-section
a~~; and of the cross-sections a~[,~and a~~~t)which are associated with processes induced by the presence of
photons w and which display a resonance around w' = w.

4. Amplification of photons ro'

ln the case of two-Ievel atoms, there exist amplification processes which have a close relationship with the
absorption processes. We should thus consider the amplification processes that involve the spontaneous emis
sion of one or two photons. ln fact, the amplification cross-section associated with the spontaneous emission
of one photon is smaller than a~~;by a factor on the order of (Qt!5)4 and can therefore be neglected (see
appendix). Indeed, this ratio corresponds to the relative magnitude of the cross-sections associated with the

processes shown in figs. ( 1b) and ( 1c) where the difference between absorption and amplification is very clear.
We now consider the processes where two spontaneous photons are emitted. We show in fig. 5, the dominant

processes for amplification of photons w' associated with the spontaneous emission of two photons with fre
quencies WI and W2 close to 2w-wa and Wa, respectively. The final state of the scattering process is
If' > = 12(N - 3»® 1(N' + 1), 1Wh 1W2 >. ln contrast to the case of fig. 3, the non-resonant diagrams (such
as figs. 3a and 3c) should not be retained here because the matrix element dI2 ~ d( QI /5) 2 replaces the matrix
element dt2 ~ d found in ~i.3a) (eq. (10» and ~i.3C) (eq. (13». Besides, the diagrams that involve spon

taneous photons having a frequency close to w (such that those considered in the appendix for the absorption
process) interfere destructively.

The three diagrams in fig. 5 are nearly resonant. The transition amplitude for the diagram in fig. 5a is

(24)

(25)

with

, . JW'W1W2~

C = -1 3 3/2 fi. ElzE2z·(2EaL) yin

Comparing eqs. (24) and (25) with eqs. (15) and (11), using JN' + 1~ lN' and dtl =dII and writing the
energy denominators as a function of the independent variables w and w' - w, one finds

~i.5a)(w' -w) = _~i.3b)(W_W') .

Similar equations can be obtained for the other transition amplitudes:

(26)
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Fig. 5. Diagrammatic representation of the dominant scattering
processes, involving two fluorescence photons w, and W2 (with

w\ ",,2w-wo and W2""WO), and responsible for the amplification
of the probe field for w' ""w. The conventions are the same as for

fig. 2. For each of the three diagrams, ail intermediate states are

nearly resonant. The diagrams containing one non resonant in

termediate state may be shown to have a negligible contribution.

Fig. 6. Diagrammatic representation, in the bare atom basis, of

the scattering pro cess represented in fig. 5a.

(27a,b)

U sing eqs. (17) and (26), one then obtains

(28)

which shows that the knowledge of g-ri5a) is sufficient for calculating the amplification cross-section. The dia
gram which corresponds to fig. 5a is shown in fig. 6 in the bare-atom basis.

The amplification cross-section can be calculated starting from a formula identical to eq. (19) where
g-ri3a) +g-ri3b) is replaced by g-ri5a). ln fact, because of the equality (26), the amplification cross-section
a~~p(w- w') is just equal to the contribution a~~~(w' - w) of the resonant transition amplitudes to a~62-Fur
thermore, because a~Ww'-w) is an even function of (w-w') (given by eq. (22b)), this yields:

(29)

The equality between these cross-sections is particularly clear in the bare-atom picture. The Raman process of
fig. 6 just balances the Raman process of fig. 4b because on one hand the same transitions are involved and
the other hand the initial and final states coïncide in both cases with the atomic ground state.

5. Competition between absorption and amplification

ln the limit considered in this paper, the total absorption cross-section aabs results from the processes con
sidered in sections 3.1, 3.2 and 4:
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(30)

(31 )

because we have shown that (J~g~) «(J~f,2.Using eqs. (9) and (22c), we finally obtain

3 2(ry[ Qi W'-W ](Jabs= 87[,10 J 1+ 2(pr2+(w-w')2 .
(32)

This expression coincides with the leading terms of the expansion of (Jabs obtained from the exact expression
[7]. ln particular, it predicts that (Jabs can become negative, i.e. that amplification is possible wh en Qi>
41c513 r, a condition which was derived in ref. [8]. When this condition is fulfilled, the resonant scattering
processes of fig. 3b is so large that its interference with the small non resonant contribution of fig. 3a can be
larger than the losses due to Rayleigh scattering given by eq. (9).

It is worth emphasizing the origin of the amplification. The absorption and gain processes shown in figs. 4b
and 6 lead to exactly opposite effects. This equilibrium is broken by the interference occurring on the ab
sorption between the diagrams in figs. 4a and 4b. ln particular, when c5 (w' - w) < 0, the absorption is weakened
so that amplification may be achieved.

For the processes considercd here, amplification is not associated with any population inversion both in the
bare state basis and in the dressed state basis. ln the bare state basis, the Raman processes start and end in
the ground state (sec figs. 4 and 6). ln the dressed-state basis, the transition occurs between two levcls 12(N,) >

and 12(N2) > which have exactly the same population. Here the origin of amplification is really associated with
a weakening of absorption duc to a destructive interference between several processes.

6. Conclusion

All the results described in this paper for the case of radiative damping can be extended to other damping
mechanisms and in particular to collisional relaxation. For example, diagrams analogous to those shown in
figs. 4a and 4b and yielding collisionally-aided absorption are shown in figs. 7a and 7b. Here again, the se two
diagrams can interfere leading to an increase or a decrease of the absorption depending on the sign of (w' - w)

[ 14]. One should of course add to the se absorption processes the usual clastic scattering considered in sub
section 3.1. The collisionally-aided gain process analogous to the process offig. 6 is shown in fig. 7c. Here again,
in the absence of interference on the absorption, the collisionally-aided gain of fig. 7c would be balanced by
the collisionally-aided absorption of fig. 7b. However the interference can be sufficiently large to break this
symmetry and to yield an amplification which was sufficient to observe a laser oscillation with sodium atoms
[10] .

The approach that we present here is important, not only because it provides a better understanding of a
phenomenon which was known for years, but also because it provides the possibility to imagine new lasers
without population inversion. ln the diagrams shown in fig. 7, wc can, for instance, replace the one-photon
processes involving the field w by two-photon processes provided that levcls b and a can be coupled by one
and two-photon transitions (that can be done by applying a static electric field). For a sufficiently large value
of the pump field, the destructive interference that occurs between the diagrams of figs. 7a and 8a on one side
of the resonance 2w=w' allows the Raman gain of fig. 8b to become dominant. A laser emission occurring
near w' = 2w is then possible. It is important to note that this process is very different from harmonie gen
eration. The maximum gain will not occur for w' = 2w but for 1w' - 2w 1~ r. Furthermore, the phase-matching

. condition (k' = 2k), which is of fundamental importance for harmonie generation because the second harmonie
originates from the coherent superposition of the fields radiated by all the electric dipole moments in the sam-
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Fig. 7. Collisionally-aidcd pro cesses leading to an absorption or

an amplification of the probe field w'. The double arrow rcpre

scnts the energy providcd by the collision. Diagrams (a) and (b)
de scribe absorption processes which are analogous to those rep

resented in figs. 4a and 4b, respectively. Diagram (c) describes
an amplification of the field w' analogous to the process repre

sented in fig. 6. Hcre again, the interference between the ampli
tudes associated with diagrams (a) and (b) breaks the balance

between the absorption and the amplification amplitudes asso
ciated with diagrams (b) and (c).

Fig. S. Collisionally-aided processes leading to an absorption or

an amplification of the probe field w' and involving the absorp
tion or the emission of pairs of pump photons w. The conven

tions are the sa me as for fig. 7. Levels a and b have not a weil

defined parity so that they can be connected by one-photon or
two-photon transitions. Here again, the interference between the

amplitudes associated with the diagrams offig. 7a and fig. Sa can
break the balance between the absorption and the amplification

amplitudes associated with the diagrams of (a) (b).

(A.l)

pie, has a much weaker importance for the process described here because this pro cess corresponds to an am
plification mechanism. ln fact, for stationary atoms the absorption coefficient (given by an equation similar
to eq. (32)) is even independent of (k'-2k). This factor only appears for moving atoms because the re
placement of w by w - k· v and w' by w' - k'· v and the averaging over the velocity distribution leads to a residual
Doppler effect depending on (k' - 2k). These points (position of the resonance, phase-matching conditions)
show clearly the difference between harmonic generation and the gain mechanism described here.

Appendix

We specify in this Appendix sorne of the results that have been presented without any demonstration
precedently.

We first consider the three diagrams shown in figs. 2b-d and show that their contribution to the absorption
cross-section is negligible compared to that of the diagram in fig. 2a. The diagram of fig. 2b corresponds to a
process where the photon W1 is emitted before the photon w' is absorbed, the intermediate state being
Il (N - 1) > ® 1 N', 1Wl >. The corresponding transition amplitude is

OT(2b) J w'w1 f1:T, dit dl2
:;Ifi = 2EoL3 yiN Elz .. _._.

Each of the matrix element dtj of eq. (A.l) is on the order of d(QUr'P) (see eq. (2d)). The energy denom
inator of eq. (A.l) being on the same order of magnitude as the one of eq. (3) because we have assumed that
16-6'1« 161,we conclude that

(A.2)

g-~2b) can thus be neglected. We now consider the diagrams of figs. 2c and 2d. These diagrams involve as in-
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termediate states 12(N+l)@I(N'-1), 0) and 12(N-l)@IN', lWl)' respectively. The transition am
plitudes for these diagrams are

(A.3a,b)

It clearly appears that

(A.4 )

(A.6)

(A.5)

(A.7)

The two diagrams shown in figs. 2c and 2d have an opposite amplitude so that their global contribution to the
scattering process is zero. ln the dressed-state basis the processes involving the absorption of one photon w'

and the emission of one fluorescence photon is thus described entirely (at the lowest order in QI j 15)by the
diagram of fig. 2a.

We now consider the diagrams describing absorption of photon w' and involving spontaneous emission of
two photons. We first study the relation between the diagrams in figs. 3b, d and e. The diagram in fig. 3d has
intermediate states equalto 12(N+l)@I(N'-1),0) and Il(N)@I(N'-l), lWl):

g-(3d) ~ C dil d12di2
fi [(W+W'-Wl -wo) +ir;2](w' -w)

Using eqs. (2), we find

g-(3d) ~ C (QI Y d_3fi ~- 215 [(w+w'-wl-wo)+ir;2](w'-w)'

The intermediate states for the diagram in fig. 3e are Il (N -l)@ 1N', lw1) and 12(N -2)@ lN', lWh lW2):

9"'(3e) ~ C di2diI d12
. fi ~ [(2W-W1-W2)][(2w-wl-wo)+ir;2]'

The energies of the initial state Ii) and of the final state If> being equal, we have w+w'=wj +W2' It follows
that (2W-WI-W2) = (w-w'). Using eqs. (2), we get

g-~3e)~_C(~~Y{n nl\rf'Ld3 __ ','1""',,,,' (A.8)

A simplification occurs if one sums g-~3d) and g-~3e). From eqs. (A.6) and (A.8), we deduce

( )3 d3
g-(3d) +g-(3e) ~ C Qj _

fi fi 215 [(W+W' -WI -Wo) +irj2] [(2w-wl -Wo) +ir;2]
(A.9)

Comparing this expression with eq. (16), we find eq. (17).
Other nearly-resonant scattering processes involving the emission oftwo photons are possible, these two pho

tons having frequencies W1 and W2 close to w. Diagrams associated with this type of process are shown in fig.
9. It is possible to show that these processes do not contribute to the absorption cross-section for photons w'
because the sum of the transition amplitudes associated with those nearly resonant scattering processes is equal
to O. More precisely, each of the transition amplitude of the diagrams in fig. 9 can be ca1culated as it was done
before for the diagrams in figs. 2 and 3 and one obtains

,9"'(9a) +g-(9b) +g-(9c) = 0fi fi fi • (A.l 0)

Finally, it turns out that the dominant nearly-resonant scattering processes are described by the diagrams in
figs. 3b, d and e and that the contribution of the se diagrams can be larger than the usual absorption process
shown in fig. 2a. Because a scattering process involving the spontaneous emission oftwo photons may be larger
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Fig. 9. Oiagrammatic representation of scattering processes in

volving two fluorescence photons w, and W2 (with W, ~ W,

W2 ~ w), and responsible for the absorption of the probe field for

w' ~ w. The conventions are the same as for fig. 2. The sum of the

amplitudes associated with the three diagrams (a), (b), (c), may
be shown to be equal to zero.

Fig. 10. Oiagrammatic representation of scattering processes in
volving one fluorescence photon WI and responsible for the am

plification of the probe field w' for w' ~ w. The conventions arc
the same as for fig. 2.

than scattering processes where only one photon is emitted, one may wonder if it would not be necessary to
consider terms with three, four, ..., emitted photons. This is not the case. For example, the comparison of fig.
3c with fig. 2a shows that fig. 3c has an additional step which is resonant. However, the cross-section associated
with fig. 3c is smaller than the one associated with fig. 2a by a factor (Qi/i5)2 (see eq. (22a)). Actually, for
each nearly-resonant photon added to a given diagram, the cross-section is multiplied by a factor on the order
of (1/ T)2(dij/ d)2r2. The first factor (1/ T)2 cornes from the new resonant denominator in the transition am
plitude, (dij)2 arises from the new matrix element of the dipole moment appearing in the transition amplitude.
(r/ d2) is a constant and a final r appears from the integration of the energy of the spontaneous photon. ln
conclusion, each time a new resonant spontaneous photon is emitted, the cross-section decreases by a factor

(du! d)2. The transition from a two-photon emission to a three-photon emission implies that dij is dïi or
di2' The corresponding cross-section is then reduced by a factor (Qi/i5)2. The transition from a two-photon
emission to a four-photon emission needs either two d;; or a dl2 and a dil' ln both cases, the corresponding
cross-section is reduced by a factor (QI/i5)4.

We finally consider the diagrams describing amplification of the field w' and we calculate the processes where
only one spontaneous photon is emitted (the processes involving spontaneous emission of two photons are
described and calculated in sect. 4). The final state of a process involving amplification of photons w' and
spontaneous emission of one photon Wi (fig. 10) is 1f) = 12(N - 2) > ® 1(N' + 1), 1WI >. First we note that the
two diagrams shown in figs. IOa and lOb in which the intermediate state has a 12(N - 1 ) > component interfere
destructively (the calculation is similar to the one done for the diagrams in fig. 2c and 2d):

ffhlOa) +ffhlOb) = 0 .

The (wo diagrams shown in figs. lOc and IOd are nearly equal. Replacing 2w-wo-w' by 15(because w~w'),
one obtains
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(A.II )g-(lOc) _ '1"(IOd) _ ~ JN'+ 1 d21d12
fi -c fi - 2foL3 flz r'5+iT/2

Because d12 is sm aller than dt2 by a factor (Qd2r'5)2, the comparison between eq. (A. II ) and eq. (3b) shows
that

(A.12 )

The amplification cross-section associated with the diagrams in fig. lOis thus smaller than the absorption cross
section a~62 given by eq. (9) by a factor on the order of (Ql/r5)4 and can therefore be neglected. ln fact, one
may consider the diagram in fig. IOc to be the wing of the amplification process described in fige 1c in the bare
state basis.
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