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Solution of the unitary 3-body problem

ZRM r:=ri3—0

_ rn+n VY, r, ) o V7T 3 A(cir2) + O(r)
2 ~—

fixed €

fixed ry

2 3 3
—f—m Y ARV + > UF)V=EWV
=1 =1




Chapter 2| |Solution of the unitary 3-body problem

Ne=2,N =1 |V¥(r,rn,3) = =V(r,mn,03)
ZRM r:=ri3—0 1 1
P V(n,nnR) = ~— = | A(C:m) + Ofr
fixed € := r1%2—r3 ( L 72 3) r—0 r a ( 2) ( )
fixed r> =0
Isotropic harmonic trap:
T > > U(?)—lm 2 2
—5 ;AWWJF;UU;)W:EW =5 mw

(w=0 < free space)




Chapter 2| |Solution of the unitary 3-body problem

ZRM r:=ri3—0 1 1
P V(n,nnR) = ~— = | A(C:m) + Ofr
fixed T = L s ( b 72 3) r—0 ( r a ) ( 2) ( )
_ R 2 "~
fixed r =0
Isotropic harmonic trap:
h2 3 3 1 -
“5m ZA?{W+Z:U(r;)W:E\U U(r)=smuwr
=1 =1 (w=0 < free space)
Jacobi coordinates - —
r - r2
! *
7 xV3/2
> (7, n+ Fa,’) L2 7
2 V3 ¢F§




Chapter 2| |Solution of the unitary 3-body problem

ZRM r:=ri3—0 1 1
L, R+BV(Anp) = | -— - | Alcir)+ O(r)
fixed ¢ = r—0 r a
_ N 2 "~~~
fixed r =0
Isotropic harmonic trap:
hz 3 3 1 -
—5 ZA?,.\U—FZU(r;)\U:E\U U(7) = 5 mwsr
=1 =1 (w=0 & free space)
Jacobi coordinates N —
r]. y r2 - — — —> >
7 =Rn-n 4 (P2y)(7, %)= —v(7, p)
N 7 x\/3/2 .
3 <? o+ r3) y 2 7 where P> exchanges
-\ 27 A 4 particles 1 and 2
2 /3 e




Chapter 2

Solution of the unitary 3-body problem

ZRM r:=r3—0 ] ]
N . W — —> —> _ -+ - -
P (r1, r2, 13) = (r - ) A(C;r) + O(r)
R 2 ~—
fixed r =0

=1

3
_R Y ARV + > UF)V=EWV

(w=20

Isotropic harmonic trap:

u(r) = 5 mw? r

1

< free space)

Jacobi coordinates

>

— —
r —rn—n

(ISIZ w)(?v 3) — _w(?v 3)

where 1512 exchanges
particles 1 and 2




ZRM r:=r3—0 1 1
L, m+nV¥(n,rn) = | -—- - | A(SRr)+ O(r)
fixed ¢ = r—0 r a
_ - 2 ~—~
fixed r —
Isotropic harmonic trap:
hz > > — - 1 2 2
5 Y Arv + Y URV=EV  UFP)=gzmur
m 4 ;
=1 =1 (w=0 & free space)
Jacobi coordinates - =
r]. 2 - —> —> — —
7T =Rn-n 4 v (P2y)(r, p) =—v(T, p)
7 xV3/2 .
N ., n4+n 2 7 where P> exchanges
P = ("2 T T ) X _3 ) YR particles 1 and 2
¢r3
-~ - - — —> — =2
C:r1+r2+r3 w(rlar2ar3):¢(r7p)¢CM(C)




ZRM r:=rs3—0 1 1
> 2 U(rH.m.r) = - — - A(C:n) + O(r
¢y ntn Ve mn) = | - - (cirz) + O(r)
fixed r> =0
Isotropic harmonic trap:
hz > —> - 1 2 2
5 Y Arv + Y URV=EV  UFP)=gzmur
=1 =1 (w=0 < free space)
Jacobi coordinates - —
r]. y r2 o — — - —
7 =Rn-n 4 (P2y)(7,7)=—¢(7,p)
7 xV3/2 .
N (_) rn+ 73’) 2 7 where P> exchanges
p=\"n- X = 4 particles 1 and 2
2 V3 i
> 4P+ —> > — —> — 2
C:r1+r2+r3 w(rlar2ar3):¢(r7p)¢CM(C)




ZRM r:=r3—0 ] ]
o _ntr V(MR E) = | - - JAER)+ 0()
Ixed C = > r—0 r a
fixed r> =0
Isotropic harmonic trap:
hz 3 3 1 .
o ;AHW—I—;U(;';)\U:E\U U(r)zzmwr

(w=0 < free space)

Jacobi coordinates - —
r]. y r2 Al — — — —
7 =Rn-n 4 (P2y)(7,P) = —¥(7, 7)
7 xV3/2 .
N (_) rn+ 73’) 2 7 where P> exchanges
p=1\1n2= X = 4 particles 1 and 2
2 V3 *Fg
> 4P+ —> > — —> — 2
C:r1+r2+r3 w(rlar2ar3):¢(r7p) ¢CM(C)
WP.F) = — AF) + O(r)
r = — r
P r—0 r P
h? m w?
- (Br+ D)+ == (P ) = EY




Jacobi coordinates

r=rn—-n

N (a H+F3’)X 2

0o = | n— —
2 V3

7 xV3/2
v )
e

(ISIZ w)(?v 3) — _w(?a 3)

where I512 exchanges
particles 1 and 2

C =

—> —> —>
n+n+rnr

7)) vem(C)

—_—> —>» 1
v(r.p) =

—0

— A7) + o)

h2
T (Ar+Az)Y +

mw2

(P =Ey




Jacobi coordinates

r=n-n

N (;, H+F§)X 2
) = | n — —
! 2 V3

—>

n Y* Fg

t 7 x V3/2

X

4
s

(IS12 w)(?v 3) — _w(?a 3)

where I512 exchanges
particles 1 and 2

C =

— — —
rn-+nrn-+rnr

. 7) vem(C)

S 1
W(r,p) =

—0

— A7) + o)

h2
T (Ar+Az)Y +

mw2

(P =Ey




Jacobi coordinates - —
r]- Y* r2 A —> — - —
7=n-n 4 (P2y)(7,79) = —¢(7, p)
7 xV3/2 .
N (_} rn 4+ 73’) 2 7 where P> exchanges
p=1\n- X == 4 particles 1 and 2
2 /3 o
— — — —>
¢ _AtEtE W(R, 3, 7) = ¥(7. 7) dou(C)
WPB) = — AF) + Or)
r = — r
P r—0 r P
h? m w?
| —— (Br+ A7) + —— (P +p) = EY
Exactly

solvable!




Jacobi coordinates

WT.B) =, — AP) + o)

—0

h2

| —— (Br+85)Y + (PR = EY

OJ2

Exactly
solvable!

w(?a ﬁ) — (1 - Is12)X(ra ﬁ)

r 201 A N N
7 =R-n () _ %2 (Pr2y)(r, p)=—y(r,p)
po (roiaB) 2| A s e
e
¢ ArEtA V(7 73,73) =9(7. 7) bom(C)
1




Jacobi coordinates

>

— —
r— rI3—-—n

2

N (;, H+F3’)
p =\ rn—

3 A7
7 x \/3/2
X ° r
NG 4

(1512 U))(?a 1—0)) — _w(?a 1—0))

where P> exchanges

particles 1 and 2

— — —
Et_ rn-+nrn-+rnr

VW(R,5,R3) =07, B) bem(C)

W7 F)

—0

— A7) + o)

B2 m
| —— (A++ Az
- ( + p)w + 2

OJ2

(rP+p%) = E 9

Exactly
solvable!

w(?a ﬁ) — (1 - Is12)X(ra ﬁ)




Jacobi coordinates

—>

— —
r— rI3—-—n

N (;, H+F3’)
p =\ n -

7 xV3)2
2 r

(1512 U))(?a 1—0)) — _w(?a 1—0))

where P> exchanges

X = 4 particles 1 and 2
2 V3 ¢F§
c_n +n+n \U(FI, }’_2: F;) — q’/)(?, 'ﬁ) @DCM(C)
S o1 A7 o
W7 =+ AP + O
2 2
| L ar sy + B2 ) = E g
m 4
Exactly 2> >\ _ (1_p — >y xol(r,p) .
solvable! v(r.p) = ( 12)x(r, P) - x(r.7) = rp (P)

"w
|

‘c
|




Jacobi coordinates - —
r]_ > 4 r2 A - — - —
7=n-n 4 (P2y)(7,79) = —¢(7, p)
7 xV3/2 .
N (_} rn 4+ 73’) 2 7 where P> exchanges
p=\rn- X = 4 particles 1 and 2
2 V3 ¢F§
— — — —>
¢ iritn W(R, B, 7) = (7, 7) dem(C)
WF.F) = — AF) + Ofr)
r = — r
P r—0 r P

2 2
| —%(A?+Az)w+ (P4 M) = E

Exactly E—_— 5 — oy Xo(rP) ympa
solvable! v(r, p) = (1-Pr)x(r, p) x(r, p) = rp Y (D)

(r,p) — (R, @):| xo(r,p) = F(R) p(a)

.ﬁ
I
Py
v
>
e

e
|
Py
0
@)
0
Q




Jacobi coordinates - —
r]_ > 4 r2 A - — - —
7=n-n 4 (P2y)(7,79) = —¢(7, p)
7 xV3/2 .
N (_} rn 4+ 73’) 2 7 where P> exchanges
p=\"- X 4 particles 1 and 2
2 V3 ¢F§
— — — —>
¢ iritn W(R, B, 7) = (7, 7) dem(C)
WF.F) = — AF) + Ofr)
r = — r
P r—0 r P

2 2
| —%(A?+Az)w+ (P4 M) = E

Exactly E—_— 5 — oy Xo(rP) ympa
solvable! v(r, p) = (1-Pr)x(r, p) x(r, p) = rp Y (D)

(r,p) — (R, @):| xo(r,p) = F(R) p(a)

.ﬁ
I
Py
v
>
e

F(R) (1_ If‘)12) . QO(O() ng(ﬁ)

e
|
Py
0
@)
0
Q

= U(r.p) =

R2 sin o Cos v



o7B) = — AB) + O

—0

2 2
| _% (A7 +A07)Y + m:’ (rF+p) ¢ = E4

Dot | w75 = -Pax(r B ) = 2 v
(r,p) — (R.a)| xo(r,p) = F(R) p(a)
r = R sin« F(R) (a)

- - A Q my a
p = Rcosa = W(F.F) = o= (1-Pr) ———— ¥]())




o7 B) = — AB) + O

—0

(CC)

2 2
| (e np)e + TP Ay = Ey

(Schro)

D | w75 = - PP a7 = 22D v
(r,p) — (R, a): Xo(r,p) — F(R) (,0((1/)
r = R sin«a F(R) (o)

- — a @ m
p = Rcosa = v(rp) = R?2 (1= Pr) sinz COS A

5

)



W(7, 7) r 50 % A(p) + O(r) (CQ)

2 2 .
| " arragye + T2 ) = £ (Schro)

Exactl > A R R .
solvablﬁ! v(r,p) = (1= P2)x(r, p) x(r, p) = xo(r, p)

Y ()

rp

p = R cosa = (7. B) = F(R)

(1— Pio) () Ym(5)

R? Sin (v COS «v P




W7.F) = — AF) + O() (CC)

—0

2 2 .
| " arragye + T2 ) = £ (Schro)

Exactl - — A — — Xolr, my ~
solvabI):e! P(r,p) = (L=P2)x(r,p) x(r.7) = oEpP) Y (p)

(r,p) — (R,a):| xo(r,p) = F(R) ¥()
r = R sin«
p = R cosa =  Y(7,p)

_ F(R)

B (- p) 2Dy

Sin (¢ COS (v

(CC) #'(0) - % (-1)" (g) =0 @ (g) =0




W7.F) = — AF) + O() (CC)

2 2 .
| " arragye + T2 ) = £ (Schro)

Exactl > A R R .
solvablﬁ! v(r,p) = (1= P2)x(r, p) x(r, p) = xo(r, p)

Y ()

rp

p = Rcoso = W7 =

(1 Py A yms)

R2 sin (v Cos & P

(CC) ¢O - (' e(3)=0  o(5)=0 « ( Vanre )




W(7, 7) r 50 % A(p) + O(r) (CQ)

2 2 .
| " arragye + T2 ) = £ (Schro)

Exactl > A R R .
solvablﬁ! v(r,p) = (1= P2)x(r, p) x(r, p) = xo(r, p)

Y ()

rp

p = R cosa = (7. B) = F(R)

(1— Pio) () Ym(5)

R? Sin (v COS «v P

Y0 - FENe(3) =0 e(z) =0




W7.F) = — AF) + O() (CC)

—0

2 2 .
| " arragye + T2 ) = £ (Schro)

Exactl - — A — — Xolr, my ~
solvabI):e! P(r,p) = (L=P2)x(r,p) x(r.7) = oEpP) Y (p)

(r,p) — (R,a):| xo(r,p) = F(R) ¥()
r = R sin«
p = R cosa =  Y(7,p)

_ F(R)

B (- p) 2Dy

Sin (¢ COS (v

dO - D3 =0 o(7)=0

(Schro)

m R? 4

_F [F”(R) + = F’(R)] - (hz L R2> F(R) = EF(R)




(5) -

mw2

" R2> F(R) = E F(R)




O - Z=0e(3) =0 w(D)=0

12 K2 52 m w?

- [F”(R) 4 % F’(R)] + (mR2 + = Rz) F(R) = EF(R)




]

| ©'(0) —

A

V3

(—1)€¢(%)=0 gp( ):0

—¢"(a) +

(e+1)

cos? qv

pla) = s o(a)

h2

m

h2 52

—— [F”(R) + % F’(R)] + (mR2 +

mw
4

2
R2> F(R) = E F(R)




smallest solution:

Si—o = 2.166221977 . ..

(

A

GO - =(De(5) =0  ¢(5)=0

s* o(a)

PN
L
[

h2 52

—— [F”(R) + % F’(R)] + (mR2 +

mw
4

2

R2> F(R) = E F(R)




£=0] |¢(e)=sin|s (7 —a)] =1 [s_q = 1.772724267 ...

smallest solution: |s;—o = 2.166221977 ...

(| , 4 T ™\
GO - =(De(5) =0  ¢(5)=0
S| «<— «
o) + Y o) = 2 (o)

2 [F”(R) + % F’(R)] + (ff;z + mfz Rz) F(R) = EF(R)

m




smallest solution:

Si—o = 2.166221977 . ..

C=1| |sp—1 = 1.772724267 ...

(

1-body Schré. eq.

\

()=

fictitious particle
in 2D

, 4 T
F0) = = (1 e(3) =0
o) + Y o) = 2 (o)
h2
m

h2 52 m w?

D [F”(R) 1 % F’(R)] + (mR2 + = R2> F(R) = EF(R)




, T
t=0] |p(a)=sin [5 (2 - a)] (=1 |sp—q = 1.772724267 ...
ST 4 . /s
= scos(7) + % sin (F) =0
smallest solution: |s;—o = 2.166221977 ...
( / 4 14 ™y _ T o
GO - =(De(5) =0  ¢(5)=0
S| <—
o)+ D ) = & o
? cos? o
1-body Schré. eq. 2 2 2 2
fictitioilrjlsz%article —% [F”(R) + % F’(R)] - (Z;z m:) R2> F(R) = E F(R)

N— -

2D Laplacian




smallest solution:

Si—o = 2.166221977 . ..

C=1| |sp—1 = 1.772724267 ...

(

1-body Schrd. eq.

\

fictitious particle
in 2D

, 4 ™ ™\
GO - =(De(5) =0  ¢(5)=0
o) + Y o) = 2 (o)
[, 1 h? 52 mw? _, B
_E[F(R)+§F(R)]+(mm+ ; R)F(R)_EF(R)

N— -

2D Laplacian

U (F)




£=0] |¢(e)=sin|s (7 —a)] =1 [s_q = 1.772724267 ...

smallest solution: |s;—o = 2.166221977 ...

oo - 2 Cifn(T) = T _
S| «— «
~'(a) + XD ) = 2 ()
cos? o
1-body Schré. eq. 2 2 2 2
fictitioilrjlsz%article —% [F”(R) + % F’(R)] - (Z;z + m:) R2> F(R) = E F(R)
2D LaEIacian Ue;(R)

E = (s+14+29)hw| g=0,1,2...




£=0] o(a)=sin|s (5 ~a) (=1| [se—1 = 1772724267 . ..

2 V3 6
smallest solution: |s;—o = 2.166221977 ...

) - L (1 (5) =0 (W) =0

S| «— «
~'(a) + XD ) = 2 ()
cos? o
1-body Schré. eq. ;2 1 K2 &2 m w2
fictiti tice | —— [F"(R) + = F'(R R?) F(R) = EF(R
|C||oilr1132|c[))ar|ce m[ (R) + B ( )]+(mR2 + 1 ) (R) (R)
2D La;?lacian Ue;(R)

E = (s+14+29)hw| g=0,1,2...

ground state: £ =1, E = 2.7727 hw




R2> F(R) = E F(R)

g

1-body Schré. eq. ;2 1 K2 &2 m w2
fictitious particle | —— |F"(R — F(R
IIIiLrJ]ZIZ[)) — ()—I—R ()]+(mR2—|— 1
2D LaEIacian Ue;(R)
E = (s+1+2q)fw| g=01,2... |

ground state: £ =1, E = 2.7727 hw




1-body Schré. eq. A2 1 K2 g2 m w2
fictitious particle | —— |F"(R — F(R R’) F(R) = EF(R
us IR - R PR (g + e R (R = EF(R)
2D LaE)rIacian

E

(s+1+2q)hw| ¢g=0,1,2...

ground state: £ =1, E =2.7727 hw




1-body Schré. eq. A2 1 K2 &2 m w2
fictitious particle | —— |F(R — F(R
inz% m ()+R ()]+(mR2+ 4

R2> F(R) = E F(R)

N g N g

2D La;)rlacian Uef;r( R)

E = (s+1429)fw| ¢=0,1,2...

ground state: £ =1, E =2.7727 hw

Usit (R)

Free space: w =0

/1 = |
r




fictitious particle | —— [F"(R) + 1 F'(R)

1-body Schré. eq. A2 K2 &2 m w2
in 2D m R

N g

2D Laplacian

E = (s+1+29)hw| q=0,1,2...

ground state: £ =1, E =2.7727 hw

Free space: w =0

E=0:
F(R)=R°®

All this remains true for arbitrary N
Only values of s are different




1
fictitious particle | —— |F"(R) + = F'(R)

1-body Schré. eq. A2 K2 &2 m w2
in 2D m R

N g

2D Laplacian
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Chapter 2 Many-body physics:

some basic properties

Part 1: Unpolarized unitary gas

Equation of state

Experiments:

e MIT + correction(Heidelberg) [Ku et al., Science 335, 563 (2012); Ziirn et al., PRL 110, 135301 (2013)]:
€ =0.370(5)stat (8)sys

e USTC |[Li et al., Science 375, 528 (2022)]:

£ =0.367(9)
AFQMC [Carlson et al., PRA 84, 061602(R) (2011)]: & =0.372(5)
Variational calculations: ~ BCS ansatz: ¢ <0.59

Fixed-node QMC: £ <0.38  [Forbes et al., PRL 106, 235303 (2011)]

Finite T

4.0 o -
0 e MIT experiment
o # o | [Kuetal, Science 335, 563 (2012)]

Diagrammatic MC
[Van Houcke et al., Nat. Phys. 8, 366 (2012)]

[see also: Rossi et al., PRL 121, 130405 (2018)]

| Virial 3
[Liu et al., PRL 102, 160401 (2009)]
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Spectral function USTC [Li et al., Nature 626, 288 (2024)]
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Second sound MIT [Yan et al., Science 383, 629 (2024)]
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Part 2: Fermi polaron

[Vlietinck et al.,

PRB 87, 115133 (2013) ;
Prokof’ev & Svistunov,

I ' ' J‘ PRB 77, 020408(R) (2008)]

J_ [Chevy, PRA 74, 063628 (2006)]

1 | [Punketal,
PRA 80, 053605 (2009)]

Z = |{¢ol4h)|> # 0, polaron

E — Eo Polaron DiagMC *}
————— 0 Dimeron DiagMC
€EF Polaron Ansatz
Dimeron Ansatz <
-1
-2
3
-4
-5
-6
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
1
k;:a
non-interacting: | |1g) = c%¢ |F'S4) Eo

= 0, dimeron




Part 2: Fermi polaron

[Vlietinck et al.,
PRB 87, 115133 (2013) ;
1 | | | Prokof'ev & Svistunov,
E—E, Polaron Diaghtc }J‘ PRB 77, 020408(R) (2008)]
er . Dimeron DiagtC J_ [Chevy, PRA 74, 063628 (2006)]
Dimeron Ansatz (_ [Punk et al
PRA 80, 053605 (2009)]
a = oc: i
-0.61565(4)
[Rossi et al., PRB 101, 045134 (2020)] B
-5
-6 | | | | | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
1
kea 2
kra Z = [{¢ol)|” # 0, polaron

non-interacting: | |1g) = 5., |F'S4) Eo = 0,

dimeron




Part 3: Polarized gas

SF — normal phase transition : 15t order at low T
exp: MIT [Shin et al., Nature 451, 689 (2008)]
ENS [Nascimbene et al., Nature 463, 1057 (2010) ;
Navon et al., Science 328, 729 (2010)]

fixed-node QMC  [Pilati & Giorgini, PRL 100, 030401 (2008)]

unconventional SF phases:
p-wave

FFLO




Lecture 3

2-body and 3-body contacts



Lecture 3| |2-body and 3-body contacts

e S. Tan, Ann. Phys. 323, 2952 (2008); Ann. Phys. 323, 2971 (2008)
e with Y. Castin: Lect. Notes Phys. 836, 127 (2012); PRA 86, 013626 (2012)
e with X. Leyronas: C. R. Phys. 25, 179 (2024)



| Tan’s two-body contact |

(@ 7,0)) ~ —Z2 k) ~ 2 (o=1,])

r—0 (4mwr)? k—oo k4

 DiagMC [Rossi et al., PRL 121, 130406 (2018)] —&—

‘ unitary Fermi gas (ay = 00) ‘ 012 | Swinburne expt [1] —&—
MIT expt [2]

<[z, 0.1

~C

\ -

~ _
D!
0.08 | | ®
@ —

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
T /Ty

‘[1] Carcy, Hoinka, Lingham, Dyke, Kuhn, Hu, Vale, PRL 2019
[2]




NUMBER OF NEARBY PAIRS & TRIPLETS

Gedankenexperiment: Measure positions of | 1) and |{) atoms

_ nearby pair

_ nearby triplet




NUMBER OF NEARBY PAIRS & TRIPLETS

N5 (e) := number of pairs separated by r < € No(e) ~ Cy —

0 e—0 4?’[’
[Without interactions: N2( )(e) x € } [ Tan 2008 |




NUMBER OF NEARBY PAIRS & TRIPLETS

(CC): ¢Yx 1l/r for r—20

g

N5 (e) := number of pairs separated by r < € No(e) ~ Cy —

0 e—0 4?’[’
[Without interactions: N2( )(e) x € } [ Tan 2008 |



NUMBER OF NEARBY PAIRS & TRIPLETS

N5 (e) := number of pairs separated by r < € No(e) ~ Cy —

0 e—0 4?’[’
[Without interactions: N2( )(e) x € } [ Tan 2008 |




NUMBER OF NEARBY PAIRS & TRIPLETS

N3 (€) := number of pairs separated by r < € No(e) ~ Cy

0 e—0 4’}"('
[Without interactions: N2( )(e) x € } TTan 2008 |

Nj3(€) := number of triplets of hyperradius R < €

R—\/ (ri + i+ 1)




NUMBER OF NEARBY PAIRS & TRIPLETS

N3 (€) := number of pairs separated by r < € No(e) ~ Cy

0 e—0 4?’[’
[Without interactions: N2( )(e) x € } [ Tan 2008 |

Nj3(€) := number of triplets of hyperradius R < €




NUMBER OF NEARBY PAIRS & TRIPLETS

N3 (€) := number of pairs separated by r < € No(e) ~ Cy

0 e—0 4?’[’
[Without interactions: N2( )(e) x € } [ Tan 2008 |

Nj3(€) := number of triplets of hyperradius R < €

C3 = Cyq + C

2649 3 2,1 1,2

NB(G) ~ 03 € S+ —— —~—
e—0 T4 T4

s =s(2,1)

=1.7727...

short-range scaling law: 1 x RS2 for R — 0




NUMBER OF NEARBY PAIRS & TRIPLETS

N3 (€) := number of pairs separated by r < € No(e) ~ Cy

[Without interactions: Nz(o)(e) x € }

e—0

Nj3(€) := number of triplets of hyperradius R < €

N3 (€)

- 03 62S—|—2

e—0 |

s =s(2,1)

= 1.7727 ...

C3 = Ca1 + Ci2
"~ "~
T4 T

= 9.04545 . ..

without
(O

3, ferm

N©

3, distinguishable

interactions:

ions(e) X 68

6

(6) x €

471’

[ Tan 2008 ]




NUMBER OF NEARBY PAIRS & TRIPLETS

N5 (e) := number of pairs separated by r < €

[Without interactions: Nz(o)(e) x € }

Nj3(€) := number of triplets of hyperradius R < €

Na(e) ~ Cs 628i

Na(e) ~ O

e—0

C3 = Ca1 + Ci2
"~ "~

€e—0 ™M T
s =s(2,1) — 5.54545 . ..
= 1.7727 . ..
without interactions: BCS ansatz:
4
N§O)fermions(€) X 68 N3, BCS (6) X €
NS(O)dlstlngumhable(e) X 66 (Wrong)

471’

[ Tan 2008 ]




THREE-BODY LOSS RATE

a3 defined by:
ps 03

in the region {b L rij < lazl, Vi < j}




THREE-BODY LOSS RATE

a3 defined by:
ps 03

in the region {b L rij < lazl, Vi < j}

VQ (T) A
>
/‘b ] i FLQ
p— binding energy ~ -
bound
dimers




THREE-BODY LOSS RATE

a3 defined by:
RS as
Un(R) = (R RS)

in the region {b < r;; < |as|, Vi < 7}

Pm(£2)

o, .9
o

deeply

bound

dimers

—° %/

2

binding energy ~ -




THREE-BODY LOSS RATE

a3 defined by: .
s 43
6nl) = (1 2) s ont

in the region {b < r;; < |as|, Vi < 7}

o, {@ . /




THREE-BODY LOSS RATE

a3 defined by:
ps 03

in the region {b L rij < lazl, Vi < j}

o, {- . %/

h
[y ~ - 8s(s+1)Cs Imag

[ FW & X. Leyronas, C. R. Phys. 25, 179 (2024) ]



THREE-BODY LOSS RATE

as defined by: .
s 03
Un(R) = (R = 50 ) gy om()

in the region {b < r;; < |as|, Vi < 7}

e, .® %/'
T T
dN h
I ['s ~ ——8s(s+1)C5 Imas
dt i m
order of magnitude: _N/N ) [ Petrov et al.
as ~ H2S = er /T ~ (krb)™ <1 o) 93, 090404 (2004) |




THREE-BODY LOSS RATE

as defined by:
RS ~as

in the region {b L i L az|, Vi < 5}

L — 3T
dt 3

order of magnitude:
2
az ~~ b“®

m/

CS |ﬁnite—range — CS | zero—range




Derivation :

Gamov state:

X :=(rq, ... ,rN)

Hp(X) =

w(X) ~ outgoing (atom + deep-dimer) wave

r, — /S 43N-1g . % (4* Vx 1)
P(X) ng ( a3) R?
I
X Y ¢m() Bm(Ciry,...,TN)

Y(X), FeC




Cs In non-degenerate Iimit

[ X. Leyronas & FW,
In preparation |



Cs In non-degenerate Iimit

unitary Fermi gas (a2 = 00) Cs 1= Cs
Volume
Virial expansion ; ;2 2—s
solution of 3-body problem C3 = n kaT) X 4.5952892. ..

T s




Cs In non-degenerate Iimit

unitary Fermi gas (a2 = o0) C3 := Cs
Volume
Virial expansion ; ;2 2—s
solution of 3-body problem Cs CI R, knT X 4.5952892. ..
T 2s5+5
Tr G3
2.6
2.4
2.2
2.0
0 2 4 6 8 10
T | Tp




Cs In non-degenerate Iimit

unitary Fermi gas (a2 = o0) C3 := Cs
Volume
Virial expansion ; ;2 2—s
solution of 3-body problem Cs L knT X 4.5952892. ..
T 25+5
C3 = C3(—) N3
Tr G3
2.61
2.4
C X 1 2.21
3% @/Tr)2—3
_ 1 2.0-
(T/TF)0 2273 |
0 2 4 6 8 10
T/ Tr




Cs In non-degenerate Iimit

unitary Fermi gas (a2 = o0) C3 := Cs
Volume
Virial expansion ; ;2 2—s
solution of 3-body problem Cs L knT X 4.5552892 ...
T 25+5
Cy = — n 3
- (%) (3 | 7
2.61
2.41
C X 1 2.2
3% @/Tr)z—s
_ 1 2.0
(T/TF)0-2273 |
0 2 4 6 8 10
T /Ty




C; for the degenerate unitary gas

article in preparation
with

Carl Heintze, Philipp Lunt,

Macie] Gatka, Selim Jochim
Heidelberg

Kazuki Oi, Shimpei Endo
Tohoku / Tokyo

Doerte Blume
Oklahoma




Generalization

Iy = DO 4 ()

T T
ag ) £ ag )

(

h

Féﬁw = —— 8s(s+1) C’éﬁi) Ima
m
h

Féﬂi) = —— 8s(s+1) Oéﬁi) Ima

\ m

(t1)
3

()
3




Generalization oM 2 (T

( h
Pt = _ 2 gg(s 1) 05 T oMY

_ () (T44) m
P = 1 (s 1) 05 1 (M)

\ m

Determination of Im a{(}TN)




Generalization oM 2 (T

( h
Pt = _ 2 gg(s 1) 05 T oMY

_ () (T44) m
P = 1 (s 1) 05 1 (M)

\ m

Determination of Im a{(}TN)

3 atoms (11J), harmonic trap (wrad/w. = 6.773), as = oo, ground state




Generalization o £ ()

3

Bar
I, = P 4 PO . m
R _
() _
\ m

h
= —— 8s(s+1) O?N) Im aé”“

h
P (s 1) O T o)

Determination of Im agﬂ)

3 atoms (11J), harmonic trap (wrad/w. = 6.773), as = oo, ground state

Measure Fgm)

Compute C3 = C?ETN)

\

)

/

—> deduce Ima

(T14)
3




Generalization oM 2 (T

[ty B (+14) (+11)
[V = ——8s(s+1) C3' 7 Imag
I, = T 4 ped ) 'nh%
() _ - 85(5 + 1) CXH) T (1)

Determination of Im agﬂ)

3 atoms (11J), harmonic trap (wrad/w. = 6.773), as = oo, ground state

\

Measure Fgm)

Compute C3 = C‘éﬁ“

s — deduce Im agm)

/

Similarly: Measure ré”“, deduce Im aéﬂi)




Generalization agm) £ a(m

( h
P = R g(s 4 1) 00 o1

1) (t44) m
P = _ 8 gy 1) O ot

Determination of Im a,(TN)

3 atoms (11J), harmonic trap (wrad/w. = 6.773), as = oo, ground state

\

Measure F(TN)

s — deduce Ima(TT‘L)

Compute C3 = C;S,TN)

/

(T44)

Similarly: Measure Fgu), deduce Imay

“ Cs for the unitary gas | unpolarized




Generalization agm) £ a(m

( h
P;E,TN) = —— 8s(s+1) O(TN) Im a(TN)

_ () (T44) m

[y =137 + Ty < ;
P:(S’Ni) — _—m 88(8 + 1) Ogmi) Im aéTu)

Determination of Im a,(TN)

3 atoms (11J), harmonic trap (wrad/w. = 6.773), as = oo, ground state

\

Measure F(TN)

s — deduce Ima(TT‘L)

Compute C3 = C;S,TN)

/

Similarly: Measure Fgu), deduce Im a(T”)

Cs for the unitary gas unpolarized

Cith = o) — o




Generalization agm) £ a(m

( h
P = R g(s 4 1) 00 o1

1) (t44) m
P = _ 8 gy 1) O ot

Determination of Im a,(TN)

3 atoms (11J), harmonic trap (wrad/w. = 6.773), as = oo, ground state

\

Measure F(TN)

s — deduce Ima(TT‘L)

Compute C3 = C;S,TN)

/

(T44)

Similarly: Measure Fgu), deduce Imay

“ Cs for the unitary gas | unpolarized

Cith = o) — o

I alT™ 4 Tm oS

h
= Iy :—E8s(s+1) Cs3 5




Generalization oM 2 (T

( h
I’gm) = —— 8s(s+1) C’?N) Im aéTN)

_ () (t44) m
PO = g1y ) 1y 00

Determination of Im agﬂ)

Measure Fgm)

Compute C3 = C:E,TN)

3 atoms (11J), harmonic trap (wrad/w. = 6.773), as = oo, ground state

\

» — deduce Im aéﬁi)

/

Similarly: Measure Fgu), deduce Im a.

(T4)
3

“ Cs for the unitary gas | unpolarized

Cith = o) — o

~—~—

measured

h
= Iy :—E8s(s+1) Cs3 5

fmal™ + Tma(THY




Generalization agm) £ a(m

( h
P = R g(s 4 1) 00 o1

1) (t44) m
P = _ 8 gy 1) O ot

Determination of Im a,(TN)

3 atoms (11J), harmonic trap (wrad/w. = 6.773), as = oo, ground state

\

Measure F(TN)

s — deduce Ima(TT‘L)

Compute C3 = C;S,TN)

/

(T44)

Similarly: Measure Fgu), deduce Imay

“ Cs for the unitary gas | unpolarized

Cith = o) — o

. TSN Co X RS (A
Ty = — L ge(s41) €y 2% *mdy
N m T 2 P
measured v




Generalization oM 2 (T

( h
P = _ 2 gs(s 4+ 1) ™ 1matY

_ () (T44) m
F;())’NAL) - 88(8 + 1) Ogﬁl’i) IIIl aéT~L~L)

\ m

Determination of Im agﬂ)

3 atoms (11J), harmonic trap (wrad/w. = 6.773), as = oo, ground state

\

Measure Fgm)

Compute C3 = C:E,TN)

» — deduce Im aéﬁi)

/

Similarly: Measure Fgu), deduce Im aéﬂi)

“ Cs for the unitary gas | unpolarized

Cith = o) — o

h O G SO RS € A
N Py = -2 8s(s+1) Cs m asq + Imaj
—~—~ m T N ) J
measured v
known

deduce




G = s
3 = [ d3r n(7)5

- T T T T

data agree with virial at high enough T,
and decrease strongly at low T !

[paper in preparation]

—virial expansion




