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approach relies on a replica trick which allows us to deal
with the intrinsic nonlinearities of projective measurements.
The area- to volume-law entanglement transition then corre-
sponds to an ordering transition in the statistical-mechanics
model. This naturally explains the emergence of conformal
invariance at the transition, and leads to universal scaling
forms for the entanglement entropy and mutual information.
In the limit of infinite on-site Hilbert space dimension d = ∞,
we find that the entanglement transition is in the percolation
universality class, and we compute the exact value of the
universal coefficient of the logarithm of subsystem size in
all nth Rényi entropies for n ! 1 from the exactly known
CFT, obtaining the value =1/6 for the entanglement of half of
the system and open boundary conditions. This is in contrast
to the value of the universal coefficient of the logarithm of
subsystem size of the zeroth Rényi entropy computed in the
same setting, as mentioned above, in Ref. [41] using the
minimal cut method, which was found [49] in that work to
be equal [44,50,51] to = ln 2 ×

√
3/(2π ). [The latter quantity

is ≈ ln 2 × 0.27 ≈ 0.187.] The fact that these two universal,
exactly known numbers 1/6 and ln 2 ×

√
3/(2π ) are different

appears to indicate that, while in the limit of infinite on-site
Hilbert space dimension, the nth Rényi entropies for n ! 1
and the zeroth Rényi entropy S0 happen to become critical
at the same parameter value (probability of measurement),
they describe rather different and unrelated properties of
the system. (This is in line with the observation, mentioned
above, that these two quantities become critical at different
parameter values in the generic case of finite on-site Hilbert
space dimension.) The limit of an infinite on-site Hilbert space
dimension also allows us to identify the generic transition for
a finite on-site Hilbert space dimension as that generated by
a crossover from the percolation conformal field theory by a
single (renormalization group) relevant perturbation.

The remainder of this paper is organized as follows: In
Sec. II, we introduce the model of random unitary circuits
with random projective measurements, and explain how to
compute the entanglement entropy using a replica approach.
In Sec. III, we map the calculation of the entanglement
entropy onto a statistical-mechanics model, and discuss the
large d limit. Section IV describes the consequences of con-
formal invariance for scaling of various quantities for any d ,
while Sec. V addresses the d = ∞ limit in detail. Finally,
Sec. VI deals with the nature of the transition at finite d
and the close relation to the entanglement transition [32] in
random tensor networks [32,52,53], and Sec. VII contains
concluding remarks.

II. RANDOM QUANTUM CIRCUITS

We study the discrete-time dynamics of a 1D “qudit” chain.
That is, each site of this 1D qudit chain has a local Hilbert
space of dimension d . The discrete-time dynamics we focus
on is generated by the quantum circuit with a “brick-wall”
configuration shown in Fig. 1 that consists of random unitary
operators and generalized measurements. In Fig. 1, the 1D
qudit chain is along the x direction while the vertical direction
represents time (or discrete time steps). Each green block
represents an independently Haar-random two-site unitary

FIG. 1. Random unitary dynamics of a 1D qudit chain. The blue
circles represent one-site generalized measurements, while the green
blocks represent Haar-random two-site unitary gates that act on pairs
of neighboring sites in the 1D qudit chain.

gate that acts on a pair of neighboring sites in the 1D qudit
chain.

Each of the blue blocks represents a one-site generalized
measurement. Such generalized measurements can be most
conveniently described using the language of quantum chan-
nels [44,54], which we review in the following. In general,
a quantum channel is a completely positive trace-preserving
map, which can be described by a set M = {Mα} of Kraus op-
erators Mα (with α = 1, 2, . . .). The Kraus operators are nor-
malized according to a generalized normalization condition∑

Mα∈M w(Mα )M†
αMα = 1 with w(Mα ) a non-negative real

number for each Kraus operator Mα ∈ M, which is the weight
of realizing Mα in the quantum channel. The left-hand side of
this normalization condition can be viewed as the weighted
sum of M†

αMα’s with non-negative weights w(Mα ). In the
following, we will denote this weighted sum as EMα∈M. For
example, we can rewrite the generalized normalization con-
dition as EMα∈M M†

αMα =
∑

Mα∈M w(Mα )M†
αMα = 1. Given

the set M and the weights, the quantum channel is defined
as the map from any density matrix ρ to EMα∈M MαρM†

α . In
fact, in the standard definition of the Kraus operators and their
normalization (see [54] for example), the weights w(Mα ) are
all taken to be 1. Here, we have made a generalization to
nonunity weights and to the corresponding weighted sum for
the convenience of later discussion. Given the set M (and the
weights of the Kraus operators), the quantum channel can also
be understood as a “probabilistic evolution.” If one starts with
a pure quantum state |ψ〉, for every Kraus operator Mα ∈ M,
the quantum channel evolves |ψ〉 to Mα |ψ〉

‖Mα |ψ〉‖ with a probability
of w(Mα )‖Mα|ψ〉‖2 = w(Mα )〈ψ |M†

αMα|ψ〉. Note that this
probability is normalized due to the generalized normalization
condition of the Kraus operators. Since we only consider one-
site generalized measurements in the quantum circuit shown
in Fig. 1, we then restrict the Kraus operators in M to be
localized on the site where the corresponding blue block is
acting.

The quantum channel description of generalized mea-
surements can easily recover the standard projective mea-
surement. For example, the one-site projective measurement
with respect to a (orthonormal) set of basis vectors |i〉
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FIG. 4. (a) Entanglement entropy SA(p; |A|, L) with fixed
|A|/L = 1/2, as functions of L, for di↵erent values of p. (b)
SA(p; |A|, L) with fixed L = 512, as functions of |A|, for dif-
ferent values of p. Both plots are on a log-log scale. Notice
that curves in (a) and (b) corresponding to the same value of
p < pc has the same slope, s(p) (see main text).

diagram is shown schematically in Fig. 3, which shows
a volume law phase and an area law phase separated by
some critical rate of measurement, pc. Whether pc is 0
or finite was not agreed upon in earlier work.

Here our numerics for the random Cli↵ord circuit sup-
ports a finite pc, consistent with [13, 14]. In Fig. 4(a),
we plot the entanglement entropy SA(p; |A| = aL,L)
for di↵erent values of p as functions of L, with a fixed
a = 1/2. We find qualitatively distinct behavior of SA

below and above pc ⇡ 0.16. For p < pc, the curves
asymptote to straight lines of slope 1 on a log-log scale,

suggesting volume law scaling of the entanglement en-
tropy, SA(p; |A| = aL,L) = s(p)L. For p > pc, the
curves are saturating to zero slope, suggesting an area
law scaling, SA(p; |A| = aL,L) = c(p)L0.
In Fig. 4(b), we plot SA(p; |A|, L) as a function of |A|

while fixing L = 512. Similar scaling behavior is ob-
served.

C. Entanglement entropy from stabilizer
distribution

For Cli↵ord circuits further information about the na-
ture of the two phases can be revealed by examining
the stabilizer distributions, as we now discuss. We start
by listing several results regarding the stabilizer formal-
ism [17–20, 23]. These results are also reviewed in Ap-
pendix A.

1. A wavefunction | i in the Cli↵ord circuit of L
qubits is uniquely characterized by L mutually
commuting and independent Pauli string operators
G = {g1, . . . , gL} such that each one “stabilizes”
the wavefunction, gi | i = | i.

Elements of G are called stabilizers. Such a wave-
function is called a stabilizer state or codeword.
Only stabilizer states appear in the Cli↵ord circuit.

Being Pauli string operators, the stabilizers have
endpoints where they terminate. Specifically, we
define the left and right endpoints of a stabilizer to
be

l(g) = min{x : g acts non-trivially on site x}, (7)

r(g) = max{x : g acts non-trivially on site x}, (8)

where x is the coordinate of the site, which takes
values in {1, 2, . . . , L}. For systems with periodic
spatial boundary conditions, there is an arbitrari-
ness in choosing the origin of the coordinate sys-
tem, and there is no absolute distinction between
left and right. However, we note that the functions
l(g) and r(g) are well-defined once the origin is
chosen and fixed, which we will always assume to
be the case in the rest of the paper.

2. The choice of G is not unique. For any stabilizer
state, one can choose G such that there are exactly
two stabilizer endpoints on each site,

⇢l(x) + ⇢r(x) = 2, for all sites x. (9)

We say G is in the clipped gauge [23].

Notice that G is not uniquely fixed by this gauge
condition.

3. Within the clipped gauge, the entanglement en-
tropy of a contiguous subregion A is given by half
the number of stabilizers that cross either its left
or right boundary,
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approach relies on a replica trick which allows us to deal
with the intrinsic nonlinearities of projective measurements.
The area- to volume-law entanglement transition then corre-
sponds to an ordering transition in the statistical-mechanics
model. This naturally explains the emergence of conformal
invariance at the transition, and leads to universal scaling
forms for the entanglement entropy and mutual information.
In the limit of infinite on-site Hilbert space dimension d = ∞,
we find that the entanglement transition is in the percolation
universality class, and we compute the exact value of the
universal coefficient of the logarithm of subsystem size in
all nth Rényi entropies for n ! 1 from the exactly known
CFT, obtaining the value =1/6 for the entanglement of half of
the system and open boundary conditions. This is in contrast
to the value of the universal coefficient of the logarithm of
subsystem size of the zeroth Rényi entropy computed in the
same setting, as mentioned above, in Ref. [41] using the
minimal cut method, which was found [49] in that work to
be equal [44,50,51] to = ln 2 ×

√
3/(2π ). [The latter quantity

is ≈ ln 2 × 0.27 ≈ 0.187.] The fact that these two universal,
exactly known numbers 1/6 and ln 2 ×

√
3/(2π ) are different

appears to indicate that, while in the limit of infinite on-site
Hilbert space dimension, the nth Rényi entropies for n ! 1
and the zeroth Rényi entropy S0 happen to become critical
at the same parameter value (probability of measurement),
they describe rather different and unrelated properties of
the system. (This is in line with the observation, mentioned
above, that these two quantities become critical at different
parameter values in the generic case of finite on-site Hilbert
space dimension.) The limit of an infinite on-site Hilbert space
dimension also allows us to identify the generic transition for
a finite on-site Hilbert space dimension as that generated by
a crossover from the percolation conformal field theory by a
single (renormalization group) relevant perturbation.

The remainder of this paper is organized as follows: In
Sec. II, we introduce the model of random unitary circuits
with random projective measurements, and explain how to
compute the entanglement entropy using a replica approach.
In Sec. III, we map the calculation of the entanglement
entropy onto a statistical-mechanics model, and discuss the
large d limit. Section IV describes the consequences of con-
formal invariance for scaling of various quantities for any d ,
while Sec. V addresses the d = ∞ limit in detail. Finally,
Sec. VI deals with the nature of the transition at finite d
and the close relation to the entanglement transition [32] in
random tensor networks [32,52,53], and Sec. VII contains
concluding remarks.

II. RANDOM QUANTUM CIRCUITS

We study the discrete-time dynamics of a 1D “qudit” chain.
That is, each site of this 1D qudit chain has a local Hilbert
space of dimension d . The discrete-time dynamics we focus
on is generated by the quantum circuit with a “brick-wall”
configuration shown in Fig. 1 that consists of random unitary
operators and generalized measurements. In Fig. 1, the 1D
qudit chain is along the x direction while the vertical direction
represents time (or discrete time steps). Each green block
represents an independently Haar-random two-site unitary

FIG. 1. Random unitary dynamics of a 1D qudit chain. The blue
circles represent one-site generalized measurements, while the green
blocks represent Haar-random two-site unitary gates that act on pairs
of neighboring sites in the 1D qudit chain.

gate that acts on a pair of neighboring sites in the 1D qudit
chain.

Each of the blue blocks represents a one-site generalized
measurement. Such generalized measurements can be most
conveniently described using the language of quantum chan-
nels [44,54], which we review in the following. In general,
a quantum channel is a completely positive trace-preserving
map, which can be described by a set M = {Mα} of Kraus op-
erators Mα (with α = 1, 2, . . .). The Kraus operators are nor-
malized according to a generalized normalization condition∑

Mα∈M w(Mα )M†
αMα = 1 with w(Mα ) a non-negative real

number for each Kraus operator Mα ∈ M, which is the weight
of realizing Mα in the quantum channel. The left-hand side of
this normalization condition can be viewed as the weighted
sum of M†

αMα’s with non-negative weights w(Mα ). In the
following, we will denote this weighted sum as EMα∈M. For
example, we can rewrite the generalized normalization con-
dition as EMα∈M M†

αMα =
∑

Mα∈M w(Mα )M†
αMα = 1. Given

the set M and the weights, the quantum channel is defined
as the map from any density matrix ρ to EMα∈M MαρM†

α . In
fact, in the standard definition of the Kraus operators and their
normalization (see [54] for example), the weights w(Mα ) are
all taken to be 1. Here, we have made a generalization to
nonunity weights and to the corresponding weighted sum for
the convenience of later discussion. Given the set M (and the
weights of the Kraus operators), the quantum channel can also
be understood as a “probabilistic evolution.” If one starts with
a pure quantum state |ψ〉, for every Kraus operator Mα ∈ M,
the quantum channel evolves |ψ〉 to Mα |ψ〉

‖Mα |ψ〉‖ with a probability
of w(Mα )‖Mα|ψ〉‖2 = w(Mα )〈ψ |M†

αMα|ψ〉. Note that this
probability is normalized due to the generalized normalization
condition of the Kraus operators. Since we only consider one-
site generalized measurements in the quantum circuit shown
in Fig. 1, we then restrict the Kraus operators in M to be
localized on the site where the corresponding blue block is
acting.

The quantum channel description of generalized mea-
surements can easily recover the standard projective mea-
surement. For example, the one-site projective measurement
with respect to a (orthonormal) set of basis vectors |i〉
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From the formula for entanglement entropy Eq. (10),
we see that for a region A with 1 ⌧ |A| ⌧ L,

SA =
1

2

Z

x2A

Z

y2A
[✓(y � x)DG(x, y)⇥ L+ (x $ y)]

=
1

2

Z

x2A

Z

y2A
[✓(y � x)DG(y � x) + (x $ y)] .(18)

Combined with Eq. (16) and (17), we have

SA ⇠

8
><

>:

↵(p) ln |A|+ s(p)|A|, p < pc
↵(p) ln |A|, p = pc
↵(p) ln ⇠. p > pc

(19)

This scaling behavior is consistent with our findings in
Fig. 4. When p < pc, the two parts of the distribution
contribute to the two terms separately: the volume law
entanglement comes from the peak at ` ⇡ L/2, while the
logarithmic correction comes from the power law distri-
bution of the “shorter” stabilizers, which gets exposed at
the critical point.

From the stabilizer length distribution, the existence
of a phase transition is rather obvious. The transition is
accompanied by the vanishing of s(p) as we approach pc
from below, and by the divergence of ⇠ as we approach
pc from above.

IV. CRITICAL BEHAVIOR

A. Finite size scaling of entanglement entropy

As seen from Eq. (19), the inverse-square power law
form of the stabilizer length distribution at p = pc im-
plies that the entanglement entropy right at the critical
point should vary logarithmically with sub-system size.
In Fig. 6(a) we plot SA(p; |A|, L) with fixed values of L
at pc, and see that it indeed has the desired scaling form.
The coe�cient of the logarithmic function matches well
to that of the inverse square power law, ↵(pc), as ex-
pected.

To further probe the entanglement transition, we con-
sider a finite size scaling form for SA(p; |A| = aL,L),

SA(p; |A| = aL,L) = ↵(pc) lnL+ F
⇣
(p� pc)L

1/⌫
⌘
.

(20)
In order to match on to Eq. (19) in the thermodynamic
limit, the function F must be proportional to L when
p < pc, and cancel the lnL term when p > pc. Therefore
F (x) has the following asymptotics,

F (x) ⇡

8
><

>:

|x|⌫ , x ! �1

const, x = 0

�↵(pc)⌫ ln |x|. x ! +1

(21)

Therefore, from Eq. (19) we identify s(p) with (pc � p)⌫

for p < pc, and ⇠ with |p � pc|�⌫ having the meaning of
the correlation length.
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FIG. 6. (a) Entanglement entropy at the critical point
fits well to a purely logarithmic function, SA(pc; |A|, L) ⇡
↵(pc) ln |A|, where ↵(pc) = 1.6, plotted for |A| < L/4. (b)
Collapsing the SA(p; |A| = L/2, L) data to the scaling form
in Eq. (22), where we find pc = 0.16 and ⌫ = 1.3.

This scaling form appeared in Refs. [13, 38]. In
Ref. [38] this formula follows if/when the entanglement
entropy can be mapped to the change of the free energy
caused by the insertion of two boundary condition chang-
ing operators in a 2d classical spin model. These two op-
erators are inserted at the boundaries of the subsystem
A and the free energy cost for them can be represented
as the logarithm of the two point correlation function.
Deep within the two phases, the volume law and area
law scalings of the entropy are consistent with the free
energy of a domain wall connecting the two boundaries
of A in the ordered and disordered phases of the classical
spin model, with finite and zero surface tensions, respec-
tively. The logarithmic correction in the volume phase
would be accounted for by the contributions to the free
energy due to capillary wave fluctuations of the interface
in the ordered phase of the spin model [39, 40]. Right
at the critical point the two point correlation function
of the boundary condition changing operator decays as
a power law. Thus, upon taking logarithms, the coe�-
cient ↵(pc) in the entanglement entropy has the meaning
of twice the scaling dimension of the boundary condition
changing operator.

In order to put Eq. (20) into a conventional finite size
scaling form, we will subtract out the critical entropy
to cancel out the lnL term, and fit our entanglement
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FIG. 9. (a) Data collapse for the mutual information, IA,B ,
at pc as a function of the cross ratio ⌘, on a log-log scale.
The red line corresponds to ⌘2.1. (b) Fitting IA,B at pc to
Eq. (29), where we vary |A| = |B| but keep rA,B = L/2 fixed.
The red line shows the function (|A|/L)4.

We emphasize that the average squared correlation
function is only obtained by examining the quantum tra-
jectories one by one, and cannot be written as the expec-
tation value of any operator,

hOAOBi
2
c 6= Tr (⇢OA[B) . (26)

Indeed, since ⇢ is the infinite temperature density matrix
for arbitrary p > 0, it does not contain any information
about the entanglement phase transition [13, 14].

C. Emergent conformal symmetry at criticality

In 1d equilibrium quantum critical systems, the entan-
glement entropy and mutual information of the ground
state show universal scaling behaviors, as predicted by
conformal field theories (CFT) [42]. The logarithmic
scaling of the entanglement entropy and the diverging
correlation length suggest that our non-unitary entan-
glement transition might likewise be described by some
appropriate conformal field theory [13, 38].

To check for such possible underlying conformal sym-
metry, we compute the mutual information between two
disjoint intervals, whose size and locations can be var-
ied. Let A = [x1, x2], B = [x3, x4], C = [x2, x3],

D = [x4, x1] be a partition of the system. In a con-
ventional conformal field theory the mutual informa-
tion between A and B is related to a 4-point correla-
tion function of boundary condition changing operators,
IA,B = F (h�(x1)�(x2)�(x3)�(x4)i). As a direct conse-
quence of the conformal symmetry, it is a function only
of the cross ratio [43], i.e.,

IA,B = f(⌘), where ⌘ ⌘
x12x34

x13x24
, (27)

where xij is taken as the chord distance, xij =
L
⇡ sin

�
⇡
L |xi � xj |

�
because of the periodic boundary con-

dition.
We numerically compute the mutual information for a

sequence of choices for the partition such that the cross
ratio takes value across several orders of magnitude. In
Fig. 9(a), we plot the mutual information versus the cross
ratio at the critical point. We find that the data points
lie on a single curve, confirming the prediction of CFT.
In the limit ⌘ ⌧ 1, we find IA,B / ⌘�, where � ⇡ 2.
One interesting regime is when A and B are distant

sites, |A| = |B| = 1 ⌧ rA,B ⌧ L. Here ⌘ / r�2
A,B , so

that,

IA,B / r�2�
A,B . (28)

Since the left and right boundaries of A (or B) are close,
one can apply the operator product expansion (OPE) to
simplify the 4-point correlation function, and the mutual
information can now be viewed as the sum of 2-point cor-
relation functions between operators that appear in the
OPE. The dominant term comes from the operator with
lowest scaling dimension, which can now be identified
with � in the putative underlying CFT.
We can also consider another regime where ⌘ ⌧ 1. Let

|A| = |B| = aL, with a ⌧ 1 and rA,B = L/2, so that
⌘ / a2. We thus have,

IA,B / ⌘� / a2� =

✓
|A|

L

◆2�

, (29)

as verified in Fig. 9(b) with � = 2, and confirming the
result in Fig. 7 where the height of the peak saturates
to a constant with increasing L. This setup will prove
useful in extracting � in other models.
To summarize, the numerical results strongly support

an emergent conformal symmetry at the critical point,
and open up the possibility of an underlying CFT de-
scription.

V. CIRCUITS WITH SYMMETRY

In previous sections we have been focusing on stochas-
tic circuit models which have three types of randomness
present: (i) spatial and temporal randomness in the uni-
tary gates, (ii) spatial and temporal randomness in the
positions of the measurements, and (iii) stochasticity in
the measurement outcomes. Due to (i) and (ii) these

• Second order transition in all

Renyi entropies

⌫ ' 1.3

• Critical exponents (universality!) 

• conformal invariance (!)

z = 1 Li, Chen, Fisher ’19


Li, Chen, Ludwig, Fisher ’19


I = SA + SB � SAB

= f(⌘)

Sn =
1

1� n
log tr⇢nA
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• How can we analyze this transition? Seems like a hard, non-linear 
problem…


• Need to compute entanglement entropy, averaged over Haar 
gates, measurement locations, and measurement outcomes.

For each circuit: quantum trajectories (with different measurement outcomes)

are weighted by pm = tr⇢JIAN, YOU, VASSEUR, AND LUDWIG PHYSICAL REVIEW B 101, 104302 (2020)

approach relies on a replica trick which allows us to deal
with the intrinsic nonlinearities of projective measurements.
The area- to volume-law entanglement transition then corre-
sponds to an ordering transition in the statistical-mechanics
model. This naturally explains the emergence of conformal
invariance at the transition, and leads to universal scaling
forms for the entanglement entropy and mutual information.
In the limit of infinite on-site Hilbert space dimension d = ∞,
we find that the entanglement transition is in the percolation
universality class, and we compute the exact value of the
universal coefficient of the logarithm of subsystem size in
all nth Rényi entropies for n ! 1 from the exactly known
CFT, obtaining the value =1/6 for the entanglement of half of
the system and open boundary conditions. This is in contrast
to the value of the universal coefficient of the logarithm of
subsystem size of the zeroth Rényi entropy computed in the
same setting, as mentioned above, in Ref. [41] using the
minimal cut method, which was found [49] in that work to
be equal [44,50,51] to = ln 2 ×

√
3/(2π ). [The latter quantity

is ≈ ln 2 × 0.27 ≈ 0.187.] The fact that these two universal,
exactly known numbers 1/6 and ln 2 ×

√
3/(2π ) are different

appears to indicate that, while in the limit of infinite on-site
Hilbert space dimension, the nth Rényi entropies for n ! 1
and the zeroth Rényi entropy S0 happen to become critical
at the same parameter value (probability of measurement),
they describe rather different and unrelated properties of
the system. (This is in line with the observation, mentioned
above, that these two quantities become critical at different
parameter values in the generic case of finite on-site Hilbert
space dimension.) The limit of an infinite on-site Hilbert space
dimension also allows us to identify the generic transition for
a finite on-site Hilbert space dimension as that generated by
a crossover from the percolation conformal field theory by a
single (renormalization group) relevant perturbation.

The remainder of this paper is organized as follows: In
Sec. II, we introduce the model of random unitary circuits
with random projective measurements, and explain how to
compute the entanglement entropy using a replica approach.
In Sec. III, we map the calculation of the entanglement
entropy onto a statistical-mechanics model, and discuss the
large d limit. Section IV describes the consequences of con-
formal invariance for scaling of various quantities for any d ,
while Sec. V addresses the d = ∞ limit in detail. Finally,
Sec. VI deals with the nature of the transition at finite d
and the close relation to the entanglement transition [32] in
random tensor networks [32,52,53], and Sec. VII contains
concluding remarks.

II. RANDOM QUANTUM CIRCUITS

We study the discrete-time dynamics of a 1D “qudit” chain.
That is, each site of this 1D qudit chain has a local Hilbert
space of dimension d . The discrete-time dynamics we focus
on is generated by the quantum circuit with a “brick-wall”
configuration shown in Fig. 1 that consists of random unitary
operators and generalized measurements. In Fig. 1, the 1D
qudit chain is along the x direction while the vertical direction
represents time (or discrete time steps). Each green block
represents an independently Haar-random two-site unitary

FIG. 1. Random unitary dynamics of a 1D qudit chain. The blue
circles represent one-site generalized measurements, while the green
blocks represent Haar-random two-site unitary gates that act on pairs
of neighboring sites in the 1D qudit chain.

gate that acts on a pair of neighboring sites in the 1D qudit
chain.

Each of the blue blocks represents a one-site generalized
measurement. Such generalized measurements can be most
conveniently described using the language of quantum chan-
nels [44,54], which we review in the following. In general,
a quantum channel is a completely positive trace-preserving
map, which can be described by a set M = {Mα} of Kraus op-
erators Mα (with α = 1, 2, . . .). The Kraus operators are nor-
malized according to a generalized normalization condition∑

Mα∈M w(Mα )M†
αMα = 1 with w(Mα ) a non-negative real

number for each Kraus operator Mα ∈ M, which is the weight
of realizing Mα in the quantum channel. The left-hand side of
this normalization condition can be viewed as the weighted
sum of M†

αMα’s with non-negative weights w(Mα ). In the
following, we will denote this weighted sum as EMα∈M. For
example, we can rewrite the generalized normalization con-
dition as EMα∈M M†

αMα =
∑

Mα∈M w(Mα )M†
αMα = 1. Given

the set M and the weights, the quantum channel is defined
as the map from any density matrix ρ to EMα∈M MαρM†

α . In
fact, in the standard definition of the Kraus operators and their
normalization (see [54] for example), the weights w(Mα ) are
all taken to be 1. Here, we have made a generalization to
nonunity weights and to the corresponding weighted sum for
the convenience of later discussion. Given the set M (and the
weights of the Kraus operators), the quantum channel can also
be understood as a “probabilistic evolution.” If one starts with
a pure quantum state |ψ〉, for every Kraus operator Mα ∈ M,
the quantum channel evolves |ψ〉 to Mα |ψ〉

‖Mα |ψ〉‖ with a probability
of w(Mα )‖Mα|ψ〉‖2 = w(Mα )〈ψ |M†

αMα|ψ〉. Note that this
probability is normalized due to the generalized normalization
condition of the Kraus operators. Since we only consider one-
site generalized measurements in the quantum circuit shown
in Fig. 1, we then restrict the Kraus operators in M to be
localized on the site where the corresponding blue block is
acting.

The quantum channel description of generalized mea-
surements can easily recover the standard projective mea-
surement. For example, the one-site projective measurement
with respect to a (orthonormal) set of basis vectors |i〉

104302-2

= Projective measurement

X

m

pm = 1 (Born rule)

Sn =

*
X

m

(tr⇢)
1

1� n
log

tr⇢nA
(tr⇢)n

+

circuits
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approach relies on a replica trick which allows us to deal
with the intrinsic nonlinearities of projective measurements.
The area- to volume-law entanglement transition then corre-
sponds to an ordering transition in the statistical-mechanics
model. This naturally explains the emergence of conformal
invariance at the transition, and leads to universal scaling
forms for the entanglement entropy and mutual information.
In the limit of infinite on-site Hilbert space dimension d = ∞,
we find that the entanglement transition is in the percolation
universality class, and we compute the exact value of the
universal coefficient of the logarithm of subsystem size in
all nth Rényi entropies for n ! 1 from the exactly known
CFT, obtaining the value =1/6 for the entanglement of half of
the system and open boundary conditions. This is in contrast
to the value of the universal coefficient of the logarithm of
subsystem size of the zeroth Rényi entropy computed in the
same setting, as mentioned above, in Ref. [41] using the
minimal cut method, which was found [49] in that work to
be equal [44,50,51] to = ln 2 ×

√
3/(2π ). [The latter quantity

is ≈ ln 2 × 0.27 ≈ 0.187.] The fact that these two universal,
exactly known numbers 1/6 and ln 2 ×

√
3/(2π ) are different

appears to indicate that, while in the limit of infinite on-site
Hilbert space dimension, the nth Rényi entropies for n ! 1
and the zeroth Rényi entropy S0 happen to become critical
at the same parameter value (probability of measurement),
they describe rather different and unrelated properties of
the system. (This is in line with the observation, mentioned
above, that these two quantities become critical at different
parameter values in the generic case of finite on-site Hilbert
space dimension.) The limit of an infinite on-site Hilbert space
dimension also allows us to identify the generic transition for
a finite on-site Hilbert space dimension as that generated by
a crossover from the percolation conformal field theory by a
single (renormalization group) relevant perturbation.

The remainder of this paper is organized as follows: In
Sec. II, we introduce the model of random unitary circuits
with random projective measurements, and explain how to
compute the entanglement entropy using a replica approach.
In Sec. III, we map the calculation of the entanglement
entropy onto a statistical-mechanics model, and discuss the
large d limit. Section IV describes the consequences of con-
formal invariance for scaling of various quantities for any d ,
while Sec. V addresses the d = ∞ limit in detail. Finally,
Sec. VI deals with the nature of the transition at finite d
and the close relation to the entanglement transition [32] in
random tensor networks [32,52,53], and Sec. VII contains
concluding remarks.

II. RANDOM QUANTUM CIRCUITS

We study the discrete-time dynamics of a 1D “qudit” chain.
That is, each site of this 1D qudit chain has a local Hilbert
space of dimension d . The discrete-time dynamics we focus
on is generated by the quantum circuit with a “brick-wall”
configuration shown in Fig. 1 that consists of random unitary
operators and generalized measurements. In Fig. 1, the 1D
qudit chain is along the x direction while the vertical direction
represents time (or discrete time steps). Each green block
represents an independently Haar-random two-site unitary

FIG. 1. Random unitary dynamics of a 1D qudit chain. The blue
circles represent one-site generalized measurements, while the green
blocks represent Haar-random two-site unitary gates that act on pairs
of neighboring sites in the 1D qudit chain.

gate that acts on a pair of neighboring sites in the 1D qudit
chain.

Each of the blue blocks represents a one-site generalized
measurement. Such generalized measurements can be most
conveniently described using the language of quantum chan-
nels [44,54], which we review in the following. In general,
a quantum channel is a completely positive trace-preserving
map, which can be described by a set M = {Mα} of Kraus op-
erators Mα (with α = 1, 2, . . .). The Kraus operators are nor-
malized according to a generalized normalization condition∑

Mα∈M w(Mα )M†
αMα = 1 with w(Mα ) a non-negative real

number for each Kraus operator Mα ∈ M, which is the weight
of realizing Mα in the quantum channel. The left-hand side of
this normalization condition can be viewed as the weighted
sum of M†

αMα’s with non-negative weights w(Mα ). In the
following, we will denote this weighted sum as EMα∈M. For
example, we can rewrite the generalized normalization con-
dition as EMα∈M M†

αMα =
∑

Mα∈M w(Mα )M†
αMα = 1. Given

the set M and the weights, the quantum channel is defined
as the map from any density matrix ρ to EMα∈M MαρM†

α . In
fact, in the standard definition of the Kraus operators and their
normalization (see [54] for example), the weights w(Mα ) are
all taken to be 1. Here, we have made a generalization to
nonunity weights and to the corresponding weighted sum for
the convenience of later discussion. Given the set M (and the
weights of the Kraus operators), the quantum channel can also
be understood as a “probabilistic evolution.” If one starts with
a pure quantum state |ψ〉, for every Kraus operator Mα ∈ M,
the quantum channel evolves |ψ〉 to Mα |ψ〉

‖Mα |ψ〉‖ with a probability
of w(Mα )‖Mα|ψ〉‖2 = w(Mα )〈ψ |M†

αMα|ψ〉. Note that this
probability is normalized due to the generalized normalization
condition of the Kraus operators. Since we only consider one-
site generalized measurements in the quantum circuit shown
in Fig. 1, we then restrict the Kraus operators in M to be
localized on the site where the corresponding blue block is
acting.

The quantum channel description of generalized mea-
surements can easily recover the standard projective mea-
surement. For example, the one-site projective measurement
with respect to a (orthonormal) set of basis vectors |i〉
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Replica trick:

4

where Sn,A depends on the choice of entanglement region
A and is defined as

Sn,A =
Y

x

Xgx , gx =

ß
(12 · · ·n), x 2 A,
identity = e, x 2 Ā.

(4)

gx labels the permutation on site x, and Xgx =P
[i] |igx(1)igx(2) · · · igx(n)i hi1i2 · · · in| is its representation

on the replicated on-site Hilbert space, i.e. on its n-fold
tensor product [63]. Here, as indicated in the equation

above, gx is the cyclic (identity) permutation when x is
in the region A (when x is in the region Ā). We are in-
terested in the averaged nth Rényi entropy S̄n,A of the
final state after the random quantum circuit evolution:

S̄n,A = E
C
Sn,A

ï
C| i

kC| ik

ò
⇥ Tr(C| ih |C†), (5)

which can be rewritten as

S̄n,A =
1

1� n
E
C

Ç
log

Tr
�
(C | i h |C†)⌦n

Sn,A

�

Tr(C| ih |C†)⌦n

å
Tr(C| ih |C†),

= lim
m!0

1

m(1� n)
E
C

Ä�
Tr(C | i h |C†)⌦n

Sn,A

�m
�

�
Tr(C| ih |C†)⌦n

�mä
Tr(C| ih |C†),

= lim
m!0

1

m(1� n)
E
C
Tr
Ä
(C | i h |C†)⌦nm+1(S⌦m

n,A � 1)
ä
,

(6)

where we have introduced a second replica index m
to resolve the ensemble average of the logarithm using
log x = limm!0(xm

� 1)/m and Tr(X⌦m) = (TrX)m.
This replica trick was introduced in Ref. 1 in the context
of random tensor networks, and in Ref. 38 for random
unitary circuits. In this double replica scheme, the to-
tal number of replica is Q = nm + 1, and the replica
limit m ! 0 corresponds to Q ! 1. As can be seen
from Eq. (6), the additional replica apart from nm origi-
nated from the probability Tr(C| ih |C†) of obtaining
a measurement outcome. As a side comment, if we
re-weight this probability by a power q, i.e. replacing
Tr(C| ih |C†) ! Tr(C| ih |C†)q, we could also real-
ize other replica limits Q = mn+ q ! q as m ! 0.

To evaluate Eq. (6), we will need to calculate the en-
semble average EC C⌦Q

⌦C†⌦Q of the tensor product of
Q copies of the random quantum circuit C and Q copies
of its conjugate C†. In the next section, we will show
that the calculation of the average EC C⌦Q

⌦ C†⌦Q can
be mapped onto a statistical mechanics model in 2+0
dimensions. By imposing di↵erent boundary conditions
corresponding to fixing permutations at the boundary
[following Eq. (4)] to S

⌦m
n,A or 1, the statistical mechan-

ics model results in di↵erent partition functions

ZA = E
C
Tr
Ä
(C | i h |C†)⌦Q

S
⌦m
n,A

ä
,

Z; = E
C
Tr(C | i h |C†)⌦Q,

(7)

from which the averaged nth Rényi entropy S̄n,A can be
obtained in the replica limit via

S̄n,A =
n

1� n
lim
Q!1

ZA � Z;

Q� 1
. (8)

Using the fact that ZA = Z; = 1 in the replica limit

m ! 0 (Q ! 1), this can be rewritten in a more in-
tuitive form as the free energy cost of the domain-wall
associated with changing the boundary condition in the
entanglement region:

S̄n,A = lim
m!0

FA � F;

m(n� 1)
= lim

m!0

log(ZA/Z;)

m(1� n)
, (9)

with FA = � logZA and F; = � logZ;. Also, from the
statistical-mechanics-model perspective, we will see that
the choice of the initial state | i is not essential when
the depth, namely the number of discrete time steps, of
the random quantum circuit becomes large.

III. STATISTICAL MECHANICS MODEL

Let us derive the statistical mechanics model for
generic replica number Q first, before taking the replica
limit Q ! 1. The evaluation of the expectation value
EC C⌦Q

⌦ C†⌦Q boils down to the ensemble average of
the unitary gates and the generalized measurements in
the circuit. Let U be a two-site Haar-random unitary
gate. The average of the tensor product of Q identical
copies of U and U† under the Haar measure is given by
(using standard graphical notations [52]):

E
U

U⊗Q

U*⊗Q

=
X

g1,g22SQ

Wgd2(g�1
1 g2)

�g1
�g1

�g2
�g2

,

(10)

For n and k integers, average of 

can be mapped onto the partition function of a 

2D classical stat mech model defined on the circuit!

spins = 

gi 2 SQ=nk+1
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approach relies on a replica trick which allows us to deal
with the intrinsic nonlinearities of projective measurements.
The area- to volume-law entanglement transition then corre-
sponds to an ordering transition in the statistical-mechanics
model. This naturally explains the emergence of conformal
invariance at the transition, and leads to universal scaling
forms for the entanglement entropy and mutual information.
In the limit of infinite on-site Hilbert space dimension d = ∞,
we find that the entanglement transition is in the percolation
universality class, and we compute the exact value of the
universal coefficient of the logarithm of subsystem size in
all nth Rényi entropies for n ! 1 from the exactly known
CFT, obtaining the value =1/6 for the entanglement of half of
the system and open boundary conditions. This is in contrast
to the value of the universal coefficient of the logarithm of
subsystem size of the zeroth Rényi entropy computed in the
same setting, as mentioned above, in Ref. [41] using the
minimal cut method, which was found [49] in that work to
be equal [44,50,51] to = ln 2 ×

√
3/(2π ). [The latter quantity

is ≈ ln 2 × 0.27 ≈ 0.187.] The fact that these two universal,
exactly known numbers 1/6 and ln 2 ×

√
3/(2π ) are different

appears to indicate that, while in the limit of infinite on-site
Hilbert space dimension, the nth Rényi entropies for n ! 1
and the zeroth Rényi entropy S0 happen to become critical
at the same parameter value (probability of measurement),
they describe rather different and unrelated properties of
the system. (This is in line with the observation, mentioned
above, that these two quantities become critical at different
parameter values in the generic case of finite on-site Hilbert
space dimension.) The limit of an infinite on-site Hilbert space
dimension also allows us to identify the generic transition for
a finite on-site Hilbert space dimension as that generated by
a crossover from the percolation conformal field theory by a
single (renormalization group) relevant perturbation.

The remainder of this paper is organized as follows: In
Sec. II, we introduce the model of random unitary circuits
with random projective measurements, and explain how to
compute the entanglement entropy using a replica approach.
In Sec. III, we map the calculation of the entanglement
entropy onto a statistical-mechanics model, and discuss the
large d limit. Section IV describes the consequences of con-
formal invariance for scaling of various quantities for any d ,
while Sec. V addresses the d = ∞ limit in detail. Finally,
Sec. VI deals with the nature of the transition at finite d
and the close relation to the entanglement transition [32] in
random tensor networks [32,52,53], and Sec. VII contains
concluding remarks.

II. RANDOM QUANTUM CIRCUITS

We study the discrete-time dynamics of a 1D “qudit” chain.
That is, each site of this 1D qudit chain has a local Hilbert
space of dimension d . The discrete-time dynamics we focus
on is generated by the quantum circuit with a “brick-wall”
configuration shown in Fig. 1 that consists of random unitary
operators and generalized measurements. In Fig. 1, the 1D
qudit chain is along the x direction while the vertical direction
represents time (or discrete time steps). Each green block
represents an independently Haar-random two-site unitary

FIG. 1. Random unitary dynamics of a 1D qudit chain. The blue
circles represent one-site generalized measurements, while the green
blocks represent Haar-random two-site unitary gates that act on pairs
of neighboring sites in the 1D qudit chain.

gate that acts on a pair of neighboring sites in the 1D qudit
chain.

Each of the blue blocks represents a one-site generalized
measurement. Such generalized measurements can be most
conveniently described using the language of quantum chan-
nels [44,54], which we review in the following. In general,
a quantum channel is a completely positive trace-preserving
map, which can be described by a set M = {Mα} of Kraus op-
erators Mα (with α = 1, 2, . . .). The Kraus operators are nor-
malized according to a generalized normalization condition∑

Mα∈M w(Mα )M†
αMα = 1 with w(Mα ) a non-negative real

number for each Kraus operator Mα ∈ M, which is the weight
of realizing Mα in the quantum channel. The left-hand side of
this normalization condition can be viewed as the weighted
sum of M†

αMα’s with non-negative weights w(Mα ). In the
following, we will denote this weighted sum as EMα∈M. For
example, we can rewrite the generalized normalization con-
dition as EMα∈M M†

αMα =
∑

Mα∈M w(Mα )M†
αMα = 1. Given

the set M and the weights, the quantum channel is defined
as the map from any density matrix ρ to EMα∈M MαρM†

α . In
fact, in the standard definition of the Kraus operators and their
normalization (see [54] for example), the weights w(Mα ) are
all taken to be 1. Here, we have made a generalization to
nonunity weights and to the corresponding weighted sum for
the convenience of later discussion. Given the set M (and the
weights of the Kraus operators), the quantum channel can also
be understood as a “probabilistic evolution.” If one starts with
a pure quantum state |ψ〉, for every Kraus operator Mα ∈ M,
the quantum channel evolves |ψ〉 to Mα |ψ〉

‖Mα |ψ〉‖ with a probability
of w(Mα )‖Mα|ψ〉‖2 = w(Mα )〈ψ |M†

αMα|ψ〉. Note that this
probability is normalized due to the generalized normalization
condition of the Kraus operators. Since we only consider one-
site generalized measurements in the quantum circuit shown
in Fig. 1, we then restrict the Kraus operators in M to be
localized on the site where the corresponding blue block is
acting.

The quantum channel description of generalized mea-
surements can easily recover the standard projective mea-
surement. For example, the one-site projective measurement
with respect to a (orthonormal) set of basis vectors |i〉
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Entanglement entropy = free energy cost of boundary domain wall:
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The vanishing D̄
(2)
Q implies that the density matrix of

system qudits evolves to an identical steady state regard-
less of its initial state. The steady state is indeed maxi-
mally mixed, which can be shown by considering one of
the initial states being the maximally mixed state: the
bottom boundary condition is modified in a nonperturba-
tive way, but our argument above still holds. Therefore,

D̄
(n)
Q (n � 2) and D̄Q decay to zero as T ! 1. From the

information theoretical perspective, the system loses the
quantum information of its initial state. Since the sys-
tem and ancilla qudits combined undergo a closed unitary
time evolution, one can conclude that the full quantum
information about the initial state is recoverable from the
ancilla qudits [46]. Finally, we note that the spin model
descriptions of DQ and D̄Q are identical up to the ex-
change of C(n) and I(n) in boundary conditions. As a
result, the saturation of DQ and the decay of D̄Q occur
exactly on the same timescale T

⇤.

VII. DISCUSSION AND OUTLOOK

A. Relation to purification phase transition

Recently, Ref. [13] has pointed out that the entan-
glement phase transition occurs concurrently with the
change in the purification dynamics of an initially mixed
state. More specifically, Ref. [13] considers the entropy
of an initially maximally mixed state undergoing a RUC
with projective measurements: when p > pc the quan-
tum trajectories of the system density matrix rapidly
approach pure states, while for p < pc the system re-
mains in a mixed state with a finite entropy density for
an exponentially long time in its system size. Based on
numerical simulations of 1D qubit chains evolved under
Cli↵ord gates and projective measurements, it has been
observed that the critical measurement probability of the
purification phase transition equals that of the entangle-
ment phase transition with high accuracy [13].

Using our mapping to a series of spin models, we can
show that the purification phase transition is indeed iden-
tical to the entanglement phase transition for Haar ran-
dom unitary circuits with projective or weak measure-
ments. As a measure of the purity, we consider the von
Neuman entropy of the full system. To this end, we
consider the series of generalized conditional entropies

S̃
(n)
mix(A|M), with A now identified with the entire sys-

tem and the subscript ‘mix’ indicates that the initial
state is maximally mixed. As before, the special fea-

tures of S̃
(n)
mix(A|M) are enacted through bottom and

top boundary conditions. For the spins in the bottom
layer, contraction with the maximally mixed initial state
⇢

⌦n
max = ( 1

qn I(n))⌦N can be accounted by introducing ad-

ditional spins at t = 0 with fixed value �x,0 = I(n) (iden-
tity permutation). In this case, since the subsystem A

covers the entire system (we are calculating the entropy
of the whole system), the top boundary conditions are
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+
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+
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+
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+
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+
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+
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+
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+
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+
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+
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+
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<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit>

+
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+
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+
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+
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+
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+
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+
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+
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+
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FIG. 11. The di↵erent signatures of the entanglement phase
transition as they manifest in the classical spin model descrip-
tions. For simplicity, we present the descriptions in terms of
the Ising spin model with n = 2. Left and right columns
correspond to the ferromagnetic (volume-law) and paramag-
netic (area-law) phases. (a) and (b) Average entanglement
entropy of a subsystem A is related to the excess free energy
of a domain wall (red solid line) terminating at the edges of
A on the top boundary. (c) and (d) Fisher information is re-
lated to the average magnetization density at the bottom (red
dotted box), via Eq. (57), when the top boundary is fixed at
�x,T+1 = +1. (e) and (f) Purification of a mixed state evo-
lution (or equivalently the average entropy of the system in
steady states) is related to the excess free energy of a domain
wall running across the entire system (red solid line).

also homogenous. Similar to the discussion in Sec. IV C,
the conditional entropy now corresponds to the di↵erence
between a configuration with all top spins fixed to C(n)

(cyclic permutation) and one with all of them in the I(n)

(identity permutation), while the bottom boundary con-
dition is uniformly I(n). In the paramagnetic (area-law)
phase, such free energy cost is of order unity independent
of the system size. This implies a purified phase. In the
ferromagnetic (volume-law) phase, the excess free energy
of a domain wall traversing the the entire system scales
as ⇠ N . This corresponds to the mixed phase with total
entropy proportional to volume. The spin model descrip-
tions of the subsystem entanglement entropy, the Fisher
information, and the steady state entropy for a mixed
initial state are summarized in Fig. 11 for n = 2.

C-M. Jiang, RV, Y-Z. You and A.W.W. Ludwig '20 Figure from Bao, Choi and Altman
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Consequences for scaling


• Entanglement transition —> simple ordering transition in 2D 

• Mutual-information = 4-point function. Explains conformal invariance at

criticality

• Naturally explains scaling properties near criticality:


two-point function of a boundary condition changing operator

logarithmic critical behavior
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Large on-site Hilbert space: Percolation


Figure 1.2: Two-dimensional percolation configuration on the square lattice. Bonds are
occupied with probability p, and at the critical point p = pc =

1
2 , the scaling properties

of percolation clusters are described by a c = 0 (L)CFT.

Giving a weight n = 2 cos � to a loop on the honeycomb lattice can for example
be done by orienting the loops, and giving an elementary complex weight e±i�/6 to
each left/right turn. Summing over both loop orientations thus give loop a fugacity
2 cos (6 ⇥ �/6) = n as requested, since the number of left and right turns in a closed
loop can only di↵er by 6. One therefore recovers locality at the price of giving up the
natural probabilistic interpretation of the models. From the 2D CFT perspective, the
scaling properties of percolation and SAWs can be described by correlation functions
and critical exponents given by a CFT with central charge c = 0. As we shall see
later on, such c = 0 must be non-unitary, and actually logarithmic, in order to be non-
trivial. The only unitary CFT with c = 0 indeed has a unique observable, the identity
operator with scaling dimension � = 0 [6]. It is also worth mentioning that even the
Ising model can be considered as a LCFT, provided that one includes (apparently)
non-local observables in the theory, such as fields measuring the probability that two
spins belong to the same spin cluster for example. In that sense, logarithmic CFTs can
actually be thought of as extensions of the minimal models outside the minimal Kac
table, thus including more operators in the theory.

A few important remarks should be emphasized at this point.
• In the case of percolation or SAWs, the logarithmic nature of the LCFTs did not
refrain physicists from using conformal invariance to compute interesting phys-
ical quantities such as critical exponents [23, 24] and crossing probabilities [25].
However, the full CFT description of such geometrical problems remains sadly
unknown [26], as are almost all bulk correlation functions.

• Although we have insisted on the fact that one of the main aspects of a LCFT
is non-unitarity, there exist some very simple non-unitary CFTs which can be
tackled quite easily. Minimal models can indeed be extended to non-unitary
theories, a well-known example being the Yang-Lee singularity CFT M(2, 5) with
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Especially simple for infinite on-site Hilbert space:

-state Potts modelQ!
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While Ref. 41 thus anticipated, based on these previ-
ous works, a connection of the projective measurement
problem with percolation in the d ! 1 limit, there are
universal quantities that go beyond this minimal cut pic-
ture and which can only be captured using a detailed
analysis that relies on our replica trick formulation, as
well as on detailed properties of the CFT describing the
percolation critical point. In particular, we will show be-
low that the d = 1 limit requires a detailed knowledge
of the CFT of 2D percolation, including very recent re-
sults [58], rather than merely a geometric “optimization
problem” as in Ref. 41 for S0.

To illustrate this point, we now provide an exact cal-
culation of the universal prefactor of the logarithm in
Eq. (26) in the limit d ! 1. To do so, we need to iden-
tify the proper BCC operator in the Q!-state Potts CFT.
This is actually a subtle point: Naively, this would ap-
pear to be the BCC operator which changes the boundary
condition that is fixed to the identity permutation group
element, to the boundary condition that is fixed to the
“SWAP” group element [2nd line of Eq. (18)] of the Q!-
state Potts model in the percolation limit Q ! 1. It
is well known that this BCC operator has finite scaling
dimension = 1/3 in that limit [53, 59, 60]. This would
imply an infinite limit m ! 0 for all Rényi entropies in
Eq. (9) using a powerlaw in Eq. (25) with a finite decay
exponent = 2⇥ 1/3 in that limit.

This issue with this naive approach arises because the
limit d ! 1 was taken implicitly before the replica limit
Q ! 1. To remedy this, the key idea is to “soften” the
Boltzmann weights of the statistical mechanics model
in the vicinity of the boundary in a small “boundary
layer” and replace them by those at a finite value of
1/d. The bulk Boltzmann weights remain at 1/d = 0,
i.e. they are those of the Potts model. Since the Boltz-
mann weights of the boundary layer still favor “ferro-
magnetic” alignment of the SQ-valued ‘spins’, the pres-
ence of the boundary layer does not modify the bias for
boundary ‘spins’ to align to the SWAP and the identity
group elements, respectively, along segments A and Ā of
the boundary. The e↵ect of the boundary layer is that
the ‘sharp’ domain wall where the group element along
the boundary switches directly from identity to SWAP,
splits [65] into a sequence of m(n � 1) consecutive “el-
ementary” domain walls, each characterized by a single
transposition having just one cycle of length two since do-
main walls with a single transposition are energetically
favored by the finite-1/d correction in the energy func-
tion Eq. (24). Using eq. Eq. (24), it is straightforward to
see that the energy cost of an elementary domain wall
is �Eelementary = log p�1

�
1�p
p d�1 + O(d�2), which is

lower than the energy cost of the domain wall separating
the identity permutation from SWAP, which has energy
�ESWAP = log p�1 + O(d�2). Note also that the total
energy cost of an extended segment of the boundary sep-
arating uniform boundary conditions fixed to the identity
on one side from uniform boundary conditions fixed to
SWAP on the other of this segment, which consists of a

sequence of m(n � 1) consecutive domain walls (whose
group theory product must be equal to the SWAP group
element), is also less than the cost of a ‘sharp’ SWAP
domain wall located on a single boundary link, since
m(n � 1)�Eelementary ⌧ �ESWAP in the replica limit
m ! 0. Moreover, since the energy cost �Eelementary of
a single transposition domain wall on a given boundary
link is lower than that of a domain wall on the same link
characterized by any other non-identity permutation [us-
ing Eq. (24)], the sharp SWAP domain wall localized at
a single boundary link will split into m(n � 1) elemen-
tary domains walls, each localized on one of the m(n�1)
boundary links.

While the so-defined (n�1)m elementary domain walls
in the 2D Potts model can branch and touch each other,
they are well-known and well-defined objects in the 2D
Potts model, called ‘thin’ domain walls, whose proper-
ties have recently been studied in great detail [58]. In
our context the corresponding ‘split’ BCC operator in-
serts ` = m(n � 1) ‘thin’ domain walls in the Potts the-
ory. Using the results of Ref. 58, we find that the rel-
evant BCC operator is �BCC = �2`�1,4`�1, using stan-
dard CFT notations [55] [66]. Now, the Q!-state Potts
model is described by a CFT [57, 61] with central charge
c = 1 �

6
x(x+1) and x = ⇡

arccos
p

Q!
2

� 1. The scaling

dimension of the boundary operator �r,s is then hr,s =
((x+1)r�sx)2�1

4x(x+1) . The critical exponent h2`�1,4`�1 vanishes

as ` = m(n � 1) ! 0 in the replica limit m ! 0, as it
should, and yields limm!0 h2`�1,4`�1/(n�1)m = 1/6. In
the replica limit, Eq. (26) therefore yields (for periodic
spatial boundary conditions)

S̄n,A =
1

3
logLA + . . . , (28)

for all nth Rényi entropies n � 1 at criticality in the
limit d ! 1. We remark that our replica statistical me-
chanics model only describes Rényi entropies with index
n � 1, as quantities such as the domain wall free energy
all change sign at n = 1. While, as already mentioned
above, Ref. 41 anticipated, based on previous works, a
connection of the projective measurement problem with
percolation in the d ! 1 limit, we emphasize that the
universal prefactor in eq. (28) goes beyond the geometric
‘minimal cut’ path optimization picture found in Ref. 41
to describe the zeroth Rényi entropy, and indicates a dif-
ferent behavior of the Rényi entropies n � 1. We also
note that the universal prefactor in (28) is not purely
a property of the 2D percolation CFT, as it depends on
how this CFT is approached in the replica limit m ! 0—
see (26).

We end by commenting that the same expression for
the universal coe�cient of the logarithm of subsystem
size can be obtained in the Random Tensor Network
model of Ref. 1, when fine-tuned to the percolation criti-
cal point.

Replica limit: 


bond percolation

Q ! 1

⇠ ⇠ |p� pc|�4/3
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Transfer matrix
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FIG. 1. (a) The cylindrical geometry of the random circuit model for a system of qubits of length L with periodic boundary
conditions. The blue rectangles represent the entangling gates and the green dots are the location of measurements. The time
evolution can be viewed as a product of transfer matrices denoted by Tj whose leading Lyapunov exponent is given by the
entropy of the measurement record F . (b) The free energy density displays the 1/L2 dependence expected from Eq. (3) allowing
us to extract ce↵ . Darker blue indicates increasing Lmin = 8 ! 14. (Inset) To improve our estimate we successively remove
the smallest system size from the fit and find m0(Lmin) which contains the leading order correction to Eq. (3). The dotted line
corresponds to the fit m0(L) = �0.13 + 0.98

L2 . (c) The di↵erences of the generalized free energy densities, fi(L) � f(L), shows

the 1/L2 behavior expected from Eq. (4). The dotted lines correspond to the extrapolated values mi(Lmin ! 1). The data
shown is for the dual unitary model at p = pc ⇡ 0.14 and 25 000 samples for L = 8, 10, 12, 14, 16 and 10 000 for L = 18.

where ce↵ = limr!0

dc(r)

dr
is a universal number called

the e↵ective central charge, and A ⌘ ↵Lt is the e↵ective
spacetime area. Since (in general) the statistical mechan-
ics model is only defined implicitly, its intrinsic space and
time scales (and the anisotropy ↵ between them) must
be extracted numerically, as we discuss below.

We now turn to the subleading Lyapunov exponents.
In the statistical mechanics picture, the di↵erence of the
two leading Lyapunov exponents controls the decay of
correlations along the direction of the transfer matrix,
i.e., it determines the scale on which initial conditions
are forgotten. The next-to-leading Lyapunov exponent
thus corresponds to the most relevant (i.e., longest-lived)
operator while higher Lyapunov exponents correspond to
faster-decaying operators. Conformal invariance dictates
how these quantities behave at critical points:

fi(L) � f(L) = 2⇡x
typ

i
/L

2
, (4)

where fi(L) = ��i/(↵L) is obtained from the Lya-
punov exponents (i = 1, 2, . . . ) and x

typ

i
is the scaling

dimension of the i
th most relevant operator character-

izing the decay of typical [32] correlators, defined only
in the generic/Haar case — averaged correlators will be
discussed below.

Circuit models.— We consider two main ensembles
of random circuits: Haar random circuits with two-
qubit gates chosen from the Haar measure and stabi-
lizer circuits with gates chosen from the Cli↵ord group.
Stabilizer circuits have an e�cient classical algorithm
for the simulation of the single-circuit observables stud-
ied in this work [38]. Additionally, we consider sub-
classes of Haar and Cli↵ord circuits in which all gates
are “dual-unitary” [39, 40], i.e., unitary in both space
and time directions. The most generic dual unitary
gates are given by U = e

i�(u+ ⌦ u�) · V [J ] · (v� ⌦

v+), where �, J 2 R, u±, v± 2 SU(2), and V [J ] =
exp[�i

�
⇡

4
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z
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] [39]. We

present evidence that the dual unitary Haar (Cli↵ord)
circuits lie within the same universality class as Haar
(Cli↵ord) circuits (to within our numerical precision, see
below). However, these circuits allow for a more accurate
estimate of the critical properties since their statistical
self-duality under spacetime rotations forces ↵ = 1 and
the associated rescaling factors are known exactly [37].

The anisotropy parameter for the Haar and Cli↵ord
models is estimated by a comparison of correlation func-
tions along the space and time directions. These corre-
lation functions are determined in the quantum circuit
by computing the mutual information between two an-
cilla qubits separated in space and time [7, 10]. In the
Haar model, ↵

H = 0.81(9) while for the stabilizer model
↵

C = 0.62(3). As a check, we compute the anisotropy
for the dual unitary variants and find ↵

DU = 1.0(1) in
agreement with the known value ↵ = 1 [37].

Numerical Approach.—We now discuss our algorithm
for finding the leading Lyapunov exponents in the Haar
and dual unitary models (see [37] for the approach used
for Cli↵ord and percolation models). The first few singu-
lar values �

m
i

(t) are computed by picking a random initial
state, generating a set of mutually orthogonal vectors to
the initial state, and iteratively applying the same set of
transfer matrices Tj (depicted in Fig. 1a) to the set. Each
projector in Tj is chosen based on the Born probability of
the time-evolved initial state and after each application
of Tj the set is re-orthogonalized. This allow us to esti-
mate F in Eq. (2) and fi(L) = ��i/(↵L) in Eq. (4) [37]
through a Monte Carlo sampling of the Born probabil-
ities [37]. We note that our results are sensitive to the
initial state at early times; to achieve results independent
of initial conditions, we wait an “equilibration” time of
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entropy of the measurement record F . (b) The free energy density displays the 1/L2 dependence expected from Eq. (3) allowing
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the smallest system size from the fit and find m0(Lmin) which contains the leading order correction to Eq. (3). The dotted line
corresponds to the fit m0(L) = �0.13 + 0.98

L2 . (c) The di↵erences of the generalized free energy densities, fi(L) � f(L), shows

the 1/L2 behavior expected from Eq. (4). The dotted lines correspond to the extrapolated values mi(Lmin ! 1). The data
shown is for the dual unitary model at p = pc ⇡ 0.14 and 25 000 samples for L = 8, 10, 12, 14, 16 and 10 000 for L = 18.
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the e↵ective central charge, and A ⌘ ↵Lt is the e↵ective
spacetime area. Since (in general) the statistical mechan-
ics model is only defined implicitly, its intrinsic space and
time scales (and the anisotropy ↵ between them) must
be extracted numerically, as we discuss below.

We now turn to the subleading Lyapunov exponents.
In the statistical mechanics picture, the di↵erence of the
two leading Lyapunov exponents controls the decay of
correlations along the direction of the transfer matrix,
i.e., it determines the scale on which initial conditions
are forgotten. The next-to-leading Lyapunov exponent
thus corresponds to the most relevant (i.e., longest-lived)
operator while higher Lyapunov exponents correspond to
faster-decaying operators. Conformal invariance dictates
how these quantities behave at critical points:
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discussed below.

Circuit models.— We consider two main ensembles
of random circuits: Haar random circuits with two-
qubit gates chosen from the Haar measure and stabi-
lizer circuits with gates chosen from the Cli↵ord group.
Stabilizer circuits have an e�cient classical algorithm
for the simulation of the single-circuit observables stud-
ied in this work [38]. Additionally, we consider sub-
classes of Haar and Cli↵ord circuits in which all gates
are “dual-unitary” [39, 40], i.e., unitary in both space
and time directions. The most generic dual unitary
gates are given by U = e
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present evidence that the dual unitary Haar (Cli↵ord)
circuits lie within the same universality class as Haar
(Cli↵ord) circuits (to within our numerical precision, see
below). However, these circuits allow for a more accurate
estimate of the critical properties since their statistical
self-duality under spacetime rotations forces ↵ = 1 and
the associated rescaling factors are known exactly [37].

The anisotropy parameter for the Haar and Cli↵ord
models is estimated by a comparison of correlation func-
tions along the space and time directions. These corre-
lation functions are determined in the quantum circuit
by computing the mutual information between two an-
cilla qubits separated in space and time [7, 10]. In the
Haar model, ↵

H = 0.81(9) while for the stabilizer model
↵

C = 0.62(3). As a check, we compute the anisotropy
for the dual unitary variants and find ↵

DU = 1.0(1) in
agreement with the known value ↵ = 1 [37].

Numerical Approach.—We now discuss our algorithm
for finding the leading Lyapunov exponents in the Haar
and dual unitary models (see [37] for the approach used
for Cli↵ord and percolation models). The first few singu-
lar values �

m
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(t) are computed by picking a random initial
state, generating a set of mutually orthogonal vectors to
the initial state, and iteratively applying the same set of
transfer matrices Tj (depicted in Fig. 1a) to the set. Each
projector in Tj is chosen based on the Born probability of
the time-evolved initial state and after each application
of Tj the set is re-orthogonalized. This allow us to esti-
mate F in Eq. (2) and fi(L) = ��i/(↵L) in Eq. (4) [37]
through a Monte Carlo sampling of the Born probabil-
ities [37]. We note that our results are sensitive to the
initial state at early times; to achieve results independent
of initial conditions, we wait an “equilibration” time of
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ing the transition. The transfer matrix’s Lyapunov ex-
ponents are then related to the scaling dimensions char-
acterizing the scaling of typical [32] observables (“opera-
tors”) of the CFT; in the following, we numerically access
the first few leading Lyapunov exponents. The leading
Lyapunov exponent of the transfer matrix is related to
the “e↵ective central charge” ce↵ of the CFT [33], which
is a universal number [34] distinguishing CFTs with cen-
tral charge c = 0. It also has an appealing physical inter-
pretation as the entropy of a typical measurement record
[see Fig. 1a].

We find evidence that the MIPT for generic circuits
(with Haar-random unitary gates) belongs to a di↵erent
universality class than that for Cli↵ord circuits, while
both di↵er from percolation. The e↵ective central charge
is distinct in the two cases: c

H

e↵
⇡ 0.25(3) and c

C

e↵
⇡

0.37(1), respectively. We compare these numerical values
to the predictions of large on-site Hilbert space (d ! 1)
mappings onto percolation: c

H,d!1
e↵

⇡ 0.291 for Haar

and c
C,d=2

n!1
e↵

⇡ 0.365 for Cli↵ord qudit circuits. Dual-
unitary circuits have a transition in the generic (Haar)
universality class, but (as we discuss below) their sym-
metries allow us to extract the e↵ective central charge
c
DU

e↵
= 0.24(2) and the leading Lyapunov exponents with

higher precision. We also find evidence that the spec-
tra of operators at MIPTs are distinct from those in the
percolation CFT. Thus the generic and Cli↵ord MIPTs
appear to be governed by two distinct CFTs and di↵er
from any previously known instances. Last, we demon-
strate multifractality in the generic MIPT in a chain of
qubits.

From quantum channels to CFTs.— Consider a quan-
tum circuit with a fixed set of unitary gates and
measurement locations and times. The hybrid uni-
tary/measurement dynamics is described through the
quantum channel

Nt(⇢) =
X

m

Km⇢K
†
m, (1)

where ⇢ is the system’s density matrix, and Km =
K

mt
t

K
mt�1

t�1
. . . K

m1
1

is a Kraus operator. The opera-
tors K

ms
s

= P
ms
s

Us consist of random unitary gates
Us and random projectors P

ms
s

onto measurement out-
comes ms. Each summand Km⇢K

†
m in Eq. (1) repre-

sents a “quantum trajectory” of the system. Moreover,
Tr(Km⇢K

†
m) = pm(⇢), is the probability of the set of

outcomes m. We suppress the argument ⇢ since at late
times the probabilities pm become independent of the
initial density matrix at the critical point.

Following Ref. [11], we posit that each trajectory can
be identified with a (1 + 1)-dimensional statistical me-
chanics model, defined implicitly through the identifi-
cation that its partition function Zm ⌘ pm. Without
defining an explicit model, we note that the partition
functions of canonical statistical mechanics models can
be written as tensor networks with a similar structure to

the single-trajectory circuit [35], so this identification is
natural. The trajectories making up a particular chan-
nel form an ensemble of statistical mechanics models with
quenched spacetime randomness due to the measurement
outcomes. Each model’s weight in the ensemble is set by
its Born probability pm.

It follows from these observations that, for a circuit
of fixed length L, a layer of time evolution for a par-
ticular trajectory (i.e., the map ⇢ ! Tt⇢T †

t
, where

Tj = K
m2j

2j
K

m2j�1

2j�1
is depicted in Fig. 1a) acts as a trans-

fer matrix for the statistical mechanics model describing
that trajectory. Note that one can write Zm =

P
i
(�m

i
)2,

where (�m
i

)2 are the eigenvalues of KmK
†
m, i.e., the

squares of the singular values of Km. Equivalently, these
are the eigenvalues of an initially completely mixed den-
sity matrix that is purified by the evolution [5]. At late
times, Km is given by a large product of the opera-
tors Tj and �

m
i

decays exponentially, as the state pu-
rifies. This exponential decay motivates the definition
of trajectory dependent exponents [32, 36] �

m
i

, through
[�m

i
(t)]2 = e

�
m
i t as t ! 1; note that �

m
i

< 0, and we
compute them as specified in [37]. We then average �

m
i

over trajectories (using the Born weights pm) to yield the
Lyapunov exponents �0, �1, �2, . . . in descending order.

The leading Lyapunov exponent of the transfer matrix
has a particularly appealing interpretation. In general,
this quantity is the free energy of the statistical mechan-
ics model up to a factor of time, i.e., t�

m
0

= ln pm. Av-
eraging the free energy with Born weights gives us that
F/t = ��0 where

F = �
X

m

pm ln pm. (2)

Remarkably, this averaged free energy is precisely the
Shannon entropy of the measurement record.

As in more conventional disordered systems, the aver-
aged free energy can be computed within a replica for-
malism. Introducing the annealed average replicated par-
tition function Z̄r =

P
m pmZ

r

m where r is the replica
index, the corresponding annealed average free energy is
Fr = � ln Z̄r. The quenched average free energy from
Eq. (2) is then given by F = limr!0

dFr
dr

in the replica
limit r ! 0. The annealed average replicated statistical
model has a phase transition for finite r > 0, which we
assume is described by a CFT whose properties approach
those of the MIPT in the r ! 0 limit.
E↵ective central charge and operator spectrum.— The

central charge c(r) of the CFT describing the replicated
model Z̄r goes to c(r) ! 0 in the replica limit r ! 0;
this follows from the trivial partition function Z̄r!0 = 1.
However, standard CFT results on a cylinder of circum-
ference L and length t (in the limit t � L) imply that the
averaged free energy density F (L, t)/A = f(L) [33, 36]
scales as

f(L) = f(L = 1) � ⇡ce↵

6L2
+ . . . (3)
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FIG. 1. (a) The cylindrical geometry of the random circuit model for a system of qubits of length L with periodic boundary
conditions. The blue rectangles represent the entangling gates and the green dots are the location of measurements. The time
evolution can be viewed as a product of transfer matrices denoted by Tj whose leading Lyapunov exponent is given by the
entropy of the measurement record F . (b) The free energy density displays the 1/L2 dependence expected from Eq. (3) allowing
us to extract ce↵ . Darker blue indicates increasing Lmin = 8 ! 14. (Inset) To improve our estimate we successively remove
the smallest system size from the fit and find m0(Lmin) which contains the leading order correction to Eq. (3). The dotted line
corresponds to the fit m0(L) = �0.13 + 0.98

L2 . (c) The di↵erences of the generalized free energy densities, fi(L) � f(L), shows

the 1/L2 behavior expected from Eq. (4). The dotted lines correspond to the extrapolated values mi(Lmin ! 1). The data
shown is for the dual unitary model at p = pc ⇡ 0.14 and 25 000 samples for L = 8, 10, 12, 14, 16 and 10 000 for L = 18.

where ce↵ = limr!0

dc(r)

dr
is a universal number called

the e↵ective central charge, and A ⌘ ↵Lt is the e↵ective
spacetime area. Since (in general) the statistical mechan-
ics model is only defined implicitly, its intrinsic space and
time scales (and the anisotropy ↵ between them) must
be extracted numerically, as we discuss below.

We now turn to the subleading Lyapunov exponents.
In the statistical mechanics picture, the di↵erence of the
two leading Lyapunov exponents controls the decay of
correlations along the direction of the transfer matrix,
i.e., it determines the scale on which initial conditions
are forgotten. The next-to-leading Lyapunov exponent
thus corresponds to the most relevant (i.e., longest-lived)
operator while higher Lyapunov exponents correspond to
faster-decaying operators. Conformal invariance dictates
how these quantities behave at critical points:

fi(L) � f(L) = 2⇡x
typ

i
/L

2
, (4)

where fi(L) = ��i/(↵L) is obtained from the Lya-
punov exponents (i = 1, 2, . . . ) and x

typ

i
is the scaling

dimension of the i
th most relevant operator character-

izing the decay of typical [32] correlators, defined only
in the generic/Haar case — averaged correlators will be
discussed below.

Circuit models.— We consider two main ensembles
of random circuits: Haar random circuits with two-
qubit gates chosen from the Haar measure and stabi-
lizer circuits with gates chosen from the Cli↵ord group.
Stabilizer circuits have an e�cient classical algorithm
for the simulation of the single-circuit observables stud-
ied in this work [38]. Additionally, we consider sub-
classes of Haar and Cli↵ord circuits in which all gates
are “dual-unitary” [39, 40], i.e., unitary in both space
and time directions. The most generic dual unitary
gates are given by U = e

i�(u+ ⌦ u�) · V [J ] · (v� ⌦

v+), where �, J 2 R, u±, v± 2 SU(2), and V [J ] =
exp[�i

�
⇡

4
�

x ⌦ �
x + ⇡

4
�

y ⌦ �
y + J�

z ⌦ �
z
�
] [39]. We

present evidence that the dual unitary Haar (Cli↵ord)
circuits lie within the same universality class as Haar
(Cli↵ord) circuits (to within our numerical precision, see
below). However, these circuits allow for a more accurate
estimate of the critical properties since their statistical
self-duality under spacetime rotations forces ↵ = 1 and
the associated rescaling factors are known exactly [37].

The anisotropy parameter for the Haar and Cli↵ord
models is estimated by a comparison of correlation func-
tions along the space and time directions. These corre-
lation functions are determined in the quantum circuit
by computing the mutual information between two an-
cilla qubits separated in space and time [7, 10]. In the
Haar model, ↵

H = 0.81(9) while for the stabilizer model
↵

C = 0.62(3). As a check, we compute the anisotropy
for the dual unitary variants and find ↵

DU = 1.0(1) in
agreement with the known value ↵ = 1 [37].

Numerical Approach.—We now discuss our algorithm
for finding the leading Lyapunov exponents in the Haar
and dual unitary models (see [37] for the approach used
for Cli↵ord and percolation models). The first few singu-
lar values �

m
i

(t) are computed by picking a random initial
state, generating a set of mutually orthogonal vectors to
the initial state, and iteratively applying the same set of
transfer matrices Tj (depicted in Fig. 1a) to the set. Each
projector in Tj is chosen based on the Born probability of
the time-evolved initial state and after each application
of Tj the set is re-orthogonalized. This allow us to esti-
mate F in Eq. (2) and fi(L) = ��i/(↵L) in Eq. (4) [37]
through a Monte Carlo sampling of the Born probabil-
ities [37]. We note that our results are sensitive to the
initial state at early times; to achieve results independent
of initial conditions, we wait an “equilibration” time of

2

ing the transition. The transfer matrix’s Lyapunov ex-
ponents are then related to the scaling dimensions char-
acterizing the scaling of typical [32] observables (“opera-
tors”) of the CFT; in the following, we numerically access
the first few leading Lyapunov exponents. The leading
Lyapunov exponent of the transfer matrix is related to
the “e↵ective central charge” ce↵ of the CFT [33], which
is a universal number [34] distinguishing CFTs with cen-
tral charge c = 0. It also has an appealing physical inter-
pretation as the entropy of a typical measurement record
[see Fig. 1a].

We find evidence that the MIPT for generic circuits
(with Haar-random unitary gates) belongs to a di↵erent
universality class than that for Cli↵ord circuits, while
both di↵er from percolation. The e↵ective central charge
is distinct in the two cases: c

H

e↵
⇡ 0.25(3) and c

C

e↵
⇡

0.37(1), respectively. We compare these numerical values
to the predictions of large on-site Hilbert space (d ! 1)
mappings onto percolation: c

H,d!1
e↵

⇡ 0.291 for Haar

and c
C,d=2

n!1
e↵

⇡ 0.365 for Cli↵ord qudit circuits. Dual-
unitary circuits have a transition in the generic (Haar)
universality class, but (as we discuss below) their sym-
metries allow us to extract the e↵ective central charge
c
DU

e↵
= 0.24(2) and the leading Lyapunov exponents with

higher precision. We also find evidence that the spec-
tra of operators at MIPTs are distinct from those in the
percolation CFT. Thus the generic and Cli↵ord MIPTs
appear to be governed by two distinct CFTs and di↵er
from any previously known instances. Last, we demon-
strate multifractality in the generic MIPT in a chain of
qubits.

From quantum channels to CFTs.— Consider a quan-
tum circuit with a fixed set of unitary gates and
measurement locations and times. The hybrid uni-
tary/measurement dynamics is described through the
quantum channel

Nt(⇢) =
X

m

Km⇢K
†
m, (1)

where ⇢ is the system’s density matrix, and Km =
K

mt
t

K
mt�1

t�1
. . . K

m1
1

is a Kraus operator. The opera-
tors K

ms
s

= P
ms
s

Us consist of random unitary gates
Us and random projectors P

ms
s

onto measurement out-
comes ms. Each summand Km⇢K

†
m in Eq. (1) repre-

sents a “quantum trajectory” of the system. Moreover,
Tr(Km⇢K

†
m) = pm(⇢), is the probability of the set of

outcomes m. We suppress the argument ⇢ since at late
times the probabilities pm become independent of the
initial density matrix at the critical point.

Following Ref. [11], we posit that each trajectory can
be identified with a (1 + 1)-dimensional statistical me-
chanics model, defined implicitly through the identifi-
cation that its partition function Zm ⌘ pm. Without
defining an explicit model, we note that the partition
functions of canonical statistical mechanics models can
be written as tensor networks with a similar structure to

the single-trajectory circuit [35], so this identification is
natural. The trajectories making up a particular chan-
nel form an ensemble of statistical mechanics models with
quenched spacetime randomness due to the measurement
outcomes. Each model’s weight in the ensemble is set by
its Born probability pm.

It follows from these observations that, for a circuit
of fixed length L, a layer of time evolution for a par-
ticular trajectory (i.e., the map ⇢ ! Tt⇢T †

t
, where

Tj = K
m2j

2j
K

m2j�1

2j�1
is depicted in Fig. 1a) acts as a trans-

fer matrix for the statistical mechanics model describing
that trajectory. Note that one can write Zm =

P
i
(�m

i
)2,

where (�m
i

)2 are the eigenvalues of KmK
†
m, i.e., the

squares of the singular values of Km. Equivalently, these
are the eigenvalues of an initially completely mixed den-
sity matrix that is purified by the evolution [5]. At late
times, Km is given by a large product of the opera-
tors Tj and �

m
i

decays exponentially, as the state pu-
rifies. This exponential decay motivates the definition
of trajectory dependent exponents [32, 36] �

m
i

, through
[�m

i
(t)]2 = e

�
m
i t as t ! 1; note that �

m
i

< 0, and we
compute them as specified in [37]. We then average �

m
i

over trajectories (using the Born weights pm) to yield the
Lyapunov exponents �0, �1, �2, . . . in descending order.

The leading Lyapunov exponent of the transfer matrix
has a particularly appealing interpretation. In general,
this quantity is the free energy of the statistical mechan-
ics model up to a factor of time, i.e., t�

m
0

= ln pm. Av-
eraging the free energy with Born weights gives us that
F/t = ��0 where

F = �
X

m

pm ln pm. (2)

Remarkably, this averaged free energy is precisely the
Shannon entropy of the measurement record.

As in more conventional disordered systems, the aver-
aged free energy can be computed within a replica for-
malism. Introducing the annealed average replicated par-
tition function Z̄r =

P
m pmZ

r

m where r is the replica
index, the corresponding annealed average free energy is
Fr = � ln Z̄r. The quenched average free energy from
Eq. (2) is then given by F = limr!0

dFr
dr

in the replica
limit r ! 0. The annealed average replicated statistical
model has a phase transition for finite r > 0, which we
assume is described by a CFT whose properties approach
those of the MIPT in the r ! 0 limit.
E↵ective central charge and operator spectrum.— The

central charge c(r) of the CFT describing the replicated
model Z̄r goes to c(r) ! 0 in the replica limit r ! 0;
this follows from the trivial partition function Z̄r!0 = 1.
However, standard CFT results on a cylinder of circum-
ference L and length t (in the limit t � L) imply that the
averaged free energy density F (L, t)/A = f(L) [33, 36]
scales as

f(L) = f(L = 1) � ⇡ce↵

6L2
+ . . . (3)

Free energy = entropy of measurement record:

Higher Lyapunov exponents can also be extracted 
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⌧ = 4L and average over di↵erent initial states (for de-
tails, see Supplement [37]). This approach agrees well
with a direct evaluation of the spectrum of the transfer
matrix on small system sizes [37].

Results. — The data for the leading Lyapunov expo-
nent at long times provides an estimate of F (t ! 1) and
is shown in Fig. 1b. We find that this displays a clear lin-
ear behavior as a function of 1/L

2 with slope m0 related
to the e↵ective central charge as expected from Eq. (3).
To improve our estimate of m0, we can successively re-
move smaller system sizes, L < Lmin, from the fit and
write m0(Lmin) = m0(1) + b

L
2
min

which accounts for the

leading order correction to Eq. (3). The procedure is il-

lustrated in Fig. 1b and its inset. Using ce↵ = � 6m0(1)

⇡
,

we find c
H

e↵
= 0.25(3) for the Haar model; with the

dual unitary model we find an improved estimate of
c
DU

e↵
= 0.24(2). A similar analysis for the stabilizer cir-

cuit gives c
C

e↵
= 0.37(1) [37]. Those values can be com-

pared to the exact predictions for large onsite Hilbert
space dimension d ! 1, where the MIPT maps onto
percolation. Following methods developed in prior work

[8, 9, 31, 41, 42], we find c
H,d!1
e↵

= 5
p

3(1��)

4⇡
= 0.291 . . .

in the Haar case, and using additional properties of the
Cli↵ord group proved in Ref. [43], c

C,d=2
n!1

e↵
= 0.365 . . .

for stabilizer circuits [37]. Our numerical estimate of c
C

e↵

for qubits (d = 2) is consistent with the percolation value
(d = 2n ! 1), thus more exponents (or universal data)
are needed to distinguish those two universality classes.

We also find that the di↵erences of Lyapunov expo-
nents, fi(L) � f(L), have the expected 1/L

2 behavior
(Fig. 1c). The slope of the fitted line, mi(Lmin) can then
be used to determine x

typ

i
. The scaling dimension x

typ

1
is

related to the (typical) bulk exponent of the ‘order pa-
rameter’, x

typ

1
= ⌘/2 [10]. Our estimates for the Haar

model ⌘
H
/2 = 0.14 ± 0.02 and the considerably more

accurate dual unitary variant ⌘
DU

/2 = 0.122 ± 0.001
are consistent with the result ⌘/2 ⇡ 0.125 for the mu-
tual information computed in Ref. [7], for Renyi indices
n > 1, and are close to, but outside of error bars from,

Haar Dual Cli↵ord Dual d = 1
Unitary Cli↵ord Haar/Cli↵ord

ce↵ 0.25(3) 0.24(2) 0.37(1) 0.2914/0.3652

x1 0.14(2)† 0.122(1)† 0.120(5) 0.111(1) 0.1042

MF X X ⇥ ⇥ ⇥

TABLE I. Critical data for the various models: e↵ective cen-
tral charge ce↵ , order-parameter exponent x1, and whether
order-parameter correlations exhibit multifractality (MF).
For critical points exhibiting multifractality, we have quoted
the order-parameter exponent governing typical correlations
(marked with †). This is not strictly comparable to the expo-
nent governing average correlations quoted for the three other
models.

FIG. 2. The scaling collapse of the data onto a universal
multifractal scaling function H(s), given by Eq. (5), demon-
strates multifractality at the critical point of the Haar tran-
sition and corresponds to a continuum of critical exponents.
Data is shown for the dual unitary model (a similar quality of
collapse also holds for Haar gates [37]) where darker red in-
dicates larger system sizes (L = 8 ! 18, t = 24L) and darker
blue indicates later times (t = 3L ! 24L,L = 16). (inset)
The first two cumulants ki of lnG1(t) divided by tL show the
expected 1/L2 behavior.

the percolation value ⌘/2 = 5

48
⇡ 0.104. The next low-

est scaling dimensions are given by x
typ

2
= 0.18(2) and

x
typ

3
= 0.23(3) for the Haar model, with more accurate

estimates x
typ

2
= 0.163(1) and x

typ

3
= 0.202(1) provided

by the dual unitary model. It is unclear at present which
operators these correspond to.

In the stabilizer circuit models, we have also extracted
the order parameter exponent using an improved numer-
ical method with the results given in Table I. Further
details are provided in the supplement [37], where we
also generalize the order parameter exponent to an infi-
nite hierarchy of “purification” exponents with distinct
behavior from the minimal-cut percolation model. We
further improve our precision in extracting the order pa-
rameter exponent by using a dual-unitary Cli↵ord model,
where each two-qubit gate is drawn randomly from the
uniform set of dual-unitary Cli↵ord gates. The critical
pc = 0.205(1) of this model violates a conjectured bound
on pc  0.1893 in 1+1-dimensions arising from the Hash-
ing bound for the depolarizing channel [13]. In this dual-
unitary Cli↵ord model, we observe a significant di↵erence
from the percolation value for the order parameter expo-
nent, providing convincing evidence that these models lie
in di↵erent universality classes.
Multifractality.—The exponent x

typ

1
captures how the

correlation function of the order parameter, G
m
1

(t)—
defined through ln G

m
1

(t) = t(�m
1

� �
m
0

) — decays as
t ! 1 in a typical trajectory m. Specifically, ln G

m
1

(t) ⇠
�(2⇡t/L)xtyp

1
, when t � L, see Eq. (4), where (. . .) de-

notes an average over trajectories. In what follows, we
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suppress the trajectory index m and explicitly specify
when we are averaging. Quantities such as ln G1(t) are
self-averaging and can be reliably extracted numerically.
However, as we show, the decay of the sample-averaged
correlation function G1(t) and generally its moments,
G1(t)n ⇠ exp [�2⇡tx1(n)/L] (in the limit t � L), are
governed by a continuous family of critical exponents
x1(n) due to multifractal scaling at the critical point
of the Haar transition. We characterize the multifractal
scaling through the distribution function P [Y (t)] where
Y (t) ⌘ � ln G1(t). If this correlation function exhibits
multifractal scaling, its distribution will follow the uni-
versal scaling form [32]

P [Y (t)] ⇠
✓

2⇡↵t

L

◆�1/2

exp


�2⇡↵t

L
H

✓
Y (t)

2⇡↵t/L

◆�
,

(5)
for some (universal) function H(s). As shown in Fig. 2,
our numerical results for various system sizes and times,
when rescaled according to Eq. (5) collapse onto a sin-
gle curve, which demonstrates multifractality at the Haar
critical point. This observation is one of the central re-
sults of our work.

We now briefly discuss how the exponents x1(n) are
connected to the scaling function H(s). One can use the
standard relation between moments and cumulants

ln G1(t)n = nln G1(t) +
n

2

2!

⇣
ln G1(t) � ln G1(t)

⌘2

+ . . . ,

(6)
where all terms are self-averaging, to find an expansion

for the nth moment exponent x1(n) = nx
(1)

1
+n

2

2!
x

(2)

1
+. . .,

valid at small n. (Here, x
(1)

1
= x

typ

1
.) In the inset of

Fig. 2, we see that the first two cumulants k1,2 of ln G1(t)
have, when divided by tL, the expected ⇠ 1/L

2 scaling.

We estimate x
(1)

1
= 0.14(2), x(2)

1
= 0.15(2) for the Haar

model and x
(1)

1
= 0.122(1), x(2)

1
= 0.145(2) for the dual

unitary model. The substantial value of x
(2)

1
indicates

that multifractality is strong: the average and typical
exponents are appreciably di↵erent.

In summary, we have studied the e↵ective central
charge and critical exponents for a variety of random cir-
cuit models of measurement-induced criticality. We have
found strong evidence that the transitions in the Haar,
Cli↵ord, and percolation problems belong to three di↵er-
ent universality classes. Using the dual unitary variation
of these models, we are able to extract accurate values
for the aforementioned quantities. Additionally, we have
found clear evidence of multifractal scaling and thus a
continuous spectrum of scaling dimensions at the transi-
tion in the Haar model.
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FIG. 1. (a) The cylindrical geometry of the random circuit model for a system of qubits of length L with periodic boundary
conditions. The blue rectangles represent the entangling gates and the green dots are the location of measurements. The time
evolution can be viewed as a product of transfer matrices denoted by Tj whose leading Lyapunov exponent is given by the
entropy of the measurement record F . (b) The free energy density displays the 1/L2 dependence expected from Eq. (3) allowing
us to extract ce↵ . Darker blue indicates increasing Lmin = 8 ! 14. (Inset) To improve our estimate we successively remove
the smallest system size from the fit and find m0(Lmin) which contains the leading order correction to Eq. (3). The dotted line
corresponds to the fit m0(L) = �0.13 + 0.98

L2 . (c) The di↵erences of the generalized free energy densities, fi(L) � f(L), shows

the 1/L2 behavior expected from Eq. (4). The dotted lines correspond to the extrapolated values mi(Lmin ! 1). The data
shown is for the dual unitary model at p = pc ⇡ 0.14 and 25 000 samples for L = 8, 10, 12, 14, 16 and 10 000 for L = 18.

where ce↵ = limr!0

dc(r)

dr
is a universal number called

the e↵ective central charge, and A ⌘ ↵Lt is the e↵ective
spacetime area. Since (in general) the statistical mechan-
ics model is only defined implicitly, its intrinsic space and
time scales (and the anisotropy ↵ between them) must
be extracted numerically, as we discuss below.

We now turn to the subleading Lyapunov exponents.
In the statistical mechanics picture, the di↵erence of the
two leading Lyapunov exponents controls the decay of
correlations along the direction of the transfer matrix,
i.e., it determines the scale on which initial conditions
are forgotten. The next-to-leading Lyapunov exponent
thus corresponds to the most relevant (i.e., longest-lived)
operator while higher Lyapunov exponents correspond to
faster-decaying operators. Conformal invariance dictates
how these quantities behave at critical points:

fi(L) � f(L) = 2⇡x
typ

i
/L

2
, (4)

where fi(L) = ��i/(↵L) is obtained from the Lya-
punov exponents (i = 1, 2, . . . ) and x

typ

i
is the scaling

dimension of the i
th most relevant operator character-

izing the decay of typical [32] correlators, defined only
in the generic/Haar case — averaged correlators will be
discussed below.

Circuit models.— We consider two main ensembles
of random circuits: Haar random circuits with two-
qubit gates chosen from the Haar measure and stabi-
lizer circuits with gates chosen from the Cli↵ord group.
Stabilizer circuits have an e�cient classical algorithm
for the simulation of the single-circuit observables stud-
ied in this work [38]. Additionally, we consider sub-
classes of Haar and Cli↵ord circuits in which all gates
are “dual-unitary” [39, 40], i.e., unitary in both space
and time directions. The most generic dual unitary
gates are given by U = e

i�(u+ ⌦ u�) · V [J ] · (v� ⌦

v+), where �, J 2 R, u±, v± 2 SU(2), and V [J ] =
exp[�i

�
⇡

4
�

x ⌦ �
x + ⇡

4
�

y ⌦ �
y + J�

z ⌦ �
z
�
] [39]. We

present evidence that the dual unitary Haar (Cli↵ord)
circuits lie within the same universality class as Haar
(Cli↵ord) circuits (to within our numerical precision, see
below). However, these circuits allow for a more accurate
estimate of the critical properties since their statistical
self-duality under spacetime rotations forces ↵ = 1 and
the associated rescaling factors are known exactly [37].

The anisotropy parameter for the Haar and Cli↵ord
models is estimated by a comparison of correlation func-
tions along the space and time directions. These corre-
lation functions are determined in the quantum circuit
by computing the mutual information between two an-
cilla qubits separated in space and time [7, 10]. In the
Haar model, ↵

H = 0.81(9) while for the stabilizer model
↵

C = 0.62(3). As a check, we compute the anisotropy
for the dual unitary variants and find ↵

DU = 1.0(1) in
agreement with the known value ↵ = 1 [37].

Numerical Approach.—We now discuss our algorithm
for finding the leading Lyapunov exponents in the Haar
and dual unitary models (see [37] for the approach used
for Cli↵ord and percolation models). The first few singu-
lar values �

m
i

(t) are computed by picking a random initial
state, generating a set of mutually orthogonal vectors to
the initial state, and iteratively applying the same set of
transfer matrices Tj (depicted in Fig. 1a) to the set. Each
projector in Tj is chosen based on the Born probability of
the time-evolved initial state and after each application
of Tj the set is re-orthogonalized. This allow us to esti-
mate F in Eq. (2) and fi(L) = ��i/(↵L) in Eq. (4) [37]
through a Monte Carlo sampling of the Born probabil-
ities [37]. We note that our results are sensitive to the
initial state at early times; to achieve results independent
of initial conditions, we wait an “equilibration” time of

5

suppress the trajectory index m and explicitly specify
when we are averaging. Quantities such as ln G1(t) are
self-averaging and can be reliably extracted numerically.
However, as we show, the decay of the sample-averaged
correlation function G1(t) and generally its moments,
G1(t)n ⇠ exp [�2⇡tx1(n)/L] (in the limit t � L), are
governed by a continuous family of critical exponents
x1(n) due to multifractal scaling at the critical point
of the Haar transition. We characterize the multifractal
scaling through the distribution function P [Y (t)] where
Y (t) ⌘ � ln G1(t). If this correlation function exhibits
multifractal scaling, its distribution will follow the uni-
versal scaling form [32]

P [Y (t)] ⇠
✓

2⇡↵t

L

◆�1/2

exp


�2⇡↵t

L
H

✓
Y (t)

2⇡↵t/L

◆�
,

(5)
for some (universal) function H(s). As shown in Fig. 2,
our numerical results for various system sizes and times,
when rescaled according to Eq. (5) collapse onto a sin-
gle curve, which demonstrates multifractality at the Haar
critical point. This observation is one of the central re-
sults of our work.

We now briefly discuss how the exponents x1(n) are
connected to the scaling function H(s). One can use the
standard relation between moments and cumulants

ln G1(t)n = nln G1(t) +
n

2

2!

⇣
ln G1(t) � ln G1(t)

⌘2

+ . . . ,

(6)
where all terms are self-averaging, to find an expansion

for the nth moment exponent x1(n) = nx
(1)

1
+n

2

2!
x

(2)

1
+. . .,

valid at small n. (Here, x
(1)

1
= x

typ

1
.) In the inset of

Fig. 2, we see that the first two cumulants k1,2 of ln G1(t)
have, when divided by tL, the expected ⇠ 1/L

2 scaling.

We estimate x
(1)

1
= 0.14(2), x(2)

1
= 0.15(2) for the Haar

model and x
(1)

1
= 0.122(1), x(2)

1
= 0.145(2) for the dual

unitary model. The substantial value of x
(2)

1
indicates

that multifractality is strong: the average and typical
exponents are appreciably di↵erent.

In summary, we have studied the e↵ective central
charge and critical exponents for a variety of random cir-
cuit models of measurement-induced criticality. We have
found strong evidence that the transitions in the Haar,
Cli↵ord, and percolation problems belong to three di↵er-
ent universality classes. Using the dual unitary variation
of these models, we are able to extract accurate values
for the aforementioned quantities. Additionally, we have
found clear evidence of multifractal scaling and thus a
continuous spectrum of scaling dimensions at the transi-
tion in the Haar model.
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⌧ = 4L and average over di↵erent initial states (for de-
tails, see Supplement [37]). This approach agrees well
with a direct evaluation of the spectrum of the transfer
matrix on small system sizes [37].

Results. — The data for the leading Lyapunov expo-
nent at long times provides an estimate of F (t ! 1) and
is shown in Fig. 1b. We find that this displays a clear lin-
ear behavior as a function of 1/L

2 with slope m0 related
to the e↵ective central charge as expected from Eq. (3).
To improve our estimate of m0, we can successively re-
move smaller system sizes, L < Lmin, from the fit and
write m0(Lmin) = m0(1) + b

L
2
min

which accounts for the

leading order correction to Eq. (3). The procedure is il-

lustrated in Fig. 1b and its inset. Using ce↵ = � 6m0(1)

⇡
,

we find c
H

e↵
= 0.25(3) for the Haar model; with the

dual unitary model we find an improved estimate of
c
DU

e↵
= 0.24(2). A similar analysis for the stabilizer cir-

cuit gives c
C

e↵
= 0.37(1) [37]. Those values can be com-

pared to the exact predictions for large onsite Hilbert
space dimension d ! 1, where the MIPT maps onto
percolation. Following methods developed in prior work

[8, 9, 31, 41, 42], we find c
H,d!1
e↵

= 5
p

3(1��)

4⇡
= 0.291 . . .

in the Haar case, and using additional properties of the
Cli↵ord group proved in Ref. [43], c

C,d=2
n!1

e↵
= 0.365 . . .

for stabilizer circuits [37]. Our numerical estimate of c
C

e↵

for qubits (d = 2) is consistent with the percolation value
(d = 2n ! 1), thus more exponents (or universal data)
are needed to distinguish those two universality classes.

We also find that the di↵erences of Lyapunov expo-
nents, fi(L) � f(L), have the expected 1/L

2 behavior
(Fig. 1c). The slope of the fitted line, mi(Lmin) can then
be used to determine x

typ

i
. The scaling dimension x

typ

1
is

related to the (typical) bulk exponent of the ‘order pa-
rameter’, x

typ

1
= ⌘/2 [10]. Our estimates for the Haar

model ⌘
H
/2 = 0.14 ± 0.02 and the considerably more

accurate dual unitary variant ⌘
DU

/2 = 0.122 ± 0.001
are consistent with the result ⌘/2 ⇡ 0.125 for the mu-
tual information computed in Ref. [7], for Renyi indices
n > 1, and are close to, but outside of error bars from,

Haar Dual Cli↵ord Dual d = 1
Unitary Cli↵ord Haar/Cli↵ord

ce↵ 0.25(3) 0.24(2) 0.37(1) 0.2914/0.3652

x1 0.14(2)† 0.122(1)† 0.120(5) 0.111(1) 0.1042

MF X X ⇥ ⇥ ⇥

TABLE I. Critical data for the various models: e↵ective cen-
tral charge ce↵ , order-parameter exponent x1, and whether
order-parameter correlations exhibit multifractality (MF).
For critical points exhibiting multifractality, we have quoted
the order-parameter exponent governing typical correlations
(marked with †). This is not strictly comparable to the expo-
nent governing average correlations quoted for the three other
models.

FIG. 2. The scaling collapse of the data onto a universal
multifractal scaling function H(s), given by Eq. (5), demon-
strates multifractality at the critical point of the Haar tran-
sition and corresponds to a continuum of critical exponents.
Data is shown for the dual unitary model (a similar quality of
collapse also holds for Haar gates [37]) where darker red in-
dicates larger system sizes (L = 8 ! 18, t = 24L) and darker
blue indicates later times (t = 3L ! 24L,L = 16). (inset)
The first two cumulants ki of lnG1(t) divided by tL show the
expected 1/L2 behavior.

the percolation value ⌘/2 = 5

48
⇡ 0.104. The next low-

est scaling dimensions are given by x
typ

2
= 0.18(2) and

x
typ

3
= 0.23(3) for the Haar model, with more accurate

estimates x
typ

2
= 0.163(1) and x

typ

3
= 0.202(1) provided

by the dual unitary model. It is unclear at present which
operators these correspond to.

In the stabilizer circuit models, we have also extracted
the order parameter exponent using an improved numer-
ical method with the results given in Table I. Further
details are provided in the supplement [37], where we
also generalize the order parameter exponent to an infi-
nite hierarchy of “purification” exponents with distinct
behavior from the minimal-cut percolation model. We
further improve our precision in extracting the order pa-
rameter exponent by using a dual-unitary Cli↵ord model,
where each two-qubit gate is drawn randomly from the
uniform set of dual-unitary Cli↵ord gates. The critical
pc = 0.205(1) of this model violates a conjectured bound
on pc  0.1893 in 1+1-dimensions arising from the Hash-
ing bound for the depolarizing channel [13]. In this dual-
unitary Cli↵ord model, we observe a significant di↵erence
from the percolation value for the order parameter expo-
nent, providing convincing evidence that these models lie
in di↵erent universality classes.
Multifractality.—The exponent x

typ

1
captures how the

correlation function of the order parameter, G
m
1

(t)—
defined through ln G

m
1

(t) = t(�m
1

� �
m
0

) — decays as
t ! 1 in a typical trajectory m. Specifically, ln G

m
1

(t) ⇠
�(2⇡t/L)xtyp

1
, when t � L, see Eq. (4), where (. . .) de-

notes an average over trajectories. In what follows, we

5

suppress the trajectory index m and explicitly specify
when we are averaging. Quantities such as ln G1(t) are
self-averaging and can be reliably extracted numerically.
However, as we show, the decay of the sample-averaged
correlation function G1(t) and generally its moments,
G1(t)n ⇠ exp [�2⇡tx1(n)/L] (in the limit t � L), are
governed by a continuous family of critical exponents
x1(n) due to multifractal scaling at the critical point
of the Haar transition. We characterize the multifractal
scaling through the distribution function P [Y (t)] where
Y (t) ⌘ � ln G1(t). If this correlation function exhibits
multifractal scaling, its distribution will follow the uni-
versal scaling form [32]

P [Y (t)] ⇠
✓

2⇡↵t

L

◆�1/2

exp


�2⇡↵t

L
H

✓
Y (t)

2⇡↵t/L

◆�
,

(5)
for some (universal) function H(s). As shown in Fig. 2,
our numerical results for various system sizes and times,
when rescaled according to Eq. (5) collapse onto a sin-
gle curve, which demonstrates multifractality at the Haar
critical point. This observation is one of the central re-
sults of our work.

We now briefly discuss how the exponents x1(n) are
connected to the scaling function H(s). One can use the
standard relation between moments and cumulants

ln G1(t)n = nln G1(t) +
n

2

2!

⇣
ln G1(t) � ln G1(t)

⌘2

+ . . . ,

(6)
where all terms are self-averaging, to find an expansion

for the nth moment exponent x1(n) = nx
(1)

1
+n

2

2!
x

(2)

1
+. . .,

valid at small n. (Here, x
(1)

1
= x

typ

1
.) In the inset of

Fig. 2, we see that the first two cumulants k1,2 of ln G1(t)
have, when divided by tL, the expected ⇠ 1/L

2 scaling.

We estimate x
(1)

1
= 0.14(2), x(2)

1
= 0.15(2) for the Haar

model and x
(1)

1
= 0.122(1), x(2)

1
= 0.145(2) for the dual

unitary model. The substantial value of x
(2)

1
indicates

that multifractality is strong: the average and typical
exponents are appreciably di↵erent.

In summary, we have studied the e↵ective central
charge and critical exponents for a variety of random cir-
cuit models of measurement-induced criticality. We have
found strong evidence that the transitions in the Haar,
Cli↵ord, and percolation problems belong to three di↵er-
ent universality classes. Using the dual unitary variation
of these models, we are able to extract accurate values
for the aforementioned quantities. Additionally, we have
found clear evidence of multifractal scaling and thus a
continuous spectrum of scaling dimensions at the transi-
tion in the Haar model.
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suppress the trajectory index m and explicitly specify
when we are averaging. Quantities such as ln G1(t) are
self-averaging and can be reliably extracted numerically.
However, as we show, the decay of the sample-averaged
correlation function G1(t) and generally its moments,
G1(t)n ⇠ exp [�2⇡tx1(n)/L] (in the limit t � L), are
governed by a continuous family of critical exponents
x1(n) due to multifractal scaling at the critical point
of the Haar transition. We characterize the multifractal
scaling through the distribution function P [Y (t)] where
Y (t) ⌘ � ln G1(t). If this correlation function exhibits
multifractal scaling, its distribution will follow the uni-
versal scaling form [32]

P [Y (t)] ⇠
✓

2⇡↵t

L

◆�1/2

exp


�2⇡↵t

L
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✓
Y (t)
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(5)
for some (universal) function H(s). As shown in Fig. 2,
our numerical results for various system sizes and times,
when rescaled according to Eq. (5) collapse onto a sin-
gle curve, which demonstrates multifractality at the Haar
critical point. This observation is one of the central re-
sults of our work.

We now briefly discuss how the exponents x1(n) are
connected to the scaling function H(s). One can use the
standard relation between moments and cumulants

ln G1(t)n = nln G1(t) +
n

2

2!

⇣
ln G1(t) � ln G1(t)

⌘2

+ . . . ,

(6)
where all terms are self-averaging, to find an expansion

for the nth moment exponent x1(n) = nx
(1)

1
+n

2

2!
x

(2)

1
+. . .,

valid at small n. (Here, x
(1)

1
= x

typ

1
.) In the inset of

Fig. 2, we see that the first two cumulants k1,2 of ln G1(t)
have, when divided by tL, the expected ⇠ 1/L

2 scaling.

We estimate x
(1)

1
= 0.14(2), x(2)

1
= 0.15(2) for the Haar

model and x
(1)

1
= 0.122(1), x(2)

1
= 0.145(2) for the dual

unitary model. The substantial value of x
(2)

1
indicates

that multifractality is strong: the average and typical
exponents are appreciably di↵erent.

In summary, we have studied the e↵ective central
charge and critical exponents for a variety of random cir-
cuit models of measurement-induced criticality. We have
found strong evidence that the transitions in the Haar,
Cli↵ord, and percolation problems belong to three di↵er-
ent universality classes. Using the dual unitary variation
of these models, we are able to extract accurate values
for the aforementioned quantities. Additionally, we have
found clear evidence of multifractal scaling and thus a
continuous spectrum of scaling dimensions at the transi-
tion in the Haar model.
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[19] N. Lang and H. P. Büchler, Phys. Rev. B 102, 094204

(2020).
[20] X. Chen, Y. Li, M. P. A. Fisher, and A. Lucas, Phys.

Rev. Res. 2, 033017 (2020).

A.W.W Ludwig, NPB ‘90

Jacobsen, Cardy NPB ’98 



U(1) symmetry and charge sharpening


Agrawal, Zabalo, Chen, Wilson, Potter, Pixley, Gopalakrishnan, RV, 2107.10279

3

tractable limit in which the model can be mapped onto
the statistical mechanics of constrained random walkers.
In Sec. V we present numerical results for the transfer
matrix of this statistical model. Finally in Sec. VI we
summarize our results and discuss their broader implica-
tions. In particular, we note that these methods can be
readily generalized to general Abelian symmetry groups,
as detailed in Appendix B, where we leverage duality
relations to discuss implications for systems with highly-
entangled phases with symmetry-breaking and topologi-
cal orders.

II. OVERVIEW OF RESULTS

In this section we will introduce a family of U(1)-
symmetric circuits, and present some general observa-
tions concerning their steady-state phase structure and
entanglement dynamics. The numerical evidence sup-
porting these observations will be presented below, in
Secs. III and V.

A. Models

Following [12], we consider a one-dimensional chain in
which each site hosts a two-level system (“qubit”) and a
d-level system (“qudit”), i.e., the on-site Hilbert space is
C2 ⌦ Cd for d > 1 and C2 for d = 1. The dynamics will
consist of local unitary gates and measurements, which
are chosen to conserve the U(1) charge

Q ⌘
X

i

qi ⌦ Ii, where qi = (�z

i
+ 1)/2 (2)

is acting on the ith site of the chain of length L and
I is the identity matrix on the qudits. These chains
evolve under (i) unitary two-qubit gates, acting on near-
est neighbor sites, which conserve the global charge Q,
and (ii) single-site projective measurements in which the
qubit is measured in its Z basis and the qudit is simul-
taneously measured in some reference basis 1. At each
time-step, a given site is measured with probability p; for
specificity, we assume that when this happens both the
qubit and the qudit are measured, so the measurement
acts on that site as a rank-1 projector. The symmetry-
preserving two-site unitary gates are arranged in a brick-
work geometry and take the form

Ui,i+1 =

0

@
U

0

d2⇥d2 0 0
0 U

1

2d2⇥2d2 0
0 0 U

2

d2⇥d2

1

A , (3)

where i labels a site, U
q
D⇥D

is a unitary matrix of size
D ⇥ D acting on the charge q1 + q2 = q 2 {0, 1, 2} sector

1 Since the unitaries acting on the qudits are random, the random-
izing measurement basis is superfluous.

(a local charge is defined to take values 0 and 1), and D

is the dimension of the Hilbert space of the charge sec-
tor. Each matrix is drawn independently from the Haar
random ensemble of unitary matrices of the appropriate
size.

We present numerical results for this class of circuits in
two limits. First, we consider the limit d = 1, where there
is no qudit degree of freedom, and one simply has a chain
of qubits interacting via gates that conserve the charge
Q. In this limit, we obtain numerical results by direct
time evolution. Second, we consider the complementary
limit d = 1, in which we can map the problem to a
statistical mechanics model and explicitly write down a
transfer matrix that generates the observables of interest.
The phase diagrams in the two complementary limits are
similar.

The qubit-only (d = 1) model is directly realizable in
existing quantum processors. The d > 1 model is per-
haps less natural experimentally, but could be realized
in circuit quantum electrodynamics setups [57] in which
superconducting transmon qubits are coupled to multi-
level superconducting cavities (qudits), or by blocking
multiple qubits together (e.g. d = 2 could be realized as
a two-leg ladder of qubits). Regardless of experimental
implementation, we expect the d > 1 models to capture
the generic universal behavior of phases and transitions,
while allowing greater theoretical control in the large-d
limit.

B. Observables and averaging

For a given choice of unitary gates and measurement
locations X (in spacetime), the unitary-measurement dy-
namics of the density matrix can be written as a quantum
channel Nt, in the Kraus form

⇢(t) = Nt(⇢) =
X

{M(X)}

Km⇢K
†
m, (4)

where M(X) indexes the outcomes of all projective mea-
surements. Here m denotes a “quantum trajectory”,
associated with a fixed configuration of measurement
locations X, and measurement outcomes M(X). We
will write m = {X, M(X)}. The Kraus operators Km

consist of random unitary gates and projection oper-
ators onto the measurement outcomes M(X), and we
have

P
{M(X)} K

†
mKm = I. We will be concerned with

general properties of the single-trajectory state ⇢m ⌘
Km⇢K

†
m. (As a concrete example, consider the purity

⇧m = Tr(⇢2

m)/(Tr⇢m)2.) We then average over quantum
trajectories, weighting each set of measurement outcomes
by its probability of occurrence, i.e., the Born probability
pm = Tr(⇢m). Finally, we average the answers across the
ensemble of channels.

A few comments are in order here.

1. For an initially pure state | i the Born probability
takes the familiar form pm = kKm| ik2, i.e., it is

5

Sn>1 ⇠
p
t

Sn>1 ⇠ t

p
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t�1
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FIG. 1. Phase diagram and crossover time scales in
U(1) symmetric monitored quantum circuits. Our nu-
merical results indicate that there are two distinct phases in
the entangling (volume-law) regime p < pc, separated by a
charge-sharpening critical point as p = p#. In the charge-
fuzzy phase (p < p#), we identify three relevant time scales
in the dynamics: For a large enough system, first (1) average
Rényi entropies crossover from di↵usive [Sn>1] ⇠

p
t to bal-

listic ⇠ t scaling over a time scale ⇠ p�3/2, then (2) charge
sharpens after the crossover time scale t# ⇠ L, and finally (3)
the system purifies over a much long time scale t⇡ ⇠ eL.

entanglement transition in the presence of the U(1) con-
servation law. In the d ! 1 limit, we find that pc = 1/2,
exactly as in the absence of a conservation law. Moreover,
the entanglement transition corresponds to a percolation
transition. For d = 1, we find that pc = 0.105(3) moves to
substantially lower measurement rate than in the generic
circuit without a conservation law (pHaar

c
⇡ 0.17 [28]).

The correlation length exponent ⌫ = 1.32(6) is close to
the percolation value 4/3, but the coe�cients ↵n di↵er
from the percolation value as well as the value for Haar-
random circuits without a U(1) symmetry. Finally, we
find compelling numerical evidence that the dynamical
scaling z = 1 holds at this critical point. That this holds
regardless of the di↵usive (z = 2) dynamics of the U(1)
conserved charge is perhaps puzzling at first sight. We
return below to the resolution of this puzzle.

2. Charge-sharpening transition

In addition to changing the critical properties of the
entanglement transition at pc, the conservation law gives
rise to a distinct “charge-sharpening” transition at a
measurement rate p# inside the volume-law phase. The
charge-sharpening transition separates a “charge-sharp”
phase for p > p#, in which the measurements along a
typical trajectory can rapidly collapse an initial super-
position (or mixture) of di↵erent charge sectors, and a
“charge-fuzzy” phase where this collapse is parametri-
cally slower occuring on a time scale t# ⇠ L. Specifically,

we can distinguish charge- sharp or fuzzy behavior by the
variance of the conserved charge Q in Eq. (2) over a sin-
gle trajectory, averaged across trajectories and samples,
i.e.,

[�Q2] = [hQ2im � hQi2m], (5)

where the quantity in parentheses is the quantum num-
ber variance in a given trajectory. In the sharp phase,
[�Q2] = 0 while in the fuzzy phase it remains non-zero
at times of order t ⇠ L.

The dynamics of charge sharpening at small p can
be qualitatively understood in terms of a simple clas-
sical model, in which one ignores the spatio-temporal
correlations between measurements. One can then ask
how many independent density measurements NM are
required to distinguish systems with N particles on L

sites from those with N � 1 particles on L sites, where
n ⌘ N/L = O(1). Assuming Gaussian density fluctu-
ations (as in the p = 0 thermal state) we expect the
N -particle and (N � 1)-particle states to become dis-
tinguishable when NM ⇠ L

2. Since NM = pLt in the
circuits we consider, sharpening happens on a crossover
timescale t# ⇠ L/p. For timescales t � t#, we expect
that [�Q2] ⇠ exp(�t/t#). This follows, e.g., from using
the central limit theorem to estimate the probability that
an N particle state will give an average density of n±1/L

after pLt measurements. This simple model of the vol-
ume law phase predicts that a crossover to charge sharp-
ening should take place on a timescale t# ⇠ L/p, consis-
tent with our numerical findings (see Sec. III and V), and
parametrically faster than purification. Importantly, at
any finite t/L, [�Q2] remains non-zero in the fuzzy phase
(albeit exponentially small for t � t#).

By contrast, for p > p#, charge-sharpening happens
on a timescale that is sublinear (logarithmic) in system
size. In the limit L ! 1, t/L = constant, each trajec-
tory has a definite charge. Thus there is a sharp phase
transition at p#, for which [�Q2] acts as an order pa-
rameter. In addition to sharpening global superpositions
of charge, we find evidence from the statistical mechan-
ics model, that charge sharpening also occurs on a local
level, i.e. the charge fluctuations, �Q2

A
in a finite but

large (compared to correlation length) region A exhibit
area-law scaling, �Q2

A
⇠ |@A| in the charge-sharp phase,

rather than extensive volume-law scaling �Q2

A
⇠ |A| in

the charge-fuzzy phase. In this sense, the charge vari-
ance of can also be used as an order parameter for the
charge-sharpening transition. Our numerical results also
indicate that charges are completely frozen by the mea-
surements in some regions of space-time exhibiting lo-
cally minimal spacing of measurements (see Sec. V).

As with the entanglement transition, one can probe the
charge-sharpening transition by coupling an ancilla to the
circuit. One entangles the ancilla with the system such
that each ancilla state is coupled to a system state with
a di↵erent value of Q. The system-ancilla entanglement
vanishes when Q sharpens under the circuit dynamics.
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FIG. 6. Statistical mechanics model. (a) The average of U = U⌦Q ⌦ U⇤⌦Q over Haar gates is non-zero if and only if the
conjugate (bra) replicas are permutations of the non-conjugate (ket) replicas. Hence we can conveniently write each leg in the
circuit as a set of Q copies of non-conjugate states combined with a permutation group element (see Eq. (A1)). In the large
d limit, the permutation group elements for in-going and out-going legs become locked together in a single permutation, and
the corresponding permutation group element � can be associated with a vertex (one per gate), while the charge states live on
links. The U(1) charges ↵, � are constrained by charge conservation. (b)The charge dynamics in each replica are given by an
e↵ective 6-vertex model with weights v, corresponding to a symmetric exclusion process constrained by the measurements and
entanglement cut. (c) Example of charge configuration.

qubits’ contribution to the entanglement entropy. This
first term also has an appealing physical interpretation as
the classical Rényi entropy of qubit configurations along
the minimal cut. This is a special feature of the d ! 1
limit. From now on, we will use S

T
n

to denote total en-
tropy of the qubits and qudits in (20) S

d
n

for the contri-
bution to the entropy from the qudit sector alone, and
Sn = S

T
n

� S
d
n

which is equal to the first term in (20).

While this expression can, in principle, be computed
using Monte Carlo sampling with no sign problem, for
the one dimensional systems considered here, we find it
more convenient to use a disordered transfer matrix to
evolve the initial state up to some time t. Specifically,
we fix m by randomly generating a percolation config-
uration, and use the vertex rules described in (18) to
evolve the system in time. At each broken link (mea-
sured qubit) encountered in the evolution, we choose the
outcome of the measurement (and hence the fixed value
of the charge degree of freedom on that link) with proba-
bility equal to the Born probability. This is equivalent to
a Monte Carlo sampling for the probability distribution
given by Z(m) in Eq. (19). Many samples are generated
and for each sample we calculate the probability distri-
bution {p�DW}. Any physical quantity is then calculated

as [O] =
PNs

i=1 O(m)

Ns
, where Ns is the number of samples

generated.

We remark that, in addition to the direct simulation of
the transfer matrix techniques we employ in this work, it
could also be interesting to investigate further the scal-
ing of the transition using tensor network techniques ap-
plied to the transfer matrix of the constrained 6-vertex
model [61].

V. NUMERICAL RESULTS FROM THE
STATISTICAL MECHANICS MODEL

In this section, we present numerical results for the
U(1) statistical mechanics of constrained symmetric ex-
clusion process described in the previous section, valid in
the d ! 1 limit. Unless otherwise stated, we focus on
the contribution of the qubit to entanglement, and ignore
the qudit contribution `DW ln d which is entirely given by
classical percolation physics. We first present late time
(t ⇠ L) entanglement data, and present evidence for the
existence of the charge-sharpening transition occurring
for p# = 0.315 ± 0.01 < pc = 1

2
. We also analyze the

time dependence of the Rényi entropies, and show that
they all grow linearly in time for any p > 0, in sharp
contrast with the p = 0 behavior.

A. Charge-sharpening transition

In the statistical model, the total entanglement en-
tropy of the subsystem A, S

T
n

, depends on the minimal
cut which undergoes a percolation transition at pc = 1

2
;

for p < pc, the length of the minimal cut scales with
LA while for p > pc the measurement locations percolate
and `DW becomes O(1). Clearly the total entanglement
entropy follows the area law for p > pc, and is extensive
(and dominated by the qudit contribution) for p < pc. As
discussed below (21), S

T
n

is given by the sum of two con-
tributions from the qudit and qubit sectors, respectively.
In what follows, we will focus on the qubit contribution
Sn = S

T
n

�S
d
n
, and argue that this quantity undergoes an

entanglement transition from volume law to area law for
p = p#. We will show that this entanglement transition
from the qubit sector coincides with a charge-sharpening
transition, which can also be diagnosed in a scalable way
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FIG. 4. Dynamical exponent. Plot of the rescaled time-
dependence of the ancilla-circuit entanglement entropy for the
entanglement transition at p = pc ⇡ 0.11 (blue curve) and the
charge-sharpening transition at p = p# ⇡ 0.088 (red curve).
The finite size collapse indicates a dynamical exponent z = 1
for both transitions.
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FIG. 5. Two transitions. Plot of the 68% confidence inter-
val of the critical point p and the correlation length exponent
⌫ for both the entanglement and charge transitions. The mu-
tual information I3,1 (solid blue circle) and the ancilla probe
(dashed blue circle) are for the entanglement transition, while
the fraction of trajectories N0 (solid red circle) and the an-
cilla probe (dashed red circle) are for the charge-sharpening
phase transition. The two transitions appear to be di↵erent
with statistical significance, although we cannot exclude sys-
tematic finite-size e↵ects that would change this conclusion
in the thermodynamic limit.

occurs before full purification. This is further exemplified
by the estimated confidence intervals for the two transi-
tions for the various probes we have considered as shown
in Fig. 5. Moreover, the correlation length exponent for
charge-sharpening quantities is distinct from that of the
entanglement purification transition, further suggesting

that these represent distinct critical points with di↵erent
universality classes.

We note, however, that the close proximity of the pu-
tative two transitions make them challenging to cleanly
separate numerically in small scale systems, and acknowl-
edge that this data could in principle be accounted for
by large, systematic finite-size errors in the critical ex-
ponents that a↵ected the charge and entanglement prop-
erties di↵erently5. In the following sections, we will see
that for the model with large-d qudits, the location of
the two transitions become clearly distinct.

IV. STATISTICAL MECHANICS MODEL

In this section, we show that in the d ! 1 limit, the
calculation of entanglement in monitored U(1) circuits
can be mapped exactly onto a classical statistical model
defined on a square lattice. In this limit, the contribu-
tions to the entanglement entropy from the qubit with
conserving dynamics and the qudit decouple. The re-
sulting qubit contribution can then be obtained from a
constrained symmetric exclusion process.

Our main goal is to compute averaged Rényi entropies
[Sn]. The Rényi entropies of a spatial sub-region, A, for
a fixed quantum trajectory are given by

Sn(A,m) =
�1

n � 1
ln Tr

�
⇢

⌦n

m Tn,A

�
, (12)

where ⇢m = | m(t)i h m(t)|, | m(t)i = Km | 0i is the
state (“trajectory”) of the system after evolution by time
t for a measurement history m, and Tn,A is a “SWAP”
operator permuting the n copies of the input state in the
entanglement region A:

Tn,A =
Y

i

|s�i(1)
s�i(2)

...s�i(n)ihs1s2...sn|

�i =

(
identity = e, i /2 A

(12 . . . n), i 2 A
, (13)

where the index i runs over all physical sites, |sii are
members of the onsite Hilbert space, �i is an element of
the permutation group Sn, and (12 . . . n) denotes a cyclic
permutation of the n copies of ⇢. The key technical dif-
ficulty in this problem is to perform the average over
gates, measurement locations and outcomes, and to nor-
malize the state after the projective measurements since
entanglement is intrinsically non-linear in the density ma-
trix. To bypass this problem, we follow Refs. [19, 20] (see
also [59, 60] in the context of random tensor networks)

5 In the absence of a conservation law, it has been shown that
the probes we have used for the entanglement transition (I3,n

and [S1,E ]) have weak finite size drifts in Cli↵ord circuits [28] by
examining small and large system sizes.
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• New class of “entanglement transitions” 


• Exact mapping onto classical stat mech model


• Analytic handle on field theory description of such entanglement 
transitions (can Hubert solve this c=0 LCFT?)


• Classification? Universality class?  Experiments:
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