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Reduced density matrix and entanglement

     Consider a system in a quantum state                                        

The entanglement entropy 

measures the bipartite entanglement between A & B

A

B

ℋ = ℋA ⊗ ℋB |ψ⟩ ≠ |ψA⟩ ⊗ |ψB⟩

|ψ⟩, ρ = |ψ⟩⟨ψ |

SA = − Tr (ρA log ρA)

We will also use the Rènyi entropies Sn =
1

1 − n
log Tr ρn

A

The reduced density matrix of A is ρA = TrB |ψ⟩⟨ψ |



Entanglement and symmetries

. . .

q1

q2

q3

⇢A =

Let’s assume that  is symmetric under the action of a charge Q, i.e    

The charge is local:                                    

|ψ⟩ [ρ, Q] = 0
Q = QA + QB

ρA = ⊕q ΠqρA = ⊕q [p(q)ρA(q)] p(q) = Tr (ΠqρA)

S(q) = − Tr[ρA(q)log ρA(q)]

  has a block diagonal form: ρA

with

probability of being in the sector q
Symmetry resolved entanglement entropy: 

[ρ, Q] = 0 [ρA, QA] = 0
TrB



Entanglement and symmetries II

S = ∑
q

p(q)S(q) − ∑
q

p(q)log(p(q)) ≡ Sc + Sn

A. Lukin, M. Rispoli, R. Schittko, M. E. Tai, A. M. Kaufman,S. Choi, V. Khemani, J. Leonard, and M. Greiner, 

Probing entanglement in a many-body localized system, Science 364, 6437 (2019).

: Configurational entropy


: Number entropy 

Sc

Sn

The symmetry resolved entanglement satisfies the sum rule

14

of correlations are not generically enforced by the mere
presence of conserved quantities and dynamics in the sys-
tem.

Entanglement dynamics in the MBL regime

The following subsections show exact diagonaliza-
tion calculations based on the Hamiltonian in Eq. 1 at
strong disorder for both the interacting (MBL) and non-
interacting (AL) cases. We numerically show the evolu-
tion of the entanglement entropy SvN for di↵erent Hamil-
tonian parameters and discuss the connection of the con-
figurational entanglement entropy Sc with the configura-
tional correlator C.

Entropy partitioning

A calculation of the dynamics for the partitioned en-
tropy is shown in Fig. S8. Since the initial state is a
product state, there is no initial entropy contribution
from number fluctuations or configurational correlations.
In the many-body-localized regime, the site occupation
numbers become a reasonable proxy for locally-conserved
quantities, leading to a suppression of the entropy Sn

that is associated with particle fluctuations across the
boundary of subsystems A and B. Indeed, the numeri-
cal calculations show that Sn reaches a stationary value
within a few tunneling times, indicating that the particle
transport has reached its equilibrium.

However, the configurational entropy Sc still grows
due to the presence of interactions. This is a conse-
quence of exponentially weak interactions between parti-
cles that occupy localized orbitals in each of the subsys-
tems. Sc is responsible for the unbounded logarithmic
entropy growth expected in many-body localization [30].
The growth persists for much longer times than the par-
ticle number fluctuations and demonstrates a separation
of time scales of Sn and Sc.

E↵ect of interactions

In order to separately investigate the contribution of
Sn and Sc, we perform numerical calculations at di↵er-
ent interaction strengths U . The total (von Neumann)
entanglement entropy SvN shows a logarithmically-slow
growth, which depends on the interaction strength.
Whereas the number entropy Sn is almost independent of
the interaction strength, the configurational entropy Sc

shows a qualitatively di↵erent behaviour in the presence
or absence of interactions in the system. Without inter-
actions, almost no configurational entropy is generated
and Sc remains nearly independent of the evolution time.
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FIG. S8. Total entropy partitioned The total von Neu-
mann entanglement entropy SvN for the half-system is shown
as a function of time in an interacting system at strong dis-
order. The entropy is split up into Sn and Sc. For visual
guidance, the configurational entropy (Sc) is o↵set by the
long-time average of Sn. This partitioning of the entropy
qualitatively shows that logarithmic entropy growth arises
primarily from the configurational entropy. The simulation
was performed using exact diagonalization on 6 sites at unity
filling.

However, when interactions are present, Sc shows a loga-
rithmic growth with the same interaction dependence as
SvN. These calculations show that the separation of the
entanglement into number and configurational degrees of
freedom allows us to isolate the logarithmic growth of
SvN.

Configurational correlations vs. configurational entropy

Since the configurational entropy is inaccessible in this
experiment, we use the correlator C as a measure of the
configurational entanglement in the system (see Eq. 2).
It is related to the configurational mutual information be-
tween the two subsystems [50]. C measures the distance
between the joint distribution of particle configurations
in the entire system from the uncorrelated distributions
of configurations in subsystem A and B. These correla-
tions are measured in the Fock basis and act as a proxy
for the corresponding configurational-entropy growth.

Despite being qualitatively similar metrics which go to
zero in the unentangled limit, Sc and C show very distinct
behavior for large degrees of entanglement. Consider the
maximally mixed reduced density matrix in the Schmidt
basis. The configurational entanglement entropy Sc is
unbounded and Sc ! log (N) for the maximally mixed
case with N representing the Hilbert space dimension of
the reduced density matrix.
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Path integral and Riemann surfaces PC and J Cardy ’04

⇤�1(x)|�A|�2(x)⌅ =

Tr�n
A =

Tr�n
A = for n integer is the partition function on a n-sheeted

Riemann surface Rn,1

Replica trick: SA = � lim
n�1

⇥

⇥n
Tr�n

A

Pasquale Calabrese Entanglement and CFT

Entanglement entropy and path integral
PC, J Cardy 2004

⟨Φ1|ρ|Φ2⟩=

The density matrix at temperature 1/β is

Entanglement Entropy and path integral

Lattice QFT in 1+1 dimensions: {�̂(x)} a set of fundamental fields with
eigenvalues {�(x)} and eigenstates ⌦x |{�(x)}i
The density matrix at temperature ��1 is (Z = Tr e

��Ĥ)

⇢({�1(x)}|{�2(x)}) = Z
�1h{�2(x)}|e��Ĥ |{�1(x)}i

Euclidean path integral:

⇢ = =

Z
[d�(x , ⌧)]

Z

Y

x

�(�(x , 0)��2(x))
Y

x

�(�(x , �)��1(x)) e
�SE

SE =
R �
0

LE d⌧ , with LE the Euclidean Lagrangian

The trace sews together the edges along ⌧ = 0 and ⌧ = � to form a cylinder of
circumference �.
A = (u1, v1), . . . , (uN , vN): ⇢A sewing together only those points x which are
not in A, leaving open cuts for (uj , vj) along the the line ⌧ = 0.

⇢A = =

Z

x2B

[d�(x , 0)]�(�(x , �)� �(x , 0))⇢

Pasquale Calabrese Entanglement and CFT

The trace sews together the edges along τ = 0 and τ = β to form a cylinder of circumference β.

A = (u, v): ρA sews together only those points x which are not in A, leaving an open cut at τ = 0

Entanglement Entropy and path integral

Lattice QFT in 1+1 dimensions: {�̂(x)} a set of fundamental fields with
eigenvalues {�(x)} and eigenstates ⌦x |{�(x)}i
The density matrix at temperature ��1 is (Z = Tr e

��Ĥ)

⇢({�1(x)}|{�2(x)}) = Z
�1h{�2(x)}|e��Ĥ |{�1(x)}i

Euclidean path integral:

⇢ = =

Z
[d�(x , ⌧)]

Z

Y

x

�(�(x , 0)��2(x))
Y

x

�(�(x , �)��1(x)) e
�SE

SE =
R �
0

LE d⌧ , with LE the Euclidean Lagrangian

The trace sews together the edges along ⌧ = 0 and ⌧ = � to form a cylinder of
circumference �.
A = (u1, v1), . . . , (uN , vN): ⇢A sewing together only those points x which are
not in A, leaving open cuts for (uj , vj) along the the line ⌧ = 0.

⇢A = =

Z

x2B

[d�(x , 0)]�(�(x , �)� �(x , 0))⇢
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Replicas and Riemann surfaces
PC, J Cardy 2004

Path integral and Riemann surfaces PC and J Cardy ’04

⇤�1(x)|�A|�2(x)⌅ =

Tr�n
A =

Tr�n
A = for n integer is the partition function on a n-sheeted

Riemann surface Rn,1

Replica trick: SA = � lim
n�1

⇥

⇥n
Tr�n

A

Pasquale Calabrese Entanglement and CFT

For n integer,  is obtained by sewing cyclically n cylinders above. 


This is the partition function on a n-sheeted Riemann surface

Trρn
A

Renyi entanglement entropies  Sn =
1

1 − n
Tr ρn

A

SA = − Tr (ρA log ρA) = − lim
n→1

∂
∂n

Tr(ρn
A)



Riemann surfaces and CFT PC and J Cardy ’04

The Riemann surface Rn,1 is topological equivalent to the complex
plane on which is mapped by

w ⇥ � = w�u
w�v ; � ⇥ z = �1/n⇤ w ⇥ z =

�
w�u
w�v

⇥1/n

Tr⇥n
A =

= cn|u � v |�
c
6 (n�1/n)

|u � v | = ⌅

⇤ SA = � lim
n⇥1

⇤

⇤n
Tr⇥n

A =
c

3
log ⌅
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Riemann surfaces and CFT PC and J Cardy ’04

The Riemann surface Rn,1 is topological equivalent to the complex
plane on which is mapped by

w ⇥ � = w�u
w�v ; � ⇥ z = �1/n⇤ w ⇥ z =

�
w�u
w�v

⇥1/n

Tr⇥n
A =

= cn|u � v |�
c
6 (n�1/n)

|u � v | = ⌅

⇤ SA = � lim
n⇥1

⇤

⇤n
Tr⇥n

A =
c

3
log ⌅

Pasquale Calabrese Entanglement and CFT

 is equivalent to the 2-point function of  twist fields Trρn
A

From (1.24) we get the trace norm

||�TA ||1 = lim
p⇥ 1/2

Tr(�TA)2p =
⇤ 

r

|cr|
⌅2

(1.25)

By using that TrA �A = 1 in (1.23) and (1.24), we find

Tr �TA = lim
p⇥ 0

Tr(�TA)2p+1 = 1 Tr(�TA)2 = lim
p⇥ 1

Tr(�TA)2p = 1 (1.26)

An important property of EN (�) is that for pure states it is an upper bound of the entanglement
entropy [2]. This comes from (1.14) and the concavity of the logarithm as follows

SA = 2
 

j

|cj |2 log |cj |�1 � 2 log
⇤ 

j

|cj |
⌅

= log ||�TA ||1 (1.27)

where (1.25) has been used.

2 Separability and transposition

3 Conformal field theory description

3.1 One interval in a pure state

Tr�n
A = ⌅Tn(u) T̄n(v)⇧ (3.1)

Can we say that T 2
n =
�n

k=1 T2k/n? NO, otherwise �T 2
n

=
⌥

k �T2k/n

We are going to use that (WHY?)

Tr(�TA)n = ⌅T 2
n (0) T̄ 2

n (⇥)⇧ (3.2)

where �T 2
n

= �̄T 2
n
.

Now we employ the identities (1.23) and (1.24) distinguishing between the odd and even cases

Tr(�TA)2p+1 = ⌅T2p+1(0) T̄2p+1(⇥)⇧ =⇤ �T 2
2p+1

= �T2p+1

Tr(�TA)2p =
�
⌅Tp(0) T̄p(⇥)⇧

⇥2 =⇤ �T 2
2p

= 2�Tp

(3.3)

where we recall that
�Tn = �̄Tn =

c

12

⇧
n� 1

n

⌃
(3.4)

Thus we have

Tr(�TA)2p+1 =
c2p+1

⇥
c
6 (2p+1� 1

2p+1 )
Tr(�TA)2p =

⇧
cp

⇥
c
6 (p� 1

p )

⌃2

(3.5)

where we recall that [12]
TrA �n

A = ⌅Tn(0) T̄n(⇥)⇧ =
cn

⇥
c
6 (n� 1

n )
(3.6)

Taking the limit p ⇥ 1/2 in the second equation of (3.4), we obtain the trace norm and the
logarithmic negativity

||�TA ||1 = c2
1/2 ⇥

c
2 EN (�) =

c

2
log ⇥ + 2 log c1/2 (3.7)
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From (1.24) we get the trace norm

||�TA ||1 = lim
p⇥ 1/2

Tr(�TA)2p =
⇤ 

r

|cr|
⌅2

(1.25)

By using that TrA �A = 1 in (1.23) and (1.24), we find

Tr �TA = lim
p⇥ 0

Tr(�TA)2p+1 = 1 Tr(�TA)2 = lim
p⇥ 1

Tr(�TA)2p = 1 (1.26)

An important property of EN (�) is that for pure states it is an upper bound of the entanglement
entropy [2]. This comes from (1.14) and the concavity of the logarithm as follows

SA = 2
 

j

|cj |2 log |cj |�1 � 2 log
⇤ 

j

|cj |
⌅

= log ||�TA ||1 (1.27)

where (1.25) has been used.

2 Separability and transposition

3 Conformal field theory description

3.1 One interval in a pure state

Tr�n
A = ⇤Tn(u) T̄n(v)⌅ (3.1)

�Tn =
c

12

⇧
n� 1

n

⌃
(3.2)

Can we say that T 2
n =
�n

k=1 T2k/n? NO, otherwise �T 2
n

=
⌥

k �T2k/n

We are going to use that (WHY?)

Tr(�TA)n = ⇤T 2
n (0) T̄ 2

n (⇥)⌅ (3.3)

where �T 2
n

= �̄T 2
n
.

Now we employ the identities (1.23) and (1.24) distinguishing between the odd and even cases

Tr(�TA)2p+1 = ⇤T2p+1(0) T̄2p+1(⇥)⌅ =⇥ �T 2
2p+1

= �T2p+1

Tr(�TA)2p =
�
⇤Tp(0) T̄p(⇥)⌅

⇥2 =⇥ �T 2
2p

= 2�Tp

(3.4)

where we recall that
�Tn = �̄Tn =

c

12

⇧
n� 1

n

⌃
(3.5)

Thus we have

Tr(�TA)2p+1 =
c2p+1

⇥
c
6 (2p+1� 1

2p+1 )
Tr(�TA)2p =

⇧
cp

⇥
c
6 (p� 1

p )

⌃2

(3.6)
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with scaling dimension

Riemann surfaces and CFT

This Riemann surface is mapped to the plane by 

|u-v|= l 

PC, J Cardy 2004

Tr ρn
A = SA = − lim

n→1

∂
∂n

Tr(ρn
A) =

c
3

log ℓ



U(1) Symmetry resolution in CFT

Sn(q) ⌘
1

1� n
log Tr⇢nA(q)Symmetry resolved Renyi:

It requires the resolution of the 

spectrum in Q

Zn(↵) ⌘ Tr⇢nAe
iQA↵ Zn(q) ⌘ Tr(⇧q ⇢

n
A) =

Z ⇡

�⇡

d↵

2⇡
e�iq↵Zn(↵)

The two terms in Eq. (2.2) are the configurational entropy (Sc) [35,68,69], which quantifies the average
of the entanglement in each charge sector, and number entropy (Sn) [35, 70–75], which measures the
entropy due to the fluctuations of the value of the charge within subsystem A.

Similarly, we define the symmetry resolved Rényi entropies as

Sn(q) ⌘
1

1� n
logTr[⇢A(q)]n. (2.4)

A decomposition of the total Rényi entropies into symmetry sectors can also be written down [46], but
it is less informative and clear than Eq. (2.2) for the von Neumann entropy.

In principle, the evaluation of the symmetry resolved contributions requires the knowledge of the
resolution of the spectrum of ⇢A in QA. This is a highly non-trivial problem, mainly because of the
non-local nature of the projector ⇧q. A different strategy, put forward in Ref. [38, 39], is based on the
evaluation of the charged moments

Zn(↵) ⌘ Tr[⇢nAei↵QA ] (2.5)

and their Fourier transform

Zn(q) =

Z
⇡

�⇡

d↵

2⇡
e�iq↵

Zn(↵) ⌘ Tr[⇧q⇢
n

A]. (2.6)

From these quantities, the symmetry resolved entropies are given by

Sn(q) =
1

1� n
log


Zn(q)

Z1(q)n

�
, S1(q) = �@n


Zn(q)

Z1(q)n

�

n=1

, (2.7)

and the probability p(q) is
p(q) = Z1(q). (2.8)

2.1 Symmetry resolved mutual information

.
The mutual information defined in Eq. (1.3) is constructed from three different entanglement

entropies and so from three different reduced density matrices ⇢A1 , ⇢A2 , and ⇢A1[A2 . Each of them
admits its independent symmetry decomposition and it is not obvious how to combine them for a
symmetry resolution. We propose to define the symmetry resolved mutual information as follows

I
A1:A2
1 (q) =

qX

q1=0

p(q1, q � q1)
⇣
S
A1
1 (q1) + S

A2
1 (q � q1)

⌘
� S

A1[A2
1 (q) (2.9)

where the superscripts A1, A2 or A1 [ A2 indicate to which system the various quantities pertain to.
The idea of Eq. (2.9) is that for a given charge sector q of the whole subsystem A, we take a weighted
sum over the contributions from charge sectors q1 and q2 of A1 and A2 such that q1 + q2 = q. The
weight p(q1, q � q1) is the probability that a simultaneous measurement of the charges QA1 and QA2

yields q1 and q� q1, respectively, while the charge sector of the whole system A is fixed to q. It is given
by

p(q1, q � q1) =
Z

A1:A2
1 (q1, q � q1)

Z
A1[A2
1 (q)

, and satisfies
qX

q1=0

p(q1, q � q1) = 1. (2.10)
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Also the probability p(q) is read off Zn as

p(q) = Z1(q). (2.7)

The key observation of Refs. [16, 18] is that (2.5) is given by the following Fourier transform

Zn(q) =

Z ⇡

�⇡

d↵

2⇡
e�iq↵ Zn(↵), Zn(↵) ⌘ tr

�
⇢nAe

iQA↵
�
, (2.8)

where Zn(↵) are the charged moments mentioned in the introduction. Note that Zn(0) = tr⇢nA. There-
fore, we can access the symmetry resolved entanglement entropy by studying Zn(↵) (which, as explained
below, are much easier to compute) and after Fourier transforming.

2.1 Replica method and results from QFT

In Ref. [16] a geometric approach in the framework of the replica trick has been introduced and it
is applicable to generic (1+1)-dimensional QFT. The main idea is to insert an appropriate conjugate
Aharonov-Bohm flux through a multi-sheeted Riemann surface Rn, such that the total phase accumu-
lated by the field upon going through the entire surface is ↵. The result is that Zn(↵) is the partition
function on such modified surface.

In QFT language, the insertion of the flux corresponds to a twisted boundary condition, which,
as usually done in this context, can be implemented by the action of a local operator, acting at the
boundary of the subsystem A. This operator is a modified twist field Tn,↵ whose action, in operator
formalism, is defined by [16]

Tn,↵(x, ⌧)�i(x
0, ⌧) =

(
�i+1(x0, ⌧)ei↵�i,jTn,↵(x, ⌧) (x < x0),

�i(x0, ⌧)Tn,↵(x, ⌧) otherwise.
(2.9)

In this way one can further reformulate the problem in terms of a correlation function of twist fields [30].
In the simplest case of the subsystem consisting of a single interval A = [0, `]

Zn(↵) = hTn,↵(`, 0)T̃n,↵(0, 0)i. (2.10)

where T̃ is the antitwist field. If we now specialise to (1+1) dimensional CFT, Tn,↵ and T̃n,↵ behave as
primary operators with conformal dimension given by [16]

hn,↵ = hn +
h↵
n
, hn =

c

24

✓
n� 1

n

◆
, (2.11)

meaning that the phase shift is implemented by a composite twist field that can be written as Tn,↵ =

Tn · V↵. This immediately implies

Zn(↵) = cn,↵`
� c

6(n�
1
n)�2h↵+h̄↵

n , (2.12)

where c is the central charge of the CFT and cn,↵ the unknown non-universal normalisation of the
composite twist-field.
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Symmetry resolution in CFT: compact boson

The focus of Ref. [16] was a free boson compactified on a circle of radius R, i.e., a Luttinger
liquid with Luttinger parameter K. In this case the operator V↵ implementing the twisted boundary
conditions is a vertex operator with (holomorphic and antiholomorphic) scaling dimensions

h↵ = h̄↵ =
1

2

⇣ ↵

2⇡

⌘2
K. (2.13)

From Eq. (2.12), the symmetry resolved moments are found by taking the Fourier transform as in
Eq. (2.8). At leading order for large `, this reads [16]

Zn(q) ' `�
c
6(n�

1
n)
r

n⇡

2K ln `
e

n⇡2(q�hQAi)2
2K ln ` . (2.14)

Notice that we set a posteriori the average number of the charge in the subsystem hQAi, since it is a
non-universal quantity, not encoded in the CFT. For a given microscopic model, its origin can be easily
traced back, e.g. as a phase shift in the bosonisation rule.

Through Eq. (2.6), this leads to the following result at leading order for the Rényi and the von
Neumann entropy

Sn(q) = Sn � 1

2
ln

✓
2K

⇡
ln `

◆
+O(`0), SvN(q) = SvN � 1

2
ln

✓
2K

⇡
ln `

◆
+O(`0). (2.15)

This result has been dubbed equipartition of entanglement [18]: at leading order the entanglement is
the same in the different charge sectors, just the probability p(q) of being in a given sector varies.

3 Free fermions on a lattice: flux insertion and charged entropies

Eq. (2.15) provides the leading symmetry resolved entanglement entropies of all microscopic models
with a U(1) symmetry, that, at low energy, are described by a CFT. Indeed the results in Eq. (2.15)
have been tested numerically both for free fermions [14,16,18] and in interacting spin chains [15,18,31].
In this Section we are going to provide an analytic derivation for the special case of a chain of free
fermions, whose scaling limit is indeed described by a free compact boson with K = 1. Our analysis
will also provide the exact value of the non-universal constants, as well as the corrections to (2.15) for
this specific model.

We consider the tight binding model in one dimension with hamiltonian

H = �
1X

i=�1


c†ici+1 + c†i+1ci � 2h

✓
c†ici �

1

2

◆�
, (3.1)

where ci are free fermionic spinless degrees of freedom, satisfying the anticommutation relations {ci, c†j} =

�ij and h is the chemical potential. H is diagonal in momentum space and its ground state is a Fermi
sea with Fermi momentum kF = arccos |h|. As it is clear from (3.1), the particle number Q =

P
i c

†
ici

is a conserved U(1) charge of the model. It is also local and Q = QA+QB for any spatial bipartition of
the chain. By Jordan Wigner transformation, Eq. (3.1) is mapped to the XX spin chain in a magnetic
field h and the charge Q becomes the spin in the z direction.

6

Through the conformal mapping [23]

w(z) = �i log

 
�
sin ⇡(z�u)

L

sin ⇡(z�v)
L

!1/n

, (6)

the Riemann surface Rn is transformed into a single cylinder. At this point, exploiting the transfor-

mation of the field ⌥ under a conformal mapping, one relates the ratio (5) to the correlation functions

of ⌥ on the plane. For this reason, afterward we focus on those low-lying states described by primary

operators of the CFT. This assumption is not fundamental but simplifies the treatment due to the

simple transformation law of such operators, i.e.

⌥(w, w̄) =

✓
dz

dw

◆h✓ dz̄

dw̄

◆h̄

⌥(z, z̄), (7)

with (h, h̄) the conformal weights of ⌥. Hence, for primary operators, one can easily express F (n)
⌥ (x)

in terms of correlation functions over the cylinder. The final result reads [23]

F (n)
⌥ (x) = n�2n(h+h̄) h

Q
k ⌥(w�

k )⌥
†(w+

k )icyl
h⌥(w�

0 )⌥
†(w+

0 )incyl
, (8)

where w±
k are the points corresponding to z±k through the map w(z), i.e.

w�
k =

⇡(1 + x) + 2⇡k

n
, w+

k =
⇡(1� x) + 2⇡k

n
, with k = 0, ..., n� 1. (9)

Translational invariance (w ! w + r with r 2 R) and parity (w ! �w) of the cylinder imply

F (n)
⌥ (x) = F (n)

⌥ (x) = F (n)
⌥† (x) = F (n)

⌥ (1� x), (10)

which, among the other things, guarantee the symmetry ` ! L� ` of the Rényi entropies.

2.1 The Luttinger liquid CFT

In the following, we will explicitly work out the symmetry resolved entropies of the Luttinger liquid

or equivalently (via bosonisation) of a free massless compact boson. The compactification radius of

the boson is related to the Luttinger parameter K. The Luttinger liquid’s universality class describes

a large number of critical one-dimensional models including free and interacting spin-chains, quantum

gases, fermionic hopping models, etc. (see e.g. [25]). The central charge is c = 1. Denoting by ' a real

bosonic field, the euclidean action (in bosonic form) is

SE ['] =
1

8⇡K

Z
d⌧dx @µ'@

µ'. (11)

The field can be decomposed in holomorphic and antiholomorphic components, '(z, z̄) = �(z) + �̄(z̄).

As examples, the set of primary fields of the theory include the holomorphic vertex operators

V�(z) = ei��(z), (12)

and the derivative operator

i@�(z). (13)
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Action: Conserved charge  QA =
1

2π ∫A
∂φ(x,0)dx eiαQA = ei α

2π φ(u,0)e−i α
2π φ(v,0)

Zn(α) = cn,αℓ− c
6 (n− 1

n )− 2K
n ( α

2π )2

Sn(q) = Sn −
1
2

log ( 2K
π

log ℓ) +
log n

2(1 − n)
+ o(ℓ0)

Fourier transform using saddle point

𝒵n(q) = cnℓ− c
6 (n− 1

n ) nπ
2K ln ℓ + γn

e
nπ2(q − ⟨QA⟩)2

2K ln ℓ + γn

Entanglement equipartition: up to order , the SR entanglement does not depend on the symmetry sectoro(1)
J.C. Xavier, F.C. Alcaraz, and G. Sierra,  PRB 98, 041106 (2018)



Symmetry resolution in CFT: compact boson II

Sn(q) = Sn −
1
2

log ( 2K
π

log ℓ) +
log n

2(1 − n)
+ o(ℓ0)

Sn =
1
2

+
1
2

ln( 2K
π

ln ℓ) + o(1)

S = ∑
q

p(q)S(q) − ∑
q

p(q)log(p(q)) ≡ Sc + Sn

Q: Where the log log term ends up in the total entropy?

A: It is exactly canceled by the number entropy: 

Note: The number entropy satisfies , a fact valid much more generally  Sn ≪ S ∼ S(q)

R. Bonsignori, P. Ruggiero, and P. Calabrese, JPA 52,  475302 (2019)



Lattice free fermions
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In Refs. [28, 29] it has been exploited the fact that the matrix (� + 1)IA � 2CA has a Toeplitz
form. Therefore the asymptotics for large ` of the determinant D` in (3.13) is obtained by means of
the generalised Fisher-Hartwig conjecture. The interested reader can find the derivation in Ref. [29],
we just report here the final result which is [29]

D`(�) ' (�+ 1)`
✓
�+ 1

�� 1

◆� kF `
⇡ X

m2Z
L�2(m+��)2

k e�2ikFm` [G(m+ 1 + ��)G(1�m� ��)]
2 , (3.15)

where G(·) is the Barnes G-function, Lk = 2`| sin kF | and

�� =
1

2⇡i
ln


�+ 1

�� 1

�
, with

d��
d�

=
1

⇡i

1

1� �2
. (3.16)

For the moments tr⇢nA, i.e., Zn(↵ = 0) in (3.11), the leading term in the sum for D` in Eq. (3.15) is
the one with m = 0, first evaluated in [28]. The next to leading contributions come from the terms with
m = ±1 (at the same order) as shown in [29]. The situation for ↵ 6= 0 is slightly more complicated.
For �⇡ < ↵ < ⇡ the leading term is always the one with m = 0. Since Zn(↵) is periodic in ↵ with
period 2⇡ we will restrict ourselves to ↵ 2 [�⇡,⇡], having in mind that, if required, the function can
be extended outside of this interval by periodicity. Concerning the subleading contributions, the terms
with m = ±1 have different power laws, but one of them is always dominating, as we shall see. Anyhow,
for values of ↵ close to ±⇡, also next-to-next leading terms should be taken into account in order to
get reasonable results for moderately large values of `. In the following we first compute the leading
term and then we move to the calculations of the corrections.

3.1.1 Leading term (m = 0)

For ↵ 2 [�⇡,⇡], the leading behaviour of Eq. (3.12) is given by term with m = 0 in (3.15), i.e.,

D(0)
` (�) ⌘ (�+ 1)`

✓
�+ 1

�� 1

◆� kF `
⇡

L
�2�2

�
k [G(1 + ��)G(1� ��)]

2 , (3.17)

so that the integral (3.12) is lnZn(↵) = lnZ(0)
n (↵) + o(`0) with

lnZ(0)
n (↵) =

1

2⇡i

I
d� fn(�,↵)

d lnD(0)
` (�)

d�
= a0`+ a1 lnLk + a2, (3.18)

where

a0 =
1

2⇡i

I
d�fn(�,↵)

✓
1� kF /⇡

1 + �
� kF /⇡

1� �

◆
, (3.19)

a1 =
1

2⇡i

I
d�fn(�,↵)

d(�2�2
�)

d�
=

2

⇡2

I
d�fn(�,↵)

��
1� �2

, (3.20)

a2 =
1

⇡i

I
d�fn(�,↵)

d ln[G(1 + ��)G(1� ��)]

d�
, (3.21)

are respectively the linear, the logarithmic and the constant term (in `) coming from lnD(0)
` in Eq.

(3.17). These three integrals are explicitly calculated in Appendix A with final result

lnZ(0)
n (↵) = i↵

kF `

⇡
�

1

6

✓
n� 1

n

◆
+

2

n

⇣ ↵

2⇡

⌘2
�
lnLk +⌥(n,↵), (3.22)
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Figure 1: ⌥(n,↵) in Eq. (3.23) as a function of ↵ for n = 1, 2, 3 (top to bottom in the left panel). The
exact forms (full lines) are compared with the quadratic approximation ⌥(n) + �2(n)↵2 (dashed lines)
showing that, although very close, they are definitively different. To highlight this similarity we plot in
the right panel the difference ✏(n,↵), cf. Eq (3.24) which is tiny, but non zero.

where
⌥(n,↵) = ni

Z 1

�1
dw[tanh(⇡w)� tanh(⇡nw + i↵/2)] ln

�(12 + iw)

�(12 � iw)
, (3.23)

in analogy with the definition ⌥(n) in [28], which is recovered when ↵ = 0. We stress that ⌥(n,↵) is
real for ↵ real, even if not apparent from the formula. For future reference it is useful to write ⌥(n,↵)

as
⌥(n,↵) = ⌥(n) + �2(n)↵

2 + ✏(n,↵), ✏(n,↵) = O(↵4), (3.24)

where the analytic expression of �2(n) is

�2(n) =
ni

4

Z 1

�1
dw[tanh3(⇡nw)� tanh(⇡nw)] ln

�(12 + iw)

�(12 � iw)
. (3.25)

Eq. (3.18) contains several pieces of information. The linear term is just the mean number of
particles in A, hQAi = kF `/⇡, as expected. Anyhow, this is the only term with an imaginary part
up to order O(1). We know that this is exactly true at half-filling (kF = ⇡/2), cf. Eq. (3.9). For
generic filling, it is not true in general and we will observe in numerics tiny deviations at small ` in the
imaginary part of lnZn(↵). The term / lnLk provides the dimension of the modified twist field which
comes out from the field theory calculation: the result agrees with the one found by CFT methods in
(2.12) when specialised to a compact boson with K = 1. Indeed, this result, that was already checked
numerically in [16], has been also analytically calculated by means of Widom conjecture in [14]. The
constant term in Eq. (3.22) is probably the most interesting one, first because it is a result that was
not known by other means (being non-universal cannot be fixed by field theory), and second because
it provides few physical consequences. It is real and even in ↵, a property that was guaranteed only
at half filling. It is independent from kF , as its limit for ↵ = 0 [28]. Finally, it is very close to a
parabola, but all the even terms in the series expansion are non zero, although ✏(n,↵), cf. Eq. (3.24),
is very small. In Figure 1 we report ⌥(n,↵) as function of ↵ for some n and compare it with the
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Figure 2: Leading scaling behaviour of the charged Rényi entropies with the insertion of a flux ↵. The
numerical results (symbols) for several values of ↵ and n are reported as function of ` for the filling
kF = ⇡/2 (left) and kF = ⇡/3 (right). The numerical data match well the Fisher-Hartwig prediction
(cf. Eq. (3.22)) although large oscillating corrections to the scaling are present.

quadratic approximation ⌥(n) + �2(n)↵2. The closeness of the two curves shows that the quadratic
approximation will be enough for most of the applications, as we shall explicitly show. The accuracy of
the quadratic approximation is also evident from the plot of ✏(n,↵) in the right panel of Figure 1. On
passing, this precision of the quadratic approximation of ⌥(n,↵) explains, a posteriori, the quality of
the symmetry resolved spectrum obtained in Ref. [16] exploiting the method of Stieltjes transform [46]
which implicitly assumes this approximation.

In Figure 2 we report the numerical data for Rényi entropies with the insertion of a flux ↵ for several
values of n and ↵ and with fillings kF = ⇡/2 (left) and kF = ⇡/3 (right). The theoretical prediction
for the leading scaling in Eq. (3.22) is also reported for comparison. It is evident that the analytical
result correctly describes the asymptotic data, but large and oscillating corrections to the scaling are
present. The amplitude of these oscillations increase with n and with ↵. This peculiar n dependence
was already known at ↵ = 0 [29, 47–50]. In the following subsection we will explicitly consider these
oscillations and work out their analytical description.

3.1.2 Leading corrections (m = ±1)

The leading correction to the determinant D`(�) comes from the terms with m = ±1 in (3.15) and is
given by [29]

D`(�) ' D(0)
` (�)[1 + `(�)],

 `(�) = e�2ikF `L�2(1+2��)
k

�2(1 + ��)

�2(���)
+ e2ikF `L�2(1�2��)

k

�2(1� ��)

�2(��)
. (3.26)

We define the difference

dn(↵) ⌘ lnZn(↵)� lnZ(0)
n (↵), (3.27)

that for large L is

dn(↵) '
1

2⇡i

I
d� fn(�,↵)

d ln [1 + `(�)]

d�
=

1

2⇡i

I
d� fn(�,↵)

d `(�)

d�
+ · · · . (3.28)
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neglected at this stage.
In Figure 5 we report the numerically calculated symmetry resolved partition sums Zn(q). We

compare the numerical data for n = 1, 2, 3 with the CFT prediction without fixing the non universal
constant as in Eq. (2.14). The qualitative agreement is reasonable, but quantitatively far. We also
report the prediction for Zn(q) at order O(`0): the curves moves closer to the numerical data, but the
match is still not perfect. Only when we use the complete Fisher-Hartwig prediction (4.5) (with the
correct value of �2(n)), the data are perfectly reproduced. As anticipated, including the logarithmic
corrections is fundamental to have an accurate description of the data. Also the q-dependence of Zn(q)

is perfectly captured by (4.5) as shown in the lower panels of Figure 5.

4.2 Symmetry resolved Rényi and entanglement entropy

We now use Eq. (4.5) to calculate the symmetry resolved Rènyi and the Von Neumann entropies. Let
us start from the former. Eq. (2.6) implies

Sn(q) =
1

1� n
ln


Zn(q)

Z1(q)n

�
' 1

1� n
ln

Zn(0)

(Z1(0))n
e
� (q�q̄)2

4bRn

e
�n(q�q̄)2

4bR1

(4⇡bRn )
�1/2

(4⇡bR1 )
�n/2

. (4.6)

The first ratio in (4.6) just gives the total Rényi entropy of order n, with the right additive constant
(and indeed this is true at all orders). The other q-independent term is

1

1� n
ln

(4⇡bRn )
�1/2

(4⇡bR1 )
�n/2

= �1

2
ln

2

⇡
+

lnn

2(1� n)
+

1

1� n
ln

(lnLk � 2⇡2�2(1))n/2

(lnLk � 2⇡2n�2(n))1/2

= �1

2
ln
⇣ 2

⇡
ln �nLk

⌘
+

lnn

2(1� n)
+ · · · . (4.7)

The constant �n has been introduced to resum partially the subleading corrections to the scaling ((i.e.
we used ln(ln(x)) + a/ ln(x) = ln(ln(eax)) +O(ln2 x)) and it is given by

ln �n = �2⇡2n(�2(n)� �2(1))

1� n
. (4.8)

The last term is the ratio of the two Gaussian factors which is the only one depending on q. For this
last contribution we have

1

1� n
ln e

n(q�q̄)2

4bR1
� (q�q̄)2

4bRn = (q � q̄)2 ⇡4 n

1� n
(�2(1)� n�2(n))

1

ln2 nLk
+ . . . , (4.9)

where the constant
lnn = �⇡2(�2(1) + n�2(n)), (4.10)

has been introduced, again, to resum partially the subleading corrections.
Putting together the three pieces we have

Sn(q) = Sn � 1

2
ln

✓
2

⇡
ln �nLk

◆
+

lnn

2(1� n)
+ (q � q̄)2 ⇡4n(�2(1)� n�2(n))

1� n

1

ln2 nLk
+ · · · . (4.11)

This equation not only predicts the leading diverging behaviour for large ` which was already known
from CFT [16, 18] (cf. Eq. (2.15)), but also the non-universal additive constant, as well as the some
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Figure 6: Von Neumann (left) and second Rényi (right) symmetry resolved entanglement entropies. The
numerical data (symbols) for q = `/2, `/2 + 1, `/2 + 2 are compared with the theoretical predictions
Eqs. (4.11) and (4.12). The figures also highlight the importance of the logarithmic corrections to the
scaling which are fundamental in order to accurately describe the data for ` as large as 3000 and even
larger. Increasing the values of (q � q̄)2, the corrections to the scaling that we neglect become more
important.

subleading corrections in lnLk. The latter are not only important to correctly describe the data,
but are also the leading q-dependent contributions. So while the leading and finite terms satisfy the
equipartition of entanglement [18], within our approach we are able to identify the leading term that
breaks this equipartition.

Taking now the limit for n ! 1, we get the von Neumann entropy

SvN(q) = SvN � 1

2
ln

✓
2

⇡
ln �1Lk

◆
� 1

2
+ (q � q̄)2 ⇡4 (�2(1) + �02(1))

ln2 1Lk
+ · · · , (4.12)

with ln �1 = 2⇡2�02(1) and �02(1) = 0.0545724.
These Fisher-Hartwig calculations for the symmetry resolved entanglement are compared with the

numerical data in Figure 6. It is evident in these figures that the results for different q are not on top
of each other although we reported ` as large as 3000. Indeed their difference (that we know to go to
zero as (ln `)�2) can be easily misinterpreted as a different additive constant if one would proceed with
a fit of the numerical data. Only the exact knowledge of the asymptotic behaviour (4.11) and (4.12)
allow us to correctly understand the data. In the figure we also report Eqs. (4.11) and (4.12) truncated
at o(1) (just for q = q̄), showing that these leading curves are far from the data and that the distance
between the two barely reduces. We stress that not only the prefactor of the logarithmic corrections
are important, but also the precise values of the amplitudes (4.10) and (4.8), as it is easy to check.
Finally we observe that increasing (q� q̄) the corrections to the scaling that we neglected become more
important.

We finish the section commenting about the double log contribution in Eqs. (4.11) and (4.12). It
may seem rather awkward that all the symmetry resolved contributions have a double log correction,
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Using Fisher Hartwig techniques:

Fourier tranform + ratios for entropies

Equipartition is broken at order (log ℓ)−2



Idea: reduce the initial 2D system into decoupled 1D 
ones in a mixed space-momentum representation
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Fermions Bosons 

2D free lattice QFT: dimensional reduction
S. Murciano, P. Ruggiero, and P. Calabrese, JSTAT (2020) 083102



- Write the charged moments as a linear combination of the unspecialised characters 

- Use their modular properties to compute the resolved partition functions, by identifying all states in a given 
representation of the group. 

- The SR entropies are obtained integrating the group characters around all saddles (that are the elements of 

the center Z(G) (of order |Z(G)|)


Resolution of non-abelian symmetries: WZW models
S. Murciano, J. Dubail, P. Calabrese, ArXiv:2106:15946

Consider a general non-abelian group G (of dimension d and volume Vol(G)) and the corresponding WZW model

ρA = ⊕r [p(r)ρA(r)] r labels the irreducible representations of G, dim(r) its dimension

Our Strategy (without mentioning many highly non trivial points and assumptions) 

SU(2) done by Goldstein and Sela in 2018 paper using SU(2) algebra 

Final Result

Equipartition broken at order O(1)!! 

on the charge q has been dubbed entanglement equipartition [18], which is the main feature
of a CFT endowed with an abelian symmetry. It is an open issue to understand whether
such equipartition of entanglement survives for a CFT with a non-abelian symmetry. To
date, there are no results concerning such theories, with the exception of the SU(2) spin-
chain/CFT studied in [17]. However, the authors used different conventions with respect
to ours, since they do not normalise each block of ⇢A by each trace before calculating the
entropies, so the resulting resolved entropies are not entanglement measures by themselves.
Another important aspect of Eq. (1.8) is that the dependence on the ultraviolet cutoff ✏ at
order O(L0) is fully encoded in the total entropy and so, Eq. (1.8) is universal. Equivalently,
we can say that Sn(L) � Sq

n(L) is universal up to order L0. It is also natural to wonder
whether such a universality persists for non-abelian symmetries.

1+1D CFTs with non-abelian symmetry: Wess-Zumino-Witten models. Our
goal is to fill this gap and to study how the total entanglement splits into the contribu-
tions coming from symmetry sectors in CFTs with a non-abelian Lie group symmetry, i.e.
the Wess-Zumino-Witten (WZW) models. They are described by a two-dimensional action
which consists of a non-linear � term plus the Wess-Zumino term, whose topological cou-
pling factor k is constrained to be an integer number and it is referred to as the level of the
model [54, 55]. Here we follow the conventions of Ref. [56]. For simplicity, we assume that
the Lie group G is compact and simple.
These WZW models are the scaling limit of critical quantum spin chains with the same
symmetry [57–59]. For instance, some possible discretisations of SU(2)k are the Heisenberg
spin-1/2 chain or the Haldane-Shastry model for k = 1 [60–64]. Spin chains associated with
spin j = k/2, k > 1 correspond to SU(2)k WZW models, which can mark phase transitions
between different gapped phases, as in the Babudjan-Takhtajan chains [65, 66].

Main result. In this paper we compute the symmetry-resolved entanglement entropy
in the ground state of a non-abelian WZW model. In the course of the derivation we
should make some assumptions on the multiplicity of the entanglement spectrum, or equiv-
alently on the conformal boundary conditions induced at the entangling point. With these
assumptions, we find that for large L it holds

Sr
n(L) = Sn(L)�

d

2
log(logL)+2 log dim(r)�log

Vol(G)

|Z(G)|
+
d

2

✓
� log k +

log n

1� n
+ log(2⇡3)

◆
+o(L0)

where dim(G) is the dimension of the Lie group G, Vol(G) is its volume, |Z(G)| is the
order of the center of G and dim(r) is the dimension of the representation. This result
extends the abelian one, see Eq. (1.8), since there dim r = 1 for all sectors. However, in
contrast with the latter case, now the entanglement explicitly depends on the charge sectors
at O(L0). It is also consistent with the one of Ref. [17] for the SU(2) case, see section 2.
Our approach also provides an explicit expression for pr (see Eq. (5.12)). We mention that
different assumptions on the entanglement spectrum would change, in a calculable way, the
O(1) term in Eq. (??), but leave unchanged the double logarithm whose prefactor depends
only on the dimension of the group .
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SRE after a quantum quench

Prepare a system in a low-entangled initial state  and let it evolve unitarity  |ψ0⟩ |ψ(t)⟩ = eiHt |ψ0⟩
Long story short: In integrable models the entanglement dynamics is captured by the quasiparticle picture 

PC & Cardy, 2005 + Alba & PC 2017

S = ∫
dk
2π

h(k) min[2vkt, ℓ] 2

FIG. 1. The time evolution of the charged moments Zn(↵)
after a quench from the Néel state in the free fermion model
(7). We fix ` = 120 and plot as a function of t/` for several
values of n and ↵. Numerical data (symbols) perfectly match
the analytic prediction (10) (full lines).

the configurational entropy moves up very slowly, loga-
rithmically in time, but only after a time delay, whose
precise value depends on the interaction strength and
gets larger as the interaction decreases. These findings
nicely explain former theoretical results for the total en-
tanglement entropy [50, 51].

The computation of the symmetry resolved entangle-
ment entropies from Eq. (2) requires the knowledge of
the spectrum of ⇢A and its resolution in QA, which is not
easy because of the nonlocal nature of the projector ⇧q.
A more feasible path [20, 21] is based on the computation
of the charged moments

Zn(↵) ⌘ Tr[⇢nAe
i↵QA ], (4)

whose Fourier transform

Zn(q) =

Z ⇡

�⇡

d↵

2⇡
e
�iq↵

Zn(↵) ⌘ Tr[⇧q⇢
n
A], (5)

readily provides the symmetry resolved quantities (2) as

Sn(q) =
1

1� n
log


Zn(q)

Z1(q)n

�
. (6)

The probability p(q) is just p(q) = Z1(q).
Free fermions. — We study the evolution of the

symmetry resolved Rényi entropies in the tight-binding
model with Hamiltonian

H =
LX

i=1

(c†i ci+1 + c
†
i+1ci), (7)

where ladder operators satisfy anticommutation relations
{ci, c†j} = �i,j and {ci, cj} = {c†i , c

†
j} = 0. The conserved

charge is the fermion number Q =
P

j c
†
jcj . The Jordan-

Wigner transformation maps the model into the XX spin

chain. We are interested in the entanglement of a block
of ` consecutive sites in an infinite system. The reduced
density matrix is obtained from the ` ⇥ ` matrix CA =
hc†xcx0i formed by the correlations with x, x

0 2 A [52,
53]. Using standard algebra of Gaussian operators, the
charged moments Zn(↵) can be written as [20]

logZn(↵) = Tr log
⇥
(CA)

n
e
i↵ + (1� CA)

n
⇤
. (8)

We begin our study with the quench from the Néel
state |Ni =

QL/2
j=1 c

†
2j |0i (in spin language |Ni ⌘ | "#"#"

· · · i). We choose this initial state because it is the one
engineered in most of the experiments [16, 17] and it is
simple enough to allow full analytic computations, serv-
ing as a guidance for the general case. The correlation
function is (see e.g. [54])

C(t) =
�x,x0

2
+

(�1)x
0

2

Z ⇡

�⇡

dk

2⇡
e
ik(x�x0)+4it cos(k)

. (9)

For simplicity, we work with ` even. The calculation
of Zn(↵) in Eq. (8) with the correlation matrix above
can be performed in the space-time scaling limit, i.e.
t, ` ! 1 with finite ratio, and it proceeds in full anal-
ogy to the case ↵ = 0 presented in Ref. [41]. We ex-
pand the logarithm in Eq. (8) in powers of CA to rewrite
logZn(↵) as a series in Tr(CA)m. These moments have
been already calculated by multidimensional stationary
phase technique [41]. The resulting power series can be
summed up to obtain

Zn(↵) = e
i`↵

2

✓
cos ↵

2

2n�1

◆J
, (10)

where

J =

Z
dk

2⇡
min[2vkt, `], (11)

with vk = 2| sin k|. In Fig. 1 we compare this analytical
prediction with ab-initio computations, finding perfect
agreement.
The symmetry resolved moments for q = hQAi +�q,

with hQAi = `/2, are obtained plugging Eq. (10) into (5)
to get

Zn(q) = 2(1�n)J
Z ⇡

�⇡

d↵

2⇡

⇣
cos

↵

2

⌘J
e
�i↵�q

. (12)

This integral can be evaluated analytically [55], but for
our aim it is convenient to use the saddle point method,
which holds for large J . We also assume |�q| / `. Since
the dependence on n in Eq. (12) is trivial, we focus on
Z1(q):

Z1(q) =

Z ⇡

�⇡

d↵

2⇡
e
`h(↵)

, h(↵) = �i↵
�q

`
+

J
`
log cos

↵

2
.

(13)

4

FIG. 2. Time evolution of the symmetry resolved entanglement entropies Sn(q) after a quench from the Néel state in the free
fermion model (7). The symbols are the exact numerical results for ` = 160 and various �q. The full line is our prediction
(18) with (16) that perfectly matches the numerical data. Notice the delay / �q that is well captured by our prediction. The
dashed line is the expansion for large ` and small �q while the dotted one is the same with logarithmic correction. In the
inset, we report the numerically calculated delays for ` = 240, obtained as the time when S1(q)/` = 0.007, and the analytic
prediction tD = ⇡|�q|/4.

QA =
R
A dx@x'. Indeed, the moments Zn(↵) are cor-

relations of composite twist fields Tn,↵ [20] of dimension

�n,↵ = 1
12 (n�

1
n )+

K
n

↵2

4⇡2 , withK related to the compact-
ification radius. Hence, the expectation value in the strip
is the same as the one for the total moments Zn(↵ = 0)
[38] with the change of the conformal dimension. Thus,
after the analytic continuation, we have

Zn(↵) = cn,↵

2

4 ⇡
2
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cosh
⇣

⇡`
2⌧0

⌘
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2�n,↵
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(23)
with cn,↵ a normalisation constant. For large `/⌧0 and
t/⌧0, this simplifies to

logZn(↵) = logZn(0)�
K↵

2

4⇡n

min[2vt, `]

⌧0
. (24)

This result resembles free fermions ones (10) and (20)
with hQAi = 0 and with the di↵erence that there is a
single velocity v. As a consequence of this single velocity
and of the too simple dependence on ↵ and n in Eq. (24),
the symmetry resolved moments and entropies do not
show the time delay tD in Eq. (15) and the functional
form in t, ` is di↵erent. The conclusion is that while
CFT captures universal aspects of the charged entropy, it
expectedly fails to reproduce non-universal ones for the
symmetry resolved quantities such as the time delay tD.
Instead, the entanglement equipartition trivially follows
from the Gaussian form of Eq. (24).

The general quasiparticle interpretation. — In inte-
grable systems, the time evolution of the entanglement
entropy can be understood in terms of the quasiparticle
picture [38, 39], in which quasiparticle excitations of op-

posite momentum are produced in pairs at time t = 0
and then move ballistically through the system, spread-
ing entanglement and correlations. Assuming that the
contributions of pairs of quasiparticles of momentum ±k

to the charged entropy can be encoded in a single factor
fn,↵(k), it naturally follows that

logZn(↵) = ihQAi↵+

Z
dk

2⇡
fn,↵(k)min[2vkt, `], (25)

where vk is the velocity of the entangling quasiparticles
in the stationary state [39, 59], hQAi the conserved mean
charge within the subsystem, and the factor min[2vkt, `]
just comes from counting which pairs are shared between
A and Ā [38]. This form agrees and generalizes previous
results for free fermions (20) and CFTs (24). Eq. (25)
is written for a single species of quasiparticles, but the
generalization to multiple ones is straightforward, since
it just requires to sum over all of them, as for the total
entanglement [39].
Independently of the precise form of fn,↵(k), we can

infer the main general features of the symmetry resolved
entanglement from Eq. (25). The first one is the ex-
istence of the delay time tD: in the saddle point cal-
culation, tD is non-zero and proportional to |�q| if the
domain of the derivative wrt i↵ of the integral in the rhs
of Eq. (25) is finite for ↵ purely imaginary. The pre-
cise value of tD depends on the details of the function
fn,↵(k) and so on the specific quench. In the quasipar-
ticle picture, this delay can be physically understood as
the time needed to change the charge of an amount |�q|
within the subsystem A; e.g., having in mind a spin chain,
this is the time to turn |�q| spins by local spin flips. The
other general result is the e↵ective equipartition for small

Adapting the QP picture to the charged moments, we conjecture

for a general integrable model

but the kernel   is difficult to compute for generic model,

while free is possible

fn,α(k)

2

FIG. 1. The time evolution of the charged moments Zn(↵)
after a quench from the Néel state in the free fermion model
(7). We fix ` = 120 and plot as a function of t/` for several
values of n and ↵. Numerical data (symbols) perfectly match
the analytic prediction (10) (full lines).

the configurational entropy moves up very slowly, loga-
rithmically in time, but only after a time delay, whose
precise value depends on the interaction strength and
gets larger as the interaction decreases. These findings
nicely explain former theoretical results for the total en-
tanglement entropy [50, 51].

The computation of the symmetry resolved entangle-
ment entropies from Eq. (2) requires the knowledge of
the spectrum of ⇢A and its resolution in QA, which is not
easy because of the nonlocal nature of the projector ⇧q.
A more feasible path [20, 21] is based on the computation
of the charged moments

Zn(↵) ⌘ Tr[⇢nAe
i↵QA ], (4)

whose Fourier transform

Zn(q) =

Z ⇡

�⇡

d↵

2⇡
e
�iq↵

Zn(↵) ⌘ Tr[⇧q⇢
n
A], (5)

readily provides the symmetry resolved quantities (2) as

Sn(q) =
1

1� n
log


Zn(q)

Z1(q)n

�
. (6)

The probability p(q) is just p(q) = Z1(q).
Free fermions. — We study the evolution of the

symmetry resolved Rényi entropies in the tight-binding
model with Hamiltonian

H =
LX

i=1

(c†i ci+1 + c
†
i+1ci), (7)

where ladder operators satisfy anticommutation relations
{ci, c†j} = �i,j and {ci, cj} = {c†i , c

†
j} = 0. The conserved

charge is the fermion number Q =
P

j c
†
jcj . The Jordan-

Wigner transformation maps the model into the XX spin

chain. We are interested in the entanglement of a block
of ` consecutive sites in an infinite system. The reduced
density matrix is obtained from the ` ⇥ ` matrix CA =
hc†xcx0i formed by the correlations with x, x

0 2 A [52,
53]. Using standard algebra of Gaussian operators, the
charged moments Zn(↵) can be written as [20]

logZn(↵) = Tr log
⇥
(CA)

n
e
i↵ + (1� CA)

n
⇤
. (8)

We begin our study with the quench from the Néel
state |Ni =

QL/2
j=1 c

†
2j |0i (in spin language |Ni ⌘ | "#"#"

· · · i). We choose this initial state because it is the one
engineered in most of the experiments [16, 17] and it is
simple enough to allow full analytic computations, serv-
ing as a guidance for the general case. The correlation
function is (see e.g. [54])

C(t) =
�x,x0

2
+

(�1)x
0

2

Z ⇡

�⇡

dk

2⇡
e
ik(x�x0)+4it cos(k)

. (9)

For simplicity, we work with ` even. The calculation
of Zn(↵) in Eq. (8) with the correlation matrix above
can be performed in the space-time scaling limit, i.e.
t, ` ! 1 with finite ratio, and it proceeds in full anal-
ogy to the case ↵ = 0 presented in Ref. [41]. We ex-
pand the logarithm in Eq. (8) in powers of CA to rewrite
logZn(↵) as a series in Tr(CA)m. These moments have
been already calculated by multidimensional stationary
phase technique [41]. The resulting power series can be
summed up to obtain

Zn(↵) = e
i`↵

2

✓
cos ↵

2

2n�1

◆J
, (10)

where

J =

Z
dk

2⇡
min[2vkt, `], (11)

with vk = 2| sin k|. In Fig. 1 we compare this analytical
prediction with ab-initio computations, finding perfect
agreement.
The symmetry resolved moments for q = hQAi +�q,

with hQAi = `/2, are obtained plugging Eq. (10) into (5)
to get

Zn(q) = 2(1�n)J
Z ⇡

�⇡

d↵

2⇡

⇣
cos

↵

2

⌘J
e
�i↵�q

. (12)

This integral can be evaluated analytically [55], but for
our aim it is convenient to use the saddle point method,
which holds for large J . We also assume |�q| / `. Since
the dependence on n in Eq. (12) is trivial, we focus on
Z1(q):

Z1(q) =

Z ⇡

�⇡

d↵

2⇡
e
`h(↵)

, h(↵) = �i↵
�q

`
+

J
`
log cos

↵

2
.
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FIG. 2. Time evolution of the symmetry resolved entanglement entropies Sn(q) after a quench from the Néel state in the free
fermion model (7). The symbols are the exact numerical results for ` = 160 and various �q. The full line is our prediction
(18) with (16) that perfectly matches the numerical data. Notice the delay / �q that is well captured by our prediction. The
dashed line is the expansion for large ` and small �q while the dotted one is the same with logarithmic correction. In the
inset, we report the numerically calculated delays for ` = 240, obtained as the time when S1(q)/` = 0.007, and the analytic
prediction tD = ⇡|�q|/4.

QA =
R
A dx@x'. Indeed, the moments Zn(↵) are cor-

relations of composite twist fields Tn,↵ [20] of dimension

�n,↵ = 1
12 (n�

1
n )+

K
n

↵2

4⇡2 , withK related to the compact-
ification radius. Hence, the expectation value in the strip
is the same as the one for the total moments Zn(↵ = 0)
[38] with the change of the conformal dimension. Thus,
after the analytic continuation, we have

Zn(↵) = cn,↵

2
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with cn,↵ a normalisation constant. For large `/⌧0 and
t/⌧0, this simplifies to

logZn(↵) = logZn(0)�
K↵

2

4⇡n

min[2vt, `]

⌧0
. (24)

This result resembles free fermions ones (10) and (20)
with hQAi = 0 and with the di↵erence that there is a
single velocity v. As a consequence of this single velocity
and of the too simple dependence on ↵ and n in Eq. (24),
the symmetry resolved moments and entropies do not
show the time delay tD in Eq. (15) and the functional
form in t, ` is di↵erent. The conclusion is that while
CFT captures universal aspects of the charged entropy, it
expectedly fails to reproduce non-universal ones for the
symmetry resolved quantities such as the time delay tD.
Instead, the entanglement equipartition trivially follows
from the Gaussian form of Eq. (24).

The general quasiparticle interpretation. — In inte-
grable systems, the time evolution of the entanglement
entropy can be understood in terms of the quasiparticle
picture [38, 39], in which quasiparticle excitations of op-

posite momentum are produced in pairs at time t = 0
and then move ballistically through the system, spread-
ing entanglement and correlations. Assuming that the
contributions of pairs of quasiparticles of momentum ±k

to the charged entropy can be encoded in a single factor
fn,↵(k), it naturally follows that

logZn(↵) = ihQAi↵+

Z
dk

2⇡
fn,↵(k)min[2vkt, `], (25)

where vk is the velocity of the entangling quasiparticles
in the stationary state [39, 59], hQAi the conserved mean
charge within the subsystem, and the factor min[2vkt, `]
just comes from counting which pairs are shared between
A and Ā [38]. This form agrees and generalizes previous
results for free fermions (20) and CFTs (24). Eq. (25)
is written for a single species of quasiparticles, but the
generalization to multiple ones is straightforward, since
it just requires to sum over all of them, as for the total
entanglement [39].
Independently of the precise form of fn,↵(k), we can

infer the main general features of the symmetry resolved
entanglement from Eq. (25). The first one is the ex-
istence of the delay time tD: in the saddle point cal-
culation, tD is non-zero and proportional to |�q| if the
domain of the derivative wrt i↵ of the integral in the rhs
of Eq. (25) is finite for ↵ purely imaginary. The pre-
cise value of tD depends on the details of the function
fn,↵(k) and so on the specific quench. In the quasipar-
ticle picture, this delay can be physically understood as
the time needed to change the charge of an amount |�q|
within the subsystem A; e.g., having in mind a spin chain,
this is the time to turn |�q| spins by local spin flips. The
other general result is the e↵ective equipartition for small

Some general features in charge space: 

◉ Delay time tD ∝ |Δq|

3

The saddle point is

↵
⇤ = �2i arctanh

✓
2�q

J

◆
= i log

✓
J � 2�q

J + 2�q

◆
, (14)

that is purely imaginary only for J > 2|�q|, when we
can deform the contour of integration to pass through
↵
⇤ while staying in the region of analyticity of the in-

tegrand. Conversely for J < 2|�q|, ↵⇤ acquires a real
part that leads to a non-zero imaginary part of h(↵⇤)
making Z1(q) quickly oscillating in ` around 0, a value
to which it averages for all the relevant physics. This
is one of the main results of our Letter: the symmetry
resolved entanglement entropies start only after a delay
time tD which grows linearly with |�q|. In fact, the equa-
tion J (tD) = 2|�q| reads (as long as 2vM tD < ` self-
consistently and vM ⌘ max vk = 2)

4tD

Z ⇡

�⇡

dk

2⇡
| sin k| = 2|�q| ) tD = ⇡

|�q|
4

. (15)

Instead, for t > tD (i.e. J > 2|�q|), we have

Z1(q) ⇡ e
`h(↵⇤)

s
1

2⇡`|h00(↵⇤)| , (16)

that for large ` (i.e. large J ) is

logZ1(q) = �
✓
J
2

+ |�q|
◆
log

✓
1 +

2|�q|
J

◆

�
✓
J
2

� |�q|
◆
log

✓
1� 2|�q|

J

◆
. (17)

From Eq. (6), we can finally get the symmetry resolved
entropies as

Sn(q) = J log 2 + logZ1(q). (18)

All these results are also found taking the large ` limit of
the exact integral (10) [55], but the saddle point approach
remains valid when Zn(↵) is not as simple as Eq. (10).
Interestingly, Sn(q) does not depend on n. Plugging Eq.
(16) into the above, one obtains the curves reported as
full lines in Fig. 2 that perfectly match the numerical
data for ` = 160 and n = 1, 2. For |�q| ⌧ J we have

Sn(q) = J
✓
log 2� 2

⇣ |�q|
J

⌘2
◆
, (19)

reported as dashed lines in Fig. 2. The deviations ob-
served for small |�q| are due to the square root factor in
Eq. (16) that leads to a logarithmic correction to Sn(q),
negligible in the limit of large `. This correction has been
included in the dotted lines which match well the data as
one moves away from tD, to make J significantly larger
than |�q|. Eq. (19) is another main result: for small
|�q| there is an e↵ective equipartition of entanglement
[21] with violations of order (�q)2/`.

To understand what happens for a more general initial
state, we move to dimer state, i.e. a collection of neigh-
bor singlets |Di =

N
j [|"#i � |#"i]2j�1,2j . Following the

same logic as before, with the correlation function, e.g.,
in Ref. [56], one obtains after long, but simple, algebra

logZn(↵) = i`
↵

2
+

Z
dk

2⇡
hn,↵(nk)min[2vkt, `], (20)

with nk = 1+cos k
2 , i.e., the mode occupation of the sta-

tionary state, and

hn,↵(z) = Re
⇥
log

⇥
z
n
e
i↵
2 + (1� z)n e�i↵

2
⇤⇤

. (21)

The main di↵erence compared to the Néel quench is the
function hn,↵(nk) which is not constant. This modifica-
tion makes the computation of Zn(q) not feasible ana-
lytically. However, we can infer the validity of the two
main physical results, namely the presence of a time delay
tD / |�q| and the e↵ective equipartition for small |�q|.
Indeed, writing Zn(q) /

R
d↵e

`gn(↵), the saddle point
is given by g

0
n(↵

⇤) = 0 = �i�q + it
R

dk
2⇡ (@i↵hn,↵)2vk.

Now, for ↵ purely imaginary and arbitrary n, this last
integral is a monotonic decreasing function of i↵ going
from 4/⇡ at ↵ = �i1 to �4/⇡ at i1. Hence the saddle
point equation admits a purely imaginary solution only
for t > tD = |�q|⇡/4, which is the same delay time as
for the Néel state. It is straightforward to realize that
the delay time is the same for any nk in Eq. (20) as long
as nk 6= 0, 1 except in isolated points.
Finally, proving equipartition for small |�q| is easy.

It is enough to approximate Zn(↵) at Gaussian level as

Zn(↵) ' Zn(0)e�Jn↵
2

to get immediately

Sn(q) = Sn � �q
2

4(1� n)

⇢
1

Jn
� n

J1

�
, (22)

with Sn the total entropy. It is slightly more complicated
than Eq. (19), but physically equivalent.
Conformal field theory.— The CFT approach to

global quantum quenches has been developed in Refs.
[38, 57, 58]. The main idea is that the correlation func-
tions at time t, following a quantum quench from a low
entangled state | 0i, can be mapped to the path inte-
gral in a strip in Euclidean time of width 2⌧0 in which
the operators are inserted at ⌧ which must be analyti-
cally continued to ⌧ ! ⌧0 + it. The variable ⌧0 is an
appropriate extrapolation length which, in some sense
[57], measures the distance of the initial state from an
ideal conformally invariant boundary state, and hence
the results are valid only for times t and separations `
much larger than ⌧0. The total Rényi entanglement en-
tropies within this approach have been obtained [38] ex-
ploiting the fact that they are related to two-point cor-
relators of properly defined twist fields. The very same
ideas apply to the charged moments of a compact boson
' (which includes free fermions), with conserved charge

for free fermions

The time needed to change the 
charge of an amount |∆q| within A 

◉ Equipartition for small |Δq|
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that is purely imaginary only for J > 2|�q|, when we
can deform the contour of integration to pass through
↵
⇤ while staying in the region of analyticity of the in-

tegrand. Conversely for J < 2|�q|, ↵⇤ acquires a real
part that leads to a non-zero imaginary part of h(↵⇤)
making Z1(q) quickly oscillating in ` around 0, a value
to which it averages for all the relevant physics. This
is one of the main results of our Letter: the symmetry
resolved entanglement entropies start only after a delay
time tD which grows linearly with |�q|. In fact, the equa-
tion J (tD) = 2|�q| reads (as long as 2vM tD < ` self-
consistently and vM ⌘ max vk = 2)
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Instead, for t > tD (i.e. J > 2|�q|), we have

Z1(q) ⇡ e
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From Eq. (6), we can finally get the symmetry resolved
entropies as

Sn(q) = J log 2 + logZ1(q). (18)

All these results are also found taking the large ` limit of
the exact integral (10) [55], but the saddle point approach
remains valid when Zn(↵) is not as simple as Eq. (10).
Interestingly, Sn(q) does not depend on n. Plugging Eq.
(16) into the above, one obtains the curves reported as
full lines in Fig. 2 that perfectly match the numerical
data for ` = 160 and n = 1, 2. For |�q| ⌧ J we have

Sn(q) = J
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log 2� 2
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J

⌘2
◆
, (19)

reported as dashed lines in Fig. 2. The deviations ob-
served for small |�q| are due to the square root factor in
Eq. (16) that leads to a logarithmic correction to Sn(q),
negligible in the limit of large `. This correction has been
included in the dotted lines which match well the data as
one moves away from tD, to make J significantly larger
than |�q|. Eq. (19) is another main result: for small
|�q| there is an e↵ective equipartition of entanglement
[21] with violations of order (�q)2/`.

To understand what happens for a more general initial
state, we move to dimer state, i.e. a collection of neigh-
bor singlets |Di =

N
j [|"#i � |#"i]2j�1,2j . Following the

same logic as before, with the correlation function, e.g.,
in Ref. [56], one obtains after long, but simple, algebra

logZn(↵) = i`
↵

2
+

Z
dk

2⇡
hn,↵(nk)min[2vkt, `], (20)

with nk = 1+cos k
2 , i.e., the mode occupation of the sta-

tionary state, and

hn,↵(z) = Re
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. (21)

The main di↵erence compared to the Néel quench is the
function hn,↵(nk) which is not constant. This modifica-
tion makes the computation of Zn(q) not feasible ana-
lytically. However, we can infer the validity of the two
main physical results, namely the presence of a time delay
tD / |�q| and the e↵ective equipartition for small |�q|.
Indeed, writing Zn(q) /

R
d↵e

`gn(↵), the saddle point
is given by g

0
n(↵

⇤) = 0 = �i�q + it
R

dk
2⇡ (@i↵hn,↵)2vk.

Now, for ↵ purely imaginary and arbitrary n, this last
integral is a monotonic decreasing function of i↵ going
from 4/⇡ at ↵ = �i1 to �4/⇡ at i1. Hence the saddle
point equation admits a purely imaginary solution only
for t > tD = |�q|⇡/4, which is the same delay time as
for the Néel state. It is straightforward to realize that
the delay time is the same for any nk in Eq. (20) as long
as nk 6= 0, 1 except in isolated points.
Finally, proving equipartition for small |�q| is easy.

It is enough to approximate Zn(↵) at Gaussian level as

Zn(↵) ' Zn(0)e�Jn↵
2

to get immediately

Sn(q) = Sn � �q
2

4(1� n)

⇢
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, (22)

with Sn the total entropy. It is slightly more complicated
than Eq. (19), but physically equivalent.
Conformal field theory.— The CFT approach to

global quantum quenches has been developed in Refs.
[38, 57, 58]. The main idea is that the correlation func-
tions at time t, following a quantum quench from a low
entangled state | 0i, can be mapped to the path inte-
gral in a strip in Euclidean time of width 2⌧0 in which
the operators are inserted at ⌧ which must be analyti-
cally continued to ⌧ ! ⌧0 + it. The variable ⌧0 is an
appropriate extrapolation length which, in some sense
[57], measures the distance of the initial state from an
ideal conformally invariant boundary state, and hence
the results are valid only for times t and separations `
much larger than ⌧0. The total Rényi entanglement en-
tropies within this approach have been obtained [38] ex-
ploiting the fact that they are related to two-point cor-
relators of properly defined twist fields. The very same
ideas apply to the charged moments of a compact boson
' (which includes free fermions), with conserved charge
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Application to ion-trap experiment: SR dynamical purification

Hamiltonian + dissipative dynamics 
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scale associated to these terms, that is, the bare in-
verse decay rate. Other sources of dissipation can
in principle be introduced: as it will be clear below,
we expect their effects are not particularly interest-
ing for the sake of our treatment.

Such assumptions are ubiquitous in the context of syn-
thetic quantum systems, such as cold atoms in optical
lattices or tweezers, trapped ions, and arrays of super-
conducting qubits. Engineering initial states in product
state form (up to initialization errors) is of widespread
practice, as this can be typically carried out by manip-
ulating quantum states locally. The system dynamics is
often local and associated to continuous symmetries, such
as particle number or magnetization conservation. Dis-
sipation is generically violating conservation laws asso-
ciated to the latter quantities: examples include particle
loss in cold atom Hubbard models, and fully depolarizing
noise and spin relaxation in trapped ions and supercon-
ducting circuit architectures.

Most of the present experimental settings are able to
access parameter regimes where dissipation is weaker
than the coherent dynamics, with the ratio �/J ranging
10�1

/10�3. We will focus explicitly on this parameter re-
gime, and consider dissipation as a perturbation on the
top of the coherent dynamics.

Under these assumptions, one can identify three times-
cales two intrinsic and one typical of the subsystem The
first one tJ = 1/J is associated to coherent local dy-
namics. The second one t2 = 1/� is instead related to
a timescale after which (on average) all sites within the
partition have undergone a quantum jump. The last one,
typical of the subsystem A, t1 = 1/(VA�) is related to
the timescale required to observe a single quantum jump
within A?. For times t � t2, ⇢A will be completely
mix, including in its symmetry-resolved sectors. For re-
gimes where � � J , the system dynamics is dominated
by incoherent processes. The optimal regime to observe
competition between coherent and incoherent dynamics
is thus VA� > J > �, and is the one we will consider be-
low. We remark that this is a rather generic situation for
quantum simulators of many-body systems, where one
tries to realize dynamics that are as-coherent as possible
(J > �) for large number of degrees of freedom (VA � 1).

We emphasize there the presence of three dynamical
regimes of entropy scaling stems from purely geometrical
considerations: while coherent dynamics is acting solely
at the boundary, incoherent processes are instead present
over the entire volume of the partition one is interested in.
As such, the short-time evolution of symmetry-resolved
density matrices will be dictated by this competition, and
is expected to be largely insensitive to other characterist-
ics, including the partition geometry and topology, and
(to a weaker extent) the initial state. The theoretical
apparatus discussed in the next section can be made to
incorporate such generic features. We nevertheless opted
to focus on a simple, yet paradigmatic example, and defer
the demonstration of generality of SR dynamical purific-
ation to the numerical experiments discussed in Sec. IV.

1. An explicit example: hard-core Bose-Hubbard model in

2D

For the sake of clarity and to make connections to the
numerical experiments below direct, we start by focus-
ing on a specific instance, and return to the general case
at the end of the subsection. We consider a model of
hard-core bosons hopping on an infinite 2D square lat-
tice, described by the Hamiltonian:

H = J

X

<i,j>

(b†i bj + h.c.) (14)

where bi (b†i ) is the bosonic annihilation (creation) oper-
ator at site i. The Hamiltonian dynamics conserves the
total number of bosons, and is thus U(1) invariant. The
system time-evolution is describe by a master equation:

@t⇢ = � i

~ [H, ⇢]+
X

j

�


bj⇢b

†
j + b

†
j⇢bj � 1

2
{bjb†j + nj , ⇢}

�

(15)
where the second term describes single particle loss and
gain processes with decay rate �. The full dynamics is
schematically depicted in Fig. 2a. While we will keep
generality in the theory part with respect to the possible
dissipation mechanisms, in the numerical examples be-
low, we will only consider loss terms, as those are more
readily accessible experimentally.

We investigate the dynamics starting from a charge-
density wave (CDW), with alternating filled (blue) and
empty (grey) sites (see Fig.2b). Within this state, we
consider the reduced density matrix ⇢A corresponding to
a rectangular partition A of size Lx ⇥ Ly. We denote as
Q =

P
i,j2A nj � LxLy

2 the number of bosons in the parti-
tion below half-filling. Note that, while the full time evol-
ution breaks U(1) invariance, the reduced density matrix
⇢A preserves its block-diagonal form: this is more con-
veniently seen when interpreting Eq. 15 as a collection
of quantum trajectories, each corresponding to the solu-
tion of a stochastic Schrödinger equation. Within each
trajectory, the total number of particles at each time t is
well defined: a single quantum jump only changes that
value by an integer value. Following the previous subsec-
tion, we denote such symmetry-resolved reduced density
matrices as ⇢A(q), and express our quantities in ~ = 1
units.

We are interested in short time evolution, where dissip-
ation and coherent dynamics strongly compete. Specific-
ally, we focus on timescales accessible within perturba-
tion theory, that is, J2

t
2
, t� ⌧ 1. We focus on the q = �1

sector of the RDM, that is, the one where the number of
bosons in the partition is decreased by 1 with respect to
half-filling. At short times, this is the most populated
sector that does contribute to the initial state. We will

- Both dynamics leads to entropy growth (entanglement and total)

- The total entropy grows, purity reduces 
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Figure 3. Dynamical purification and symmetry-resolved en-
tanglement for one-dimensional XX spin models. We choose
a system with N = 8, initialized in a Néel state |"#i⌦N/2 and
evolved with HXX subject to particle loss with rate � (see
main text). We take A = [1, 2, 3, 4] and B = [5, 6, 7, 8]. In
panels (a,c), the SR purity of subsystem A is shown. Black
dashed lines are predictions from early-time perturbation the-
ory. In panels (b,d), the normalized SR negativity N (q̃) is
shown for various imbalance sectors q̃ (b) and decoherence
rates � (d). The inset shows the early time value N (�1)|t=0+

as function of �/J . Gray lines are results from perturbation
theory, Eqs. (B3) and (30), respectively.

with Hamiltonian

HXX = J

N�1X

i=1

�
+
i �

�
i+1 + c.c. (31)

subject to spin excitation loss with rate �, modeled via
the jump operators p

��
�
i for i = 1, . . . , N . We initial-

ize the system with N = 8 sites, divided into subsys-
tems A = [1, 2, 3, 4] and B = [5, 6, 7, 8], in the Néel state
| 0i = |"#i⌦N/2 with total magnization Sz =

PN
i=1 �

z
i =

0. While the total magnetization is conserved by the
Hamiltonian part of the dynamics HXX , the incoherent
spin excitation loss leads to a population of various sec-
tors.

In Fig. 4 a), we display the symmetry resolved pur-
ity of the subsystem A with NA = 4 sites for various
sectors q. Clearly, the sector q = 1 exhibits dynamical
purification at times Jt ⇡ 1 which is absent in the sec-
tor q = 0 and also for the purity tr

⇥
⇢
2
A

⇤
of the total

density matrix ⇢A. As predicted by perturbation theory
[Eq. (20)], purification is pronounced most strongly for
weak decoherence (see Fig. 4b). While the initial values
PA(1)|t=0+ = 2/NA is independent of �, the peak of the
purity is approaching the value of the purity for unitary
dynamics. On the contrary, for � & J , the dynamics is
dominated by decoherence, and purification is absent.

In Fig. 3 (c-d), we show the SR negativity N (q̃) associ-
ated with the partially transpose density matrix ⇢

TA . We
observe that SR entanglement between A and B is dom-

inated by the magnetization imbalance sector q̃ = �1 sec-
tor. The magnitude of the negativity of sector q̃ is much
larger than the total system negativity. In addition, as
shown in the inset, the early time value at Jt = 0+ is
decreasing as ⇠ 1/� with increasing decoherence rate �,
as predicted by perturbation theory [Eq.(30)].

Experimental setups. - The dynamics discussed in
this subsection is relevant for a variety of setups. In
the next section, we will discuss and demonstrate im-
plementation with trapped ions in Paul traps. Another
natural setting is Rydberg atoms in optical tweezers or
optical lattices. Within those, the dipolar version of the
XY Hamiltonian in Eq. (31) is naturally realized when
considering direct dipole-dipole interactions within the
Rydberg manifold (for a many-body demonstration, see
Ref.[Barredo]). Spin excitation losses occur naturally,
and can be further enhanced via incoherently coupling
the two Rydberg states. A very similar scenario (dipolar
couplings) is also realized with superconducting qubits in
3D cavities, and with polar molecules or magnetic atoms
in optical lattices.

B. Fermionic systems in 1D and 2D

We now provide numerical evidences of the physics de-
scribed in the previous sections also using free fermionic
techniques 41,42. The latter allow us to consider larger
system sizes and two-dimensional geometries. Most im-
portantly, it allows us to check systematically specific fea-
tures of our predictions, such as the dependence on the
partition size, dimensionality, and topology of the parti-
tion (e.g.: in 1D, we will consider explicitly disconnected
partitions).

In free fermionic theories, one can compute the
charged-moments (Eq. 7) via the two-point fermionic cor-
relation matrix Cij = hc†i cji and its evolution according
to Ref. 43. We consider a tight-binding model described
by the following Hamiltonian:

H = �J

X

hi,ji

c
†
i cj � 2µ

X

j

✓
c
†
jcj � 1

2

◆
(32)

The first sum runs over the nearest neighbours, c†i , ci are
fermionic creation/annihilation operators, J is the hop-
ping (that we set to unity below, J = 1) and µ is the
chemical potential (µ = 0 unless stated otherwise). We
consider both 1D and 2D square lattice cases, checking
numerically the analytical predictions in the previous sec-
tions. In 1D, the tight-binding model is mapped to the
XX Hamiltonian (31) by a Jordan-Wigner transforma-
tion.

We start from a charge-density-wave (half-filling), and
let it evolve according to a GKSL master equation mas-
ter with jump operator lj = �cj . At each time t one can
compute Zn(↵) from Cij and the corresponding entrop-
ies.

3

Figure 1. Evolution of symmetry-resolved entropies in NISQ devices. Panel a,b): sketch of the models discussed in the main
text. a): free fermions on a square lattice, with tunneling matrix element J and one-body loss rate �. b): spin-1/2 chains
with long-range XY exchange interactions, and single site spin relaxation rate �. In both cases, the grey areas represent the
geometries of the A bipartition of linear length ` considered below. Panel b): time evolution of the symmetry resolved purity
in the sector q = 1, Tr[⇢2A,1] = PA(1), in NISQ devices undergoing three distinct regimes (see text). The purity initially
increases as a function of time, signalling dynamical purification (gray dot). Panel d,e): time evolution of the symmetry-
resolved purity normalized by the partition volume, correspondent to a quantum quench from a charge-density-wave state, and
with the dynamics described in panel a,b), respectively. At short times, decoherences induces a universal scaling behavior, that
corresponds to a log-volume entropy scaling, and a purity scaling with inverse of the partition volume. Panel f): symmetry-
resolved purity for a long-range XY spin chain of L = 10 sites, with ` = 4. The lines represent theoretical simulations,
with (solid) and without (dashed) decoherence. Dynamical purification is only present in the first case. Circles represent
experimentally reconstructed data from for the symmetry-resolved purity in the trapped ion experiment of Ref.17. The sectors
with q = ±1 display dynamical purification, in agreement with theory. AE: Could one add text in panel d), e), saying e.g.
1D, 2D, respectively? or visual connections to a),b)? At the moment one needs to read the caption very carefully to find out.
[adding arrows is not optimal graphics-wise. We can add ’1D’ ’2D’ labels.]

The definition of the symmetry resolved Rényi entropies
(SRREs) follows now straightforwardly,

S
(n)
A (q) ⌘ 1

1 � n
log Tr{⇢A(q)n} . (6)

The calculation of Tr{⇢A(q)n} in Eq. 5 requires the
knowledge of the spectral resolution in QA of ⇢A. As
pointed out in Refs. 23 and 67, for some of the com-
putations below, it will be more convenient to study the
charged moments Zn(↵),

Zn(↵) ⌘ Tr
�
⇢
n
Ae

i↵QA
 
, (7)

since those do not directly require spectral resolution to
start with. The charged moments have been calculated
in several cases23–27,67–77. Starting from the computation
of Zn(↵), it is possible to obtain Tr{⇢nA⇧q} through a
Fourier transform:

Tr{⇢nA⇧q} =

Z ⇡

�⇡

d↵
2⇡

Zn(↵)e
�i↵q

. (8)

We will exploit this last route in the fermionic simulations
in Sec. IV.

Recent studies have discussed the basic proper-
ties of these symmetry-resolved contributions both in-
23–26,67,69–76 and out-of-equilibrium27,68 and in presence
of disorder77. In basically all considered cases, it has
been shown that SRRE of large subsystems exhibits en-
tanglement equipartition (namely all SRRE are equal)
for the most relevant and populated symmetry sectors.
The value of q for which there is a sizeable breakdown
of equipartition depends on the physical circumstances.
The non equilibrium dynamics of SRRE has been con-
sidered only for isolated systems, both after a local27 and
a global68 quantum quench, with remarkable results such
as the presence of a universal time delay for the activa-
tion of a given sector68. However, the investigation about
SRRE is far from complete and the characterization of
its behaviour in the presence of dissipation still remains
an open question.

Analysis of experimental results:

Some sectors purifies at 

intermediate times

A general phenomenon that can 
be easily shown in perturbation 
theory in γ

V. Vitale, A. Elben, R. Kueng, A. Neven, J. Carrasco, B. Kraus, P. Zoller,  P. Calabrese, B. Vermersch, and M. Dalmonte,  ArXiv:2101.07814




Mixed state entanglement: Partial transpose and negativity
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Q: what is the entanglement in a mixed state?
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FIG. 1. Protocol and illustrations. a) The p3-PPT condition
can be used to demonstrate mixed-state bipartite entangle-
ment with PT-moments. Separable states are PPT states and
also fulfill the p3-PPT condition. Thus, quantum states which
violate the p3-PPT condition must be bipartite entangled [see
also Eq. (2)]. b) In our protocol, PT-moments are measured
by applying local random unitaries followed by computational
basis measurements. c-d) Violation of the p3-PPT condition,
i.e. p22 > p3, is experimentally observed for connected c) and
disconnected (separated by d = 0, 2, 4 spins) d) partitions A
and B at various times t after a quantum quench [10]. Dots:
experimental results. Error bars: Jackknife estimates of sta-
tistical errors. Lines: numerical simulations including the
decoherence model presented in Ref. [10].

the SM [23], the p3-PPT condition becomes equivalent to
the PPT condition for Werner states (in this case, it is a
necessary and su�cient condition for bipartite entangle-
ment [27]).

The second main contribution of this letter is a mea-
surement protocol to determine PT-moments in NISQ
devices. Crucially, we employ randomized measurements
implemented with local (single-qubit) random unitaries,
see Fig. 1b) which are readily available in NISQ devices
and have been already successfully applied to measure
entanglement entropies, many-body state-fidelities, and
out-of-time ordered correlators [10, 28–30]. In contrast to
previous proposals for measuring PT-moments, our pro-
tocol does not rely on many-body interference between
identical state copies [6, 24, 31], or on using global entan-
gling random unitaries [32] built from interacting Hamil-
tonians [16, 33–35]. Instead, it only requires single-qubit
control, and allows for the estimation of many distinct
PT-moments from the same data. In particular, arbi-
trary orders n � 2 and arbitrary (connected, as well as
disconnected) partitions A, B can be measured.

While the experimental setup for our measurement
protocol is reminiscent of quantum state tomogra-
phy [36–39], there are fundamental di↵erences regarding
the required number of measurements (as independent
state copies), and the way the measured data is pro-

cessed. Without strong assumptions on the state [37, 38],
performing tomography to infer an ✏-approximation of
an unknown density matrix ⇢AB (e.g. in order to sub-
sequently compute ✏-approximations of pn) requires (at
least) order 2|AB|rank(⇢AB)/✏2 measurements [40, 41].
In the high accuracy regime (✏ ⌧ 1), our direct es-
timation protocol instead only requires order 2|AB|/✏2

measurements. For highly mixed states – the central
topic of this work – this discrepancy heralds a signifi-
cant reduction in measurement resources. Furthermore,
we predict PT-moments through a ’direct’ and (multi-
) linear postprocessing of the measurement data repre-
sented as ’classical shadows’ [18]. Thus, data process-
ing is cheap – both in memory and runtime – and can
be massively parallelized. Similar to previous measure-
ment [10, 15, 16, 18, 29, 30, 42–44] and entanglement
detection [45–49] protocols based on randomized mea-
surements, this is another distinct advantage over tomog-
raphy which typically requires expensive data-processing
algorithms [36] or training a neural network [38].

Finally, we demonstrate our measurement protocol and
the p3-PPT condition experimentally in the context of
the quantum simulation of many-body systems. Here,
PT-moments have been shown to reveal universal prop-
erties of quantum phases of matter [22, 50–53] and their
transitions [22, 50, 54, 55]. Out of equilibrium, PT-
moments allow to understand the dynamical process of
thermalization [56–59], and the fate of (many-body) lo-
calization in presence of decoherence [60]. In this work,
we analyze the data of Ref. [10] corresponding to the
out-of-equilibrium dynamics in a spin model with long-
range interactions, which was implemented in a 10-qubit
trapped ion quantum simulator. In particular, we cer-
tify the presence of mixed-state entanglement via the p3-
PPT condition [see Fig. 1(c-d), and for details below].
Furthermore, we monitor the time-evolution of p3 and
observe dynamical signatures of entanglement spreading
and thermalization [56, 57].

Protocol– The experimental ingredients to measure
PT-moments build on resources similar to the ones pre-
sented in Ref. [16] and realized in Ref. [10] to mea-
sure Rényi entropies. The key new element is the post-
processing of the experimental data [18]. As shown in
Fig. 1, the quantum state of interest is realized in a sys-
tem of N qubits. In the partitions A and B, consisting
of |A| and |B| spins, respectively, a randomized measure-
ment is performed by applying random local unitaries
u = u1 ⌦ · · · ⌦ u|AB|, with ui independent single qubit
rotation sampled from a unitary 3-design [33, 61], and a
subsequent projective measurement in the computational
basis with outcome k = (k1, . . . , k|AB|). This is subse-
quently repeated with M di↵erent random unitaries such
that a data set of M bitstrings k(r) with r = 1, . . . ,M is
collected.

From this data set, the PT-moments pn can be esti-
mated without having to reconstruct the density matrix
⇢AB , and with a significantly smaller number of experi-
mental runs M than required for full quantum state to-

Intermezzo: “Negativity” in experiments 

In Elben et al, PRL 2020  are obtained by performing local random 
measurements and post-processing using the classical shadows framework

pn

Quench from Néel state

in a long range XX

p3-PPT condition: if , then PPT is violated and there is entanglement p3 < p2
2

The negativity is difficult to measure experimentally, but the moments of the partial transpose  canpn

Generalizations 

A.Neven, J. Carrasco, V. Vitale, C. Kokail, A. Elben, M. Dalmonte, P. Calabrese, P. Zoller, B. Vermersch, 
R. Kueng, and B. Kraus, ArXiv:2103.07443

◉  conditions: generalized conditions, involving higher momentsDn

◉ Symmetry resolution of p3-PPT:
- Allow to understand in which sector negative eigenvalues are
- More sensitive to small negative eigenvalues

E. Cornfeld, M. Goldstein, and E. Sela, PRA  98, 032302 (2018)
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Some results: Negativity equipartition



The symmetry resolution of entanglement measures provides a fine structure of the 

entanglement content of physical states of extended quantum systems that is not accessible 

from the measure of the total entanglement

Main message:

◉ Measurable experimentally (actually already measured!) 

◉ Easy to compute via charged moments  

Some features:

◉ Relation to charge statistics, entanglement Hamiltonian, …. 

HAPPY B’DAY HUBERT!


