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1 Exercise corrections

1.1 Chapter 2: Brownian motions and random paths

e Fxercise 2.1: Random variables and generating functions.

Let X be a real random variable. Let its characteristic function (also called generating
function) be defined by _
®(z) := E[e*X].

We assume henceforth z € R.

(i) Show that ®(z) is always well defined for X € R and z € R.
(ii) Define also the function
W(z) :=log ®(2)
or conversely ®(z) = e"V(2).
Expand ® and W in powers of z and identify the first few Taylor coefficients.

(iii) Suppose that X is an integer-valued discrete random variable having the Poisson
distribution

for n € N, with parameter .

What are its mean, its covariance and its generating function?
(iv) Suppose now that X is a Gaussian variable with probability distribution density

do  _.2
P[X € [z,2 +dz]] = \/2Le—%.
Yi¥ea

Verify that P is correctly normalised and compute its characteristic function.

Correction :

(i) For convenience we suppose that X is a continuous random variable, but the argument for a
discrete variable is similar. Let P[X] denote the probability density function of X. We have
then by definition

/ Plz]dX =1.
This implies that the integral

P(2) = / *XPIX]dX

is absolutely convergent (since |e**| = 1) and hence simply convergent. Notice that the
properties of ®(z) under analytical continuation depend on the distribution.
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(ii) We have

O(z) = 1+iE[X]— %IE[XQ} =Y (iTZL?nJE[X”] ,
W(z) = i2E[X]- % (BIX?) —E[X]?) +...= > (igncumn[X].

We see that ®(z) is the moment generating function of X, while W(z) is the cumulant
generating function. The quantity Cum,,[X] is called the n’th cumulant of X.

(iii) Note that P[X] is normalised:

iP[X:

We find
i A A et )
@(z)—z:oe e =ee =e
and thus

S

W(z)=Ae"—1) =2 -
n=1
From W(z) we read off that Cum,,[X] = X for any n > 1. In particular
E[X] =X, E[X)-E[X?*=)\.

(iv) The normalisation is a standard integral. Otherwise, consider two independent Gaussians

such that
dedy _ 2?4y?
e CEE

2ro

Change from Carthesian coordinates (z,y) to polar coordinates (r,#). Then z? + y? =
Moreover the area element is r dr df, so that we obtain the correct normalisation:

/°° de [ dy 22w /2” de/ rdr ] 2700
—_— e 20 — |:_e 2:::| = 1 .
oo V2TO 27ra 0

To compute ®(z) we complete the square and change variables:

. o0 z2 . e B oz2 oz2
E[elzx} = / dz e~ 3o TizT / dz o35 (w—ioz)? (=5~
_ 2ro _ 2ro

P[X € [z,2 +da] x [y,y +dy]] =

= —Z 0, so that Cum, [X] = o is the only non-zero cumulant.

In particular W (z) 5

e Frercise 2.2: Random Gaussian vectors.

Let X be an N-dimensional Gaussian random vector with real coordinates X ¢ for
i =1,...,N. By definition its probability distribution is

1/2
P(X)d¥X = dVX <detG> exp (—;(X|G|X)> :

(2m)N

with (X|G|X) = >, X'G;jX;, where the real symmetric form G;; is supposed to be
non-degenerate. Denote by G its inverse: Zj Gijéjk = 51’-“.
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(i) Verify that this distribution is normalised, that is:

N
[ e B0 = ey
s

(ii) For a vector U living in the dual space with respect to X, we define (U|X) =
Y UiX ¢, Show that the corresponding generating function is

E[fUIX)] = o~ 3{UIGIU)
(iii) Show that the mean E[X] = 0 and the covariance E[XX7] = GU.

Correction :

(i) G is real and symmetric, so it can be diagonalised by an orthogonal matrix O:
G=0"'DO=0"DO,

where D = diag(d;) denotes a diagonal matrix and d; are the eigenvalues of G.
Now change variables X — Y := OTX. The Jacobian of this transformation is |det O| = 1,
which follows from OT = O~! and the fact that det(A~!) = (det A)~!. Using

(X|G|X) = (XO|0T*GO|0TX) = (Y|D|Y)

the required integral becomes

N N
i=1 Vor =1

as required.

(ii) Let us examine the argument of the exponential in the corresponding Gaussian integral. We

have
1

2
where we have set GV = U. The first piece corresponds to the completion of the square in
the one-dimensional case, and it will integrate to unity thanks to the normalisation (after

the change of variables with trivial Jacobian). Since V = GU we can rewrite the second
piece as 3(U|G|U). Therefore

(X|GIX) — (U] X) = %(X _iVIGIX — V) + %(V\GW) ,

E[eUIX)] — ¢~ 3 WICID)

proving the result.

(iii) This follows directly from W(z) = log®(z) = —%<U|CA}'|U> and its expansion in terms of
cumulant (similar to the one-dimensional computation).

e Fzercise 2.3: The law of large number and the central limit theorem.

The aim of this exercise is to prove (a simplified version of) the central limit theorem.
Let €, with & = 1,...,n, be independent identically distributed (ii.d) variables. Each
€, = 1 with equal probabilities.

In this case, the central limit theorem states that the sum S, = ﬁ > i €k converges
(to be precise, in law) in the n — oo limit to a Gaussian variable.
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(i) Prove that

E[eizgn] = [cos (i)]n e T

NLD
and conclude.
Hint: Recall the Taylor expansion cos(jﬁ) =1- —|— 0( ) and use limy, o0 [1 — £ +

o(2)]" = e7¥ (which can be proved by taking the 10gar1thm).

n

Correction :

(i) First note that

n
i iz
eve Tt = [[ v .

Taking expectations values we obtain

S S SN

We replace the cosine by the first two terms in its Taylor expansion and take the limit:
2 n
z 22
lim (1 — ) =e 2.

e Fxercise 2.4: Free random paths.

The scaling limit of free random paths has been treated in section 2.2 of the main text.
We recall that such paths are defined on a hypercubic lattice in D dimensions. Each step
can be written tae;, where e; for j = 1,..., D is a basis of orthonormal vectors in RP,
and is associated with a Boltzmann weight (fugacity) . The partition function for paths

going from 0 to x is
Z(x)= Y p,
I0—x

where |I'| denotes the length of the path I'. It satisfies the difference equation
Z(z) _5IO+HZ (z 4 ae;) + Z(x — aey)). (1)

(i) Compute the Fourier transform of Z(z) and prove that

de elkCC
(@) = /BZ (2m/a)P 1 —2u3"; cos(ak - e;) @

where BZ = [—g, %] D'is the Brillouin zone of the square lattice.
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(i)

(i)
(iv)

Let A%s be the discrete Laplacian and write AYS = © — 2D 1T with © the lattice
adjacency matrix and I the identity matrix. We view © as acting on functions via

(©- f)x) =2, (f(x+ae) + f(z — ae;)). Show that:
1
0),
-6 0)
with |z) the J-function peaked at z, i.e. (y|z) = by
Give an expression of W]f\l}ee(x as matrix elements of powers of the matrix © and give
a geometrical interpretation of this formula.

Z(x) = (x|

Deduce from this formula that Z(z) converges for |u| < p. with p. = 1/2D.

Prove the formula for the Green function G(z) given in the main text.

Correction :

(i)

Let Z(k) denote the Fourier transform of Z(x). By definition, the two are related by

_ de eik~x 5
709 = [ gm0

The strategy is to Fourier transform the difference equation (1). The Kronecker delta obvi-

ously transforms as
dPk :
5x,0 - / D elk.x .
Bz (27/a)

The shifted partition functions Z(x £ ae;) will provide extra factors of eFiake)i and moving
this to the left-hand side we obtain:

(1 ~ 2y cos(ak- ej))Z(k) ~1.

Isolating A (k) we apply the inverse Fourier transform on both sides and obtain indeed

de eik-x
Z(x) = .
Bz (27/a)P 1 —2u% ", cos(ak - e;)
The difference equation (1) can be written as
2(x) = by + 1(O 0 Z)(x).

Hence (I — u®) o Z(x) = 0x,0 = (0|z). Multiplying both sides by the inverse of I — p©
produces the result.
An alternative derivation is obtained by expanding (I — u©)~! as a formal geometric series:

(O[@=p0) )= > pNoeNz).
N=0

On the right-hand side ©~ means producing an N-step walk, so its matrix element (0|0 |z) =
Wee(x), the number of N-step paths I': 0 — x. Recalling that

Z(x) = 0x,0 + Z pN Wl (x)
N>0

we obtain once again

(0] —p0) ) =2Z(x).
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(iii)

It is easy to see that A" is a non-positive operator (all its eigenvalues are non-positive).
Moreover, the sum of each row (or column) is zero, so it has a zero eigenvalue. It follows from
Adis = @ — 2DI that the spectral radius of © is p(©) = 2D. (Recall that the spectral radius
is defined as the supremum among the absolute values of the elements in its spectrum.) It
follows that the series Y %_, #V O is convergent for [u| < 5. By the above expressions
the same is then true for Z(x).

Remark: For self-avoiding walks the existence of a finite u. can be proved by subadditivity
arguments, but the exact value of p. is only known for a few specific models. In particular, p,
for self-avoiding walks on a D = 2 hexagonal lattice is known exactly (u~! = v/2 + v/2) and
was derived non-rigorously by Nienhuis in 1982 and proved by Duminil-Copin and Smirnov
in 2010. For the D = 2 square lattice we have only very precise estimates, the latest in date
(2016) being p~! = 2.638 158 530 327 90 4 0.000 000 000 000 03.

If we take the lattice spacing a — 0, the difference equation (1) reads (1 —2Du)Z(x) = dx,0-
Since a=Pdx o — §(x) we obtain

lim a™PZ(x) = (1 - :) - 5(x) .

The naive conclusion of this is that Z(x) is proportional to (x), implying that all random
walks remain concentrated at the origin. The less naive conclusion is that this can be
avoided if we simultaneously take the limit 1 — ., because then the prefactor will diverge.
Obviously, then, we need to take the a — 0 limit more carefully to obtain non-trivial results.
Let us rewrite the difference equation as

(1= £) 260 = bup + (250 2) ().

As discussed in the main text, the correct limit of the discrete Laplacian is a “2A%S — A,.
Hence, multiplying the above equation by pu.a™" gives

ppt = pct) a7 Galx) = peb(x) + pAxGa(x),
1

where we have introduced the Green’s function Gy (x) = pca® P Z(x). Recall that pc = 55.
Let us now set

m? = g2 (M_l _ Mc—l) .
The idea is to take the limit a — 0 and g — p. simultaneously, whilst keeping the “mass”
m finite. Inserting and rearranging we obtain

Hom? - x) = d(x
/’LC( AX)G() 6( )7

where G(x) = lim,_,0 G4(x). Since p ~ . we obtain the desired equation for the Green’s
function:

(—Ax +m?) G(x) = §(x).

This can be solved for G(x) in various fashions. One option is to proceed by Fourier trans-

form, obtaining
de elk x
Glx) = / 2m)P m?2 + k2

Another way is to insert 2 Zj cos(ak - e;) = 2D +a’k? +- - - into the Fourier representation
(2) of Z(x). This gives

> pt o Mg
Z k — =a e + .-
( ) ,U_l —,Uc_l +a2k2+"' m2+k2
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The result follows from inverse Fourier transform of this expression, recalling the definition
of the Green’s function.

e Fxercise 2.5: Computation of a path integral Jacobian determinants.

The aim of this exercise is to compute the determinant Det[0; — A(t)] of the linear
map acting functions f(t) as follows f(t) — (Jf)(t) = f'(t) — A(t)f(t) with A(¢t) a given
function. Instead of computing directly this determinant we factorize the derivation op-
erator and we write Det[0; — A(t)] := Det[0;] x Det[1 — K]. The operator K is defined by
integration as follows:

K f(t) - (Kf)(t) = /0 dsA(s) f(5),

for any function f defined on the finite interval [0,7]. The aim of this exercise is thus to
compute the determinant Det[1 — K| and to prove that

Det(1 — K] = e i dsA(),

with a a parameter depending on the regularization procedure (o = 0 for It6 and o = 1

for Stratonovich conventions). This illustrates possible strategy to define and computz
functional —infinite dimensional— determinants.

To define the determinant Det[l — K] we need to discretize it by representing the
integral of any function by a Riemann sum. Let us divide the interval [0,7] in N sub-
interval [nd, (n+1)d] withn = 0,--- N—1and § = T/N. We will then take the limit N — 0.
To simplify notation we denote f, := f(nd). There are many possible discretizations
but we shall only consider two of them (which correspond to the Itd6 and Stratonovich
conventions):

Ito : /tf(t ]\}gnm&z:fkv

n—1
1
Stratonovich / f(t) hm 0 i(fk—i_karl).
k=0

(i) Write the regularized action of the operator K on function f by writing the expres-
sion of (K f)p.

(ii) Show that the operator 1 — K is lower triangular and determine the diagonal entries
(which are convention dependent).

(iii) Deduce, by taking the large N limit, the formula for the determinant:
Ito : Det[l — K| =1,
Stratonovich : Det[l — K] = e~3Jy dsAGs),
More general dlscretlzation are defined by sampling differently the Riemann sum

as follows: fo t)dt = Imn_y00 0> e ((1 — a)fr + afg+1). Following the same

strategy as above, it is then clear that Det[l — K] = e~ Jo ds As),
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Correction :

(i) If f is a function with f, = f(ko) for k=1,--- ,N and § = T/N, we have:

n—1
Ito : (Kf)n:]\}gnooézAkfk,
k=0

n—1

)
Strato: (K f), = i B Z(Akfk + Akt 1frt1)s
k=0

with Ay = A(kd) for k=1,--- | N.

(ii) From the above expressions we see that the operator (I — K) is triangular and the diagonal
matrix elements are Diag((I — K)f),, = 1 with the It6 convention and Diag((I — K)f), =
(1- %An) frn with the Stratonovich convention.

(iii) In both cases the determinant si product of the diagonal elements. Thus

N
Ito: Det(I — K) = lim 1=1,

N— o0

k=0

N 5 N r

T 1r
Strato:  Det(I— K)= lim [[(1—-A4;) = lim eXr=0'08(=3r4k) — ¢=3 Jo dsAls)

N—o0 fralins 2 N—oc0

This construction can easily be generalized if we sample the Riemann sum differently (by
weighting differently the end points of the elementary intervals).

e Fxercise 2.6: Levy’s construction of the Brownian motion.

The path integral representation is actually closely related to an older (!) construction
of the Brownian motion due to P. Levy. The aim of this exercise is to present the main
point of Levy’s approach which constructs the Brownian paths by recursive dichotomy.

We aim at constructing the Brownian curves on the time interval [0, T starting point
zo. The construction is recursive:

(a) First, pick the end point xp with the Gaussian probability density j;ﬂ% e~ (zr—w0)?/2T

and draw (provisionally) a straight line from zg to xp.

(b) Second, construct the intermediate middle point w7/, at time 7'/2 by picking it
randomly from the Gaussian distribution centered around the middle of the segment
joining x¢ to xr, and with the appropriate covariance to be determined. Then, draw
(provisionally) two straight lines from z¢ to x7/5 and from xp/, to 7.

(c) Next, iterate by picking the intermediate points at times 7'/4 and 37T'/4, respectively,
from the Gaussian distribution centered around the middle point of the two segments
drawn between x¢ and zr/; and between x5 and zp, respectively, and with the
appropriate covariance. Then draw (provisionally) all four segments joining the
successive points xo, T/, T1/2, T3r/4 and T7/o.

(d) Iterate ad infinitum. ..

10
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Show that this construction yields curves sampled with the Brownian measure.
Hint: This construction works thanks to the relation

2 zTitxs )2
2

(zi—x)®  (x—=zp)® (wi—xp)?  (z-
26/2) T 20/2) 2 20/4)

Correction :

Follow the instructions given in the text. The construction is such that to ensures that

dP(zr|wo) dP(w7)2|20; 27) = P(27)/2|T0)dvT P(2T|2T)2)d2T /0!

o Fxercise 2.7: The over-damped limit of the noisy Newtonian particle.

Consider Newton’s equation for a particle of mass m subject to a friction and random
forcing (white noise in time). That is, consider the SDEs:

P,
dX, = ~Ldt, dP, = —~vdX;+ dB,
m

with X; the position and P, the momentum. We are interested in the limit m — 0 (or
equivalently « large). Let us set m = €2 to match the Brownian scaling. Then show that:

(i) the process vXf converges to a Brownian motion By;
(ii) Y := € X§ converges to a finite random variable with Gaussian distribution.

That is: Introducing the mass, or €, is a way to regularize the Brownian curves in the
sense that X{ admits a time derivative contrary to the Brownian motion. But quantities
such as Y, which are naively expected to vanish in the limit ¢ — 0, actually do not
disappear because the smallness of € is compensated by the irregularities in Xf as € — 0.
For instance E[%thQ] is finite in the limit m — 0. Such phenomena—the existence of
naively zero but nevertheless finite quantities due to the emergence of irregular structures
in absence of regularizing—are common in statistical field theory, and are (sometimes)
called ‘anomaly’.

Correction :

We let m = €2. The SDE are then dX; = Ztdt and dP, = —ydX; + dB;. We denote by (X{, Pf) a
solution of this SDE for a given e.

(i) The SDE for P; can be written as dP; = —3 Pdt + dB;, which is an Ornstein-Uhlenbeck
process. The unique typical time scale is this of order €2, by dimensional analysis. This
means that at time of order €2 — 0 the variable P is distribued according to the invariant
measure of the SDE. This invariant measure is proportional to e~ /AP It goes to the
Dirac measure 6(0) centred at 0 as ¢ — 0. Hence, P, = 0 with probability one as ¢ — 0.
Since dP; = d(B; — vX¢), this implies that vX; = B; with probability one.

11
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(i) This is proved by making the previous time change explicit. Let s = t/e? and W, = B, /e.
Then W is a normalized Brownian motion, with dVVS2 = ds. Let Z, = Pse then dZ, =
2L g+ %dBt or equivalently,

€ €2
dZs = —yZsds + dWs.
This is again an Ornstein-Uhlenbeck process. At fixed ¢, s = t/e? — 0o as ¢ — 0. Hence

Zs — Z~ which is a random variable distributed according to the invariant measure g)fzthe
SDE dZ; = —vyZsds+ dW,. This measure is proportional to the Gaussian measure e * dz.

Finally, let Y; = eX;. Using dX; = %dt, we have Y; = P;/e or equivalently Y; = eX; = Z,. This
proves that, for t fixed, (¢X;) is a finite Gaussian random variable in the limit ¢ — 0. Notice that
there is a compensation between € and the irregularity of X; which increases as e.

e Fzercise 2.8: SDEs with ‘multiplicative’ noise.

Generalize the results described above for a more general SDE of the form
dXt = a(Xt)dt + b(Xt)dBt

with a(z) and b(x) smooth non constant functions. To deal with the small noise limit one
may introduce a small parametr € by rescaling b(x) via b(z) — eb(x).

(i) Prove that the Fokker-Planck operator for SDEs reads

M= ax(%az V(2) - alx))

(ii) Verify that the invariant measure (if normalizable) is

Piny(2) dz = b 2(z) e 2@ da,  s(z) := — /x dy ;2(5/))

What is the invariant measure if the later is not normalizable?
What is then the physical interpretation of this new measure?

(iii) Show that the action of the path integral representation of these SDEs is
1 T .s - S 2
521 [yl ota?
2 Jo b (xs)

in the small noise limit € < 1. Verify (by going back to the discret formulation) that
this way of writing the action is still valid away from the small noise limit provided
that one carefully defined the integrals.

Correction :

A simple adaptation of the construction explained in the lecture notes in the case b(z) = 0.

e Frercise 2.9: Multivariable SDEs

Generalize all these results for multivariable SDEs of the form dX' = a'(X)dt +
bz- (X)dB] where B’ are Brownian motions with covariance E[B}B2] = §“min(t, s).

12
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1.2

Chapter 3: Statistical lattice models

e Fxercise 3.1: Fermionic representation of the 2D Ising model

The aim of this exercise is to complete the study of the 2D Ising model presented in
the lecture notes. Recall the definition of the 2D Ising model given in the text.

(i)

(iii)

(iv)

Prove—or argue—that the Ising model is described by the Hamiltonian

Ng Ny
3 1.1
/H:_VE Tx—BE TuTotl s
r=1 r=1

where v = 725y and 8 = K, are related to the anisotropic coupling constants
(K3, Ky) in the completely anisotropic limit, K, < 1 and K, > 1.

Recall the Jordan-Wigner transformations given in the main text which construct
fermionic operators in terms of Pauli matrices via
. -1 _— + . -1 _— +
Qy = i Zzzl Ty Ty ,7_+, al —e T 25:1 Ty Ty Ty -

T

Show that we may alternatively write

r—1 r—1
aa;:(HT;)T;, al:(HT;)Tx
y=1 y=1

Verify that they satisfy the canonical fermionic relation alay + ayal; = Ogy-

Show that the Hamiltonian becomes
N, N,
3 1.1
_’yz Te — /B Z TxTz+1
x=1 =1

Ny Ny
yz <alam — axal) — ﬁz <a:rc — ax) (a;rHl + axﬂ) .
r=1 r=1

H

Complete the proof of the diagonalisation of the Ising hamiltonian and its spectrum.
Proof that, after an appropriate Bogoliubov transformation on the fermion operators,
the Ising hamiltonian can be written in the final form given in the main text, which

we recall here,
H = Z hy, (cLCk — c_ch_k) s
k>0

with single particle spectrum hy = [(’y — B)? + 4B sin2(k/2)] 12

Correction :

13
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(i)

(iii)

The detailed argument appears in the lecture notes. One can also quickly check that this
expression is reasonable, in a more loose sense. The second, diagonal term obviously gives
the K, interaction inside a fixed time slice. The first, non-diagonal term is related with the
K, interaction that propagates from one time slice to the next. From the point of view of
the transfer matrix, 7 = efvN=e~™  this term contains a (large, since K, > 1) component
along the identity corresponding to aligned spins. Taking the logarithm of 7, the other
small component present in H hence corresponds to the spin at site x being flipped. This is
precisely what 72 does.

We have, for any x, [r},72] = 2i73, and the raising and lowering operators are 77 =

(7} £ ir2). This implies of course

(T2 =) =0, 717 +1,

€T x x

h=1.

Note that [Tz,Tg] = 0 for = # y; the Jordan-Wigner transformation is designed to recover

the fermionic relations also when x # y.

We may write
x—1 x—1
exp <i7r Z TJT;) = H exp (iWTy_T;) ,
—1 y=1

and note that exp (iw7, 7,7) just gives a sign + to | 1),, and — to | |),. Individual factors

may be moved around freely, as long as the act on different tensorands. For example,
r—1
azal, = exp (zwz ) 7.1 exp (—m ZT;T;) T,
y=1
r—1
= exp <’L7TZ Ty Ty ) exp (iWZTyTJ> ; Ty
y=1
To

-t
’I'

In particular afa, + ayal = 1 as required.

Similarly we obtain, for y < z,

+
axT+a Gy = He””ka TkT +TT He””ka

By acting explicitly on the basis states | 1), and | |), we see that

— dmr Th imT T

Ty ey ly = —e" 'y Ty 'r?; s
so that
aITJraamf He””ka (i, — 7,7 ) =0
as required.
The first term is straightforward:
3 _ R S i
Th =Ty Ty — Ty Ty = Qlay —agal,,

by inverting the JW transformation and noticing that the phases cancel.
For the second term, we first remark that

ToTopr = (T +70) (W +7)

14
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flips both spins at positions = and = + 1. Writing out (al, — az) (a};+1 + aerl) in terms of

the 7, it is easy to verify that this also flips the spins at positions x and x + 1 while leaving
all other spins unchanged. This concludes the demonstration.

(iv) As shown in the lecture notes, one easily gets

B + v—Bcosk  —ifsink ak
Hk—2( ap Qg )( iBsink —~v+ Bcosk aik '

It suffices here to show that the Fourier transformation preserves the fermionic relations.
This latter form can be diagonalised by successively applying

aT_k = i'd*_k, a_jp = —ia,k

and the Bogoliubov transformation (orthogonal rotation)

ay _ cos ¢ sin ¢y, Ck
&T_k ~\ —singy cos oy cT_k ’

The first transformation gives easily

R - k Bsink ay
r=2(a} ay) Bsink  —vy+4 Bcosk i,

As for the Bogoliubov transformation, the crucial point is to make sure that ¢ and CL are still
fermionic. To show this, it is easiest to go the other way around: supposing anticommutation
relations for the ¢, we show that the same is true for the a. For example

{ak7 GL} = {COS(¢k)0k +sin(¢p el sin(¢p)e—y + COS(%)CL}
= cos®(¢x) +sin’(gy) =1, (3)

whereas

{ag,a—r} = {cos(¢k)ck + sin(q&k)ctk, cos(¢r)e_j — sin(q{)k)cz}
— — cos(@x) sin(g) + cos(@x) sin(6x) = 0.
In terms of the rotation matrix U we now have
_ § +( v—Bcosk Bsink Ck
Hk_z(ck C—k )U ( Bsink —~v+ Bcosk v cik '

It is in fact obvious that U can diagonalise the 2 x 2 matrix, so it suffices to find its eigenvalues
without working out the actual value of ¢;. The eigenvalues are +h; with

he =2 [(y = B)? + 4yBsin®(k/2)]/* |

hy 0 Ck
et e 5)(5)

e Fxercise 3.2: Spin operators, disorder operators and parafermions.

so that

15
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The aim of this exercise—and the following two—is to study some simple consequences
of group symmetry in lattice statistical models.

Let us consider a lattice statistical model on a two dimensional square lattice A :=
a’7? with spin variables s on each vertex of the lattice. These variables take discrete or
continuous values, depending on the models. We consider neighbour spin interactions with
a local hamiltonian H (s, s’) so that the Boltzmann weight of any given configuration [c] is

W([C]) = H w[ihﬂ’ ’u}[z,]] — eiH(Si’sj)’
[i,j]=edge

where, by convention, [i,j] denotes the edge connecting the vertices i and j. Let Z :=
> W([c]) be the partition function.

Let us suppose that a group G is acting the spin variables. We denote by R the
corresponding representation. Furthermore we assume that the interaction is invariant
under this group action so that, by hypothesis,

H(R(g) -5, R(g) - s') = H(s,s'), VgeG.
(i) Transfer matriz: Define and construct the transfer matrix for these models.

(ii) Spin operators: Spin observables, which we denote o (i), are defined as the local in-
sertions of the spin variables at the lattice site ¢. That is: o(4) is the function which
to any configuration associate the variable s;.
Write the expectations of the spin observables (o (i1)---o(in)) as a sum over con-
figurations weighted by their Boltzmann weights.
Write the same correlation functions in terms of the transfer matrix.

(iii) Disorder operators: Disorder observables are defined on the dual lattice and are
indexed by group elements. Let I' be a closed anti-clockwise oriented contour on the
square lattice A dual to A —the vertices of A are the center of the faces of A. Let ¢
denote an oriented edge of I'. It crosses an edge of A and we denote by £~ and T
the vertices of this edge with ¢~ inside the loop I'. The disorder observable 1,4 (I")
for g € G is defined as

pr(g) = exp (Y (H(se-,sp+) — H(sg—, R(g)s¢+)),
el

Inserting pr(g) in the Boltzmann sum amounts to introduce a defect by replacing the
hamiltonian H(s,-, sg+) by its rotated version H (s,-, R(g)sy+) on all edges crossed
by I'.

Write the expectations of disorder observables in terms of the transfer matrix.

Correction :

(i) The row-to-row transfer matrix can be written as the product of two matrices, one coding
for the spin interaction along the horizontal edges and the other for the spin interaction
along the vertical edges:

(s o)) = [k T

k

16



D. Bernard & J. Jacobsen Exercise Book: Statistical Field Theory

(ii) By inserting the spin operators at the appropriate places and propagating from row to row
in between these insertions with the transfer matrix.

(iii) It is simpler, but generic enough, to describe two special cases where the contour I' is a
portion of horizontal lime or a portion of vertical line. All contours I' can be reconstructed
by gluing such portions of contours.

If T is a horizontal segment from point n to point m, and for g € G it effects modify the
transfer matrix which is now

Tractees({s'} {s}) = [J[ ehoon) T emtirCchonsr]

k<n k<n
m

m
[ H e*Hu(SkygSk) H 6*Hh(95;c’95k+1)}
k=n k=n
[ H e—H1;(S§9-,Sk) H e—Hh(S;wSkH)]

k>m k>m

If I' is a vertical segment, it crosses the row on which the transfer matrix acts at a point n
say, and for g € G it effects modify the transfer matrix which is now

Traeteer({s'}i{s}) = [ J[ e ko [T en i)

k<n—1 k<n
[efH'u(5:,,_1asnfl)eth,(5:,,_179371)67[_[1/(5;659571.) eth,(gs;,gsnﬂ)]

[ H e~ Ho(shs) H 6—Hh(33c~,8k+1)].

k>n k>n

These formulae are better explained by a drawing.

o Exercise 3.3: Symmetries, conservation laws and lattice Ward identities

The aim of this exercise is to understand some of the consequences of the presence of
symmetries. The relations we shall obtain are the lattice analogue of the so-called Ward
identities valid in field theory.

We consider the same two dimensional lattice model as in previous exercise. We recall
that we assume the Bolztmann weight to be invariant under a symmetry group G in the
sense that

H(R(g)-s,R(g)-s')=H(s,s'), Vged.

(i) Let ix be points on the lattice A and I' a contour as in previous exercise.. Show that
the group invariance implies that

(wr@9) [Te@) =TI Rule)-(J]ot),
k i inside T’ k
where R;, (g) denote the group representation R acting on the spins at site ij.

Show that p4(I") is invariant under any smooth continuous deformation of I' as
long as the deformation does not cross points of spin insertions (it is homotopically
invariant).

We now look at the consequences of these relations for infinitesimal transformations.
Suppose that G is a Lie group and Lie(G) its Lie algebra. Let us give a name to

17
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(iii)

small variations of H by defining OxH. For g =1+ € X + --- with X € Lie(G), we
set
H(s,R(g)s') — H(s,s") =1 €OxH(s,s")+---.

For ¢ = [(~,¢*] an oriented edge of I as in previous exercise and X € Lie(G), we let
*JKX = 8XH(SE_ ’ SE+)7

They are specific observables, called currents, whose correlation functions are defined
as usual via insertion into the Bolztmann sums.

Show that the following equality holds:

Qi IIo@ =(( 2 Ru(0)-]]o0),

Lel’ i inside T
if some spin observables are inserted inside I'.

Deduce that, if there is no observables inserted inside I', then the following equality
holds inside any expectation values:

> xJX =0,

ler

That is: The second of these two equations is a conservation law (i.e. it is the
analogue of the fact that [«J = 0 if xJ is a closed form, or equivalently, if .J is a
conserved current), the first tells about the consequences of this conservation law
when insertion of observables are taken into account. It is analogous to the Gauss
law in electrodynamics. They are called Ward identities in field theory.

Correction :

(i)

(if)

(iii)

Do a change of variable s; — gs; (which is assumed to be a bijection) on all spin inside
the contour I'. Thanks to the invariance of the interaction under the group G (i.e. the
G-invariance of H(s', s)), this changes of variables eliminates the contour I' and proves the
claimed result.

Take g = 14 €X with e < 1 and X € Lie(G). Expand the previous result to first order in e
to get the result.

If there is no insertion inside the contour I', then the r.h.s of the previous equation is zero
and we have:
X .
O w1 ety =o.
ler i

This means that ), - x.J;X = 0 if there is no insertion inside the contour I'.

18
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1.3

Chapter 4: From statistical models to field theories

o Fxercise 4.1: Mean field from a variational ansatz

The aim of this exercise is to derive the Ising mean field approximation form a vari-
ational ansatz. We consider the Ising in homogeneous external field h; so that the con-
figuration energy is E[s] = —3_, ; Jijsis; — >, hisi, with Ji; proportional to the lattice
adjacency matrix. The Ising spins take values s; = . Let Z[h| be its partition function.
(Note that we introduce the external magnetic field with a minus sign).

As an ansatz we consider the model of independent spins in an effective inhomogeneous
external field h¢ with ansatz energy E°[s| = — ). h?s; , so that the ansatz Boltzmann
weights are Zal eP2ihisi with Z; the ansatz partition function.

(i)
(i)

(iii)

(iv)

Show that Zy = [[,[2 cosh(B8h?)].

Using a convexity argument, show that Eg[e=%] > e~Fo (X] for any probability mea-
sure Eg and measurable variable X.

Choose to be Ej the ansatz measure and X = S(E[s] — E°[s]) to prove that

Z[h] Z ZO e_ﬁ]EO [E[S}—B]Eo [Eo[sﬂ7

or equivalently, F'[h] < Fy — Eg[E°[s| — E|s]], with F[h] and Fj the Ising and ansatz
free energy respectively.

The best variational ansatz is that which minimizes Fy — Eo[E°[s] — E[s]].

Compute Fy, Eg[E°[s]] and E¢[E|[s]] and show that the quantity to minimize is
Fo[ho] + Z hf’ﬁll — Z Jijmimj - Z hﬂhh

where m; = _afgoh[g"} = tanh(BhY) is the local mean magnetization evaluated with

the ansatz measure. Show that this minimization problem reduces to the Ising mean
field equations.

Correction :

(i) The energy E° is that of independent spins, E°[s| = — . h{s;, so that the partition function

1S

Zo= 3 PTiris Z T (P + e = [[[2 cosh(Bh?)).

{si=%} i i

We have SFy = — Y, log (2 cosh(BhY)).

(ii) A function f(z) is siad to be convex is f(pxo + (1 — p)x1) < pf(xzo) + (1 — p) f(x1) for any

p such that 0 < p < 1 and any pair of points g and z;. This generalizes (say be recursion)
to any probability measure E over say a variable X so that for any convex function one has
f(E[X]) < E[f(X)]. In particular for f(z) = e~ %, we get Egle=X] > e FolX],
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(iii)

We take X = 3(FE[s] — E°[s]) as in the text. Then
Eo[X] = BEo[E] — BEo[E”],

and
Eole] = Zo—l ZefﬁE”[S] e~ BE[s]-E[s]) _ Z/Zy = e~ BF—Fo)
[s]

Because of the inequality, the best choice of the variational anstaz [E, is that which minimizes
Fy — Eo[E°[s] — E[s]]. We compute successively the three terms. First, as derived above
BFy=—>,log (2 cosh(ﬁhg’)). Second,

Eo[E[s]] = — Y hym,
with m; = Eg[s;] = tanh(8h?). Third, because the spins are independent under the ansatz

measure E,, we have
E)[Els]) = =) Jymim; — Y himi,

The minimizing condition is obtained by computing the derivative of Fy — Eq[E°[s] — E[s]]
w.r.t. the variational parameters h¢. The variational condition then reads

h;? = hi —|—22Jijmj,
J

with m; = — ggﬁ = tanh(Bh?). These are the Ising mean field equations.

o Fzercise 4.2: Thermodynamic functions and thermodynamic potentials

The aim of this exercise is to recall a few basic fact about generating functions, ther-
modynamic functions and their Legendre transforms.

Let us consider a (generic) spin model and let E[{s}]| be the energy of a spin configu-
ration {s} with local spin s;. We measure the energy in unit of the temperature so that
the Boltzmann weights are e=# PHs}. Let Z[0] = > (s} e B EHsH be the partition function.
In the following we set 8 = 1 (or alternatively include the S-dependence in the other
dimensionfull parameter).

(i)

(i)

Give the expression of the energy Ej[{s}]| in presence an external inhomogeneous
external field h.
Show that the generating function for this spin correlation functions can written as
(With (S, h) = Zl Sihi)
Zh]
E e(svh) —
) = S
Explain why the partition function Z[h| is the generating function for spin correla-
tions.

Let F[h] be the free energy and let W[h] = —(F[h] — F[0]). Verify that
log E[e*™M] = Wh].
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(iii) Let I'(m) be the thermodynamic potential defined as the Legendre transform of
W h]. Recall that

., OW
L'(m) = (m,hy) — Wlhy], with W[h*] =m.

'Verify that this transformation is inverted by ertlng
k9 * |9 1 9 * .
m m m m

Correction :

(i) By definition Ej[s] = E[s]— (s, h) with (s,h) = >, s;h;. By definition the partition function
Z[h] reads (with the convention 5 = 1)

Z[n) = 3 e Bl = § e Bl o) — 7 Reem)],
{s} {s}

with E the probability measure specified by the Bolztmann weight e=# £} (ie. at zero
external fields).

(ii) By definition Z[h] = e~ ", Hence E[e(*")] = e~ FII+FI0],

(iii) Usual formula for Legendre transform.

e Fxercise 4.3: An alternative representation of the Ising partition function.

The aim of this exercise is to explicitly do the computation leading to the representation
of the Ising partition function in terms of a bosonic field. It uses a trick—representing
the interaction terms via a Gaussian integral over auxiliary varaibles—which find echoes
in many other problems.

(i) Prove the following representation of the Ising partition function given in the text
(without looking at its derivation given there):

7 — /[l;l Aoy e Sl

with the action

Slp;h] = —% > ¢idiie;+ Y _logleosh(hi + > Jije;)]-

(ii) Deduce what is the representation of the Ising spin variables s; in terms of the
bosonic variables ¢;.
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Correction :

See the lecture notes.

e Fxercise 4.4: Mean field vector models

We consider a theory with a vector order parameter mi of dimension d. We denote by
D the dimension of the space. This theory is described by the Landau action

d d d 2
1 = a b
S51 D N2 Y 2, Y 2
S[m]—/d r 2;(8Tml) +2;mi+4(;mi)
We suppose that the parameters take the form
= a0t+0(t2), ag > 0,
b = b+ O(t), bg >0,

where t = (T — T,) /T, denotes the reduced temperature.

(i) What is the norm m of the system’s spontaneous magnetisation? We write m = mé€,
where € is the direction of the magnetisation.

(ii) We define the susceptibility—or correlation function—by

Show that G is the inverse matrix of the Hessian (= the matrix of second derivatives)
of the action (in the d-dimensional space of components of the order parameter).
Compute the Fourier transform g~!(k) of G™1(r —1).

(iii) We introduce the longitudinal projector
PlL = 62'6]'

and the transverse projector
T _ 5. . .
Pij =0;j — €i€j .

Invert the matrix g~!(k) to obtain g(k). Deduce an expression for G;;(r —r’). What
are the correlation lengths of the two different modes?

(iv) Optional:What happens in the presence of an external field?

Correction :
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(i) The saddle point equation in the absence of an external field reads

d
08 b
—am,—i—f 2 m -2m; =0,
omy; 3221
whence m; = 0, or Z;l:l m? = —%. We have thus
mi(t) = 0, t>0
m2(t) = —=, t<O0.

b
(ii) We hj = 6S/0m; by the saddle point equation. Thus

B 528
heo  Omi(r)om;(r')

Note that this result implies that G and G~! are symmetric under i <+ j as well as r <> /.
This was not obvious in advance.
We now compute G~'. First

2
5 o , N2 / /
— / 4P (ka ) — /dDr l2 ( Ek my(r') ) - 2my (r )5(7"—7“)]

= 4my(r) (Z mk(r)2> .

k

h=0

A second derivation 6/dm;(r’) then produces

” Dyt N2)? = ) mi 4+ 8mym,; r—r'
S ] 4 e —(4%% s J)“ )

Finally
G r=r") = [(=V2 + a+bm?) b6ij + 2bmim;] 6(r —1').
In the disordered phase, T' > T, we have m = 0 and the inverse follows by Fourier transfor-
mation:
de e—ik-(r—r/)
@2m)P k?2+a

Gij(r—1') =0y
In fact, this result can be verified as follows:
(G'G)ij(r—1") = /dD ”ZG "G (r" —1")

APk etk (" =r")

_ s / de ( V2 2)e—Zk‘(T—r’)
v ] (2m)P k% + a?
dPk

(2m)P

= 513' eiik‘(rir,) = 5@‘5(7‘ — ’I“/).

We have thus shown that G™1G = 1.
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(iii) In the ordered phase, T' < T, we have instead || = y/—a/b = my. Let € be the unit vector
along m: m = mge. We first express things in terms of the orthogonal projectors on the
longitudinal and transverse directions, P = |e)(e| and P =T — |e)(e|:

G;lir=1") = 6(r—r)[(=V’+a+bmd) P} + (V> +a+bmj + 2bmg) P};]
= 6(r—1") [-V?P] +(-V?-2a)P}], (4)
where we used m2 = —a/b.

Then perform the Fourier transformation as before:

Gil AN de —ik(r—r") +1 k
ij (r—r)= (27r)De Gij (k).

We find
9, (k) = K* P + (k* — 2a) P}

To invert this, we consider the general situation of two operators

o' = APY+BPT

O = CP“+DPT.
As (PY)? = Pt (PT)?2 = PT and PLPT = PTPL =0, the product reads
O~ '0=ACP" + BDPY =1 = PV 4+ PT,
whence AC =1 and BD = 1.
In our case we thus have
1 o 1

— L
9i(k) = 5 Pij + 15— Fij-

Defining the components of G through
Gij(r —r') = PG (r —1') + P3G (r — 1)

we finally find

GMr—r") = /de e k)
(

2m)D k2
dPk efik(rfr’)
L
GHr=r) = /(2W)D k2 —2q

This implies that the logitudinal modes (those along 1) have a mass v/—2a ~ /2ao(—t),
corresponding to a correlation length £ = 1/4/—2a. Conversely, the transverse modes are
still massless (even for T' # T¢.), and hence infinite correlation length: These are the so-called
Goldstone modes originating from the spontaneous symmetry breaking.

Another interpretation is the following: The action consists of a kinetic term %ng and the
potential

. a o5 b9

V(m) = 5™ +4(m ).
For t < 0, we have a < 0, so V(m) looks like a “Mexican hat”. The minima are situated on
a circle of radius my = y/—a/b. Changing the direction of 7, while remaining on this circle,
does not cost any potential energy: Such a change corresponds to the massless transverse
modes (Goldstone modes). On the other hand, a change of 7 in the radial (longitudinal)

direction amounts to an increase in potential energy, and thus to a massive mode.
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(iv) Let us set h = hé (in a fixed arbitrary direction). For a < 0 the new magnetisation reads

mo = [v/—a/b + hé,
or

mZ = m§+2moh+ O(h?)

We can then find the corresponding masses from (4):

(ur)? =a+bmd = 2moh
(uL)? = a+3bmi = (a+bmd)+ 2bm2 + 6bmoh
= 0—2a+ 6bmgh.
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1.4 Chapter 5: The renormalisation group and universality

e Fxercise 5.1: Real-space renormalisation: Ising model on the triangular lattice

We consider the Hamiltonian of the two-dimensional Ising model

N N
BH({Si}) = —NJo— 1Y _SiS;— Y _ Si, (5)
(i.4) i=1

where the symbol (i, j) represents the pairs of nearest neighbours on the triangular lattice,
shown in Figure 1. The mesh size of the lattice is a.

In this exercise we consider a transformation of the renormalisation group in real space,
which consists of creating blocks of spins o, where a indexes the block. The spins at
the three vertices of a black triangle in Figure 1, such as S, S, S3, form one block spin
according to the rule

oo = sign(S1 + Sz + S3) . (6)

It is seen that each spin S belongs to one and only one block «.

(i) What is the mesh size of the new triangular lattice formed by the blocks a? To each
configuration {o,} we associate all the configuration C'({o4}) of the spins {S;} that
verify the definition (6). What is the number of elements in C?

(ii)) We define a Hamiltonian A on the block spins {o,} by decimating the spins {S;}
that belong to C'({oa}):

1
H(foa) = -z log| >, exp(-BH{S))
{SiteC({oa})
Show that the Hamiltonian H (o, 092,03) for the lattice of N = 9 spins S; (with
i=1,2,...,9) shown in Figure 1 can be written in the form
—BH(01,02,03) = A3+ A1203 + Aszor + Ar302

+  Ajog903 + Asoi03 + Asoi09 + Aoio903
where the A... are constants.

(iii) Show next that the A... are calculable starting from H({S;}) — at least in principle,
that is, by performing sums over a large number of terms. Argue that all the A... are
non zero; in particular, the renormalised Hamiltonian H ({0, }) contains interactions
which are not present in H({S;}). One may corroborate these arguments by explicit
computations using symbolic algebra software such as MATHEMATICA or MAPLE.

(iv) We define the Hamiltonian

N/3

BHy({Si})=-NJo—J Y > 88, (7)

a=1<1,7>€a
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(vi)

Figure 1: Block spins on the triangular lattice.

where the second sum is over pairs of nearest neighbour sites belonging to the same
block a. We also denote by (A); the mean value of the observable A with the
Hamiltonian Hj for a fixed configuration {0, }:

Ay = 5 3 AUSY) ep(~BH({5))
0 {siteC({oa})
Zy = > exp(-BHo({S})) -
{Si}eC({oa})
Show that
exp (=fH({oa})) = Z5 (exp (—B(H — Hyp)))g

Use the convexity of the exponential to deduce the following inequality
BH({oa}) < —log Zg + B(H — Ho); - (8)

Compute Zz. Show that
€3J1 +€7J1
(Sido = e3 +3e N
where a denotes the block containing the site ¢. Deduce from this the value of

(H — Ho)g-

Oa

Establish the real-space renormalisation group transformation

3J1 —J1 2
;o el +e
J]. - 2 Jl <€3J1 + 3 6_‘]1) ) (9)
3J1 —J1
;o e’ +e
Jy = 3.y (6&714_36—J1> ’ (10)
Jy = 3Jo+log(e3 +3e1), (11)

by approximating H by the upper bound (??). What are the fixed points (J5, J3)
of the flow in the space of the two coupling constants? Study their stability.
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(vii) Compute the critical exponents at the non-trivial fixed point determined in the
preceding question. One proceeds by linearisation of the renormalisation group flows
around the fixed point.

Correction :

(i) One easily sees that the distance between two neighbouring blocks is twice the height of an

equilateral triangle, that is v/3a.
signe ( Z S,;) =04 } .
i€bloc «

Formally we have

To obtain a block spin o, = 41, we need either S; + Sy + S35 = 3 (one possibility), or
Sy + Sy + S3 =1 (three possibilities).

Similarly, the four choices (S, S2, S3) = (—=1,—1,—1), (+1,-1,—-1),(=1,+1,—1),(—1,—1,+1)
all lead to o, = —1. Therefore,

C({oa}) = {{Si}

card(C) = 4N/3, (12)

since there are N/3 blocks a. One recovers of course the total number of spin configurations:
N = card(C) - oN/3 _ gN/3 _ 9N

(ii) For the block of nine spins shown in Figure 1, we have

8
—BH[S1,....8] = 9Jo+J1|>_ SiSit1+S5(S1+Ss)+ Se(Sa+ Ss) + S50

i=1

9

+ Ly S,
=1
and
Z(O’1,O’2,03) = o BH(01,02,03) _ Z e—ﬁH({Si})7

S;€C(01,02,03)
where the summation contains 4% = 64 terms for each choice of the o1, 09, 3.

(iii) The result can be developed as

—ﬂH(O’l,Uz,OB) = 10gZ(0'1,0'2,0'3)
= Ajo3 + Ap0os + Asgor + Aizon
+ Ayog03 + Ay0o103 + Azoi02 + Aoioa03,

by noticing that the matrix transforming the eight constants {A} into the eight values
H(o1,09,03) is invertible. It is interesting to remark that we necessarily generate an inter-
action between three spins, each is this did not exist in the original Hamiltonian.

Using MATHEMATICA, it is simple to compute the constants {A}, for instance

1
A2: g Z UloglogZ(Ul,U%UB)-

01,02,03==%1
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(v)

With the notation
Ay = fiJ2)J}
one finds fo(J2) =0, f1(J2) =0 and

1+ e?/2
3+ 10e2/2 + 3e/2

4
f2(Jo) = —32 < ) (1 + 6e?/2 4 18e*/2 + 6672 4 &8/2).

It is seen that fo(Js) # 0 for each Jo, and in particular Ay # 0 if J; # 0. So there is
an interaction between o; and o3, even if those spins are seperated by twice the distance
between block spins (= 2v/3a).

One can perform the same development for the oj0903 term, leading to the result

14 022)5(—1 — 56272 1 5et2 4 ¢672)
(3 +10e272 + 3et/2)4

In particulier, A # 0 if J; # 0 and J # 0.

Notice that the block spin construction leads to interactions that are more general than those
in the original Ising model. In particular, we obtain long-range interactions upon iterating
the construction. To establish the renormalisation group equations, we will need to impose
a troncation within this space of coupling constants.

Recall that

R

JE4+0O(J3}).

e BH{oa}) — Z e AHUSH)
{siteC{oal)
and inserting H = Hy + (H — Hp) one finds
e BH{oa}) — Z e BHo —B(H—Ho)
S;eC

= Zyle MU,

Use now the convexity of the exponential (a cord between two points is always above the
curve), (€*) > e!®) to deduce that

<e*5(H*H0)>6 > e*ﬁ<H*H0>6’

from which
BH[{oa}] < —log Zy + B{H — Hy)s.

We can now compute

Z; = Z NI+ T T 5, SiS; (13)
SieC({oa})
N/3
— oNJo H Z eJ1(S152+5153+5253)
a=l 51752753::|:1
sign(S1 + 52 + S3) = 04

The quantity {---} = e3>/t + 3e~7t is the same for the either case, 0, = +1 or 0, = —1.
Thus,

Z() — eNJ() (e3J1 +3€_J1)N/37

29



D. Bernard & J. Jacobsen Exercise Book: Statistical Field Theory

(vi)

which leads to the flow of Jy (see (11)).
To compute (S;); we use that the blocks are independent with respect to the interaction
defined by Hj :

J1(S1 52451 Sa+5255)
Zsign(51+52+33):aa Sle 10102 123 203

(Si)g = e3J1 | 3¢~
B 1-e®+(141-1)er &3 pe
- e e3/i 4+ 3e=N1 T 0BT 30

By subtracting (5) and (7) we find that

BH—Hp)=—T2» > Si—Ji >SS,
a 1€Ex (Z,j>
1€, jEP

where o« and 3 are now two different blocks. Using again the independence of the blocks
with respect to the interaction Hy, the mean value factorises:

BH —Hy)y = —JY Y (Si)g—- Z > (S)alSis
o i€a A (i)
i€a,jeES
037 . 037 2
1 +e 1 1 +e 1
= 73J2 <63']1 T 36_‘]1> Z(fa - Jl Zﬂ)N a,f <e3J1 + 36_‘]1) 0a03-

Notice that

Na,ﬂ = |<17]> e g€ /B| =2,
since there are two interactions between elementary spins for each choice of two neighbouring
blocks (see Figure 1).
By approximating the inequality (8) by its upper bound, one deduces the flows of .J; and Jo
(see (9) and (10)), since we have just shown that the effective interaction between the block
spins takes the form of and Ising model defined on the o,.

We have already shown (9)—(11). The flow of J; is of little interest, since it is just a regular
contribution to the partition function.

To study the fixed points (J;, J3), suppose first that J; # 0 and that J5 # 0. One may
then divide (9) by J7, and (10) by J3. The result is that (---)? = 4 and (---) = %, which
is clearly inconsistent.

Suppose instead that J; = 0. Then (10) reads J5 = 3.J5 - %, yielding J5 = 0. Thus,

(Jf7 J;) = (070)

is a “trivial” fixed point (at infinite temperature).
Finalement, suppose that J5 = 0. Then (9) becomes

Ly &3 eIt 2
e\ B 30 )
or (1 +3)2 = 2(e*’1 +1)2, with solution:

(Jr, ) = (i log(1 + 2v/2),0).
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This is the non-trivial fixed point.

Remark : Tt is well-known that the Ising model has a critical point at a non-trivial temper-
ature T, and zero field, H = 0. This is what we have retrieved here. Using a self-duality
argument one can establish the exact value of the critical coupling on the triangular lattice,
Jic= %1113 =~ (0.2746. Here, we have found instead a larger value, J; ~ 0.3356. It is consis-
tent that our approximate value is too larger, since in reality the spins are more correlated
than in our treatment (since we have neglected the effective long-range correlations).

In the vicinity of the fixed points, one may linearise the flow:

f g e O 0.1
Sh=J-T = 55 J*6J1+8J2 J*5J2

0J, 0J;

I— ol x 2 2
6:]2 = J2 J2 aJl . 6:]1 + 3J2 . 5J2

with the result

3J; —Jr N 2 3.7 —Jr 277
oJp = |2 % +32J¢ iJ* +e—J* SJ*e —J7 0.1
e’’/1 +3e™1 el +3e7I1 ) (€371 + 3e/1)2
307 4 a=Jr \ 2 207
;L e’’1 +e" 1 " e”’1
5Ty = (est+ 3le> R e v SERS

This is more conveniently rewritten in terms of a matrix M,g through

8T, = MagdJs. (14)
B

At the trivial fixed point it takes the value

Lo
MQB:<2 3 .
2

Having an eigenvalue > 1 (resp. < 1) means that the corresponding coupling is relevant
(resp. irrelevant). We see here that the temperature (J; coupling) is irrelevant, whilst
the magnetic field (Jo coupling) is relevant. The physical interpretation is that at high
temperature the spins are independent and only follow the local magnetic field (paramagnetic
phase).

Meanwhile, for the non-trivial fixed point we have

(A0
o= (55

o

with
8 — 5v2
A = 1+T\[log(1+2\/§):1.624 (15)
o = 3 o1

7=
So here both couplings are relevant. One often uses the notation A\; = 3¥% (where 3 is the
scale factor between the original and renormalised system). Numerically, y; ~ 0.441 and
y2 =~ 0.685.

Remark : The fact that M,z is a diagonal matrix in both cases is non-trivial. This means
that both temperature and magnetic field are “eigenoperators” with respect to the RG flow.
In a more general situation, one would have at this stage to diagonalise Mg, hence requiring
knowledge of the proper “eigenoperators”.
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(vii) The following analysis is a classic of the RG literature.
The singular contribution to the free energy (i.e., without the regular contribution from .Jy)
at the critical point satisfies

N
5 [ ) = Nf( D, J2)
with Jy ~ J; and Jo ~ J3. Let us set fi(z1,22) = f(J7 + x1, J5 + x2), so that
1 1
gfl(éJ{,(SJé) = §f1(3915J1,3925J2) = f1(6J1,602).
Repeating the renormalisation transformation [ times, this becomes

37UA (31601, 3W26.05) = f1(8J1,0.T2).

One has the liberty to choose I at will. In particular, the choice 3¥2'6.J, = 1 is convenient
for studying the system at the critical temperature, while the choice 3¥1!§.J; = 1 is nice for
studying the propreties in zero magnetic field.

Let us begin by studying the first case. We have | = —log(dJ2)/(y2 log 3), meaning that

3l0g(672)/ (y2 log 3)Jc1 (}\1— log(6J2)/(y2 10g3)5J1’ 1) =f (5J17 5J2),

or

FL(81,605) = (8J)V/22 f, ((5J2)—y1/y25J1, 1) .

We remark that
0Jy = Bh — B*h* = Bh ~ B.h
and that 7 ST
0y =pJ -0 J:T_i:i T
where t measures the deviation from the critical temperature. Let us change notations once
more:

Jt
T.”

bil (I{Ctaﬁch> = fa(t h).
Then
falt, ) = (Be) %2 fy ((Beh) /¢, 1)

and in this form it is convenient to set 7' = T, (so that 6t = J; = 0):

fo(t,h) = (Beh)¥2 f5(0,1).

We can now compute a critical exponent

af /g —
— 2 pV =1 /e
" ’

whence
Y2

0= ~ 2.170.
I—y
The exact solution of the 2D Ising model gives instead § = 15.
We next study the second case (with 3¥1!§.J; = 1), where we find

1/y1 —y2/y1
fa(t.h) = (;t) f3 <1, (T'Jt) h) ,
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With h = 0, this gives f3 ~ t'/¥1, and
Cy ~ 827']6 ~ % Ntl/yl—Q ~ e
ot? ot?
whence

1
a=2——~—0.267.
Y1

The exact value in 2D is here o = 0 (but with a logarithmic divergence of Cy instead).

Furthermore Y /
J Y1 J —Y2/Y1

= =t — 15) 1,0

L) (7)) s

1 —
g=-—— 0715,
Y1

to be compared with the exact 2D value 3 = 3.

Finally,
Y J 1/y1 J —2y2/y1 )
- = (Tj) (Tct> (02)" f3(1,0),

and since x ~ t~7 ~ (=)™ we obtain

ofs

mlp=o0 = —-

Oh

and since m ~ t? we find

ey

X=on

/ 2ys — 1

v=~"="2"— ~0.837,
Y1
to be compared with the exact 2D values v = 7' = %.
Notice that we have the scaling laws
i
1+= = 94
g
a+28+y = 2.
Using also
= 2-vd (16)
= v(2-n)
we find the further exponents
1
v = — ~1.134 (17)
2y,
n = 4(1 —ys) ~ 1.262 (18)

to be compared with the exact 2D values v =1 and n = i.

It is seen that the four scaling laws are arise from the fact that the true critical exponents
are in fact just the RG eigenvalues y; et yo, which in turn are linked to the existence of
two relevant couplings, ¢t and h. In certain situations, notably when the critical points is at
T. = 0, one may identify a third relevant coupling, which leads to the failure of one of the
scaling laws, namely the so-called “hyper-scaling” relation (16). This happens for instance
for the random-field Ising model.
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e Fxercise 5.2: Correction to scaling.

The aim of this exercise is to understand how the irrelevant variables induce sub-
leading corrections to scaling behaviours. To simplify matter, let us suppose that the
critical system possesses only one relevant scaling variable, say u; with RG eigen-value
y+ > 0, and one irrelevant variable, say uy, with RG eigen-value y;,; < 0. (Of course
generic physical systems have an infinite number of irrelevant variables but considering
only one will be enough to understand their roles).

(i) By iterating RG transformations as in the main text, show that the singular part of
the free energy can be written as

Foing = [ue]P7¥" Qo (ufyy [y |Vl

where 4 are functions possibly different for u; > 0 or u; < 0, and u?rr is the initial
value (before RG transformations) of the irrelevant coupling.

(ii) Argue (without formal proof) that the functions ¢4 may raisonably be expected to
be smooth. Under this assumption, prove that

fsing = |ug | P/ (Ao + A ud g |Vl v 4 9,

where Ag and A; are non-universal constants.

Correction :

(i) Recall the RG transformation law of the singular part of the free energy (see lecture notes):
fsing (ut7 Uirr) = AinSing(Auta /\Uirr)- Choose A = |Ut|71/yt to get (USng Yirr = *‘yirr|
because yi,, < 0)

fsing(utvuirr) = |ut|D/yt fsing(ilyuirr |ut|‘yirr‘/yt)7
which coincides with the formula in the text with ¢4 (x) = fang(£1, x).

(ii) The z-dependence of ¢+ (x) = feng(£1, x) is that of irrelevent degree of freedom, so that we
don’t expect non-smoothness there. Hence, we assume that Taylor expansion for ¢4 (z) is
valid. We write oy (x) = Ag+ Ayz+---) to get

Jsing (Ut, Uiry) = \Ut|D/y" (Ao + Ay ud

rr

[yire| /Yt 4. )

|t

o Fzercise 5.3: Change of variables and covariance of RG equations.

Let us consider a theory with a finite number of relevant coupling constants that we
generically denote {g'}. Let us write the corresponding beta functions as (no summation
in the first term)

. 1 o
ﬁz(g):yzgz_§ZCJlkgjgk+ .
ik

(i) Prove that, if all y; are non-vanishing, then there exist a change of variables from
{g'} to {u'}, with u’ = g + O(g?), which diagonalizes the beta functions, up to two
loops, i.e. such that B%(u) = y;u’ + O(u?).
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(ii) Prove that, if all y; are zero, then the second and third Taylor coefficient are invari-
ant under a change of variables from {g'} to {u’}, with u’ = ¢’ + O(g?).
That is: For marginal perturbation, the second and third loop beta function co-
efficients are independent on the renormalization scheme (alias on the choice of
coordinate in the coupling constant space).

(iii) Let expand the beta functions to all orders in the coupling constants:

B9 =yig =D D Chyug™ -9
n>071, ,jn
Prove that, if there is no integers p;, p; such that p;y; — pjy; € Z, for i # j (in
such cases, one says they that there is non resonances), then there exists a change
of variables from {g'} to {u'}, with u’ a formal power series in the ¢'’s, with u’ =
g'+0(g?), which diagonalizes the beta functions as a formal power series in the u’s.
That is: There exist scaling variables, at least as formal power series.

Correction :

Let us first assume that there is only one variable g, and hence only one beta function 5(g). The
generalisation to multi-variable is simple but cumbersome.

(i) The beta function is not a function but a vector field. Hence, it transforms as a vector field

under a change of coordinate. If we change g — u = u(g), then S(u) = 5(g)g—7g‘.

Let 3(g) to second order fg = yg — %92 + ---. Let us do this change of variable with
u=g+%9*+ -, or equivalently g = u — $u? +---. Then
ou C
Bu)=B(g) 5 = (yg——g2+---)(1+ag+.,.)
dg 2
C
= y(U—gUQ)—§u2+ayu2+---.

So that B(u) = yu + O(u?) if we choose ay = C' (which is possible if y # 0, i.e. if g (or u) is
not a marginal coupling).

(ii) The strategy of the proof is the same. Let us assume that g = —%92 + %93 + -+ and let
us implement a change of variable ¢ — u = g + %92 + %g3 + . Inversely g = u — %uQ +
wg?’—i—u-. Then

ou cC, D,

b
= = = (== = o) (1 a4 ...
Blu) = Bla)5, (59 + 5o+ ) +ag+ 59" +--)
D aC
_ Lo U abl 5
A T
_ ¢ a 2 2 D 3
= —5g=g59 )t g
Hence, to order O(u*), we have fu = —%uQ + Dy3 + ... This means that, for marginal

perturbation, the second and third loop beta function coefficients are independent of the
way to parmaterize the marginal couplings.

(iii) The proof is exactly as in the two previous questions: change variable keeping in mind that
the beta functions are vector fields by writing u as a Taylor series u =g+ ., % g". The
only interesting point is to observe that the beta functions can be diagonalize only if the
‘non-resonance’ condition p;y; — p;y; € Z for any integers p;, p;.
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1.5 Chapter 6: Free field theory

e Fuxercise 0.1: Translation invariance and the stress-tensor

The aim of this exercise is to see some aspect of the relation between translation invari-
ance and the stress-tensor. Let us consider classical scalar field theory with Lagrangian
L[p,0¢] and action S[¢] = [ dPx L[p,dp]. Recall that maps extremalizing this action are
said to be solution of the classical equations of motion, which reads

oL oL
% 3B ~ o

These equations are the Euler-Lagrange equations.

(i) Consider an infinitesimal field transformation ¢(z) — ¢(x)+€(d¢)(z). Suppose that,
under such transformation the Lagrangian variation is dL[¢, 0¢] = €0,G" so that
the action is invariant. Show that the following Noether current

oL
()

is conserved on solutions of the equations of motion.

JH = (6¢)

— GF"

(ii) Let us look at translations © — x — ca. How does a scalar field ¢ transforms
under such translation? Argue that if the Lagrangian density is a scalar, then 6L =
eard,L. Deduce that the action is then translation invariant and that associated
conserved Noether current is J& = THa” with

oL
-
5= 50,9)

This tensor is called the stress-tensor. It is conserved: 0,T; B =0.

(iii) Find the expression of the stress-tensor T} for a scalar field theory with action

Slol = [ dPz (5(V9)* + V(9)).

Correction :

(i) We have the hypothesis, the chain rule, and the equation of motion:

5L = 9,G*, (19)
oL oL
oL = 0¢p— +0,(00) =—5—, 20
¢5¢ u( ¢)5(6u¢) (20)
oL oL
= = 9§ = 21
06~ "800 2y
Now compute 9, J* for the proposed form of the current, using again the chain rule on the
first term: or or
0, J' =0,(00) =———= +d¢-0 ()—GG“
w =000 G0 00 0o )
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(iii)

Use the equation of motion on the second term:

oL oL
O = 0, (69) - M +0¢ - 96

Use the above chain rule on the first two terms:

9,G"

0, J" = 5L — 9,G"

Finally, using the hypothesis, we have d,J* = 0.

Under  — x — ea the scalar field must transform in such a way, ¢(z) — ¢'(z), that we have
the invariance ¢'(2’) = ¢(x). This means that

d(x) = ¢ (z) = ¢z + ea) = ¢(z) + ea”d, (),

where we have developed to first order. If £ is itself an invariant scalar, it therefore also
transforms as
0L = ea"0,L,

so we are have the situation of (i) with G* = a# L. By the result of (i), the conserved current
is thus

oL
JH =ad"(0,0) =——— — a"'L
) 50,5
We write this as J# = T}'a", so that
oL
T = (0,0)=———— — 0L L.
) 59,9

The conservation law J,J* = 0 then reads 0,7} = 0.

We apply this to a scalar field with Lagrangian
1
L= (007 +V(9).
Applying the result of (ii) we get
T} = (0"¢)(0ve) —6)L
1
= |(0"9)(@e) - 265(645)2} — LV (9).

Remark. Consider the trace of the stress tensor for a free massless field, V(¢) = 0. We

have
002 = (257 ) (00,

So in D = 2 the stress tensor is also traceless, © = 0. This carries over to the quantum case
and is an important property in CFT.

O =T = (20)° ~

e Fzercise 6.2: Lattice scalar field and lattice Green function

Recall that lattice scalar free theory is defined by the action

D—

2
a 5 Z¢$ [(—Adis + a2m2)] ¢z;

Slol =
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where ¢, are the value of the field at point  on the lattice and Ay discrete Laplacian on
that lattice. We here consider only D-dimensional square lattice of mesh size a, i.e. aZP.
Let us also recall that the Fourier transforms in aZ” are defined by

" —iz- d k zac
(ﬁk:aD;e k¢z7 ¢x:/ (271_) k¢

where the integration is over the Brillouin zone, which is the hyper-cube BZ = [-Z, T
(i) Verify that the Laplacian acts diagonally in the Fourier basis, with

(=AY L 62m?), =2 Z —cos(aka)),

withn =1+ % and k, the component of the momentum £ in the direction a.
(ii) Verify that in the Fourier basis the free field action reads

_ 1 de " dis AN
Sle] = 2/}32(277/61)D¢k(_A +m”)g -

(iii) Deduce that in Fourier space, a scalar free field is thus equivalent to a collection of
i.i.d. Gaussian variables, indexed by the momentum k, with mean and covariance

e (2m)
(—a2Ads 1 m2), "

n s D
(Pr) =0, (Prdp) = S(k +p).
Correction :
Remark: Many factors of a have been corrected.
(i) Notice that the factors of a are such that the action is dimensionless. The discrete Laplacian
is

D
Adlhf Z $+aea _2f( )—i—f(:v—aea)].

a=1

We have

(=AY 4 g2m2), = Z (2 — 2cos(aky)) + a*m? = 22 — cos(akq))

@

Wlthn—l—&—“m.

(ii) Insert the Fourier transform for the two factors of ¢, in the action:

D
ﬂ_)D ez(k+p)m¢p(_A(ils + a2m2)k¢k ]

- o |

The sum over = gives

) 2w p
it () 5k +1),

x
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so that

(iii) This is directly read off the action, by the usual result on Gaussian kernels.

e Fzercise 6.4: Fractal dimension of free paths

The fractal dimension Dy, of a set embedded in a metric space may be defined through
the minimal number A of boxes of radius € need to cover it by Dg.ae = lime_,0 log N/ log(1/€).

(i) Prove that the fractal dimension of free paths is Dg,e = 2 using the fact that
the composite operator ¢, with ¢ a (massless) Gaussian free field, is the operator
conditioning on two paths emerging from its insertion point.

Correction :
We give two arguments, the first is quicker than the second but much less general.

(i-a) Free random paths are statistically equivalent (in a sense to make more precise) to Brownian
motions. The later may be defined as a scaling limit of random walks. The scaling relation
links the linear size of the walker steps € to the number of steps N, via N, €2 = t with ¢ fixed.
A Brownian motion drawn during a time ¢ as a typical linear extension of size L ~ v/t so
that fixing ¢ amounts to fix the macroscopic size of the Brownian curves. Thus the number
of boxes of size € needed to cover a Brownian curve of size L is

N. ~ (L/e)2.

Hence the fractal dimension of a Brownian curve is Dg.pc = 2.

(i-b) This first step is to find an estimation of the probability that a (random) fractal set visit
a small ball of radius e. Let us consider such random fractal set v embedded in the D
dimensional Euclidean space. Let Dy, be its fractal dimension. Let L be the macroscopic
linear spatial extension of this set, that is the set fits in a macroscopic ball of size L”. The
number of small ball a radius e needed to cover this macroscopic ball scales (L/¢)”. The
number of small ball a radius € needed to cover the fractal scales (L/e)Pfac, by definition
of the fractal dimension. Thus, the probability that the fractal visit a given small ball of
radius € can be estimated by the ratio

(L/€)Pwac

(Ljgp = /DT

P[y visit a ball of radius €] ~

Now, let ¢ be the operator conditioning on two free random paths to emerge from its
insertion point, or alternatively, the operator conditioning a free random path to visit a
neighbourhood of its insertion point. From its microscopic definition, we may write

. —-A
¢2 = llj}I(l) € 2 ]Ivvisit aball of radius €5
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with I the indicator function conditioning the the written condition and A, the scaling dimen-
sion of the operator. Thus by identifying the two above formula, using that P[y visit a ball of radius =
E[vyvisit aball of radius €], we get that

AQ =D - Dfrac or Dfrac =D - AQ-

For Gaussian free random paths and its lattice description, the operator conditioning the
path to visit to visit a neighbourhood of its insertion point is : ¢? :, with ¢ a (massless)
Gaussian free field. That is: ¢y =: ¢? :. For the free Gaussian theory in dimension D, the
scaling dimension of : ¢? : is Ay = 2% = D — 2. Hence, the fractal dimension of Gaussian
free random paths is

Dpae =D — Ao =D — (D —2)=2.

Notice that, as a consequence, two independent free Gaussian random paths almost never
cross in dimension D > 4.

e Fxercise 6.6: Two ways to compute the free enerqgy

The aim of this exercise is to compute the free energy, or the partition function, of a
massless free boson in space dimension d = 1 at temperature 7' = 1/5. Let D = d + 1.
Recall that the partition function is defined as Z = Tr(e™#) where the trace is over the
quantum Hilbert space with H the hamiltonian. Let us suppose that the quantum theory
is define dover an interval I of length L. We shall be interested in the large L limit.

(i) Argue (see Chapter 3) that the partition function is given by the Euclidean path
integral on the cylinder I x S; with a radius 3:

Z = / D¢ e 519,
¢(x,ﬂ):¢(x,0)

We shall compute the partition function by quantizing the theory along two different
channels (see Figure):

(a) either taking the direction S; as time, this Euclidean time is then period with
period S;

(b) or taking the direction I as time, this time then runs from 0 to L with L — oo.
Global rotation invariance implies that this to way of computing gives identical
result. Let us check. On the way this will give us a nice relation about the Riemann
¢-function.

(ii) Explain why the first computation gives Z = e 178 where F the free energy.

(iii) Explain why the second computation gives Z = e 1084 with Ey(3) = B& ()
where Ej is the vacuum energy and & is the vacuum energy density (this is the
Casimir effect).

(iv) Show that the free energy density of a massless boson in one dimension is:

1 [dk 1 [*®dx
=5 [ e tog1 = e ) = 4 [T Loga - ),
e [ Grro =) = 5 [ ioga - o)
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(v) Compute the integral to write this free energy density as
Fe— ()
= .

We have introduce the so-called zeta-regularisation. Let ((s) := Y., o -5. This
function was introduced by Euler. This series is convergent for s > 2. It is defined
by analytic continuation for other value of s via an integral representation.

(vi) Show that the vacuum energy density is & (5) = %Zn %‘2”7”

(vii) This is divergent. Argue that a regularization based on analytic continuation gives
2m
&o(B) = @C(—1)~

(viii) Conclusion: A remarkable fact is that ((2) = %f and that the analytic continuation

of ¢ gives ((—1) = —1—12. Thus
T

6752.

Actually, we could reverse the logic: physics tells us that ((—1) has to be equal to
—% because & has to be equal to F.

F(B) =&(B) = -

Correction :
[To Do...]

e Exercise 6.7: Radial quantization (at least in 2D).

[... To be completed...]
Correction :

[To Do...]

e Fxercise 6.8: Spanning trees of a graph

Let G = (V, E) be a graph with vertex set V' and edge set E. The edges e € E are
equipped with an arbitrary but fixed orientation. An example is shown in Fig. 2.

The discrete Laplacian of G is a matrix M of size |V| x |V| with elements m;;. For
i # j, my; = —k if there are k = 0,1,2,... edges between the vertices ¢ and j; and for
1 = j, my is the number of edges incident on the vertex i.

The incidence matriz of G is a matrix Ag of size |V| x |E| with elements a;;. These are
a;; = 1 if the edge j goes out of the vertex 7; a;; = —1 if the edge j goes into the vertex
i; and a;; = 0 otherwise (i.e., if the edge j is not incident on the vertex 7).

(i) Write Ag and M for the example in Fig. 2.

(ii) Show that, in the general case, M = Ag - A¢.
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Figure 2: A graph G with 4 vertices and 5 oriented edges.

(iii) Show that the rank of Ay is |V| — C, where C denotes the number of connected
components of G [Kirchhoff 1847].

We henceforth suppose that G is a connected graph, C = 1. The reduced incidence

matriz A is obtained from Ag by erasing its last row.
Define a spanning tree of G = (V, E) to be a sub-graph G’ = (V, E’) with E' C E, so
that G’ is connected and has no cycles (i.e., the edges E’ generate no closed loop).

(iv) Show that if B is a square sub-matrix of A, either B is singular, or det(B) = £1
[Poincaré 1901].

(v) Show that if the size of B is maximal (i.e., B is a (|V|—1) x (|V|—1) matrix), then
B is non-singular if and only if the edges corresponding to its columns generate a
spanning tree of G [Chuard 1922].

We recall the Binet-Cauchy theorem:
Let R be a p x ¢ matrix and S a ¢ X p matrix, with p < ¢q. Let R' and S’ be p x p
sub-matrices of R and S respectively. Then,

det(R-S) = det(R') - det(S),
where the sum is over all possible ways of forming sub-matrices R’ and S’.

(vi) Prove the matriz-tree theorem: If A is the reduced incidence matrix of a graph G,
then det(A - A") equals the number of spanning trees of G.

(vii) Check this result for the example of Fig. 2.

One introduces a pair of fermionic fields (Grassmann variables) 71 (i), 72(7) per vertex of
G. By definition, and two of these variables anticommute (n7+7n = 0) and one integrates
over them using the definitions [dnl = 0 and [dnn = 1. To lighten the notation, we

shall denote, for k = 1,2, dn, = H‘Zzll dnk (i) and ng = k(1) Me(2), - .., (V)]

(viii) Show that
/dmdng e Mm2 — det(M) = 0.
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Deduce that
/ dgydngy (V) ([V])em Mo (22)

is the number of spanning trees of G.

Correction :

(i)

(i)

(iii)

For the example in the figure we have

+1 0 0 -1 0 2 -1 0 -1

-1 -1 0 0 -1 -1 3 -1 -1

Ao = 0 +1 -1 o o | M= 0 -1 2 -1
0 0 +1 +1 +1 -1 -1 -1 3

Let us compute the element

My = (Ao~ Ag)i = > _(Ao)in(Ag ks »
k

where 4, j is a pair of vertices. The factors are only non-zero if the edge k is incident on both
vertices ¢ and j. If ¢ = 7, there are as many non-zero terms in the sum as there are edges
indicent on 4, and each term contributes (£1)? = 1. So indeed m;; = m;; in this case. If
1 # j, both factors are non-zero only if the edge k£ connects vertices ¢ and j. Moreover the
two factors have opposite signs, since k goes out of ¢ and into j, or into 7 and out of j. So
again m;; = m;;.

If G is not a connected graph, Ay is block-diagonal with one block per connected component
of G. In each block, the sum of the rows is a null vector (since any edge k belonging to that
connected component contributes both +1 and —1 to the k’th element of the vector). It is

easy to see that no other linear combination of the rows vanishes. Therefore rank(Ag) =
V] —C.

Each column of A contains exactly two non-zero entries, so each column of B can contain at
most two non-zero entries. Suppose that B is non-singular. If there were some column of B
with all entries zero, then clearly det(B) = 0, a contradiction. Therefore each column of B
must contain one or two non-zero entries. But if they all contained two non-zero entries, the
sum of all rows of B would be the zero vector, so that det(B) = 0, again a contradiction.
It follows that B must have a column with precisely one non-zero element (viz. +1). By
expanding the determinant along this column, the result det(B) = +1 follows by induction.

Let now H = (V, Eg) be the sub-graph of G whose |V|— 1 edges correspond to the columns
of B. By construction, B is then the reduced incidence matrix of H. It is obvious that
det(B) # 0 iff rank(B) = |[V| — 1. But by [Kirchhoff 1847] this happens iff H is connected.
Finally, it is easy to see that a connected graph with |V vertices and |[V| — 1 edges is
necessarily a spanning tree.

By the Binet-Cauchy theorem,
det(A- AT) = "det(B) - det(BT) = _ [det(B)]* .

By [Poincaré 1901], this sum is simply the number of non-singular (|[V| — 1) x (|V] — 1)
sub-matrices of A. And by [Chuard 1922], this gives the number of spanning trees of G.
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(vii)

(viii)

In the example, let My denote the discrete Laplacian with the last row and column deleted.
We compute det(M) = 8. And indeed there are eight spanning trees on G (four without
edge 5, and four more containing edge 5).

We first have

M — Ty m@mina) — [T em@mam ) = T 1 +m (ymigma ()]

,J ]

where the last equality follows from the fact that (1)? = 0. We then develop the product,
keeping only terms that contain each of the factors 71 (i) and 72(j) exactly one; only such
terms will give a non-zero contribution after integration. In each of these terms, we will have
to permute the fermions to obtain the form na(|V])n1(|V]) - - n2(1)n1 (1) which is necessary
for performing each integral in dn;dn, in the correct order. This rearrangement leads to a
sign which is the signature of the corresponding permutation. It follows that the end result
is det(M). Moreover, we have already seen that M has (exactly) one zero eigenvalue, since
the sum of its rows is zero. Therefore det(M) = 0. Finally, to evaluate the second integral
(22), we observe that the insertion of 7y (|V])n2(|V]) is tantamount to eliminating the last
row of M. The integral thus equals det(A - AT), which is the number of spanning trees of G
by the matrix-tree theorem.
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1.6

Chapter 7: Interacting field theory: basics

e Exercise 7.1: The effective potential and magnetization distribution functions

The aim of this exercise to probability distribution function of the total magnetization
is governed by the effective potential — and this gives a simple interpretation of the
effective potential.

Let My := [ dPx ¢(x) be the total magnetization. It is suppose to be typically exten-
sive so let mg be the spatial mean magnetization, my = Vol.™1 M.

(1)

(i)

Find the expression of the generating function of the total magnetization, E[e*Ms],

in terms of the generating function W{:| of connected correlation functions.
Recall that if the source J(z) is uniform, i.e. J(x) = j independent of z, then W[J]
is extensive in the volume: W[J(z) = j] = Vol. w(j).

Let P(m)dm be the probability density for the random variable mg. Show that at
large volume, we have
P(m) ~ 67\/01. Veore(m)

with Vog(m) the effective potential, defined as the Legendre transformed of w(j).
This has important consequence, in particular the most probable mean magnetiza-

tion is at the minimum of the effective potential, and phase transition occurs when
this minimum changes value.

Correction :

(i)

By construction, since My := [ dPz ¢(x) the path integral representation of the expectation
El[e*M#] is

E[e*M¢] = /[D(b] eS8l g2 My _ /[D¢] o S[gl+z [ dPz ¢(x)

It corresponds to coupled the theory to a uniform constant source. This yields E[e*M¢] =
eWl@=2 We expect W[j(x) = z] to be extensive in the volume: W[J(z) = 2] = Vol. w(z).

By definition of the probability density for the random variable m4 we have:
E[ezjwqb] _ E[BZVOI‘m] _ / de(m) ezVol.m.

Let us check that P(m) ~ e~ Vol Vet (") reproduces the expected result. Indeed

/dme—vm.veff(m) oz Volm /dme—wi(veff(m)—zm)

~ eVol. w(z)

with w(z) the Legendre transform of Vg (m). In the last line, we evaluated the integral using
a saddle point approximation. The extremum of (Veg(m) — 2 m) over m yields the Legendre
transform w(z).

This result has a clear interpretation: The effective potential specifies the probability distri-
bution of the magnetization. This distribution is exponentially picked around the minimum
of the effective potential (which then defines the mean magnetization) because of the exten-
sive nature of this potential.
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e Fxercise 7.2: Two-point correlation and vertex functions

Prove that the two-point connected correlation function and the two-point vertex func-
tion are inverse one from the other, that is:

L& (k) GO (k) = 1,

as mentioned in the text.
Correction :

See the lecture notes. _
Indeed recall that ¢(x;) = gjw(j[f]) Differentiating this relation with respect to ¢(x2) and then
taking the limit j = 0 yields:

S SWH [ oo Sil) W
Oz —w2) = 0p(x2) 05(x1) ‘j:O B / Y dp(a2) 05(21)85(y) ‘120
o L R

- / 4Py (6(z1)6())° T (y, 22) = / a4y G (1, y) T® (y, )

In the first line we used the chain rule to compute the derivative. In the second and third line we
used the fact that W[j] and T'[p] are the generating function of the connected and vertex functions,
respectively. In Fourier space, this gives the above relation f(z)(k) G‘g)(k) =1.

Thus knowing T'® (k) is enough to reconstruct the connected two-point function.

e Fxercise 7.2bis: Ward identities for the stress-tensor

The aim of this exercise is to derive the Ward identities associated to translation
symmetry. This will allows us to make contact with the stress tensor.
We consider a scalar field ¢ in D-dimensional Fuclidean flat space with action

S[¢] = /de [

Translations act on the field as ¢(x) — ¢(z — a) for any vector a. The infinitesimal
transformation is ¢(z) — ¢(x) — eat (0, 0)(x).

(Vo) +V(9)].

N =

(i) Let us consider an infinitesimal transformation ¢(x) — ¢(x) — €(x)(0u¢)(x) with
the space dependent vector fields €(z).
Prove that the variation of the action is (assuming that the boundary terms do not
contribute)

5&@=—/#%@WW@%A@=/¢%€@MW%0@L

with T),5(z) the so-called stress-tensor (g, is the Euclidean flat metric):

Ty () = 06 00 — s[5 (V6 + V(0)].
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(ii) Prove that the stress tensor is conserved, that is: 9, T},, () = 0 inside any correlation
functions away from operator insertions.

(iii) Prove the following Ward identities (here we use the notation 07 = 9/ ay;,):
(0T (@) ) -~ dlyp)) = D S —y;) 9 (Syn) - S(up))
J

in presence of scalar field insertion of the form ¢(y1) - - ¢(yp).

(iv) Do the same construction but for rotation symmetry.

Correction :

[To Do...]

e Exercise 7.3: Generating functions Z[J], W[J] and T[] for a ¢3-theory in D = 0.

We consider a very simple theory in dimension D = 0 with action

S[g] = %¢>2 + % ¢’ (23)

The partition function, with an external source J, is defined by

ZJ] = /d¢ exp [—;(SW] - Jqﬁ)] : (24)

The parameter A is an expansion parameter from the classical solution obtained in the
limit A — 0. This theory has a meaning only in perturbation theory (because the potential
#3 is unbounded from below). We are going to study it perturbatively. By convention we
assume g > 0.

(i) We aim at calculating Z[J] at one loop. We set ¢ = ¢.(J) + VA x where é.(J)
minimizes the action S[¢; J] = S[¢] — J¢ in presence of an external source. Compute
¢c(J) and the corresponding action S|[¢.; J].

(ii) Compute Z[J] at leading order up to O(h).

(iii) Compute W[J] = ki log Z[J] up to O(k*/?) and expand in power of J up to order
J* included. We set:

G 1 n n
W[J]:ZEW()J .
n=0

Determine W™ for n = 0,1, 2,3, 4.

(iv) Compare the previous results with a direct computation via (connected) Feynman
diagrams up to order g*.
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(v)

—

1 3

1 9 —O—z 1 9

Y Y

3 3 3 3
2 1 2 1 9 1—2

s—L 4 3 4 3 4 3 4 3—1 4

Figure 3: Feynman diagrams with 1, 2, 3 et 4 external lines.

7
hN

We now define the effective action I'[¢] via the Legendre transform:

T = Jo— W[J], with ¢:§gﬂ.

Compute ¢ up to order J? included and neglecting terms of order A% (i.e. up to two
loop diagrams). Invert this relation to get J as a series in p with

1
= 7h
P ‘P‘|‘2ga

up to order p? included. To do this series expansion, assume that both J and p are
small.

Show that the definition of I' implies g—g = %1; = J. Compute I'[p], up to terms of
order p® or h%/2, by integrating J[p] with to respect to p.

Let
o0 1 " .
o] = E HF()P .

n=1

Determine I'™ for n = 1,2, 3, 4.
Show that these results coincide with the one particle irreducible (1-PI) diagrams.

Correction :

(i)

The action with source is S[¢; J] = £¢* + & ¢* — J¢. It has an extremum at

dct+ 502~ T =0,
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(iii)

(iv)

which gives
1,1
¢ ==+ -\/1+2¢J. (25)
9 9

C

At small g we have ¢ = J+ O(g) and ¢, = 75 —J 4+ 0(g).
In order to compute the classical action, it is simpler to use the equation ¢, + %gbg =J
to reduce it to an expression linear in ¢. and then to insert the explicit formula ¢F =

—% + 5\/1 + 2gJ. The result is:

Sletig) = — -2 _Z;
[C7 ] 3g Sg 3 ¢C
1
= 37 1+3gJ:F(1+QgJ)3/2}. (26)

We suppose |2gJ < 1| so that v/T +2gJ > 0. Then, ¢} correspond to a minimum and ¢_
to a maximum, and S[¢F; J] < S[¢-; J]. Thus we keep ¢ and set S. = S[pF; J].

We set ¢ = ¢F + Vhx. Because ¢ extremizes the action we have
S16:J] = S+ 5 87100 + O,
Since S”[¢; J] =1+ g¢ and 1 + goF = /T + 2gJ we get
1 321 P /2.2 3/2
S16:71 = 32 [1 43¢ — (14 2¢7) } + 31+ 2002 + O(1*?).

Note that the first term is regular as g — 0.
To compute the partition function to this order we simply have to evaluate the Gaussian
integral. The result is (using d¢ = v/Ady)

2mh

Z[J] = exp {—3;% (1 +3gJ — (1+ 2gJ)3/2)] T 2g 172 + O(h). (27)
The factor v/7 comes from the Jacobian do/dx = Vh.
From the previous formula, we have
WI[J] = hlogZ[J] (28)
= —% [1 +3gJ — (1+ 29J)3/2} — Zlog(l +2g9J) + glog(%rh) + O(h3/?).

Recall that the first term is —S[¢F; J] = —# [1+3gJ — (1+29J)%2].
Developing up to order 4 in J, we get W(©) = %10g(27rh) and

w® = —%gh W® =1+ g¢%h

W® =—g—4g’n  WW =3¢+ 24¢%n (29)

Recall that we defined W™ via W[J] = 3°° % wm gn,

We compute the connected Feynman diagrams which are drawn in Figure 3 up to order 4.
The Feynman rules are:

— Propagator: h (external lines included);

— Vertex: (—g/3!h);

— An extra weight A1~ for n external lines (because of the normalisation of W[J] and the
source);

— Combinatorial factors (1/k! at order k times the number of ways of drawing the diagram).
We make explicit the different contributions, including the combinatorial factors.
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e n=1: There is one vertex, one external line and one loop. The symmetry factor is 3.
Hence W) = h® x (—3%) x h? x (3). Hence:

1
W = _Zgh.
29

e n=2: The first diagram has two external lines, one propagator and no symmetry factor:
its contribution is A~! x i = 1. The second diagram has two external lines, two vertices
(order two diagram), four propagators (two forming a loop), and combinatorial factor
(6-3-2): its contribution is h~" x 3;(—5%)? x A* x (31?) = $¢*h. The third diagram
with two external lines at order two has four propagators and combinatorial factor
(6-2-3): its contribution is also g?h. Hence

1
W(Z):1+2x§g2ﬁ:1+92h.

e n=3: The first diagram is at first order with three external lines, three propagators, one
vertex and a symmetry factor (3-2): its contribution is A% x (=5 ) x h? x (3!) = —g.
The second is at order three with a symmetry factor (9-6-3-4-2): its contribution is
31 X B2 x (= 5%=)3 x h® x (3!*) = —g3h. The two last diagrams are at order three with a
symmetry factor (9-6-2-2-3): their contributions are 3; x b2 x (— 2% )% x A x (313.3) =
—% gh. Each of these two diagrams appear in three copies with cyclic permutations of
the indices (1,2,3). Hence the total contribution is:

. 1
W = —g—¢P’h—2x3x iggh = —g—4¢°h.
e n=4: We leave to the reader the pleasure to verify that

5 5
W®W =3¢ 4+ 3¢*n(1 + 5 +2+ 5) = 3¢% + 24¢"h.

Remark: Alternativement, ceci peut étre comparé avec un calcul faisant intervenir des dia-
grammes de Feynman. Les régles de Feynman sont les suivantes:

— W) donne les diagrammes connexes & n pattes externes fizées.

— Il y a un facteur de % par boucle, et (—g) par vertex.

— Chaque diagramme est pondéré par I'inverse de son facteur de symétrie (les pattes ex-
ternes étant fixées).

Les diagrammes avec jusqu’a 4 pattes externes sont montrées sur la Figure 3. Calculons
leurs contributions:

e n=1: Il y a un facteur de symétrie de 2, une boucle, et un vertex. Donc,
1
W = _Zgh.
29
e n = 2: Les deux derniers diagrammes ont un facteur de symétrie de 2. Donc,
1
W =14+2x §g2h:1+92h.

e n = 3: Les deux derniers diagrammes apparaissent en trois versions (avec 1,2,3 —
2,3,1et 1,2,3 — 3,1,2) et ont un facteur de symétrie de 2. Donc,

W® = —g—g*n(1+2x g) = —g—4g°h.

50



D. Bernard & J. Jacobsen Exercise Book: Statistical Field Theory

(v)

e n = 4: Tous les diagrammes apparaissent en trois versions (avec 1,2,3,4 — 1,3,2,4
et 1,2,3,4 — 1,4,2,3. En plus, le 4éme diagramme doit étre multiplié par deux (le
triangle qui décore le vertex peut étre en haut ou en bas), et dans le 3eéme et 5eme
diagramme le tadpole peut apparaitre en cing positions différentes. Donc,

5 5
WW =3¢% +3¢"n(1 + 5 t2+ §) = 3¢° + 24g*h.
Recall that S[¢; J] = S[¢] — J¢. From eq.(28) and the definition of ¢, we get

9 {—S[ T J] - Zlog(l +2gJ) + (’)(hS/Q)}

Y
1 (1+290)'? h g 3
= —= - = O(n/?).
g * g 2142gJ + 0 )
To go from the first to the second line we used 9;S[¢L; J] = (0,08)S[¢F; ] — ¢F which
reduces to 9;5[¢f; J] = —¢F because ¢! is an extremum of the action. This is a cubic

equation for /1 + 2¢gJ.

We can develop in power of J to get:
92,9 9
o=J— 5J? + ?J3 +h|-5+ 32T —2¢° 0% + 41 T3 | + O(J4, 1P/?).
The definition p = ¢ + % gh is motivated by the following simplification of this expansion:
2
p=(1+g0)J = $(1+ 491 + L (1+8¢°h)J* + O(J*, i*/2).
The definition p = ¢ + %gh can also be read as p = ¢ — W) so that it is such as to absorb
the term linear in J in W[J] (which is usually not present).

To inverse the series and express p as a function of J, we set p = >, by J k and compute the
coefficient by, recursively. After a (tedious) computation, we get

4
h
Jlp) = (1—g*n)p + %(1 + g*h)p* — 97[)3 + O(p*, h3?).

Defining I'[¢] = ¢J — W[J], we have (by standard formula of Legendre transform)

_or or
S dp  Op’
To get I'[p] we can integrate the formula J[p] w.r.t. p:
ol = Tlp = 0 4 2(1— 2o + 91+ ?p® — L1 1 4 o5, 1302
[p]=Tlp=0]+ 51 =g n)p" + L(L+g"R)p" = ==p" + O(p, 7). (30)
From the above formula we read :
rM=o r®=1-g¢%h

IO =gt g  T® = 3¢ (51
From the general theory, I'™ should reproduce the 1-PI diagrams. More precisely, we should
have 'V =0, T'®) = 1/W® and T for n > 3 gives minus the 1-PI diagrams contributing
to W),

This works perfectely in the present setting (as it should). Notice that —I® = —¢g—¢°h
and —I'®) = 3¢*h agree with the 1-PI diagrams (i.e diagrams number 1 et 2 for W) and
number 2 pour W(4)). Of course, computing only the 1-PI diagrams reduce enormously the
task in any concrete situation.
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e Fxercise 7.4: Effective action and one-particle irreducible diagrams.

The aim of this exercise is to prove the equality between the effective action and the
generating function of 1-PI dragrarns To simplify matter, we consider a ‘field” made of N
(N > 1) components ¢/, j = 1,--- ,N. We view ¢/ as random variables.

Let us define a ‘partition functlon Z[J] by

/D¢e—€ e with Dg = H

Vi 2me

with J a source (J,¢) = Jj¢/, and I'[¢] an action which we define via its (formal) series
expansion (summation over repeated indices is implicit):

) 4j 4k Lom) n
T[g] = 2F]k LD Dl S AR
n>3
We shall compute this partition function in two different ways: via a saddle point
approximation or via a perturbation expansion.

(i) Justify that this integral can be evaluating the integral via a saddle-point when
e — 0.
Prove that

log Z, — %W[J} (1+0(e),

where W[J] is the Legendre transform of the action I': W[J]| = (J, ¢«) — I'(¢«) with
¢ determined via (qﬁ*) =

Hint : Do the Computatlon formally which amounts to assume that the integral
converges and that there is only one saddle point.

Let us now compute Z[J] in perturbation theory. Let us decompose the action as
the sum of its Gaussian part plus the rest that we view as the interaction part:

Plg) = 3T ¢/ ¢ — Tlg).
(ii) Write
J} _ /D¢e 21£1"§i)¢]¢k6€—1 f[¢] 66—1 (J,¢).

We view J/e€ as source, and we aim at computing the connected correlation function
using Feynman diagrams perturbative expansion.

Show that the propagator is € G7* with G = (I'®)~1 and the vertices are ! Fél) i
with n > 3.

(iii) Compute the two-, three- and four-point connected correlations G, n = 1,2, 3, at
the level tree, defined by

n

J1Jn 1 ZE .
G(n) anl tee 8Jjn 8 [J] tree

Show that they are of order e~!. Draw their diagrammatic representations (in terms
of propagators and vertices) and compare those with the representations of the con-
nected correlation functions in terms of 1-PI diagrams.
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(iv)

(v)

Prove that, when ¢ — 0, the leading contribution comes only from the planar tree
diagrams and that all these diagrams scale like 1/e. That is:

1
log Z[J] = - (planar tree diagrams + O(e)).

Hint : Recall that, for a connected graph drawn on a surface of genus g (i.e. with g
handles, g > 0), one has V — F+ L+ 1 = 2 — g with V its number of vertices, F
its number of edges and L its numbers of loops (this is called the Euler characteris-
tics). Then, argue that each Feynman graph contributing to the N point connected
functions is weighted by (symbolically) (e G)¥ (—e= 1 T))Vine (=1 )N with Viy + N
total number of vertices.

By inverting the Legendre transform, deduce the claim that the effective action is
the generating function of 1-PI diagrams.

Correction :

(i)

(iii)

In the limit € — 0 the integral can be evaluate via a saddle point method. The saddle point
is at the extremum of the action S[¢] = T'[¢] — (J, ¢). So it is at ¢, solution of S[¢]/d¢* = 0,
ie.

o' [¢]
0Pt
This equation determines ¢, as a function of J.

To leading order in €, the integral is given by the value of the integrant at the saddle point.
Hence

J; =

b’

log Z[J] = e 'W[J] + O(e®),  W[J] = (J,6:) — T[].
In W[J], we recognize the Legendre transformed of I'[¢].

We can expand the action in power of ¢ and extract the quadratic term and write
€S[g] = T(o] - (J.¢) = T[] — L[] = (J, ).

. . .. _1p®@ . 2) i
This the Gaussian part of the action is e <L [#l. We write I® = %I’Z(-j%’(bj. The prop-

agator associated to this Gaussian action is eG®) with G®@7" the inverse of I‘ﬁ) We can
decompose the integrand as

eS8l — o= 3T [g] o+ 1T+ L (T9)

We treat perturbatively the term e+ tT181+2(J:) i this action. When computing perturba-
tively the integral, we then get Feynamnn rules with:

— Propagators: [e G?)].

— Vertices of k lines (with k = 3,4,---): [e "' T(®)].

— External lines with [e=! J] per line.

Let us compute the connected correlation functions at the tree level (See figures in the lecture
note). We write the formula symbolically without indices in order to them make them more
readable.

— For the 2-point connected function:

(p0)° = G
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and
log Z[J)2. = [e 2 J)[e L J)[e GP) = e [JIGP).

tree

— For the 3-point connected function, only one diagram, with a 3-line vertex, contributes:
(000)° = [eGP[eGP[eGP e T,
that is (pp¢)° = ¢ 2 G®) with GO = [GAGAGEATE)]. Hence
log Z[J)3) = (e 2 J)[e J)[e  J)[e 2G®) = ¢ [JTIGD).

tree

— For the 4-point connected function, two diagrams contribute: one with only one 4-line
vertex and one with two 3-lines vertices link with a propagators (and their permutations).
The contribution of the first one is

eGP e TW] = [P T,
The contribution of diagrams of the second type is
€GP TGP TP GP)? = & [PPTE) g2 TG [¢P))2,

They are all of order €. To get their contribution to the tree partition function log Z.[J ]4)

tree;
we have to multiply them by [[¢!J]*, so their contribute is of order ¢! to the partition
function.

We see that all tree diagrams contribute to order e~! to the tree partition function.

Let us look at the loop expansion of the partition function log Z.[.J]. Only connected dia-
grams matter. These diagramm are form with the propagator, the vertcies and the external
lines as discussed above. Consider a diagramm with N external lines (attached to the source),
V' vertices (which are of different degrees), L loops, and F edges (which are the propaga-
tors). To each of this diagram is attached an abstract diagram whose number of edges is
Eiot + E (one for each propagator), number of vertices is Vior = V + N (because the source
are vertices with only one external line) and number of faces is Fyo,;y = L + 1 (the term 1
comes from the external face in contact with all sources). Euler characteristic formula then
tell us that such diagram can be drawn a surface of genus (alias the number of handle of the
surface) g > 0 with
2—g=(V+N)—E+(L+1).

Each diagram of this type is weighted by a factor e~V €, because each propagator gives a
factor € and each vertex a factor e~!. To get it contribution to log Z.[J] we have to multiply
by [e~1.J] for each external line, hence by a factor e. Hence each diagram of this type
contribute to log Z[J] with a weight proportional to

¢V BN _ ~V+E-N _ —1 L+g

Since L and g are positive (non-negative), the leading contribution is for L = 0 and g = 0,
that is planar tree diagrams.

Thus, log Z.[J] scale as e~ ! to leading order in €. On one hand, this leading contribution
is given the Legendre transform of the effective action S[¢]. On the other hand, it is given
by the tree planar connected diagrams made T'[¢] (with the quadratic part defining the
propagator). If we take the coefficient of T'[¢] to the 1-PI diagram of field theory, the tree
planar connected diagrams made I'[¢] are by definition of the connected correlation function
of that field theory.

Hence, we prove that the Legendre transform of the generating function of the 1-PI diagrams
is the generating function W[J] of the connected correlation function. Since, the Legendre
transform of W[J] is the effective action, we prove that the generating function of the 1-PI
diagrams is the effective action.
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e Fxercise 7.5: Computation of the one-loop effective potential

Prove the formula for the one-loop effective potential of the ¢*-theory given in the
text. Namely

ViZ loop( ) = 4, e (V//(@))Qlog[vzb(f)],
with
2 m2 2
A = e (s — s oa(g)) + Ol ).

2
By = go 71902(43) log(A ) + O(g0(hgo)?)

with ;2 an arbitrary scale that we introduced by dimensional analysis.
Analyse this potential and conclude.

Correction :

Cf lecture notes.

e Fxercise 7.6: Computation of one-loop Feynman diagrams

[...To be completed...]

Correction :

Cf lecture notes.

e Ezercise 7.7: The O(N) vector model with N — oo in D = 3

We study a model of N-component spins o governed by the Hamiltonian

HIE] = ;/df Zl <5<I;> +TOZ + N <Z(%)2>2

a=1

The dimension of the embedding space is fixed as D = 3. In this exercise we shall compute
the critical exponents for large N, and more precisely, first for infinite N and then the
corrections to order 1/N.

(i) Write the propagator and interaction vertex in Fourier space. Which diagrams con-
tribute to the correlation function

G(k) = (Do (k) Pu (k) ?

Show that in the limit N — oo, the only surviving diagrams are of the “cactus” type
(see Figure 4), where the solid line represents the bare (free) propagator.
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(i)

(vii)

(viii)

O OO0 O0O0

3 O Q90

Figure 4: Some examples of “cactus” diagrams.

Deduce the implicit equation

1 U d3q
=k +ro+— / G¥ (g
G R 6 ), @mp OF9

satisfied by the dressed propagator Gg’(k), where A denotes an ultraviolet cut-off.
(Hint: Formally sum up subclasses of diagrams in a geometric series.)

Interpret the identity (1.6). Use it to compute first the critical temperature and next
the exponents 7°° and v*° in the limit A — oo. (Hint: The critical temperature is
such that the renormalised mass vanishes.)

We wish to recover this result by the saddle point method. By introducing a new
scalar field o(Z), show that one may rewrite the partition function of the above
model in the form

7 = /D(I;(f) Do (Z) exp (—H[570]> )

)b (oo o) z<>} |

Integrate over the fields ®. Which effective action for the field o does one arrive at?

where

N
H[®, 0] = ;/da‘:’ { <8§f‘
A

a=1

In the limit N — oo one can obtain Z by computing the saddle point of the pre-
ceeding action. One supposes that this saddle point is uniform (that is, independent
of z). Show that we hence recover the implicit equation (1.6).

Verify that the classical solution obtained is indeed a local minimum of the action.

We now use the action found in (v) as the starting point for computing the corrections
of order 1/N to the critical exponents. Write down the bare propagators of the fields
o and P, as well as the interaction vertex.

In the following questions we focus on obtaining the propagator of ¢ in the N — oo
limit. This step is necessary in order to go to the next order in the computation of the
d-propagator.

56



D. Bernard & J. Jacobsen Exercise Book: Statistical Field Theory

Figure 5: Development of the self-energy.

(ix) Show that in the limit N — oo the dressed propagator G°(k) of o satisfies the
implicit equation illustrated in Figure ??7. (Here the solid line represents the propa-
gator of ® and the dashed line that of 0. The presence of a point on a propagator
means that it is dressed.) Could this equation have been anticipated from the answer
to question (iv)?

(x) Compute the integral

I= / & 1 11
CrPi-af @ 8
where 1 represents a unit vector. (Hint: use polar coordinates.)

(xi) Deduce that at the critical temperature we have

4
Gf;’(k):;k (k= 0).

The final stage of the exercise is now to obtain the propagator of ® to order 1/N.

(xii) Show that the self-energy LY (k) of the dressed propagator G¥ (k) of ® is given by
Figure 5, where the first term represents the finite contribution for N — oo that has
been studied in question (iv), while the second term is the sought-for contribution
at order 1/N.

(xiii) Infer that
8

3TN

»¥ (k) — 25 (0) ~ EInk  (k—0).
(xiv) Deduce the value of the exponent 7 to order 1/N.

Correction :

(i) We work in three spatial dimensions. Let us set

&a(k) = /d3x¢a(x)eik'x,
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B.q B.-q

o.k o.-k

Figure 6: A diagram contributing to G(k).

and transform Fourier transform the Hamiltonian. Doing the integral d®z produces a mo-
mentum conserving delta function:

= 3 N -
LCIEY = SOACICEERINGY (32)
d3k1 d3l~c2 By - . . i
* oo ; [ o S G )bl dalin)Ba( e — b — )

From this expression we immediately read off the bare propagator

(6a)d5()) = (k + K)o s

kQ —+ To
and the interaction vertex

———(27)*6 (k1 + ko + kg + ka) y @128 4,
24N< 7)°0(ky + ko +ka + kyg)x
By convention, the four legs carry vector indices «; and wave vectors k; with ¢ = 1,2, 3,4.
By convention, the latter are counted positively (resp. negatively) at a vertex when their
orientation is incoming (resp. outgoing). The summations Zfiﬁ:l in (32) teach us that
x*@2:23:%4 equals 1 if the indices are equal in pairs (when a # ) and also 1 if all four
indices are equals (when o = § in the sums). Otherwise x®1:*2:%3:% ig zero. This can be
written explicitly (albeit in a cumbersome manner):

x1,002,03,0¢
DRt = 5(117@250137(14 + 6(11,(,%36(12,@4 + 6(X17a46a27a3 - 26&1,@26(,!1,@35(,!1,&4'

X

Let us know examine a diagram that contributes to G(k); see Figure 6. To leading order
in N we can suppose that a # 3. We then need to contract

<¢1 . Qj)a(ba(bﬁqs,@ . ¢r>7

where ¢, and ¢q are the external legs on the left and the right of the diagram. One should
first choose whether to contract the external legs with the two « or with the two [ indices
(yielding a factor of 2) and next which one of the indices connects to ¢; (giving another
factor of 2). The sum over 8 produces a factor of N. The diagram therefore equals

2
U 1 1
——— x 4N a3 1/N
24N X/ e+ <k2+7‘0) +OU/N)

which is finite in the N — oo limit. More generally, we see that to stay of order 1, one is
obliged to compensate all the factors of 1/N coming from the vertices by the same number
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(if)

(iii)

0P

Figure 7: Diagrams contributing to the selfenergy in the limit N — oo.

of factors of N comming from the summation over the loops. The contributing diagrams
therefore have an equal number of vertices and independent loops. Put otherwise, each
diagram which is not a tadpole of a tadpole vanishes in the limit, and all finite diagrams
have the “cactus” from shown in Figure 4.

Ezxample: Consider the 2nd diagram in Figure 4, but modified so that the two loops touch
one another in a point. There are then three independent loops for the wave vectors, but
the conservation of the O(NN) indices at the vertices leaves only two independent loops for
the vector indices. This modified diagram is thus of order 1/N.

Let us now isolate the one-particle irreducible (1PI) contributions to G(k). The correspond-
ing diagrams are those contributing to the selfenergy ¥ (k) in the limit N — oo; they are
shown in Figure 7. Denoting by Go = 1/(k? + () the bare propagator, we have the identity

G_G0+G02G0+G02G02G0+"'_G()< 1 >,

1-%Go
or ) )
o= G 3.
Notice that since the entire “current” flows between the external legs, we have necessarily
¥(k) = X(0).

To produce the diagrams contributing to X, it suffices to take those of G, bend down the two
external legs and connect them in a point. Since this operation adds one more vertex, the
contribution must be multiplied by —gi% x 4N (where the factor 4N occurs for the same
combinatorial reason as explained above). Therefore,

U 3
2(0) =~ [ G,

and we have the desired identity:

1 U d3
G =k 4 ro+ 6/ (27:573G(q).

One can use this identity to study the renormalisation of the mass (squared) away from its
bare value 7. To this end, write the dressed propagator G(k) = k%_” with

U d3q 1
ST (. S 33
" 740+6/(271')3q2—|—7“ (33)

Now to go spherical coordinates and impose an ultraviolet cut-off A so that

A 2
U dq 4mq
—-r=—-= - . 34
o= 6/0 @r)E 2 +r (34)
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The critical temperature is related with the value of the bare mass for which the renormalised
mass vanishes: r(rg) = 0. We have then

B u/Ad 1 wA
776 ), o T T 12a2

which depends explicitly on the UV cut-off. It is not a problem that r. diverges for A — co.
In fact, we need the finite cut-off in order to control precisely what it means to be in the
vicinity of the critical point. Let us subtract and add r.:

u A q2
=7y — — d —1]. 35
r=7Tg— 7T+ 1972 /0 q (q2 T ) (35)

A change of variables, ¢ = ¢/+/r, then produces

dq( < —1>=—\/ﬂdq

q2+,r q2+1’

and we can now take the A — oo limit in the integral:

A 2
/ dq ( (N 1) = —ﬁ[arctan(j]é\/ﬁ — —\ﬁ%
0

@+

Obviously this computation is only correct to order /7, so to remain consistent we can set
to zero the square of the small quantity, i.e., set 7 = 0 dans (35):

0~ (ro—re) — ﬁﬁ—&— O(r).

Finally, we define the reduced temperature as 7 = rg — r.. Since r plays the role of the mass
squared, we can set 7 ~ 1/£2. Thus,

U u 1
T vers
whence ¢ ~ 77!, and we have thus identified the critical exponent

> =1.

We recall that the mean-field result, valid for D — oo, is vyp = % So we have already
found something non-trivial.

At 7. the renormalised mass vanishes, so we have G (q) = 1/¢%, to be compared with the
general form of the propagator G(q) ~ 1/¢>~". We have thus

n> =0.

This looks a bit trivial, and in particular on may well wonder how it would be possible to
obtain a non-zero value for 7; the answer to this question will appear at the end of the
exercise.

(iv) We can get rid of the quartic term at the price of introducing a new scalar field o(x):
ex —/deL (&)2 = c/Dan —/de 0—2 —1 Laé?
P 24N - P 2 12N ’
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as can be easily seen by rewriting

o? v oy 1 U 2 Uy 2
7 1N 2<”l 12N¢) * N (‘b) '

(The value of the constant ¢ is not important.) The partition function then becomes

7 = C/Daexp {—/d%(f;] /D(Eexp [—;/d3m{(V(5)2+ (r0+z\/37Na> &?H :

We can now perform the integral over D(Z with result

(det [5(){ ~y) (—vi + 70+ i\/STNa(x)ﬂ)

Change the scale: 6(x) = N~'/20(x), to find

—N/2

Z = /D&(x)e_%s[&]
where the action reads
Slo] = /d?’yc&(x)2 + log det [5(x -y) <—V,2c + 7o+ z\/?a(x))} . (36)

The fact that S is multiplied by a global factor of N shows that the saddle point method is
eract in the limit N — oco.

Let us look for a saddle point of the form

where € < & represents the small fluctuations around the classical solution. The classical
action for a system of finite volume V is then

S[G.] =V -52 +logdet [(5(){ -y) (—Vi + 7o+ i\/g&c)] .

The last term can be rewritten as

Trlog {5(1{ —k) <k2 + 1o+ Z\/Egﬂ —
/ ((21:;3 log (k2 +70+ i\/§&C> (k|k)

where we have, in Fourier space,

(k|k) = 6(0) = /dxe“"o =V.

The result for the classical is therefore

Sle] =V [5—3 +/ (g:; log (k2 + 7o + z\/go)] .
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(vii)

The corresponding equation of motion reads 95/95 = 0, or

2~+/ @k ! z\/H 0
o “14/ = =0.
2m)3 k2 +ro+i /%6 V3

To recover the form previously encountered, we must set r = rg + i\/%& Multiplying by

%\/g we then obtain
i Yo+t (it 2/d3k -
3 2 3 Q2r)3k24+r

U A3k 1
0=m=5 [ G =0

which coincides with relation (33).

or

This is a rather technical question, which however shows a few neat tricks. Let us omit
the tildes on & for notational convenience. We compute the Hessian (“matrix” of second
derivatives) of the action (36):

525[0] 52

S (@00 () =20(z—y) + 3o (@)00(y) log det M (z,y),

where we have defined the “matrix” (with continuous indices)

M(z,y) =6(z —y) (—Vi + 70+ iﬁa(az)) .

To compute the second term, we first remark that

dlogdet M 1 0 det M
(5M(Zl,2’2) o det M 5M(Zl,22)
1
= Tt > [co-facteur de M](z1, 22)
— M_l (217 22)7

and that

OM(z1,22) . u do(z1)
oo (x) B Z\/;(S(Zl_ZQ) do(x)

[l
-~.
s m
(o9
J=
N
g
|
N
[V}
~—
[«
=
N
g
|
8
)

56(2'1 —2)0(z2 — ).

|
~.

By generalising the chain rule of differentiation to continuous indices, we thus have

dlogdet M /dz & dlogdet M SM (21, z2)
oo (x) B ! 25M(21,22) do(x)

= / dzydzo M~ (21, zz)i\/gcs(zj —x)0(22 — ) (38)

= i\/ng(a:,x).
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To derive one more term, we need the lemma

5M71(2171, 132)

6M(Zl722) =-M" (.231,2’1)M7 (22,1‘2).) (39)

This can be proven by deriving the trivial identity
/dng_1($17$3)M($3,1'4) = (1, 24)

with respect to M(z1, z2). We find

OM (21, _
0= [ (B T ar )+ M o), ) ) ).

One next multiplies by [dzsM ! (x4, 29):

8M71($1,1'3) 1
/d$3d$4(fm(zl,22)M($3,$4)M (T4, 22) =

- / desday M~ (21, 23) M~ (24, 22)0 (23, 21)0(24, 22).

The left-hand side becomes

OM Y (zy, x3) _OM !z, x0)
e s )

whereas the right-hand side can be written —M ~1(x1,21)M ~1(22,22). This concludes the
proof of the lemma (39).
Using this, we have finally

IR e e o
= \/7/d21d22 1(3:721)M_1(:U,22)] . [i\/§5(21 —y)(z2 —y)
= S [M 7@y

At the saddle point, this equals

u 43k etk(@-v) ’
3 / 2m)3 k2 + 1o +iy/Zo. |

uw [ d3q¢ d3k eik(z—y)
5/(277)3(%) S (¢ +ro+iy/Foo) (k—a)? +ro+iy/%)

where we have named the integration variables q and k — q, respectively.
The conclude, the Hessian can be diagonalised by Fourier transform, and its eigenvalues are

A —2+9/ d’q 1
k= 3 (27‘(’)3 (q2+r0+i\/ggc) ((k_q)2+ro+l\/g)

One can easily convince oneself that \j is well-defined for all 7y > 0, and that the real part
is always positive. It follows that the fluctuations around the saddle point are bounded, as
required.
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Figure 8: Derivation of the implicit relation satisfied by the propagators.

(viii) We use the action found in (v) to read off the diagrammatic rules. The bare propagator of

the scalar field o is simply
(e(k)a(-k) =1,

and that of the vector field ¢ is

where we note the usual conservation of O(V) indices.
Finally, there is a trivalent interaction vertex o¢,¢s with value

.U
—1 m(saﬁ(sail + k2 + k3)(27‘l’)3.

We stress that the decomposition of a tetravalent interaction into a pair of trivalent inter-
actions, by means of an auxiliary field (here o), is a very common and useful trick in field
theory.

The equation satisfied by the propagators in the limit N — oo is shown graphically in
Figure 8. Each trivalent vertex contributes a factor of 1/ VN, and each independent loop
gives a factor of N. In the limit N — oo we thus need exactly twice more vertices than
loops to get a non-zero result, so only tadpoles of tadpoles survive (first line of Fig. 8). The
insertion of ¢-loops into other ¢ lines amounts to renormalising the propagator of ¢ (second
line). And finally, we dress the propagator of ¢ in order to count all the dressed tadpoles in
one fell swoop (third line).

In algebraic terms, Fig. 8 reads

3 ” 2
Ggo(k):1+1-/(gﬂ?BGf(—q)Ggo(—k—i-q)Ggo(k). (‘W/;) Lo,

where the factor of 2N comes from the two ways of contracting the ¢ in (cdd|ppo), and
from the sum over the vector index in the loop. We can then isolate G3°(k):

1
14 & [ 556Gy (k- a)GF(a)

G (k)

(40)
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(xi)

At the critical point, GZ° (q) = 1/q? and one can compute the integral. Let us first set

d3q o B d3q 1 i
[ aprt-acr@ = [ oS g
d3q 1 11
- wl e T

where 1 is an arbitrary unit vector (we integrate over the orientations of q), and the factor
ﬁ can be found by dimensional analysis.

We now compute the integral I. Let 6 be the angle between 1 and q. Going to polar
coordinates,
* dgq ¢* [T . 1
1= Y do2 00—,
/0 (2)3 g2 /0 TR q*> —2qcosf
and with the change of variables x = — cos 6:
TR ! 1
I = — d de——5——
47r2/0 q/_l x1+q2—2qx
1 < 1
= — [ dg=— {log(1+¢* +2q) —log(1+¢* —2
| g {1oB(1+ 4%+ 20) —log(1 + ¢~ 20)}
1 [ 1. |1+gq
= — dg—log |——|.
42 f qq o8 ’ 1-— ‘

One easily sees that floo = fol by making the change of variables ¢ = 1/u. Therefore,

1 1 1
ro 2 Magto (LAY
272 q 1—gq
and we can expand

(1) £ [(5)- (-5 e gt

p=0

Integrating term by term leads to

o0

1 1
[=_—_.9 -
272 1;()(2p+1)2’

and since 35, _ g5 =00 0= D004

> 1 (1 1 INNe=1 3 72
e e N CEE - B (EF I DOr-S
= (2p+1) —\n (2n) 4 —n 4 6
Finally,
1 2 1
I=—.2.2 = - 41
272 8 8 (41)
Combining these pieces, it follows that (40) becomes, in the limit & — 0,

Gr (k) ~ %|k|. (42)
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(xii)

(xiii)

Let us return to (1.6):
1

2 N

Gg(k) =k*+ro— 3y (k). (43)
The first term in Fig. 5 is the contribution to the self-energy which remains finite when
N — oo. This contribution has already been accounted for—more precisely in Fig. 4—Dbut
it reappears here in the formalism using trivalent vertices. Indeed, if we provide external
legs of the ¢ type, the first term yields precisely the diagrams in Fig. 7). The second term,
however, is of order 1/N, since there is no ¢-loop to provide the compensating factor of N.
On can verify that no other diagrams contribute at this order.

We therefore set out to compute the new diagram. There is a combinatorial factor due to
the contraction (¢) - p*¢to|od?e? - ¢y):

e A factor 1 coming from the expansion of the exponential (there are two vertices).
e A factor 2 due to the choice of contracting ¢, with either a ¢' or a ¢2.
e A factor 22, since we must decide which one of the ¢! (or ¢?) we wish to contract with

an external leg.

Donc, au total un facteur de 4.
The diagram, expressed as a function of the wave number k flowing between external legs,
then leads to the integral

[ ooz ()

which is seen to have an explicit factor of 1/N. It is therefore consistent to evaluate the
propagators for N — oo. (This is a usual phenomenon in perturbation theory, seen also
in ¢* theory for example: some quantities are lagging one order behind others, in order to
define a consistent perturbative framework.)

We are not interested in this integral per se, but only in its dependence on k, so it is
permissible to subtract the same equation with k = 0:

25200 =4 [ PG oxc-0) - ool (12 )

where [- - -] equals ﬁ — q% at the critical point.

The behaviour of AY for small |k| (i.e., at large distances in real space) is determined
by the small values of q in the integral over q. When using (42), we thus suppose that
G®(q) ~ %|q| when ¢ < A, where A denotes an appropriate UV cut-off. In the limit k — 0,
we therefore have

d3 9 9 —u
4/ (2n ()]3|Q|[( -q) " —q ]%ﬁ

_ 7r3N/ 3\ql [(k—q)™>—q77]

We still need to compute the integral. Unlike the previous case, we do not need an explicit
evaluation, but only the leading-order asymptotics for small k. We go to polar coordinates:

A T
1 1
I(k) =2 dgq® | dfsiné - =
(k) 7T/o 1 /0 - [k‘2+q2—2chost9 q?

AZY (k)

1
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(xiv)

We first perform the integral [ df by substituting = — cos 6:

R . ST
1 K2+ @P42kqr 2] kg Tlk—q| ¢*
and next set y = ¢/k to arrive at
(k) = 27k? /A/k dy 12 {log ‘Hy‘ - 2] .
0 -yl y
For k < 1, we have y > 1, and the first non-zero order in [---] yields ~ =2;. Notice that

~ 35
there is no infrared divergence, as can be seen before doing the series expansion. Thus,

2 A
I ~ 27k?- Zlog |~
(k) nk 3og’k

4
~ —§k21ogk+.--.

There is a small subtlety here: At the critical point, we are interested in large distances,
hence small k£ (IR limit). However, the change of variables means that we are interested
in large A/k, so we should study the UV limit of the one-loop integral. The final result is
therefore:

8
N N 2
ASY () = gk logh

At the critical point
1 1

Glk) ~ 2= k2(1—mnlogk+---)’

and from (43) we see that
Y(k) = nk?loghk +--- .

The above result therefore implies that

8 1
n_37r2N+O<N2>'

The subject is treated in chapter 26 of the book by Zinn-Justin, but omitting all the technical
details of the computation (see also the book by Parisi). It is mentioned there that one can
push the computation to higher order:

_m o m
n = N—|—N2+N3+...
8
= — ~0.27019
n 32
8
797 61 27 1 9
S 0 et Rk Y/ e “r2n2| ~ —1.19502.
3 Uil iy 247r+8¢ <2>+27r n 950

Here ¢(z) = dl%f(x) denotes the digamma function.
To study the 3D Ising model one could naively set N = 1 in these results. A high-temperature
series expansion gives n = 0.055 £ 0.014. This seems to compare rather favourably with the
change from the first-order result 7, = 0.27 to the second-order one 7; + 72 = 0.076. Naive
hopes are quickly quenched when observing that at third order 7y + 12 + 13 = —1.12. The
resolution of this situation is that the perturbative series is only asymptotic and should in
fact be handled with resommation techniques (more details in the second semester optional

course given by Kay Wiese).
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1.7 Chapter 8: Conformal field theory: basics

o Ezercise 8.1: Conformal mappings in 2D.

(i) Verify that the map z — w = ;—12 is holomorphic map from the upper half plane
H = {z € C, Imz > 0} to the unit disc D = {w € C, |w| < 1} centred at the origin
0.

(ii) Similarly verify that the map w — z = €/ is a holomorphic map from the cylin-
der with radius S to the complex z-plane with the origin and the point at infinity
removed.

Correction :

(i) Clearly, w(z) = 2—3 is holomorphic in the upper half plane. For z € R on the real line, w is
on the unit circle centred at the origin, |w| = 1. For z = i, w(z) = 0. Then, by continuity,
z — w(z) maps the upper half plane to the unit disc centred at the origin. A fact which can

also be checked directly.

(ii) The cylinder of radius § can be parametrized by point w = S(r + if) with r € R and
6 € [0,27] modulo 27r. Then the point z(w) = e” €' covers the complex plane with the point
at the origin and at infinity removed (they correspond to r = +00).

e FExercise 8.2: The group of conformal transformations.

The aim of this exercise is to fill the missing steps in determining all infinitesimal
conformal transformations in the flat Euclidean space RP.

Let us recall a few basic facts from the lectures. A diffeomorphism x — y is called
conformal if it changes the metric by a space-dependent factor:

iete) = (525 ) (55 ) gonlvle) i= g0, (49)

Here ¢ is called the conformal factor. Now apply this to an infinitesimal transformation
xt — xt 4 €&t (x) + - -+, where #(x) is the vector field generating conformal transfor-
mations. By developing the left- and right-hand sides of (44) to first order in the small
parameter € and comparing we obtain

a,ugu + aug,u = 2(5¢)5uu . (45)

Another useful relation is obtained by multiplying this by 6“# on both sides. We then get
V€, + 0", = 2(6¢)d), = 2D(0¢), or in other words

D(6¢) = (9,8") - (46)

We denote 0 - { := 9,£" and the Euclidean Laplacian A := 00, with the summation
convention throughout.
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(i) Take derivatives of the previous equation to deduce that D A¢, = (2 — D)0, (0 - §),
with A the Euclidean Laplacian.

(ii) Take further derivatives, either w.r.t d, or w.r.t. 0, to get two new equations:
(D—-1)A(9-£) =0, and 2(2 — D) 8,0,(0 - ) = D A(9u&y + 9,&u).

(iii) Deduce that (2 — D)0,0,(0 - ) = 0, and hence that, in dimension D > 2, the
conformal factor dp(x) is linear in x.

Let us write 0p(z) = k + byx” with k and b, integration constantes. We thus have
0uéy + 0,8 = 2(k + box”) Oy
A way to determine & consists in getting information on the difference 0,&, — 0,¢,.

(iv) By taking derivates of the previous equation w.r.t d, and permuting the indices,
deduce that 0,(0+&, — 0,&s) = 2(bs0u — budye), and hence, by integration, that

0ol — Ouéo = 2(boxy — buxs) + 20,0,
where 0,, = —0,, are new integration constants.

(v) Integrate the last equations to prove that

() =ay +kxy 4+ 0po2° +[(b- )z, — %(m - x)by ],

where a, are new, but last, integration constants.

(vi) Find the explicit formula for all finite —not infinitesimal— conformal transformations
in dimension D.
Hint: It is advantageous to consider (a) the flow generated by the above vector
fields £(x), i.e. to consider the one parameter family of transformations x — y; such

that Oy = £(y¢) with initial condition y;—9 = x, and (b) to change coordinate to
Y, = 4.
(yt-yt)

(vii) Optional: Verify that the Lie algebra of the group of conformal transformation in
dimension D is isomorphic to so(D + 1,1).

Correction :

(i) Apply first 9#(---) to (45) to obtain

2
Ag, +0,(0-€) = 20,(66) = =0,(9-€).
Multiplying by D and rearranging this we get

DAE, = (2—-D)0,(9-€). (47)

69



D. Bernard & J. Jacobsen Exercise Book: Statistical Field Theory

(i)

(iii)

Now take 0”(---) of (47) to obtain DA(9-§) = (2— D)A(9-§), so that (D —1)A(9-§) = 0.
This implies that
A0-&) =0 (48)
for any D # 1. Alternatively we take 9,,(---) of (47) to obtain
DA@&) = (2 - D)3,0,(9-€).
Symmetrising this with respect to pu <> v we get

DAD,&, + 0,€,) = 2(2 — D)0, (- €) . (49)

Combining (48) with (46) we get A(0¢) = 0 and hence by (45) A(9,&, + 0,&,) = 0. Using
also (49) we arrive at (2 — D)0,0,(0 - £) = 0. This implies that

0,0,(0-€)=0

for any D # 2.
This is an important conclusion: when written out in terms of the coordinates, the conformal
factor is linear. Recalling (46) we can thus write

D79 €)= (8¢) =k + (b-2),
where (b- z) := b,a¥, for some constants k and b,. Multiply by 20,, and use (45) to get
0ué + 0,8, =2(k+ (b-2))0, . (50)
We see in particular from (45) that the infinitesimal dilatation factor is

(6¢)=k+(b-z).

We thus have (50) for the sum of 0,,§, and 0,&,. We now seem some information on the
corresponding difference, so that we can eventually isolate £. To that end, take 9, (---) of
(50) to obtain

01,058, + 0,0,8 = 2b50,4, -

Subtract from this the same equation in which we have relabeled p <+ o. Then the first term
on the left-hand side drops out and we get

0056 — 01€s) = 2(bobpy — budoy) -
Integrating this equation we obtain
00y — Opéo = 2(boxy — bps) + 20,0 , (51)

where 20,,, are some integration constants. Because of the anti-symmetry of the left-hand
side we must have 0,,, = —0,,.

Add now the sum (50) and the difference (51), and divided by two, to obtain
Oy = (k+ (b 2))0up + vy + (buzy — byzy) -

Integrating this we find

& =ay +kr, + 0,2 + |(b-2)r, — %(m ~x)b, |, (52)
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where a, are some other integration constants.

The four terms in £, have a clear interpretation: they generate respectively translations,
dilatations, rotations, and special conformal transformations.

Recall from the lectures that the conserved current is J, = 1),,” with T}, being the stress
tensor. We have the conservation law 0*J,, = 0, which implies that 0T, = 0 (the stress
tensor is conserved) and T} = 0 (it is traceless).

After a change of notation (b — 2b) the infinitesimal conformal transformation now takes
the form
E =at + ka* + 0"z, + [2(b )2t — (z - 2)bM] . (53)

The parts which are constant or linear in x, are responsible for translations, rotations and
dilatations. We hence focus on the quadratic part, which corresponds to the infinitesimal
special conformal transformation (SCT):

& =20b-x)x" — (z-x)b".

We now wish to find the corresponding global SCT. To this end we should integrate the flow
equation
Oyt =& (ye),  with yly = a” (54)

and set € = 1 in the end. Explicitly, we must integrate

353/5 = 2(b ’ ye)yg - (ye : ye)bu : (55)

The trick is to consider the inversion, defined by

el (56)

Direct differentiation gives (denote y = y. for simplicity)

H .
9" Ly 3y)yﬂ_

o= (y-y) (y-y)?

(57)

The second term follows from (55): (y-9y) =20 -y)(y-y) — b -y)(y-v) = (b-y)(y-y).
Inserting this and (55) into (57) gives

oYt = ﬁ 200 y)y" — (y-y)b* —2(b-y)y"] = -b".

In this form, the flow equation can be immediately integrated to finite e. The result is

yh oh
< = — eb”
(ye ' ye) (l’ : (E)

and setting € = 1 we obtain
y:u' x“’ — (Z . x)bu
= . 58
Wy @0 o

To obtain the (y - y) factor, we consider the square of this relation,

I 1-2(b-2)+ (b-b)(x- )
vy (z - x) ’
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and inserting this into (58) we get the final form of the global SCT:

B at — (z - x)bH
S 1-20b-2)+(b-b)(z-x)

y" (59)

Remark. Let us consider the composition of an inversion, a translation by b*, and another
inversion:

(f.i) — bt B at — (x-x)bt
e

(@)

We see that this is equal to the SCT. Therefore it is useful to think of the SCT as an object
that adds to the usual transformations (translation, rotation, dilatation) also the inversion.

(vi) For the isomorphisms to so(D + 1,1): check Lie algebra relations, see Denis’ handwritten
notes.

o Fxercise 8.3: The two- and three-point conformal correlation functions.

The aim of this exercise is to fill the missing steps in determining the two and three
point function of conformal fields in conformal field theory. Let G(2) (x1,m2) = (P1(x1)DP2(22))
be the two point function of to scalar conformal fields of scaling dimension h; and ho re-
spectively.

(i) Prove that translation and rotation invariance implies that G(?) is a function of the
distance r = |z1 — z2| only.

(ii) Prove that dilatation invariance of the 2-point function demands that
[hl + Ty 8l + h2 + xI9 - (92]G2(:U1,x2) =0.
Deduce that G2 (,1,'1’ 1172) = const. T_(h1+h2),

(iii) Prove that invariance under special conformal transformations (also called inver-
sions) implies that

> (i ay) + (b zg)ah — %(%‘ - 2)b"]0uv | Ga (w1, 22) = 0.
j=1,2

Deduce that G2 (21, x2) vanishes unless hy = hy.

Let us now look at the three point functions of scalar conformal fields. Let G®) (x1,m2,23) =
(P1(x1)Pa(z2)P3(x3)), be their correlation functions.

(iv) Prove that invariance under infinitesimal conformal transformations demands that

> [ D08 () + 5“(96]‘)39;;%}(?(3) (21,22, 23) =0,

§j=1,2,3

for any conformal vector £#(x). See previous exercise.
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(v)

Integrate this set of differential equations to determine the explicit expression of
G®)(z1, x2,x3) up to constant.

Correction :

(i)

(iii)

We consider the two-point function G (z1,x5) = (®1(x1)®2(22)) of two scalar conformal
fields, ®; and ®,, of respective conformal weights hy and hs. Invariance under translation
and rotation imply that

G (21,22) = G (21 — 22,0) = G (|21 — 22,0),

so the dependence is on r := |21 — 23| only.

The transformation law for a (quasi-primary) field ® under a conformal transformation

T —yis
—h/D

0l ™ g(w),

oz

where h is the corresponding conformal weight. For a two-point function this becomes

B(2) = B(y) =

a hl/D hg/D
(1 e1) o) = [ 3 m

dy

o (2a)Ra)

Now insert the infinitesimal transformation z# — y* = a# + e£(x), develop to order € and
compare the two sides. This gives the invariance equation

> [0 9w + €| ) 0. (60
j=1.2

This equation is quite general, and can be applied as well to higher-order correlation functions
(with the sum being over all points ;).

For dilatation we have seen that &, = kz,,. It follows that 0 - £ = 0¢, = Dk. Dividing by
parameter k we then have

[hl + 2101 + ho + anQ] G(z) (xl, LUQ) =0. (61)

Dilatation invariance implies that G®)(r) = ar® for some exponent A and a constant a.
Applying (61) to this form we get (hy + hy + A)ar® = 0, and it follows that

9 - a
G )(9317I2) = W (62)

We now turn to the SCT. We have seen that it is generated by
1
& =0 x)x, — 5(:0 )by, .

We actually obtained this expression by integration of 0,&, = (b- )., + (bux, — byx,).
Multiplying the latter expression by d*¥ we obtain

@ & =Db-2)+ (b x)—(b-2)=D(b-x)
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for the SCT. Inserting this in the general form (60) we have

> [hj(b cxj) + {(b cxj)zY — %(:cj -xj)b'f} az;} G (z1,29) =0.

j=1,2

If we inject the form (62) of the two-point function, we obtain after some computation that
G®@ (21, 22) must vanish unless hy = ho.

If we further assume that there is just a single field of a given conformal weight h, then the
constant a can be set to one upon normalising that field. We have then

6h1,h2

GP (21, 20) = To1 = ag|fithz

(63)

(iv) For the form of three- and four-point functions, see the treatment in the AIMES lecture
notes.

o Ezercise 8.4: Diff S and its central extension.

The aim of this exercise is to study the Lie algebra Diff S' of vector fields in the
circle and its central extension the Virasoro algebra. Let z = e coordinate on the
unit circle. A diffeomorphism is on application § — f(6) from S! onto S'. Using the
coordinate z, we can write it as z — f(z) so that it is, at least locally, identified with a
holomorphic map (again locally holomorphic). They act on functions ¢(z) by composition:
#(z) = (f-¢)(2) = ¢(f~(2)). For an infinitesimal transformation, f(z) = z +ev(z) +---
avec € < 1, the transformed function is

(f-0)(2) = ¢(2) + €0up(2) +- -+, with 6, §(2) = —v(2) D:9(2).

(i) Take v(z) = 2"*!, with n integer. Verify that §,¢(z) = £,¢(z) with £, = —2"*10,.
Show t

This Lie algebra is called the Witt algebra.

(ii) Let us consider the (central) extension of the Witt algebra, generated by the ¢,, and
the central element ¢, with the following commutation relations

[l bn] = (0= M) lnim + = (n®

2

- n)én—i—m;Oa [Ca gn] =0.

Verify that this set of relation satisfy the Jacobi identity. This algebra is called the
Virasoro algebra.

(iii) Prove that this is the unique central extension of the Witt algebra.

Correction :

To be completed...

o Frercise 8.5: The stress-tensor OPE in 2D CFT
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Let ¢ be a massless Gaussian free field in 2D with two point function (¢(z, 2)p(w, w)) =
—log(|]z — w|?/R?). Recall that the (chiral component of the) stress-tensor of a massless
2D Gaussian field is T'(z) = —3 : (9.¢)(z) .

(i) Prove, using Wick’s theorem, that it satisfies the OPE

c/2 2 1
(21 — 22)* " [(Zl — 22)? - (21 — 22)

T(21)T(22) = 9. T(z2] + reg.

Correction :

Cf lecture notes.

e Fzercise 8.6: Transformation of the stress-tensor in 2D CF'T.

Under a conformal transformation z — w = w(z), the transformation rules for the
stress tensor in two-dimensional CFT is

T(2) > Tw) = [ ()]’ T(x(w)) + 55(w), (64)

where 2/ (w) is the derivative of z with respect to w, while S(z;w) denotes the Schwarzian

derivative: | ) ) ; z”(w) )
st = [ S07] - 3 [ 519 (0

(i) Let us consider two conformal transformations z — w = w(z) and w — § = &(w)
and their composition z — £ = £(z). Prove that consistency of the stress-tensor
transformation rules demands that:

S(2:€) = S(w; &) + [¢'(w)]* S(z, w).
Verify this relation from the definition of S(z;w).

(ii) Use this formula to compute the stress-tensor expectation for a CFT defined over a
infinite cylinder of radius R. Show that

T
—c :
12 R?

<T(Z)>cylinder -
Correction :

(i) We consider two conformal transformations, z — w = w(z) and w — £ = (w). Under the
combined transformation z — w — & we have T'(z) — T(w) — T(£). Under the second
transformation, the stress tensor transforms as

2 c
T(©) = [w/ (©) T(w(©)) + 155(ws€)
and inserting into this the first transformation we obtain

T(©) = '@ {[F @I’ T() + 5S(zw) | + 5Sw;E). (66)
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Another way of relating T(ﬁ ) to T'(z) is to apply directly the combined transformation z — &:
c
T(§) = [ O T(=(€) + 35(z:6).- (67)

We now wish impose the compatibility of (66) and (67). We first see that we must have
Z'(&) = 2/ (w)w'(€), which can also be written g—z =4z ‘é—é’. This is of course just the familiar
rule for deriving a composite function. To avoid confusing in the sequel, let us denote the
reverse conformal mappings by f : & — w and ¢g : w — z. In this notation we have just
used (go f) = (¢’ o f) x f/. With this being settled, the important constraint coming from

comparing (66) and (67) reads

S(z:€) = [w'(€))* S(z;w) + S(w; €). (68)

We now examine the constraint (68). In the previous notation we have

" 712
S(w;§) = J;,—z[]},} :

" 3 "o 2
s = Gt -3| et

so that the right-hand side of (68) becomes

f/// 3 f// 2 ) g///of 3 g//Of 2
s |5 +<f>2<g’of_2[g’of}>' (09

The left-hand side meanwhile reads

o o) 3o’
SEO= ey T2 ey )
To make this explicit we need the following rules (basically a binomial expansion):
(gof) = (dof)xf,
(gof)" = (g o) x(fP+ (g of)xf",
(go /)" = (9" f) < (f)’+3(g" o f)x f'f + (g o f) x f".
Inserting this in (70) we obtain
9" 0 f) 2 38" 00 73 [<g“of)f,+ f} _
(9o f) (9o f) o210 ef) f
In this expression, the second term cancels with the crossed term of [---]2. What remains is

precisely (69).

Remark. One can actually show that the constraint (68) fixes the explicit form (65) of the
Schwarzian derivative. Showing this is however a bit more tricky.

To apply these results, we consider the conformal mapping from the plane to an infinite
cylinder of circumference R:

R
w(z) = o log = .

The inverse mapping is z(w) = exp(2mw/R) and we compute that
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Now apply the transformation law (64). In the plane, all one-point functions (except that
of the identity operator) are zero, so (T'(z)) = 0. It follows that on the cylinder

7TQC

<T(w)> = _6R2 .

This is analogous to the Casimir effect between two uncharged metallic plates. According to
quantum electrodynamics, the vanishing of the wave function on the plates induces a force
between them. In the present setting, the finite size of the cylinder imposes a non-zero value
of a one-point function.

One can go a step further and relate this to the finite-size scaling of the free energy per unit
area fo(R) on the cylinder. This gives (the steps of the computation are spelled out starting
from eq. (5.139) in the yellow CFT book)

e

“er o(R™%). (71)

fo(R) = fo(o0)
This is an extremely useful way of determining c. Indeed the finite-size term can be obtained

analytically in solvable models from the Euler-MacLaurin formula, or evaluated numerically
by diagonalising the transfer matrix.

e Fzercise 8.7: Regularization of vertex operators

In the text, we use the connection with lattice model to argue for the anomalous
transformation of vertex operators in gaussian conformal field theory. The aim of this
exercise is to derive (more rigorously) this transformation within field theory (without
making connection with lattice models).

Let ¢(z, %) a Gaussian free field normalized by (¢(z, 2)p(w,w)) = —log(|z — w|?/R?)
with R the IR cut-off tending to infinity. In order to regularized the field we introduce a
smeared version ¢, of ¢ defined by integrating it around a small circle, of radius €, centred
at z:

with z.(6) be point on this circle, 0 < # < 2w. The small radius € play the role of UV
cutoff.

(i) Prove that (notice that we consider the smeared at the same central position z but
with two different cutoff € and ¢')

(0e(2,2)¢e (2, 2)) = min(log(R/€)?, log(R/€')?).
In particular (¢¢(z,2)?) = log(R/¢)?.
(i) Verify that (¢i*¢<(=2)) = (¢/R)*", for o real. Let us define the vertex operator by

Va(z, 2) = hm €_a2 eiad)e(z,z)‘
e—0

Argue that this limit exists within any expectation values.

7



D. Bernard & J. Jacobsen Exercise Book: Statistical Field Theory

(iii) Let us now consider a conformal transformation z — w = w(z) or inversely w —
z = z(w). Show that a small circle of radius €, centred at point w, in the w-plane is
deformed into a small close curve in the z-plane which approximate a circle of radius
e = |Z/(w)| €, centred at z(w).

Deduce that under such conformal transformation the vertex operator transforms as
follows:
Vo(w, @) = |2/ (w)|* Va(z, 2).

That is: the anomalous scaling transformation of the vertex operator arises from
the fact that the regularization scheme/geometry is not preserved by the conformal
transformations.

Correction :

(i) We pick a circle with centre z and radius €, parameterised by
2.(0) = z + e, with 0 € [0,27].

Here € < 1 plays the role of the UV cut-off. We compute the two-point function at coinciding
points, but at different UV cut-offs:

27 / /
- W deo do 2e(0) — ze (0
@z Boe(z2) = - [ 5 0s|
2T / 02
do e —ee
= - — log | ———— 2
/0 © tog | < (72)

Let us assume (without loss of generality) that € < ¢’ and set v = ¢/€¢/ < 1. Then

2
= 2log(¢'/R) + log |1 — ve'?|?.

e — Eeie

1
og 7

Integrating the last term we obtain

2 027
dé - dé . .
/0 o log |1 — z/e”’|2 = /0 o [log(1 — ve?) +log(1 — z/e*w)}

Since v < 1 we can replace the integrand by its series expansion
-2 cos(kf)— .
k}_:l (k0)

Since each term integrates to zero we have shown that

(9e(2,2)e (2,2)) = —2log(¢'/R) (73)

. (R R . R\® R\?
2log |lmin | —,— || =min |log | — | ,log| —
€ € € €

In particular, setting ¢ = €, we obtain the variance

(6e(2,2)%) = log <R> ,

€

which diverges for ¢ — 0 as it should in field theory.
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(i)

(iii)

According to question 4 of exercise 2.8.1 the Gaussian random variable ¢.(z, z) satisfies

2
o607 = o= (0.2 = o= F a(D)' - (£)°
<e [§] [§]

In particular we see that the vertex operator defined by

Va(z,g) = lim 6_a2eiad)e(2,2)]

e—0
has a well-defined limit inside the expectation value (- --).

Now perform a conformal transformation z — w = w(z). The small parameterised circle
transforms like

2e(0) = e = w (2 + €ee?) = w(z) + w'(2)ec” + O(e?).

To first order in e this is again a circle, of radius é = w’(z)e. (Note that for the projective
transformations, circles map to circles globally.) Inverting this we get ¢ = é2/(w)’. Because
of the e~ factor put into the definition of V, (z, 2) the latter thus transforms like

Vi (w, @) = |2/ (w)|* Va(z,2)

For a primary field the scale factor should be |dz/dw|"|dz/dw|". Thus we have here the

conformal weights
2

-«
h=h=—.
2

Remark. Vertex operators play an important role in the so-called Coulomb gas construction
in CFT. In this case the Gaussian fields are deformed by adding an extra term to the action
(compactified bosonic fields) that couples the field to the so-called background electric field.
In particular this deforms the central charge away from ¢ = 1.
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1.8

Chapter 9: Scaling limits and the field theory renormalisation group

e Fxercise 9.1: Explicit RG flows

The aim of this exercise is to study simple, but important, examples beta functions
and solutions of the Callan-Symanzik equation.

(i)

Consider a field theory with only one relevant coupling constant g and suppose that
its beta function is 8(g) = yg.

Show that the RG flow, solution of Ad\g(A) = 5(g(A)) is g(A) = g1 \Y.

Show that the RG mass scale, solution of 3(g)9,m(g) = m(g) is m(g) = m. g*/¥.
Consider the two point function G(r;g) of a scaling field ® of scaling dimension A,
ie. G(r,g9) = (®(r)®(0))y. Prove (using the Callan-Symanzik equation) that

G(r;g) = r=2 F(m(g)r),
with m(g) the RG mass scale defined above.

Consider a field theory with only one marginal coupling constant g and suppose that
its beta function is 3(g) = cg?® (¢ > 0 corresponds to marginally relevant, ¢ < 0 to
marginally irrelevant).

Prove that the RG flow, solution of A\dxg(A) = B(g())) is g(X) = g,/ (1—cgulog(A/1)).
Notice that gy — 0T, if ¢ < 0, while gy flows up if ¢ > 0, as A — oo (with
gy > 0 initially). Prove that the RG mass scale, solution of 5(g)9ym(g) = m(g) is
m(g) = m, e /9.

Notice that this mass scale is non perturbative in the coupling constant.

Consider the two point function G(r;g) of a scaling field ® whose matrix of anoma-
lous dimension is y(g) = A 4+ 70g. Prove (using the Callan-Symanzik equation) that
G(r/Xig(N) = Z(N)?G(r, g) with

Z(\) = const. A2 [g(\)]0/°.

Deduce from this that, in the case marginally irrelevant perturbation (i.e. ¢ < 0)
and asymptotically for r large,

G(7; ga) ~ const. p2A [log(r/a)]_QVO/C'

This codes for logarithmic corrections to scaling.

Correction :

(i)

The solution of A\d\g(A) = B(g(N)) with B(g) = yg is g(A) = g1 A\Y. The fact that 5(g) = yg,
with no extra terms, means that g is a scaling variable (which transform homogeneously un
RG transformation), or alternatively that the RG transformation have been diagonalized by
choosing the variable g.

The RG mass scale solution of 3(g)d,m(g) = m(g) with with 3(g) = yg is m(g) = m. g'/¥
with m, a integration constant (equals to m(g = 1) = m.).

The Callan-Symanzik equation for the two-point function G(r;g) is (with the v(g) = A)

(rd, +2A = B(9)9,) G(r; ) =0,
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with the anomalous dimension chosen to be v(g) = A (to make this choice means that we
have defined the field ® as scaling fiels with well defined scaling dimension, ie.e we have
again diagonalize the RG transformation). This type of equation are solved by the so-called
‘methods of characteristics’ (which means the solution are transported according to the
flow specified by the beta function). Let us insert G(r;g) = r~24 F(m(g)r) into this this
equation. Then, for G(r;g) to be a solution we need to have

B(9)0gm(g) = m(g).
That is m(g) has to be the RG mass scale (which for 8(g) = yg is m(g) = m. g'/¥).

For B3(g) = cg?, the RG flow equation A\dyg(\) = B(g(\)) reads % = c% whose solutions is

1

1
m - m = clog(A/p),

or equivalently g(A) = g(u)/(1 — cg(p)log(A/p)). The analysis of the behaviour of g()\),
depending on the sign of ¢, follows from this equation.

The equation for the RG mass scale 3(g)9,m(g) = m(g) now reads 42 = c%, whose solution
is m(g) = m, e 1/,

The beta function 8(g) = cg? has no term of order g means that the variable g (and the
corresponding perturbation) is marginal, that is it has no bare/classical dimension. But the
fact that it has a term of order g means that it is not exactly marginal (it is marginally
relevant if ¢ > 0 and marginally irrelevant if ¢ < 0). This means that the fluctuation have
introduced a scale, which can be parametrized by the RG mass scale m(g), and in the
literature this phenomena is often referred to the ‘dynamical generation of a mass scale’).
For B(g) = cg? and fields with anomalous scaling dimension v(g) = A + 7pg the Callan-
Symanzik equation for the two-point function G(r;g) reads

(r0r + 2(A + 709) — chBg) G(r;g) = 0.

By construction (but this can be checked directly from the equation) this equation codes for
the fact that Z=2(\)G(r/); g()\)) is independent of A provided that g()\) is the RG running
coupling constant, solution of Adxg(A) = B(g(\)) and that the (sometimes called ‘wave
function renormalization) function Z(\) satisfies

2xlog Z(A) = 7(g(N) = A + 309 (A).

Since Adrg(\) = B(g(N\)) = cg?(\), this can be written as AI\[A "2 log Z(\)] = Yog9(A) =
X0y log (). Hence
Z(\) = const. A2 [g(\)]7/°.

For ¢ < 0 (i.e for a marginally irrelevant perturbation), the RG running coupling constant
G(X) goes to 07 as A — oo. Thus, let us take A = r/a with r the large IR scale and a the
UV cutoff. Using the RG equation Z(A\)~2 G(r/\;g(\)) = G(r, g) we have, for large r (at a
fixed),

G(r,gq) ~ Z(r/a) 2 G(a;0").

Alternatively, using the expression for Z(\), we get
G(r; ga) ~ const. 722 [log(r/a)] =270/,

This codes for logarithmic corrections to scaling due to marginally irrelevant operators.
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e Fzercise 9.2: Anomalous dimensions and beta functions

i) Prove the relation Y = D% — 8aﬁa g between the matrix of anomalous dimen-
a\d a
sions and the beta functions.

(ii) Give two proofs of the formula v (g) = Aad5+Sp Y.; g'CF, for the matrix of anoma-
lous dimensions to first order in perturbation theory (Here g are the perturbative
coupling constant and Sp the volume of the D-dimensional unit sphere): one proof
comes from using the previous result, the second proof comes from analysing the
perturbative expansion of the correlation functions.

Correction :

See the lecture notes.

e Ezercise 9.3: Renormalisation of ¢> in D = 6: One-particle irreducible functions

In this exercise and the following, we consider the ¢3 action of the scalar field ¢ defined

by
1/06\? 1
e d — - _ 6/23
/dx[2<8x> 5™ m?¢? + gm ¢
where ¢ = 6 — d.

In this first part, we shall compute the one-particle irreducible functions I'™ for n =
1,2,3.

(i) What is the dimension of ¢ and of the coupling constant g? Determine the superficial
degree of (ultra-violet) divergence of I'"™) to L loops. For which values of d the theory
is renormalisable, super-renormalisible, non-renormalisable?

(ii) We first work in d = 6 dimensions. Which Feynman diagrams are superficially diver-
gent? Is their number finite or infinite? Same question for one-particle irreducible
diagrams.

(iii) Compute 'V, T (p, —p) and T (p, pa, —p1 — p2) to one-loop order. To this end,
use dimensional regularisation and the formulae

1 /1 1
= dzx
a1 a2 (Il'fU + 02 1 - x)]Q
1 1—x
_ = / d:v/
al az as a1$+a2y+a3(1_$_ )]
as well as
d 1 T _d
/ d qd _ _ (Z . 2) (p2 - kZ)%*n'
@2m)® (¢2 + 2¢k +p2)n  (4m)4/2T(n)
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(iv) Give expressions for I'D, 7@ and T®), neglecting terms of order e. To this end, use
the following propreties of the Euler I' function:

MNz+1) = zD(x)

P(z) = é+¢(1)+0(w) (= 0)
P(x) = %logf(x).

Express the results in terms of the two functions
1
filu) = / dz[1 + uz(1 — z)]log[l + ux(1 — )]
0

1 1—x
fo(u,v,w) = / d:z:/ dylog[l + ux(1 —z) +vy(1 — y) + 2wzy].
0 0

(v) Show that the divergence of I'®) to one-loop order can be formally eliminated by
redefining the coupling constant as follows:

o=5(1~ i)

Verify that by replacing 1/e by log(A/m) in the above formula, one recovers the
divergent part corresponding to a regularisation of the theory by an ultra-violet

cut-off A.

Correction :

(i) In Fourier (momentum) space, there is a dimension —1 for each factor of z, and dimension
+1 for each derivation. The dimensional analysis of the three terms in the action thus

produces:
2+20)—d =
2(m] +2[¢] —d =
lg) +3¢] —d+3m] = o.
This can be solved to give
W="52 =1  lg=0

The true coupling constant G = gm</? is of dimension . The sign of [G] teaches us that

2
the theory is

e Super-renormalisable for d < 6 (with [G] negative)
e Non-renormalisable for d > 6 (with [G] positive)

e Renormalisable for d = 6 (as we shall see below).
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(iii)

(iv)

Consider now a diagram I'™ with n external legs, L loops and I internal lines. In general,
for a ¢? theory (here with ¢ = 3) one has

qV =n+21, (74)

since each line is incident on two vertices (this is called the “hand-shake lemma”). The Euler
relation, L = I — V + 1, permits us to eliminate V', obtaining

I=n+3L-3.

A diagram with I internal lines (~ 1/¢?) and L loops (~ d?q) has thus a superficial UV
divergence of degree
§=dL —2I = (d—6)L +6 — 2n.

The degree of superficial IR divergence (in the limit of zero mass, m — 0) is similarly —d.
One distinguishes moreover three cases:

e For d > 6, each T("™) is UV divergent, provided that L is sufficiently large. On the
other hand, there is no IR divergence, implying that there are no corrections to mean
field theory (the short-distance details play no role).

e For d < 6 the degree of superficial UV divergence diminishes with L. For d = 4,5, only
I'M et T2 diverge. And for d = 2,3, only I'™) diverges. On the other hand, there are
severe IR divergences and perturbation theory is not applicable.

e Exactly at d = 6, notice that § = 6 — 2n is independent of L, so only I'™), T'(2)
and T'®) diverge. Thus, we need to handle three divergences, having at our disposal
three renormalisable parameters (m, g et ¢). This sounds possible—and it is (see the
following exercise).

Here are some general remarks:

e There can be divergences due to sub-diagrams. For instance, even when having § < 0,
I'®) can diverge if it contains a sub-diagram with two legs.

e Each I'™ expands as an infinite sum of diagrams. There is thus, in general, an infinite
number of divergent diagrams, but at a fixed order L this number becomes finite.

e [t is convenient to limit the discussion to 1PI diagrams, and invoke general results to
relate general diagrams to those.

Figure 9 shows the divergent diagrams contributing to T™™) (up to 3 loops), to T® (up to 2
loops), and to I'® (up to 2 loops).

Below we omit the (trivial) contributions to zero loop order. Hence, in Figure 9, each one
of T, T®@) and I'®) corresponds to one single 1PI diagram (the one with one loop), here
in their amputated version (with the external legs chopped off). By conservation of k,
these diagrams will be evaluated at zero total momentum. Finally, there is a sign difference
between T'™ and the 1PI digrams, coming from the relation G~' =T'? = G5! — 2.

Let us begin by the first diagram in the first line of Fig. 9. There is a symmetry factor of 2.

Hence: p
7 _ (_g)m37d/2/ d% 1
(2m)d q> +m?

84



D. Bernard & J. Jacobsen Exercise Book: Statistical Field Theory

-O-0-0-6
— -0 -0 G

Yovy

Figure 9: Divergent 1PI diagrams for ¢3 theory in dimension d = 6.

The integral can be computed by applying a trick:

dd o 2 2
I = /27112 :/ da/ddqefa(q +m )
qc+m 0

00

_ 2

Tl'd/2/ daay ai/2e am
0

= 7rd/2md72/ duu=2e~% = 7221 <1 - g) )
0

and we find

d
 _gT(=5) apn
1 boucle 2 (47T)d/2 .

In d = 6, one encounters I'(—2), which is divergent!
Next, the second diagram of the second line in Fig. 9 yields *ngi)oucle(pa —p):

(_g)2m6—d/ dq 1
(

2 2m) q* + m?][(p — ¢)* + m?]
92 B 1 ddq ‘ 9
= Gt o [ S {100 + e+ + w01 - o)

by the trick (??). After some simplification and the use of (??) we get

2 1
= g—m6_d/ dx/
2 0

mS~g°l (2 - %) ! 2 27d/2-2
= 2(dn) 172 /0 dz [p*z(1 — ) + m?| .

dq —2
@y 14— 20 gt pte 4w

So we got instead I'(—1). There is just one step left to get the last divergence!
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Finally, for —® (p1,p2, —p1 — p2) one finds

1 boucle

(79)3m97d/2/ (ddq 1

)4 [q* +m?] [(q+ p1)* +m? (g — p2)* + m?]

2T
1 —x d .
= —¢*m® 22 /de /Ody/ (gﬂ()zd {[(q + )2+ mPr 4+ [(g — p2)? +my + [¢F +m? (1 —x — y)}f‘3

1 -z d
_ d -3
= 2wt / d / dy/ (27:)2 {@® + 24 (xp1 — ypo) + pix + piy +m*}
0 0

T (3 _ g) 1 i
i / dm/ dy [piz(1 —2) + p3y(1 — y) + 2p1 - pary + m?]
0 0

__.3._9-d/2
I

d/2-3

(v) Concerning the Euler ¢ function, see the handbook by Grandshteyn, section 8.36. In par-
ticular, (1) = —C, where

1

n—oo

C = lim [ - lnn] =0.577215...

b
i
=

1

is Euler’s constant.
The help given on the exercise sheet permits us to develop the gamma functions:

r(3—;l) = F(%) =§+w<1)+0<e)

2

(- - T

To develop factors such as (47)/? one uses

r(z_d) S Gt ) D B YR TS
2
(

a™t¢ = a"(1+ eloga + O(e?)).

The final results are then

4—6/2 1 1 w(l) 3
o gmT L L, 3o
1 boucle 2021m)% |e + 5 108 T+ 5 + 1 + O(e)
2,2 2 2
2 g m” |1 p 1 D
Fg Loucle(p? -p) = (dn)? |:6 (1 + 67TL2> + B (1 + W) [(1) + 1+ log 4]
1 p?
- 5 <m2> —|—O(e)}
3,,€/2 1 1
g°m
T teP1,p2, —p1 —p2) = an)? L + 5[1/)(1) + log 47]

2 2
b1 Py P1-P2
(i T?) o)

(vi) Taking only the most divergent term to one-loop order:

3 €/2
:gme/2+ g m/

73
(9) pi=0 (4m)3 e
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Hence, T'®)(§) is non-diverging if

We shall study further this kind of renormalisation of the coupling constant in the following
exercise.

On the other hand, the diagram that we have computed for I'® has a degree of superficial
divergence equal to zero, and with a UV cut-off A, one would find the behaviour

[ ()
- log I
q m

so that log(A/m) plays the role of 1/e in T(),

e Fzercise 9.4: Current-current perturbations and applications.

[...To be completed...]
e Fxercise 9.5: Disordered random bound 2D Ising model.

[-..To be completed...]
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1.9 Chapter 10: Miscellaneous applications
o Lixercise 10.1: The XY model

The XY model is a statistical spin model with spin variables 5’;-, on each site ¢ of the
lattice A, which are two component unit vectors, 5;2 = 1. The energy of a configuration
[S] is defined as E[S] = — > lij] S; - SZ where the sum runs over neighboor points on A.
Parametrising the unit spin vectors S by an angle ©; defined modulo 27, we write the
configuration energy as

E[S] = - cos(©; — ;).

[47]

i 2T

The partition function is Z = [[[] 491 exp <ﬁ > i) €0s(Oi — @j)) with 8 = 1/kpT the
inverse temperature.
Here is the solution of the problem on the XY model given in Section 9.1.

IA- The XY model on a lattice: High temperature expansion

The aim of this section is to study the high temperature (5 < 1) behavior of the XY
model. It is based on rewriting the Boltzmann sums in terms of dual flow variables.

IA-1 Explain why we can expand e?*© in series as #°5® = () (1—{—27#0 tn(B)e®),
where I(5) and t,(3) are some real S-dependent coefficients. We set to(3) = 1.

IA-2 By inserting this series in the defining expression of the partition function and by
introducing integer variables u;; on each edge [ij] of the lattice A, show that the partition

function can be written as Z = I(8)Ne - Z with N, the number of edges and

Z= Z Htw(ﬁ)’

[u], [Ou=0] [is]

where the partition sum is over all configurations [u] of integer edge variables uy;;) such that,
for any vertex ¢ € A, the sum of these variables arriving at ¢ vanishes, i.e. ) Uizl = 0.
Remark: The variables u are attached to the edge of the lattice and may be thought
of as ‘flow variables’. The condition that their sum vanishes at any given vertex is a
divergence free condition. The divergence at a vertex i of a configuration [u] is defined as
(8u)z = Zj u[”]

TA-3 Let i1 and iy be two points of A and (S;, - Sj,) be the two-point spin correlation

function.
Explain why (S;, - Si,) = Re(e #®i1=03)),

Show that,
—i(0;, —©, 1 E
(e (©4; 912)> = 7 ' Ht“[iﬂ (B),
[au:&;il—(s-;ig]

where the sum is over all integer flow configurations such that their divergence is equal to
+1 at point i1, to —1 at point i2, and vanishes at any other vertex.

IA-4 Show that t,(8) = t_,(8) ~ 4ot as f — 0.
Argue, using this asymptotic expression for the ¢,(3)’s, that the leading contribution to
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the spin correlation functions at high temperature comes from flow configurations with
u = 0 or u = £1 on each edge of the lattice.

IA-5 Deduce that, at high temperature, the correlation function (S_';l . 5’12) decreases
exponentially with the distance between the two points i1 and io.
Show that the correlation length behaves as £ ~ a/log(2/3) at high temperature.

Correction :

IA-1: €#°°9 ig a periodic function of © (with period 27) so that it can be represented as a Fourier
series. By reality, we have t,(8) = t_,(0).
TA-2 We insert the representation e#<5® = I(8) 3" t,(8)e"® in the partition function to write

z = /[H dQ(?TZ] H (Ztuw](ﬁ) eiu[me)’

[id]  wli)
= IS (Tt re®).
i [ (i)

Integration of the ©;’s yields the constraint (Ju); := >_; ujij = 0.
IA-3 By reality (S, - Si,) = Re(e~#(®1-9i2)) By definition

, dO; s (e, —o,
(ei@n-owy =~ x [ 115 > (TTtuy (B e9) - 7O,

[u]  lif]

Integration over the ©,’s gives Zj u;) = 0 for all 4 # iy, i, but Zj uf, ) = 1 and Zj ufi,;) = —1.
IA-4 By definition ¢, (8) = 0271' % e~ efcost  For small B we can expand e3¢ in Taylor series.
The first term of this series which contributes non-trivially to the integral is %(ﬁ cos@)™. Tts
integral yields ¢, (8) ~ ™/2"n! as 8 — 0.

Since t,, ~ const. (4/2)!"! the leading contribution to the correlation function is for u = 0 or |u| = 1
(and the weight of configuration is independent of sign of u).

IA-5 Selecting the configuration with u = 0 or u = £1 on each lattice edge compatible with the
divergence constraints Zj u;z) = 0 for all i # iy, ia, but Zj uf;, ;) = 1 and Zj uf;,;] = —1 selects a
path from i; to i5. The weight of such path v is proportional to (8/2)%2(") with dy5(y) its length
(measured as the number of steps of the path). The leading contribution comes from the shortest
path, and the correlation function decreases exponentially with the distance dyi2 between the two
points as (3/2)%2. The correlation length is thus a/log(2/3), asymptotically at high temperature.
The high temperature phase is disordered.

IB- Low temperature expansion

The aim of this section is to study the low temperature (8 > 1) behavior of the XY
model. It consists in expanding the interaction energy cos(©; — ©;) to lowest order in the
angle variables so that we write the configuration energy as (up to an irrelevant additive
constant)

This approximation neglects the 2m-periodicity of the angle variables.
IB-1 Argue that the higher order terms in this expansion, say the terms proportional
to > 4(0i — 0,)%, are expected to be irrelevant and can be neglected.
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IB-2 Write the expression of the partition function Z of the model within this approx-
imation.
Explain why, in this approximation, the theory may be viewed as a Gaussian theory.
IB-3 Let G3(x) be the two-point function of this Gaussian theory. Show that G(z) =

B~ G(x) with
+m/a d2 ip-x
G = [ ot : ,
—n/a (27m/a)? 4 —2(cos apy + cos aps)

with p;, po the two components of the momentum p and a the lattice mesh.
IB-4 Let ¢; and i be two points on A and x1 and x9 be their respective Euclidean
positions. Let Cy (21, z2) = (€°*(®1792)) with « integer. Show that
o2
Caolz1,22) = eiﬁ(G(O)iG(mim))-
IB-5 Explain why G(z) is actually IR divergent! and what is the origin of this diver-
gence, but that G(0) — G(z) is finite for all z. Show that

G(0) — G(z) = % log(||/a) + const. + O(1/|z]).

IB-6 Deduce that the correlation functions C,, decrease algebraically at large distance
according to 2
Cola1, 22) ~ const. (a/|x1 — zo|)* /275,

Compare with the high temperature expansion.
Correction :

IB-1 This expansion is a gradient expansion, the leading term is (VO)2. The other terms (VO)P,
with higher powers of the gradient, are irrelevant (when estimated using the leading Gaussian
contribution [(V©)?).

IB-2 In this approximation, the partition reads (up to an irrelevant multiplicative constant)

de;, _s (©,—0,)2
Z:/[Hﬁ]e 22[1’]](91 ;) .

i

This is a Gaussian theory.

IB-3 The two point function is given by the inverse of the quadratic form defining the action.
Hence it is 87'G(x) with G the Green function of the lattice Laplacian on (aZ?). Thus G(p), the
Fourier transform of G(z) is solution of

(4 — 2(cos apy + cosaps)) G(p) = 1.

This yields the formula for G(x) given in the text?.

IB-4 The formula for C,, follows from the fact that the theory is Gaussian (with a even translation
invariant two point function).

IB-5 The function G(z) is IR divergent because the (discrete) Laplacian has the constant function

'S0 that, when defining G(x), we implicitly assumed the existence of an IR cut-off, say |p| > 27 /L with
L the linear size of the box on which the model is considered.

2There is actually an IR divergence is this formula — due to constant zero mode of the Laplacian — so
that we implicitly assume an IR regularization.
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as zero mode (the constant function is in the kernel of the Laplacian) and the inverse Laplacian
does not exist. For this inverse to exist one has to impose boundary conditions (say periodicity, or
Dirichlet, etc.) which eliminate the constant zero mode. The IR divergence of G(x) is of the form
% log L with L the linear size of system box (this can be seen by looking at the small momenta
d?
p|>2m/L ﬁ'
G(z) (because this is independent of the constant zero mode). Alternatively, we can write

contribution to the integral: ﬁ f‘ ). This divergence cancels in the difference G(0) —

+m/a d2 1— s(p -
) » cos(p - )
G(O) G(T) = /ﬂ/a (27T/a)2 4 — 2(cosap1 -+ cos apz)'

which is explicitly convergent.

Since G(0) — G(x) only depends on |z|/a, the long distance behavior is identical to the continuous
limit (a — 0). In this limit G(0) — G(z) is (minus) a Green function of the 2D Euclidean Laplacian.
Hence it is equal to ilog |2| up to an additive constant. Dimensional analysis then fixes the
constant as in the text.

IB-6 Direct application of the above formula.

II- The role of vortices in the XY field theory

The previous computations show that the model is disordered at high temperature
but critical at low temperature with temperature dependent exponents. The aim of this
section is to explain the role of topological configurations, called vortices, in this transition.

We shall now study the model in continuous space, the Euclidean plane R?, but with
an explicit short distance cut-off a. We shall consider the XY system in a disc of radius
L.

In the continuous formulation, the spin configurations are then maps © from R? to
[0, 27r] modulo 27. The above Gaussian energy is mapped into the action

Sol0] = g / d2z(VO)2,
with a coeflicient x proportional to f3.

II-1 Argue that the coefficient x cannot be absorbed into a rescaling of the field variable
o7

I1-2 A vortex, centred at the origin, is a configuration such that OF(z) = +Arg(z),
with z the complex coordinate on R?, or in polar coordinates®, ©F(r, ¢) = 6.

Show that ©F is an extremum of Sp in the sense that V2OF = 0 away from the origin.
Show that fCo dOF = +27 for Cy a small contour around the origin.

II-3 Let ag be a small short distance cut-off and let D(ap) be the complex plane with
small discs of radius ag around the vortex positions cut out. Prove that, evaluated on ©F,
the action Sy integrated over D(ag) (with an IR cut-off L) is

K

S\(I(l)z"tex ) /D(d2$ (V@szty = mklog [L/ao].

ao)

Give an interpretation of the divergence as ag — 0.

3We recall the expression of the gradient in polar coordinates: VO = (9,0, %8(;56). The Laplacian is
V?F = 10,(ro,)F + 5 03F.
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I1-4 What is the entropy of single vortex configurations? Show that the contribution
of single vortex configurations to the free energy is

1
e~ Fidtiex ~ const. (£)2 e~ log[L/ao]

ag
Conclude that vortex configurations are irrelevant for mx > 2 but relevant for mk < 2.

Correction :

II-1 Since © is 2m-periodic we cannot rescale it to absorb the parameter x in a redefinition of ©
(unless we redefine the periodicity).
I1-2 In polar coordinate V?© = 19,(rd,)0 + £930. Thus, V2OF = 0 away from the origin.

The gradient is VOF = £(0, 1). Hence, §, dOF = £ [} dp = +2r.

11-3 Using (VOI)? = T%, we get (doing the integration using polar coordinate)

L
S :E/ 2 log [Lag).

t
vortex 2 . 72

The UV divergence (with ag — 0) is an echoe of the fact that the naive continuous limit we are
using is ill-defined near the core of the vortex at which the field © becomes singular.

I1-4 The vortex center may be positioned at any position, with a typical size of diameter ay. Hence
the entropy of single vortex configuration is ~ log(L/ag)?. This yields the expression of Fé;gtex
given in the text. And e~ % Vol is significantly large for mx < 2 but negligeable for 7 > 2.

IITA- The XY field theory: Mapping to the sine-Gordon theory

This mapping comes about when considering a gas of pairs of vortices of opposite
charges =+, so that the vortex system is neutral (3, ¢, = 0). We denote xj (resp. z;)
the positions of the vortices of charge + (resp. —).

The vortex gas is defined by considering all possible vortex pair configurations (with
arbitrary number of pairs) and fluctuations around those configurations. We set © =

85%) + O and associate to each such configuration a statistical weights e~ with action
given by
S = S(Qn) [1‘+ ;[;._] + SO[st]a

vortex(®j » g

with So[fsw] the Gaussian action § [ d?z(V6s)?. We still assume a short-distance cut-off
a.

5(2”)

ortex T, 27 for a collection of n pairs of

IIIA-1 Write the expression of the action [z T
vortices at positions xjc, j=1--,n.

IITA-2 Argue that the partition function of the gas of vortex pairs is given by the
product Z = Zgy X Zyortex With Zgy the partition function for the Gaussian free field Oy

and

n (lzi" —x]|/a)*™ (|27 —x;]/a)*™

n n
Z = X | | dz; || dx;
vortex ’I’L' - n‘ /(jl x] Jr{ x] ) Hz](|xz+ o x;‘/a)%m )
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IIIA-3 The aim of the followir}g questions is to express Zyortex as a path integral over
an auxiliary bosonic field ¢. Let Sk[¢] = 5= [ d?z(V¢)? be a Gaussian action. Show that,
computed with this Gaussian action,

1

i2mp(x) ,—12mp(y)y -
e e .
< ) |z =yl

Se =

Hint: The Green function associated to the action S[g] is G(z,y) = — 2= log (|z — y|/a).
IIIA-4 What is the scaling dimension (computed with the Gaussian action S,[¢]) of

the operators (V)? and cos(2mp)?

Deduce that the perturbation cos(2my) is relevant for 7k < 2 and irrelevant for 7x > 2.

Is the the perturbation (Vi)? relevant or irrelevant?

IITA-5 Show that Zyortex can be written as the partition function of Gaussian bosonic
field with action Ssa[¢],

Zvortex = /[DQO] e_SSG[(p]a

where the action Syg is defined as
Ssale] = / dzx[i(vw)Q - 2u008(2w)]
2K

This is called the sine-Gordon action.
Hint: Compute perturbatively the above partition function as a series in p while paying
attention to combinatorial factors.

Correction :

IITA-1 Vortices with charge + are at positions .”L’;L, those of charge — are at positions x; with

j=1,--- n. Hence, the total sum of the charges vanishes, and
5 [, 2] = —2ﬂleog — oy ller ]+ 277&210g 7|] +2nBe..
vortex [V j g — ap ag =
i<j

ITTA-2 Since the statistical weights of vortex configurations and of the spin waves 0, factorize, it is
clear that the partition function factorizes as Z = Z;, X Zyortex. INext we rewrite S’\(,Omx in term of
lattice cut-off a: this amounts to replace ag by a in the log’s and to add the term —2n7x log(-).

The vortex gas partition function is then

11 . - (2n)

-y [ @t [] @ay) eSSty =5

Zvortex_ *'X*'X/( d{E] d(ljj t [J J]’
n>0 Jj=1 j=1

1

-1 comes from the indistinguishability of the vortices of given charge. This

where the factor % X
proves the claim.
ITTA-3 Since (p(2)p(0)) = —= log (Jz — y|/a) (w.r.t the Gaussian theory with action S [yp] =
2 [ d*x(Vp)?), we get the result.

IMTA-4 W.rt S, [¢], the operator cos(2my) has scaling dimension wx. It is relevant (in dimension
D = 2) for 7k < 2 and irrelevant for mx > 2.

The operator (Vi)? has dimension 2 and it is marginal. Its RG behaviour depends on the details of
the perturbation. If this is only perturbing operator, it is exactly marginal. If (V)? is accompanied
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N

Figure 10: The XY RG flow.

with other perturbing operators, then it may be relevant or irrelevant depending on the OPE
structure.

ITTA-5 We expand the sine-Gordon partition function is Taylor series in p. By charge conservation,
only the even terms in the expansion are non-vanishing. Hence,

2n

Zio = S G ([ [ dzeostzma)] s

where the expectations are computed using the Gaussian action S,. In these expectations, only
the charge neutral combinations contribute. The terms of order 2n involve n operators et?™,
with charge +, and n operators e *>™¥, with charge —. Integrating over the positions of these
charges and taking into account the combinatorial factor (corresponding to choose n amongst 2n)
we get

(2u)*" (20 1 T oo tizrp(zt) —i2np(zT)
ZSG:Z (Qn)' n 2% (Hd xjd.’L'j)<H€ #( i’e #( J >Sh
n J

j=1

This proves the result.

ITIB- The XY field theory: The renormalization group analysis

IIIB-1 We now study the renormalization group flow of the action Ssg for k close to
the critical value k. = 2/7. We let k=1 = k! — 0k and write

Ssclp] = Se.[] - / d%[%(&i)(vw)? + 2p cos(2mp)

Show that, to lowest order, the renormalization group equations for the coupling con-
stants dx and p are of the following form:

(6K) = 00y (6K) = bp*+ -
fr="L0p = a(OKk)p+---

with ¢ and b some positive numerical constants.
Hint: Tt may be useful to first evaluate the OPE of the fields (V)? and cos(2m).
ITIB-2 We redefine the coupling constants and set X = a(6x) and Y = vaby such
that the RG equations now reads X=Y2andY = XVY.
Show that Y2 — X? is an invariant of this RG flow.
Draw the RG flow lines in the upper half plane Y > 0 near the origin.
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IT1IB-3 We look at the flow with initial condition X; < 0 and Y7.
Show that if YI2 — X% < 0 and X7 < 0, then the flow converges toward a point on the line
Y =0.
Deduce that for such initial condition the long distance theory is critical. Compare with
section I-B.

I1IB-4 Show that if YI2 — X12 > 0 and Xj < 0, the flow drives X and Y to large values.
Let Y? = Y12 — X12 with Yy > 0. Show that the solution of the RG equations are

log (5) = ;O[arctan (X;f)) — arctan ();01)]

IIIB-5 The initial condition X; and Y7 are smooth functions of the temperature 17" of
the XY model. The critical temperature T, is such that X; + Y; = 0. We take the initial
condition to be near the critical line X; + Y7 = 0 with X; < 0. We let X; = —Y;(1 4+ 7)
in which 7 < 1 is interpreted at the distance from the critical temperature: 7 o< (7' — T¢).
For 7 > 0, we define the correlation length as the length ¢ at which X (¢) is of order 1.
Why is this a good definition?

Show that
€/a ~ const. ¢©t/VT

Correction :

ITIB-1 W.r.t to S, both operators (V)2 and cos(2m) are marginal. To lowest order the beta-
functions are given by the OPE coefficients. These OPE are of the form:

(Vp)? x cos(2mp) = cos(27myp) + irrelevant
cos(2mp) x cos(2mp) = (V)? + irrelevant

This implies the structure of the beta-function given in the text. The coefficients are positive
because these OPE coefficients are positive (one also has to take into account the signs introduced
when defining the perturbed action).

IIIB-2 Y2 — X2 is proved to be a constant of the RG flow by computing its derivative.

See the picture for a representation of the flow lines.

HIB-3 If Y7 — X? < 0 and X; < 0, the picture shows that the flow converges to the axis Y =
0. Alternatively, Y = XY implies that Y decreases until the flow reaches Y = 0 with X =
/X2 -Y?

The large distance behaviour is critical because the theory at Y = 0 is a massless Gaussian theory
which is critical. It corresponds to the low temperature phase of the XY model discussed in section
IB.

HIB-4 If Y2 — X? > 0 and X; < 0, the picture shows that the flow drives X and Y to large values
(along the curve Y2 — X2 = const).

Using the fact that Y2 — X2 = Y is an invariant of the RG flow, the latter can be written as
X = Y+ X2, or alternatively % = % The solution given in the text is checked by computing
its ¢ derivative (using that d arctanz = dz /(22 + 1).

IIIB-5 For X; < 0 and X; = —Y;(1 +7), we get Yy = Y727, and Yy — 0 as 7 — 0. At the
length scale ¢ = £ the correlation length, X () is of order one, as is its initial value X, and thus
X(0)/Yy — oo and X1/Yy — —o0 as 7 — 0. Hence, from the explicit solution above we get

log(¢/a) = /Yy = (n/Yr) x (1/V/27),
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as claimed in the text.
The correlation diverges as & ~ e°***/VT=Tc pear the transition. The transition is of infinite order.
This is the Kosterlitz-Thouless (KT) transition.
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