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We show experimentally that, contrary to ordinary fluids, low Mach number granular pipe flows are linearly
unstable toward the emission of acoustic waves. Exponential amplification of the waves propagating in the
direction opposite to the flow is directly demonstrated. We relate the observed instability to the friction of the
grains on the pipe, which pumps energy from the mean flow to coherent elastic waves. We show that the most
amplified wavelength is proportional to the ratio of the tube radius to the friction coefficient.
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I. INTRODUCTION

In standard fluid dynamics, the compressibility of viscous
liquids is usually neglected when the flow velocity is much
smaller than the speed of sound. However, the incompress-
ibility condition is violated when the viscosity strongly in-
creases with pressure �1�, a characteristic optimally verified
by cohesionless granular assemblies �2–4�. A phenomenon
reported several times in the literature �5–7� provides a strik-
ing illustration of the possible coupling, at low Mach num-
ber, between mean flow and elastic deformations: contrary to
an ordinary fluid flowing in a pipe, a loud sound is emitted
during the discharge of a smooth silo filled with grain. Both
the dynamic mechanism and the frequency selection have
remained unexplained up to now. Based on the literature, one
may invoke different possible sources of spontaneous vibra-
tions. Resonant standing modes could be excited by the flow
inside the granular column �5,7�. The hysteresis of friction
could lead to a stick-slip motion �5,6�. Dynamical arching at
the outlet �8� could be responsible for flow beating. The in-
teraction between air and grains �9� could make the flow
unsteady. A similar phenomenon was recently observed in
microfluidic pipe flows of concentrated colloidal suspensions
�10� and interpreted in terms of solvent permeation and ef-
fect of the confinement on shear thickening. Here, we pro-
pose an alternative explanation based on the amplification of
acoustic waves by friction �11–13� that is supported by both
experimental and theoretical results. We show that such a
granular pipe flow presents a convective instability leading
to exponentially growing acoustic waves and ultimately to
nonlinear traveling waves.

II. EXPERIMENTAL SETUP

A. Experimental protocol

We have performed systematic experiments using 2 m
long Polymethyl methacrylate �PMMA� tubes of radius R,
ranging from 10 to 100 mm, to generate gravity driven ho-
mogeneous granular flows �see the schematic in Fig. 1�a��.
Thanks to the wall friction, the pressure and density fields
are homogeneous, except in the vicinity of the outlet and of
the free surface �14,15�. The setup presents significant differ-
ences with those previously used to study booming silos
�5,6�. It is conceived to avoid spurious resonances due to the
coupling with other parts of the system: the tube does not

rest on springs but is rigidly fixed to the laboratory wall and
is filled continuously with granular material by a loading
hopper during the entire experiment. Contrarily to �9�, there
is no air pressure difference across the silo. In that case, the
experiment does not present any “ticking hourglass” effect,
characterized by a frequency and a propagation speed two
orders of magnitude lower than those measured in our ex-
periment.

We use quartz sand grains of diameter d=165�20 �m
�from the mega-barchans of Sidi-Aghfinir, Atlantic Sahara;
see the granulometry in �16�� and d=325�45 �m �from the
Pyla dune, Landes; see the granulometry in Fig. 1�b��. In
both cases, the sand is of Aeolian origin and has been sieved
by the wind. The size distribution is sufficiently narrow �Fig.
1�b�� to avoid segregation in the experiment and the grains
are rounded, due to the numerous collisions during the trans-
port in saltation.
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FIG. 1. �Color online� �a� Experimental setup. �b� Grain size
distribution of Pyla silica sand: probability density function,
weighted in mass, of the logarithm of the sand grain size d. The
dotted line parabola is the best fit by a log-normal distribution,
which gives the mean grain size, d=325 �m, with a 5 �m uncer-
tainty. �c� Relation between the output flow-rate �R2u0 and the
outlet diameter b, measured for different tube radius: R=8 mm
���, R=16 mm ���, R=20 mm ���, R=27 mm ���, R
=41 mm ���, R=41 mm ��� and R=46 mm ���. The solid line is
the best fit by the Beverloo law �Eq. �1��.
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B. Mean flow characteristics

In order to control the mean flow velocity u0, the bottom
end of the tube is fitted by a PVC plug in which a cylindrical
outlet is reamed. The hole diameter b is varied from 20d to
1.5R. As shown in Fig. 1�c�, the velocity u0 is selected by b
according to the Beverloo law �17�,

�R2u0 � 0.5g1/2b5/2, �1�

and ranges from 1.5 to 150 mm s−1. We have checked with
scales that the output flow rate is not pulsed. The mean flow
velocity u0 is measured using three independent techniques:

�i� a colored intruder is introduced and the time taken to
cross the silo is measured with a chronometer; �ii� after mea-
surement, the silo is emptied and the sand level is measured
as a function of time; �iii� the induction of a centimeter-scale
magnet embedded in the sand into a coil wire-wound around
the tube is analyzed �see Fig. 2�.

These techniques give the same value of u0 within error
bars. Moreover, the motion of the grains touching the silo
boundary is observed with a fast video camera �1000 images/
s�. The space-time diagram of Fig. 5�a� shows that the grains
move downward with a velocity modulated around an aver-
age equal to u0, within measurement errors. Moreover, visu-
alizing the granular free surface from the top of the silo, we
could not detect any radial grain motion. We thus conclude
that the mean velocity field is homogeneous in the section of
the tube. This shear localization at the boundary originates
from the fact that the interparticle effective friction is larger
than that between the grains and the boundary.

C. Vibration measurement

During the discharge of the silo, coherent seismic waves
are spontaneously emitted. As granular material is heterog-
enous, it is important to use acoustic transducers much larger
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FIG. 2. Methods �a–c� Measurement of vibrations using a centimeter-scale alnico magnet embedded in the sand, on the axis of the silo.
The raw signal recorded is the electromotive force e=− d�

dt induced in a coil wire-wound around the tube. �, the magnetic flux, is a function
of the distance between the magnet and the coil. The magnet velocity signal reads dz

dt =−e / d�
dz , where d�

dz is expressed as a function of � using
a calibration signal. � is itself determined by integration of e. The signal cannot be used when the magnet is far from the coil, or right at
its center. �a� Calibration signal recorded by induction of a magnet moving at a constant controlled velocity. �b� Signal obtained during a
discharge. �c� Corresponding magnet velocity signal. �d–f� Comparison of the velocity signal measured with two independent methods. �d�
Accelerometer signal. �e� Velocity signal measured by integrating the accelerometer signal. The constant of integration is fixed at u0. �f�
Velocity signal measured using the magnet technique. �g–h� Correlation of pressure signals. �g� Three pressure signals recorded simulta-
neously. The signal in dotted line is measured at 33 cm above that in solid line and the signal in dashed line at 39 cm above that in blue. �h�
Correlation of the three signals with the signal in solid line. The autocorrelation �solid line� gives the frequency fm. The two cross-
correlations �dotted and dashed lines� give the propagation time and thus the wave-speed c. The combination of the two measurements give
the wave-number km.
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than the grain size d, but smaller than the wavelength �
�18,19�. Indeed, the relative amplitude of the coherent effec-
tive medium response and of the multiscattered wave is di-
rectly proportional to the number of grains in contact with
the transducer. We have used centimeter-scale sensors, which
are in contact with �104 grains. By comparison, in our series
of experiments, the acoustic wavelength lies between 10 cm
and 1 m.

The grain velocity fluctuations have been measured with
three independent techniques:

�i� the magnet technique described above �see Fig. 2�.
�ii� The signals of Bruel and Kjaer accelerometers of di-

ameter 13 mm embedded in the granular flow are integrated
in time �see Fig. 2�. These piezoelectric transducers have a
high sensitivity �500 mV / �m s−2�� and a high resolution of a
fraction of nanometer at 100 Hz. Although the density of the
transducers �7500 km /m3� is higher than that of silica
�2650 km /m3�, no significant relative motion with respect to
the grains is observed.

�iii� The grains touching the boundary are imaged with a
fast video camera. The velocity is then derived by cross-
correlation between images.

Figure 2 shows that the Lagrangian signals obtained using
an accelerometer and the induction of a magnet are very
similar.

To perform the systematic experiments, we have fitted
four piezoelectric sensors within the silo boundary �Fig. 1�.
In comparison to the accelerometers, they do not disturb the
flow, but they are noisier and they do not have a flat fre-
quency response �see Fig. 2�. We have not used these signals
to get information on the shape of the signal but to measure
the frequency fm, the wave-speed c and the wave-number
km=2�fm /c. We will detail below the procedure used to
measure these quantities from the signal correlation func-
tions.

III. CONVECTIVE LINEAR INSTABILITY

A. Upward seismic wave propagation

The different signals �acceleration, velocity, and pressure�
recorded during the discharge of the silo show that granular
matter vibrates periodically in time. Figure 3 shows typical
signals measured using accelerometers. Just above the outlet,
the signals are essentially low amplitude noises characterized
by a broadband spectrum �Fig. 4�. As a consequence, the
vibration is not due to the dynamics close to the constriction
used to control the flow rate. In other words, the acoustic
emission does not result from dynamical arching at the outlet
�8�. The region immediately above the outlet plays the role
of a white noise source in the system. At a few tube diam-
eters above the outlet, one observes the emergence of elastic
waves at a well defined frequency fm �Fig. 3�a��. By defini-
tion, fm is the inverse of the period, which is determined
from the first maximum of the correlation function �a�t�a�t
+��� �Fig. 4�. As the signals are quasiperiodic, this is much
more precise than a measurement based on Fourier trans-
form. The frequency is found to be constant over the whole
tube. Moreover, it is independent of the length of the silo, so
that the hypothesis of resonant standing modes can be re-

jected. The emitted frequency fm does not depend strongly
on the flow rate and on the tube radius and ranges from 60 to
90 Hz.

To characterize the propagation of these seismic waves,
we have measured simultaneously the velocities of two mag-
nets separated vertically by a distance z �see Fig. 2�. From
the maximum of the cross-correlation between the induction
signals, one determines the time-lag t of an event followed
between the two transducers. The silo is discharged using the
same conditions for different values of z. The resulting curve
between space and time, shown in Fig. 5�b�, is linear. It
shows that the spontaneous vibration is associated with
propagative seismic waves. Moreover, these waves propa-
gate exclusively in the direction opposite to the flow. The
phenomenon is thus associated with a breaking of the sym-
metry between downward and upward propagation.

The slope of the curve z�t� gives the propagation speed c.
Like the frequency, c does not depend on the altitude in the
silo, within error. To measure c systematically as a function
of the flow rate and of the tube radius, we have used the
signals received by the four pressure transducers arranged
along the silo. Their phases, determined by cross-correlation,
always point to waves propagating in the direction opposite
to the flow �Fig. 5�b��; no wave propagating upward in the
silo has ever been observed. The wave velocity c is much
larger than u0 and ranges from 20 to 70 m/s when the tube
radius and thus the pressure is varied. As expected for pres-
sures on the order of 104 Pa, the wave speed c is much lower
than that observed in a block of quartz �5600 m/s�. This is a
direct consequence of the contact geometry between grains,
which leads to a low stiffness. The order of magnitude of c is
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for a linear instability, the signals present a well defined frequency
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the upper part of the tube, in the fully developed nonlinear regime.
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consistent with that obtained when measuring the propaga-
tion of sound at the surface of a static granular layer �19�.

B. Exponential amplification of seismic waves

Looking at the evolution of the signals from the outlet to
the top of the tube, one observes a progressive increase of the
peak to peak signal amplitude. As shown in Fig. 4, the wave
amplitude A is measured using the autocorrelation function
of the acceleration signal,

A = 	�2a�t�a�t + 1/fm�� .

Note by contrast that the root mean square amplitude
	�2a�t�2� mixes the coherent signal and the residual noise
and thus leads to a biased estimate of the amplitude. As for
fm, measurements of A based on Fourier transform would be
much less accurate than the correlation technique. Figure 6

shows that A increases exponentially with height and satu-
rates at a value A�, on the order of the gravity acceleration
constant g. From a symmetry argument, one can write a
Ginzburg-Landau equation of the form,

�A
�z

= − qmA
1 −
A2

A�
2 � , �2�

where qm is the space amplification. The A3 term encodes
the effect of the first nonlinearities. The solution of this equa-
tion takes the form,

A =
A�

	1 + 	 exp�2qmz�
, �3�

where 	 reflects the noise level at the output. Figure 6 shows
that it nicely fits the amplitude measured experimentally.

In the upper part of the tube, the signals progressively
distort, a phenomenon associated with the emergence of har-
monics in the Fourier spectrum �Fig. 4�b��. These features,
together with the saturation of the signal amplitude, are char-
acteristic of nonlinear acoustic effects. As shown in Fig. 3�b�,
the acoustic waves tend to form shocks. The vertical axis z
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is, by convention, oriented downward. The velocity u shown
in Fig. 3�b� is thus positive, with an average value equal to
u0. Most of the time, the grains are accelerated downward
with an acceleration on the order of g. This period of time
during which the granular medium is decompressed is fol-
lowed by a strong deceleration �a
0� after which the grains
come to rest. This sequence is characteristic of stop and go
waves. This is confirmed by direct visualization of the space-
time diagram of Fig. 5�a�.

C. Convective linear instability

The exponential amplification, together with the upward
propagation of unstable modes, is the signature of a convec-
tive linear instability �20�. To confirm this scenario, we have
analyzed the acceleration fluctuation spectrum at different
heights �Fig. 4�b��. In the bottom part of the tube i.e., in the
region of exponential amplification, a narrow range of fre-
quencies around fm is amplified. We have determined the
spatial growth rate q�f� of each mode by fitting the curves of
the Fourier amplitude as a function of space by an exponen-
tial. The dispersion relation q�f� is plotted in Fig. 7. It is
positive in a frequency band and presents a maximum that
nicely corresponds to the spontaneous emission frequency
fm. This confirms the scenario of a convective linear insta-
bility: the random fluctuations around the outlet are selec-
tively amplified around fm during wave propagation.

IV. AMPLIFICATION MECHANISM

A. Simple one-dimensional (1D) model

As the emitted wavelength is much larger than the tube
radius, the system can be thought of as a 1D compressible
system. This constitutes the so-called Janssen approximation
�21�. We introduce the density �, the velocity u and the axial
stress P, averaged over the section of the tube �Fig. 8�a��.
The continuity and momentum equations can be written un-
der the form,

�̇ + �
�u

�z
= 0 and �a = �u̇ = �g −

�P

�z
−

2�

R
P , �4�

where � is the product of the grain-tube friction coefficient
by the ratio of radial to axial stress. Due to the mean flow u0,
the local velocity is always downward so that the wall fric-
tion force is oriented upward �Fig. 8�. On the average, the
grain weight is balanced by this friction �Fig. 8�a��. At equi-
librium, in a long tube, the axial stress is thus a constant
controlled by the tube radius,

P0 =
�gR

2�
. �5�

As is standard for solids or liquids, we define the speed of
compression waves as

c0
2 =

�P

��
. �6�

Importantly, c0 may depend on the pressure P0. Note also
that this speed of sound is defined in the absence of friction,
from the constitutive relation P��� of the material. We denote
by �1, u1, and P1 the disturbances of density, velocity, and
axial stress associated to the waves. We consider the limit of
a low Mach number �M=u0 /c0�1�, for which convection
can be neglected: u̇��tu and �̇��t�. Note that this assump-
tion is not necessary in the reference frame of the moving
sand. The continuity equation, the dynamical equation and
the constitutive relation can then be linearized,

��1

�t
= − �0

�u1

�z
, �7�
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FIG. 7. Spatial growth rate q as a function of frequency f ���.
The square shows the value of qm determined from Fig. 6. The
emission frequency fm�75 Hz coincides with the maximum of the
growth rate. Same conditions as in Fig. 3.

(b) (c)(a)

FIG. 8. Schematic of the amplification of acoustic waves by
friction. �a� On average, the weight of the granular column is bal-
anced by the friction on the boundary of the silo. �b� During the
propagation of an acoustic wave in the column, the high pressure
regions areas submitted to a greater friction than the low-pressure
ones. For small wave amplitudes, the grain velocity remains ori-
ented downward so that the friction everywhere is oriented upward.
�c� This results into an unbalanced force that tends to compress the
grain region, noted �↑, between the high pressure and the low-
pressure regions immediately above. Due to inertia, this compres-
sion requires time, during which the wave propagates. If the wave
propagates upward, the high pressures are reinforced by friction and
low pressures are lowered, amplifying the acoustic wave.
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�0
�u1

�t
= �1g −

�P1

�z
−

2�

R
P1, �8�

P1 = c0
2�1. �9�

This equation set can be rewritten as a wave equation for any
of the three variables,

�2u1

�t2 = c0
2� �2u1

�z2 +
2

�

�u1

�z
 . �10�

where the length � is given by

� = 
�

R
−

g

2c0
2�−1

�
R

�
. �11�

In this expression, the gravity term is negligible when the
tube radius is much smaller than, typically, 10 m. When �
tends to infinity, one recovers the standard Helmoltz equa-
tion: acoustic waves can propagate in both directions at the
velocity c0. The unusual term in �−1 is due to friction and
breaks the symmetry between upward and downward propa-
gation. It is nonconservative and operates in quadrature with
respect to the restoring force. We will see that this term is
responsible for the instability.

B. Dispersion relation

As the steady state is homogeneous in space and time, the
solutions of the linearized equations are superpositions of
Fourier modes of the form exp�j�t+kz��, where both  and
k can a priori be complex. The dispersion relation takes the
form,

2 = c0
2
k2 − j

2

�
k� . �12�

As we look for the existence of propagative modes growing
in space �20�, we consider a real frequency  and a complex
wave-number k=�+ jq. �=2� /� is the real wave number
and q the space growth rate. We aim to determine if a seis-
mic wave at the frequency  amplifies or not during its
propagation. The dispersion relation simplifies into,

q =
1

�
and � = �	2

c0
2 −

1

�2 . �13�

The wave propagating upward in the tube ���0� are thus
amplified exponentially �q�0� over a length �. This disper-
sion relation predicts that all the unstable modes are propa-
gating upward in the tube. The instability is thus convective.
Moreover, there exists a critical frequency c0 /� below which
the waves do not propagate at all.

Let us reformulate this result in terms of qualitative dy-
namic mechanisms. Consider an elastic wave. A high pres-
sure region results in friction larger than average so that it is
accelerated upward �Fig. 8�b��. Conversely, the low-pressure
region immediately above it is accelerated downward. The
region in between therefore gets compressed �Fig. 8�c��. Due
to inertia, there is a time delay between the application of the
friction forces and the resulting compression, during which

the wave propagates. Considering a pressure wave propagat-
ing downward the tube, compression takes place in the low-
pressure region and leads to a spatial attenuation. Con-
versely, for upward propagating waves, the compression
reinforces the high pressure, which results in acoustic ampli-
fication. This constitutes a very robust amplification mecha-
nism, insensitive to the details in the modeling equations.
The key point lies in the polarization of the friction force.
When one emits a wave in a static silo, the friction is every-
where opposed to the velocity of the grains at the boundary.
The wave is thus attenuated. If one adds a mean downward
velocity, the friction force remains orientated upward as long
as the wave does not reach an amplitude such that the grains
locally move up. The friction then becomes a source of
acoustic amplification.

C. Wavelength selection

If the wall friction is responsible for wave amplification, it
does not explain the observed wavelength selection. Indeed
all the frequencies above c0 /� are equally amplified by fric-
tion. Wave damping is the most obvious mechanism missing
in the previous description. This dissipation is mostly local-
ized in the region of contact between grains and can result
from either the viscoelasticity of microcontacts, the linear
viscous loss due to liquid films trapped in grain surface as-
perities, or to solid friction �22,23�. For the sake of simplic-
ity, we introduce a constant bulk viscosity � in the constitu-
tive relation written at the linear order, which modifies into

P1 = c0
2�1 + �

��1

�t
. �14�

We consider again a Fourier mode of the form exp�j�t
+kz��. The constitutive relation then gives

P1 = �c0
2 + �j��1. �15�

Neglecting the gravity term, the mass and momentum con-
servation Eqs. �7� and �8� lead to the relations,

j�1 = − �0jku1, �16�

�0ju1 = − 
 jk +
2

�
�P1. �17�

Altogether, we obtain the modified dispersion relation,

2

c0
2 + j�

= k2 − j
2

�
k . �18�

We now make the equations dimensionless. The typical
length-scale is �; the typical time scale is � /c0. We define the

dimensionless wave-number k̃=k� and the dimensionless
frequency ̃= �

c0
. There is a single nondimensional number,

the quality factor Q built by making � nondimensional using
the speed of sound c0 and the length-scale �,

Q =
c0�

�
. �19�

The dispersion relation can then be rewritten as
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̃2

1 + jQ−1̃
= k̃2 − 2jk̃ . �20�

As before, we consider a real frequency ̃ and a complex

wave number k̃= �̃+ jq̃. The dispersion relation can be ex-
pressed by two coupled equations that can be easily solved,

�̃2 − q̃2 + 2q̃ =
̃2

1 + Q−2̃2 , �21�

q̃ = 1 −
̃3

2Q�̃�1 + Q−2̃2�
. �22�

Figure 9 shows the relation between the growth rate and
the frequency for different quality factors. One observes that
the introduction of acoustic dissipation allows the theoretical
recovery of frequency selection. Surprisingly, the frequency
and the wavelength selected do not depend strongly on the
quality factor, when the latter is larger than one.

At low ̃, both the growth rate q̃ and the wave-number k̃
tend to 0. In the limit of large Q, the second equation leads
to the asymptotic behavior �̃� ̃3 / �2Q�. Then, the first
equation gives: q̃�2 /2. In the limit where the damping can
be neglected �Q=��, one recovers the existence of a thresh-
old frequency below which the waves do not propagate.

Still in the limit of large Q, at large ̃, one recovers the

undisturbed dispersion relation k̃� ̃. The second equation
then gives q̃�1−2 / �2Q�. As the acoustic damping is more
efficient at large wavelength, it leads to a decrease of the
growth rate q̃ with ̃.

The maximum growth rate is thus selected on one side by
the forbidden band of frequencies and on the other side by
attenuation of large frequencies. In the limit of large Q, the
frequency, the wavelength and the growth rate selected are
independent of Q and read

qm =
1

�
, �m =

1
	2�

,  =	3

2

c0

�
. �23�

V. PARAMETRIC STUDY OF THE INSTABILITY

We have seen that the minimal model derived under the
Janssen approximation predicts a convective instability, with
a selective amplification of upward propagating waves �Fig.

5� and a dispersion relation resembling that observed experi-
mentally �Figs. 7 and 9�. We emphasize that this model is not
supposed to describe the instability in all its details, but to
point to robust dynamic mechanisms. In the model, the de-
stabilizing mechanism is the wall friction; the stabilizing one
is acoustic damping. To validate the origin of the instability,
two predictions can be tested experimentally: the effect of
the friction coefficient between the grain and the wall on the
instability and the proportionality of the selected wavelength
on the tube radius.

A. Influence of the friction coefficient

To perform the first of these two tests, we have changed
the friction coefficient between the tube and the grains, with-
out changing any other parameter in the system. We have
coated a tube with polytetrafluoroethylene �PTFE�. When
used as a lubricant, PTFE, which is most well known by the
DuPont brand name Teflon, reduces friction, wear and en-
ergy consumption at the contact between solids.

To measure the friction coefficient between grains and
PMMA, we have progressively inclined a tube in which a
small sand puddle is settled. The angle at which the sand
material starts flowing coherently is measured within a de-
gree. For the interface between pyla sand and PMMA, we
find a static friction coefficient �s=0.48�0.03. Once the
tube is coated with PTFE, the static friction coefficient of
sand is reduced by a factor of two: �s=0.23�0.05. Figure
10 shows that the acoustic emission obtained is very
strongly affected by the PTFE coating: the vibration ampli-
tude is reduced by a factor of ten. The sound power emitted
in the air by the vibration of the free surface is reduced
by two orders of magnitude so that it can no longer be heard.
A first qualitative conclusion can be reached: when the fric-
tion is decreased without changing either the grains or their
flow rate nor the acoustic properties of the silo, the instability
is strongly reduced. More quantitatively, the amplification
rate observed with the PTFE coating �q=3.2�1 m−1� is
reduced by a factor of 2, when compared to the reference
case �q=7.3�1 m−1�. We have also used smooth spherical
silica beads flowing in a noncoated tube, with the same
physical properties as the pyla sand except their shape
��s=0.34�0.03�. Figure 10 shows the frequencies fm ob-
tained in these three cases: fm�76�3 Hz for sand on
PMMA, fm�51�5 Hz for glass beads on PMMA and fm
�33�5 Hz for sand on PTFE. In conclusion, the emitted
frequency fm increases with coefficient of friction between
the grains and the tube, as predicted by the model.

B. Wavelength scaling law

Figure 11 shows the relation between the measured wave-
length �m and the tube radius R for comparable friction co-
efficients. As predicted by the model, �m is proportional to R.
Figure 12 shows the wave number rescaled by the tube ra-
dius kmR. Although scattered, the values of kmR coincides
with � /	2 �between 0.2 to 0.3� within uncertainties. Beyond
the scaling law, we thus have semiquantitative agreement
with the prediction of the wavelength of maximum amplifi-
cation.

1

0.8

0.6

0.4

0.2

0
3210

FIG. 9. Theoretical dispersion relation: nondimensional growth
rate q̃ as a function of ̃ for different quality factors Q.
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To go further in the comparison between model and ex-
periment, one needs to calibrate the dependance of the fric-
tion coefficient � with the flow velocity u0. In previous stud-
ies �14,15�, this measurement has been performed using a
strain gauge sensor mounted on a piston which is kept at a
distance from the tube larger than 0 but smaller than �d /3.
With grains of few hundred microns and velocities up to 10
cm/s, we were unable to build such a calibration apparatus.
Thus, we examine our results using the curves ��u0� pub-
lished in the literature for grains larger than a millimeter. It
has been systematically observed by �14,15� that � increases
as the logarithm of the velocity �Fig. 12�b��. We also observe
in Fig. 11�a� a trend of kmR to increase slowly with the loga-
rithm of u0 /d. In conclusion, we have shown that �m is pro-
portional to R as expected, and that kmR is consistent with
� /	2. Further work is needed to clarify the origin of the
dependence with respect to the flow velocity. Figure 13 re-
ports measurements of the frequency fm and of the wave-
speed c. While the simplest mean field calculation �24� leads

to c= /k�R1/6, our measurements show a much faster in-
crease with R �Fig. 13�b�� that remains unexplained.

VI. CONCLUSION

In conclusion, our experiment has allowed us to establish
several facts concerning the instability of a granular pipe
flow:

�i� the spontaneous emergence of vibrations is related to
elastic waves which propagate exclusively upward, in the
direction opposite to the flow; �ii� these waves are amplified
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FIG. 10. �Color online� Influence of friction on the spatial
growth of the vibration amplitude. �a� Autocorrelation of the accel-
erometer signal at z=0.5 m, for a tube radius R=27 mm and a
mean velocity u0=39 mm /s. The solid line shows the reference
case �Pyla silica sand�. When the friction between the grains and the
silo is reduced, either by using silica beads �dotted line� or by
coating the silo with polytetrafluoroethylene �PTFE� �dashed red
line� the frequency fm decreases. �b� Amplitude of the acceleration
signal as a function of depth, with �solid line� and without �dashed
red line� coating the silo with polytetrafluoroethylene �PTFE�. The
tube radius is R=27 mm and the mean velocity u0=39 mm /s.
When the friction is decreased, without any other change, the am-
plification rate �dotted line� and the frequency get strongly reduced
�by a factor between 2 and 2.5�.
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FIG. 11. Measured wavelength �m as a function of the
tube radius R, for u0 /d=100�20 s−1. Black: d=165 �m. White:
d=325 �m.
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Relation between the coefficient � and u /d obtained experimentally
by Bertho et al. �15� for glass beads flowing in a glass tube. The
data obtained for different grain size are represented: d=1.5 mm
���, d=2 mm ���, d=3 mm ��� and d=4 mm ���.
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exponentially in the course of their propagation; �iii� the fre-
quency selected corresponds to the most amplified mode of a
linear convective instability; �iv� the instability can be
strongly reduced by decreasing the friction between the
grains and the silo; �v� for a given friction, the wavelength
scales with the tube radius; �vi� the elastic waves tend to
form shocks and their amplitude saturates as they become
stop-and-go waves. This series of observations is consistent
with the robust dynamic mechanism exhibited here: friction
selectively amplifies waves propagating in the direction op-
posite to the flow. We have proposed a minimal model which
includes four basic ingredients:

�a� It takes into account compressibility, even though the
Mach number is small; otherwise, there would be no wave
�i�.

�b� The friction force exerted by the wall breaks the up/
down symmetry, since it is exerted in the direction opposite
to the total grain velocity; otherwise, one could not explain
the observed symmetry breaking �i�.

�c� The friction force increases with pressure; otherwise,
the waves would not be coupled to the mean flow and would
not be amplified �ii�.

�d� Elastic waves are damped; otherwise, no frequency
selection would occur �iii� and the nonlinear waves would
break �vi�.

Any other model verifying these properties would repro-
duce the set of observations �i-v�. The weakness of the mini-
mal model presented here lies in the Janssen assumption,
which should be replaced in future studies by a derivation of
normal modes in a full three-dimensional �3D� viscoelastic
continuous model �see for instance �13��. A second possible

improvement is the calibration of the mechanical properties
�elasticity, bulk damping, friction on the boundary� in the
vicinity of the jamming transition, for the sake of quantita-
tive comparison between model and experiment. Third, to
take into account nonlinearities, the increase of the speed of
sound with pressure will have to be taken into account. As
waves in high pressure zones propagate faster than in low-
pressure ones, the acoustic waves tend to form shocks and
the second viscosity prevents breaking. Surprisingly, we did
not observe significant changes of propagation speed be-
tween the linear and nonlinear regimes. A better space reso-
lution will be needed to quantify the dependence of the wave
speed on its amplitude.

Within a wider perspective, this paper illustrates a conse-
quence of the frictional behavior of granular matter, i.e., the
dependence of the deviatoric stresses on normal stresses.
Contrary to a constant viscosity liquid, elastic and plastic
modes of deformation are then coupled by pressure, even at
low Mach number, a property which leads to instabilities �1�.
The convective linear instability reported here can be asso-
ciated to two independent characteristics. First, acoustic
waves are guided along the tube. Second, acoustic waves
traveling parallel to the tube are amplified by friction. It has
been shown theoretically that elastic waves can be amplified
when they are reflected on a frictional interface �11,12�. One
thus expects a similar instability in all situations where an
elastic wave guide is bounded by a frictional interface. We
have recently shown that this is the principle of booming
avalanches �13�. Just like the system investigated here, we
have demonstrated that elastic waves propagating in the di-
rection opposite to the avalanche are selectively amplified in
space. The major difference lies in the wave guide geometry.
During the silo discharge, the granular flow is surrounded by
the cylindrical shear band, which acts as an amplifying
acoustic mirror. By contrast, a booming avalanche is sepa-
rated from the static part of the dune by a planar shear band
whereas the free surface acts as a simple reflector. The ex-
periment presented here can thus be thought of as a surrogate
of booming avalanche �25�.

Finally, we emphasize that the dynamic mechanism inves-
tigated here differs fundamentally from a passive resonator,
which accumulates energy because resonant modes are not
propagative. On the contrary, the dynamic mechanism evi-
dent here is a true amplification of guided propagative
modes, with the energy being pumped from gravity, driving
the flow, resulting in coherent acoustic energy.
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