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Abelian anyons: braiding gives phase

Non-abelian anyons give macroscopic degeneracy dy
in the 1deal case: a > ¢

Degeneracy i1s lifted by anyon-anyon interactions
when a < &

Study the collective anyonic behaviour in quantum chains!
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The golden chain (Fibonacci anyons)

I1x1=1 | s TXT=14+T1

Heisenberg hamiltonian:
penalize 7 fusion channel of neighbouring anyons

T T T T T T

T L1 ro I3 ... X1 T

Hilbert space: consistent labelings of the ‘fusion tree’:

‘$1,$2,---,$L_1> L = —1

No tensor product decomposition:
145

dimH; = Fibr4q x o ¢ 5
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The golden chain

Hamiltonian: sum of local projectors: H =Y P} . |

xz T; ~
) €T;

6j-symbol

F-matrix 1s the anyon version of the Wigner 6j-symbol

The projectors can be written as: P\ = F'II\" F,

Feiguin et.al., PRL (2007)



The golden chain

Hamiltonian: sum of local projectors: H =Y P} . |

xz T; ~
) €T;

6j-symbol

Explicit form of the local projectors:

PQ(z)bOdy — PlTT + 7)7'7'1 + 90_2737'17' + 90_1737'7'7'

+ o732 (|717) (r77] + h.c.)
Feiguin et.al., PRL (2007)
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The 3-body 1nteraction

We need to transform twice to find the fusion channel of
three neighbouring anyons:

I A A Y

Explicitly, we find (please forget!):

PS(z)body = Frir1 + P17-17- + P’TTTl + P17-7-7- + 290_2737-7-7-7-—1—
0" (Prirs + Prrir) — @ 2(|7717) (7177| + h.c.)+
90_5/2 (‘717'7'> (TT77| + |7717) (TTTT] —I—h.c.)



Phase diagram of the model
Hy,— g, = Z COS HPQ(z)body,z’ + sin GPS(z)body,z’

7
% Ground states known

e Integrable

0 = 31/2 “tetra-critical Ising

(c=4/5)

Trebst et.al., PRL (2008)
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Integrability of the Golden chain

The operators €; = 90(1 — P 2(Z>b0dy,i) form a
representation of the Temperly-Lieb algebra:

e? — de; €;€i+16; = €; Pasquier (1987)

lei,e;] =0 for|t—j] > 2
d = ¢ 1is the isotopy parameter
With the e’s, we can construct an R-matrix

(plaquette weights) which satisfies the Yang-Baxter
equation!



The R-matrix

R-(u)‘?, _ (sm(m —u) T sin(u) e(i)“zl)
v sin kiz) v Sin(kL—l—Z) v
f; — (H(Sa:’ xg) :EJ_rl flx; —

J7#1

3727;
T2i—1 {&%/ T2i11
L4

R-matrix satisfies the Yang-Baxter equation:

Rj(u)Rjt1(u+v)R;(v) = Rjp1(v)R;(u+v)Rjqq(u)



The transter matrix

T(u) = H R[Q; + 1)(uw) R[2i](w)

The different transfer matrices commute, because R
satisfies the Yang-Baxter equation.
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Composite R-matrix

The 3-body term requires a composite R-matrix:
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Composite R-matrix

The 3-body term requires a composite R-matrix:

Rj(u,®) = Ryj1(u — ¢)Roj(u)Rajpa(u)Rajy1(u+ @)

R;(u,¢) satisfies Yang-Baxter, because R;(u)does!

The Hamiltonian indeed contains 2 and 3-body terms:

H = ¢4+ Z cr(e; +€i41)/2 + ca(ejeir1 + €iyr164)

‘|‘63(—1)i(6¢6i_|_1 — 67;4_162')

See Iklhef et.al., JPA (2009)



Composite R-matrix

=0 — tanf =0
p=7/2 — tanf=1/¢p

% Ground states known

e Integrable tan 6 = /2

3-state Potts

(c = 4/5)

3-state Potts

tri-critical Ising
(c =17/10)

tetra-critical Ising

(c = 4/5)

HJQ_JB — Z COS HPQ(T)body 1 + sin 0P, . )bOdYJi



Andrews-Baxter-Forrester model

Solvable height model on square lattice.

Heights take the values 1=1,2,...,r» - 1
Neighbouring heights differ by one!
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Andrews-Baxter-Forrester model

Solvable height model on square lattice.

Heights take the values 1=1,2,...,r» - 1
Neighbouring heights differ by one!

[+1 1 [—1 1 I -1 I 141 [ I+1 I -1
o o By B Vi 01
l [—1 l [+1 [+1 | I—1 [+1 -1

A Z H W(Zjlaljwlj:a?ljzl)

configurations plaquettes

[y lo

— W<l17 127 l37 l4)

l4 I3
ABF, Nucl.Phys B (1984)



Parameters & phase diagram

Two important parameters in the model: ABF, Huse (1984)
—1 <p <1 drives a phase transition at p =0
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Parameters & phase diagram

Two 1mportant parameters in the model:
—1 <p <1 drives a phase transition at p =0

u 18 related to the anisotropy of the lattice

p <0 p=20 p>0
r — 3 phase coexistence | r — 2 phase coexistence
|
IV I11
disordered | r — 2 commensurate
|
I 11

ABF, Huse (1984)

u>0

u<0

The critical behaviour of this model describes the
2-body golden chain, for both signs of the interaction



Form of the weights

The weights are given in terms of elliptic functions:

Uit UTT

h(w) = 61(55p)0a(7p)
— 2p1/481n<;;é)7!—[1(1—2p C03<7;:J> _|_p2n)<1 _p2n>2
_ h(2n—u)
“T Thm
_ h(u) h(wl—1)1/2h(wl+1)1/2
_ h(w +u) -
T Thw) e
h(w; — u)
b = |

h(wy)



Corner transfer matrices

l/

[

l,

a:llo 02
l2. @
lm. @

11

plaquettes

W<lj17 lj27 lj?)a lj4)



Corner transfer matrices

I I
a — ll ® 02 ® ® I
l2 ¢ ¢ ¢ ¢
Ay = - H W(lj1, 2,153, 154)
1 1 T ¢ plaquettes
lm ¢ ¢ ®

B, C and D are defined analogously, by
rotating successively over 90 degrees D|A




Corner transfer matrix method

One can ‘solve’ the model by calculating the
probability for the height of the center vertex.

In terms of corner transfermatrices, Z reads Z = Tr(ABCD)

Tr(S,ABCD)

The height probabilities are P, = Tr(ABCD)

S. 1s a diagonal matrix, with 1’s on the diagonal for
the block with I; =a



BC =

How the method works

Equate, 1n the large lattice limit, the following:

Baxter’s book (1984)




How the method works

Equate, 1n the large lattice limit, the following:

¢ ® 9
Baxter’s book (1984)
® ¢ ¢ ® ?

¢ ® ¢ ¢ ® ¢ ?
BC =

¢ ® ¢ ¢ ® ¢ ¢

I ® ® ® ® ® ® ® I

¢ ® ® ® ® ® ?

¢ ® ¢ ¢ ® ¢ ®
" =

¢ ¢ ¢ ¢ ¢ ¢ ®




Diagonal form of the CTM’s

It follows that one can write A,B,C,D in diagonal form

A(U) — QlMle_UHle ? Baxter’s book (1984)
B(u) = Q2Me"Q3",

Clu) = QsMze "MQy",

D(u) = QiMye"Q7",

H and the M, are diagonal, dependence on anisotropy u
1s explicit



Diagonal form of the CTM’s

It follows that one can write A,B,C,D in diagonal form

A(U) — QlMle_UHle ? Baxter’s book (1984)
B(u) = Q2Me"Q3",

Clu) = QsMze "MQy",

D(u) = QiMye"Q7",

H and the M, are diagonal, dependence on anisotropy u
1s explicit

The height probabilities take the following form:
Pa — TT(SaMlM2M3M4>/TT(M1M2M3M4)

The final result follows from considering various
limits, suchas u=0, u=(2+r)y and p=1



New lattice model

We 1ntroduce the following new lattice model with the
following plaquettes:

® @ . [ ® .
ll l2 l3 ll l2: ZS
s
|
I
® ® = - -—-——-—-- A n
ls ly ; ls I Ly
-
[
l7 lg [5 e lg! l5
® ® ® ® é ®
W, ... lg) =

> Wty lo, L ls; )W (Lo, I, Luy u+ K)W (L L, U, Les u) W (Is, 1 lg, s u — K)
[

Not 6, but 66 different types of plaquettes!



Height probability
When the dust settles, the height probability 1s given by:

1 /
P, = —v, X (a;b,c,d, e;x") = o—4m/K

N
Xo(a;b,e,d,e;q) = Z g®W o(1): next slide

N normalization

Ya depends only on the central height

t depends on the region:

(2—1—7" for u >0

= <
\2—7“ for u < 0




Height probability

(m+1)/2 “2 3_12‘ 1’
¢(1) — Z ]( s A j_ + 512j—1,l2j+15l2j+1,l2j+35l2j,l2j+2)

g=1

Calculated from the limit p =1, in which only
‘diagonal’ plaquettes contribute

2

a. ® ® ® ® .l,';n.[? C

l2o [ ] [ ] [ ] [d
——¢—0—¢—0—¢—o—0 O




Ordered phases

The ordered phases at p > 0 are obtained by:
minimizing ¢(1) foru > 0
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Ordered phases

The ordered phases at p > 0 are obtained by:
minimizing ¢(1) foru > 0

1 2 3 2 1 2 3 2 1
2 2 2 2 2
3 2 1 2 3 2 1 2 3
2 2 2 2 2
1 2 3 2 1 2 3 2 1

maximizing ¢(1) foru < 0
2 2

— N = N
N

— N = N
N

— N = N
N

— N = N
N

— N = N
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Ising meets Fibonacci:
Relation between characters of theories with Ising and
Fibonacci particles

Grosfeld & Schoutens, PRL (2008)
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Critical behaviour

For the critical behaviour at p = 0, we need information
about the whole function X,,

Xm(a;b,c,d,e;q) = Z g® )

.....
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For the critical behaviour at p = 0, we need information
about the whole function X,,

Xm(a;b,c,d,e;q) = Z g® )

.....

Relevant for v > 0

X43(152,1,2,3;q) =

1+ 3¢% 4+ 4¢° + 9¢* + 12¢° + 22¢° + 304"

+ ...+ 5875310¢" + ... +

_|_8q235 i 7q236 _|_4q237 _|_3q238 4+ 2q239 —|—C]240 —|—C]242

T~

Relevant for « <0
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Critical behaviour
X43(1;2,1,2,3;q) =
1+ 3¢% + 4q¢° + 9¢* + 12¢° + 22¢° + 304"
+ ...+ 5875310¢" + ... +
+8q235 i 7q236 i 4q237 4+ 3q238 4+ 2q239 4+ q240 4+ q242

1+3¢° +4¢° +9¢" + 12¢° + 22q6 +30q" +.
1s a character of (Gepner) su(3), parafermlons

1+ +2¢3 +3¢* +4¢° + 7¢° +8¢" + . ..
is a character of Zs; parafermions

So, Fibonacci meets Fibonacci!

u >0

u <0
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Forr =5 (k = 3), we have explicit formulas for the
functions X,,

These reproduce all the characters of the Z; and
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Connection with CFT

Forr =5 (k = 3), we have explicit formulas for the
functions X,,

These reproduce all the characters of the Z; and
su(3), paratermions.

The critical behaviour for arbitrary k 1s given by:

su(2)1 x su(2); x su(2)

k—2
for u>0
su(2)g or

Similar results on related models :

7y, paratermions for v <0 Date, Jimbo...

Saleur, Bauer



Connection with CFT

The scaling dimensions of the primary fields &% ** of

su(2)1 X su(2)1 X su(2)p_o
su(2)x

can be obtained from the Coulomb gas results by
Ikhlef et al.: Ikhlef et.al., JPA (2010)

(81(k+2)—82]€)2—4 _|_
_ 8K (k+2

h(t,s1,52) = {(31(k+2()3234)24 n
8E(k+2)

- 4
— = SQJFit) modd g1+ spmod 2 =0

S1+Somod?2=1

O|l—= N

Explicit character formulas for £ > 3 have not yet been
found...



Updated phase diagram

% Ground states known

e Integrable tanf = ¢/2

3-state Potts

(c = 4/5)

3-state Potts

tri-critical Ising
(c=17/10)

a-critical Ising

B “fetr
0 =3m/2 (c = 4/5)



Conclusions

 Studied an exactly solvable point in an anyonic
chain with competing interactions.

* Introduced a new 2-d, solvable height model

* Obtained the critical behaviour, explaining an
extended critical region 1n the chain.

e Connection with CFT was made



Outlook

* Connection with SU(2) Heisenberg chains

* Understanding of (topological) phase transitions
» Connection with related loop models

 Other types of anyonic chains

* Relation with Rogers-Ramanujan identities?

 Finitization of characters might have other (qHe)
applications
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