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. © Heisenberg spin-1/2 chain

Models which we handle:
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:> Bragg spectroscopy, interference experiments, ...
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Lieb-Liniger Bose gas

Density-density (dynamical SF) (5 C & P Calabrese, PRA 2006)
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Heisenberg chains
S(k,w), A=1, h=0
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Hahn-Meitner-Institut Berlin
in der Helmholtz-Gemeinschaft
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Contact with
field theory and
(nonlinear)
Luttinger liquids
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#> correlation functions at low energies
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Around momentum
the fields are represented as
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wF(B) (QZ‘, t) N 6z’(2m—|—1/2:

-1/2) [kpz—d(x,t)]+if(x,t)

LL theory predicts the asymptotics pox > 1
of correlation functions as

(p(x)p(0)) 1 K I Z A, cos(2mkpx)
0% 2(mpox)? e (Ox)2m2K
(Pl () (0)) -~ Z B, cos(2mkpx)
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the fields are represented as

wF(B) (x,t) ~ ot (2mA4-1/241/2) krpxz—¢(x,t)]+i0(x,t)

LL theory predicts the asymptotics pox > 1
of correlation functions as

|
Infinite sets of
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Asymptotes of static function: determined by
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For the XXZ chain, bosonization similary gives

S* (2. t) ~ 5. Vo  pi2ml(s=+1/2)ma (1)
70
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For the XXZ chain, bosonization similary gives

S* (2. t) ~ 5. Vo | pi2ml(ss+1/2)mz—o(a,1)]
70

ST (z,1) ~ e 12ml(s=+1/2)z—d(x,)] =i (x.t)

with long-distance behaviour of static functions

(S%(2)5%(0)) = &7 2(756)2 3 Dm““@;ﬁiz; /2)m)

B i E,,cos(2m(s, + 1/2)mx
(ST (x)S™(0)) = (—1) Z>O x§m2fg+1/(2f</)) |

given in terms of non-universal prefactors D and E
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Asymptotes of static function: determined by
correlation around Umklapp/pi modes
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Relating prefactors to form factors

Start from Lehmann representation
) ) . ) 2
(W@, s (0) = > == |k, wolib V)|

k,w

Field separates into left- and right-moving components

YPL(R) — Q\ﬁK T 90/\@

The time-dep. m-th Umklapp part can be written

(—1)mBmp62m2K_1/2K cos (2mkpx)
(i(vt + x) + 0)"* (i(vt — x) + 0)"F

in which  prr) = m’K +m +1/4K




At finite size, the right-moving component becomes

2tmn,.(x—uvt)/L

im(vt—x) /L HE
e €
( r(vt—z) O) ~ Z C(nr; wR) (L/27)kr

1L sin 7 |

F(:“R T nr)
C(pr)l(ny + 1)

in which C(nra MR) —

2T .
and 7™ represents the total e
momentum of excitations created -

around the left, right Fermi points

(similarly for the left-moving component)

Thursday, 3 November, 2011



Considering the n = 0 term gives the scaling law
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Considering the n = 0 term gives the scaling law
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A4m2 K241
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Considering the n = 0 term gives the scaling law

2 m B
(m, N — 1]5|0, N — OPO
single ‘parent’ .prefact.or
form factor in physical
correlator

Criticality of the Lutt. Lig. gives nontrivial size dep.

Important partial conclusion: each
prefactor is given by a single form factor

Finite size scaling of FF 0 correlation prefactor
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Similarly, for other operators/models, we get

(2m+1)2 K2 +1

’ 2 Cm 27 2K

X o Dm 2 2m? K
m, N13°13)| & 52 ()

(—1)™Ey, (277)27”2“1/ (24)
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Similarly, for other operators/models, we get

(2m+1)2 K2 +1

’ 2 Cm 27 2K

X 9 Dm 2 2m K
|<m,N\SZ\N>| ~ <—7T>

|2 (—1)™Ey, (%)MZKH/@K)
3

|<m,N—1|§_\N> ~

But the problem to be faced is:
how to compute the form factors?
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Mapping ABA ops to local ops: quantum inverse
problem (Maillet 1999)

For spin chains: A()\), B(A), C(A), D(A) «— S

State norms: Gaudin-Korepin formula
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Scalar products: Slavnov’s formula

Su (s 1A}) = ¢
Arbitrary
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Scalar products: Slavnov’s formula

Su({u, {21 = O ] C(uy) [ ] BOw)0)
j=1 k=1

[T, Tty iy — An)
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0
O
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Scalar products: Slavnov’s formula

Su({u, {21 = O ] C(uy) [ ] BOw)0)
j=1 k=1

Sm (it 1A}) =

N det T'({u}, {A}),

Hj<k P — po) Hj>k P(Aj — Ak)

where T, =

)

0
o T (o, {A}) (N.Slavnov, 1988)

gives (at least in principle)
all matrix elements needed




After a long calculation™, one obtains expressions like...

\/? —2m?K 42 o\ ™

) G(1+mVK)2G(m+1—-mVK) i
['(m — mf)mf(l—m+m\/_)mG1—m+m\/_)

q
4 d\ d d
exp[mq/ )\—i—zc / ,u/ )\ ,LL—|—’LC ]
F(u

1 2 _ 2
2Pi/ dxF (q:c 2mF (gz) _/ / drdu ( > Det? (1 4+ G)
—1 _

Po 4c?

exp

for Lieb-Liniger, and for XXZ in a field:

N

B (2mqp(q)) 2™ K ( 2

D, =
sinh(2q)

G?(1+mVEK)G(1+m—mvVK)

) 2m2

(sinh2(2q) + sin? C) "
4sin? ¢

det? <1 + GZ)

4

I'm(m — mvVEK)I™(1 —m+mvVK)G(l —m +mVK)

dx

q
X exp (/ dud\
—q

q(F*(qx) — 2mF (qx))

EA)F(p)

1

sinh®(\ — p —

ic) 2

1
X exp <P_|_/
-1

tanh(q(x — 1))

— d\
xexp( /_ g cosh(2

)

q
— dA d,u
/q smh )\ 1)

1 2
F?(qx) — 2mF(
—P_/ dx( (qr) — 2mF (qx)
—1

tanh(q
2mF

.CU—I—l

Smh

(q — A\) — cos 2C

det (1 + CLQ)

7))
)
%)
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After a long calculation™, one obtains expressions like...

A g [TVE 2m2K<4q2+02)m G(1+mVK)*G(m +1-mVK) )
m v 00 4c2 ['(m — mf)mp(l_m+m\/_)mG1—m+m\/_)

q
4 d\ d d
exp[mq/ )\—i—zc / ,u/ )\ ,LL—|—’LC ]
F(u

1 2 _ 2
2Pi/ dxF (q:c 2mF (gz) _/ / drdu ( > Det?(1 + G)
—1 _

exp

Det? (1—§)
for Lieb-Liniger, and for XXZ in a field:

N

2

D,, =

B (2mqp(q)) 2™ K (

sinE?Qq) )

G?(1+mVEK)G(1+m—mvVK)

m” (sinh2(2q) + sin? C) "

4sin? ¢
det? <1 = GZ)

: (Fm(mm\/?)Fm(lm+m\/?) G(l—m+
. (/q e FNF(p) 1

1 /qq
X exp <P+ /1 q(F?(gx) — 2mF(gz))

dx

sinh®*(\ — p —i¢) 2
tanh(q(z — 1))

X exp (—/ d
—q

1 2
F?(qx) — 2mF(
—P_/ dx( (qr) — 2mF(qx))
—1

)

ax d,u smh )\ 1)

mvVK) det” (1+a2)

tanh(q
2mF

.CU—I—l

Smh

cosh(2 — Cos 2C )

q_

>x<(A. Shashi, L. Glazman, J.-S. Caux and A. Imambekov, arXiv 1010.2268, 1103.4176)
(Kozlowski and Terras 201 |; Kitanine et al 2009)
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... or in more readable plots, for Lieb-Liniger

1.2
’ .. e2y
- Popov Limit (Z ~ 1.037)
S S
||| ‘/" ’-x— BO
| R
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0.8\ //‘
L s X
\ 7
Ny
0.6 X
I \
5‘{ \‘Tracy—Vaidya Limit (0.5214)
L “ ‘
04 AN
i *\\’
512721%4, | \V-.
I \ ‘.
0.2 \\\ Yo i
7 \\\ ~.'._. —87'(231
2 3 4 3 K
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...and for XXZ (longitudinal correlation)
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...and for XXZ (longitudinal correlation)
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...and for XXZ (longitudinal correlation)

012 T T ) T T 02 I I | |
D, with s,=0.1 =—— A=0.2 =——
D, with $,=0.1 ======- A=0.4 =mm=m===
D7 with s,=0.4 : A=0.6
D, with 5,=0.4 i 0.18 | A=0.8 i -
0.1 -
0.16 |
0.08 -
0.14 |% i
N 0.06 _ A3 012 F i
-2
0.5 “ %
0.1 | X |
0.04 i
0.08
0021 e a 0.06
---------------------------------- 0.04 I I I l
0 beswiiaspmm==n®” ' ' ' 0 0.1 0.2 0.3 04 05
0 0.2 04 06 0.8 1 <
Z
A

Fits with DMRG results of Hikihara & Furusaki
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...and for XXZ (transverse correlation)
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Dynamical correlators:
Nonlinear Luttinger Liquid Theory




Dynamical correlators:
Nonlinear Luttinger Liquid Theory

Glazman, Imambekov, Khodas, Kamenev, Cheianov, Pustilnik, Affleck, Pereira, Sirker, |SC, ...
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Dynamical correlators:
Nonlinear Luttinger Liquid Theory

Glazman, Imambekov, Khodas, Kamenev, Cheianov, Pustilnik, Affleck, Pereira, Sirker, |SC, ...

L

Three

subband

mode]
From Imambekov & Glazman, SCIENCE 323 (2009)
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Dynamical correlators:
Nonlinear Luttinger Liquid Theory

Glazman, Imambekov, Khodas, Kamenev, Cheianov, Pustilnik, Affleck, Pereira, Sirker, |SC, ...

L

Three

subband

model ¥ CE—
I

From Imambekov & Glazman, SCIENCE 323 (2009) | |
I

[

~

H;, = iv/dx [: @;(x)v\iﬁ(x) — U (2) VI, () :}

ﬁd:/daz d'(z) |vp - o i(fv | p*>V d(z)
m
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Dynamical correlators:
Nonlinear Luttinger Liquid Theory

Glazman, Imambekov, Khodas, Kamenev, Cheianov, Pustilnik, Affleck, Pereira, Sirker, |SC, ...

L

Three

subband

mode]
From Imambekov & Glazman, SCIENCE 323 (2009)

[

~

H;, = iv/dx [: @;(x)v\iﬁ(x) — U (2) VI, () :}

~ ~ i p2 p | ~
Hd:/dasz(aj) vp Sy i(fv | *>V d(x)
m m
1 v OV v 0K

Effective mass: T %12 9L T 2K32 o
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Singularity structure (Khodas, Pustilnik, Kamenev, Glazman;
Imambekov & Glazman)

1.5

K = O.SKF

Sk, »)

0.5}
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Singularity structure (Khodas, Pustilnik, Kamenev, Glazman;
Imambekov & Glazman)

S ~ ! (O(er —w) +v10(w — €1))

|w — 6[|“’1

1.5

Singularity at
upper 2p threshold

25 30
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Singularity structure (Khodas, Pustilnik, Kamenev, Glazman;
Imambekov & Glazman)

1
|w — €I|H1

S

(07 —w) + 110(w — €1))

Singularity at
upper 2p threshold

Lower
threshold

25 30
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Singularity structure (Khodas, Pustilnik, Kamenev, Glazman;
Imambekov & Glazman)

1
|w — €I|H1

S

(07 —w) + 110(w — €1))

Singularity at
upper 2p threshold

High-energy tail

Lower
threshold

25 30
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Similarly to the case of prefactors, a single form factor
completely determines the correlation near the
singularities: e.g. for density density in Lieb-Liniger,

a) near £3(k)

2 pr+pr—1
S(k,w) = 0(6w) 52 (F)ow

I'(fr + fir) (v + vg)PL |v — vg|PR

b) around 1 (k)

sin iz, 0(0w) + sin wipA(—ow) 275 (k)dwhrTAL—1

S(k,w) = R - - - - -
(k) sin(fir, + fir) P(fir 4 fip) (v + va) e [v — vg|Hr

in which
) Si(ay (k) [ 2m\FETHE K 1 5. ()
(ks V1IN e 212 () s = (ﬁi_+ : >>

L L
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Another exact
approach towards
correlations




Gapless XXZ AFM: analytics using
vertex operator approach

JSC, H. Konno, M. Sorrell and R.Weston, PRL 106,217203 (201 1), arxiv | 110.6641

We consider the XXZ in zero field,

N
H=1J) (87571 +8]S), +AS;S7)

g=1




Gapless XXZ AFM: analytics using
vertex operator approach

JSC, H. Konno, M. Sorrell and R.Weston, PRL 106,217203 (201 1), arxiv | 110.6641

We consider the XXZ in zero field,

N
H= 73 (5§87 + /5%, +ASiSh) | 0<A<]
j=1

Longitudinal structure factor:

O

1 e .
5% (k,w) = > e HO ) / dte™(S7 ()57 (0))

7,3" o




Longitudinal structure factor

Separates into  S**(k Z S(om) (K




Longitudinal structure factor

Separates into  S**(k Z S(om) (K

Matrix elements: from vertex operator approach
Jimbo, Miwa, Lashkevich, Pugai, Kojima, Konno, Weston, JSC
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Longitudinal structure factor

Separates into  S**(k Z S(om) (K

Matrix elements: from vertex operator approach
Jimbo, Miwa, Lashkevich, Pugai, Kojima, Konno, Weston, JSC

_ O(wau(k) — w)O(w — wa (k) . e ek w)
- x (1+1/¢) e -
\/wg (k) — w? cosh === +-cos ¢

w%,u(k) R w% l(k)

_ T cosh(mp(k,w _\/ :
where ¢=_——+ -1 (molk;w)) w? — w2 (k)

Le(p) = /oo dt sinh(& 4 1)t cosh(2t) cos(4pt) — 1
e o ¢ sinh &t cosh t sinh(2t)
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Sum rule saturations
from two-spinon states

: : 2T dk
Integrated intensity [ = / / =1/4
27T d
f-sumrule ;*(k) =/O %ws(k w) =—-2X"(1—-cosk) X" =(5757,1)

A 2sp/Izz 1 2sp/I A 2sp/Izz 1 2sp/
0 1 1 0.6 0.9778 0.9743
0.1 | 0.9997 0.9997 0.7 0.9637 0.9578
0.2 | 0.9986 0.9984 0.8 0.9406 0.9314
0.3 | 0.9964 0.9959 0.9 0.8980 0.8844
0.4 | 0.9927 0.9917 0.99 0.7918 0.7748
0.5 | 0.9869 0.9849 0.999 | 0.7494 0.7331
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Check against finite-size results

10 10
9 N 9 11
\\\\
8 ‘ 8 N=0.7 1.08
S 408 PR ———

s 1 LA BT N = 256 SRR .
- 6H el N =512 = o o —EE
Q s N 1024 ®
= :
no3f 5 \ . Th. Lim. 1.02
x ‘ . - - - .
R i 4 \ 149 1495 15 1505 151
N
w 3 3

2} 2|

1! 1}

\
0 0.5 1 1.5 2 2.5 3 3.5

(n Q)

N | IG5/ 17 | IF5,,(n/2) /17 | 15, () /I
64 | 0.9893 0.9825 0.9852
128 | 0.9843 0.9778 0.9776
256 | 0.9796 0.9733 0.9713
512 | 0.9756 0.9695 0.9668
1024 | 0.9724 0.9664 0.9636
extrap | 0.963(2) 0.957(4) 0.957(4)
0o | 0.9637 0.9578 0.9578
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Threshold
behaviour
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Threshold
behaviour

Near upper threshold:




Threshold
behaviour

Near upper threshold:

For 0 < A<1: &
S5%(k,w) ‘ sm 7/2\/w2 (k) —w

w—w2 4 (k)




Threshold
behaviour

Near upper threshold:

For0 < A <1: I

557 (K, w)

For A — 0 :
557 (k,w)

w—w2,u (k)

w—w2 4 (k)
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Threshold
behaviour

Near upper threshold:

For0<A<1:
S5 (k,w) oy Ju(©)in D) T2 fun (k) — w
FOI' A — O . - k\N—1/2
. \ (sin &)~1/
SZ (k’w) w—>w2,u(/€)/ fu(l) 2

Vwa (k) — w

Agrees with Nonlinear LL predictions (imambekov, Glazman, Pereira, Affleck, ...
Adds momentum-dependent prefactors
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Threshold
behaviour
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Threshold
behaviour

Near lower threshold:




Threshold
behaviour

Near lower threshold:

For0<A<1: o
I (sink| 7278 (sin &)~ ¢
SQ (kpw) D (k)/fl(g) 1(1_21)
2! w —wa (k)2 ¢
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Threshold
behaviour

Near lower threshold:

3k
For0<A<1: o
.. sink| 7207 (sin )¢
857 (k,w) — o ful©) o1
w —wau(k)]2
For A — 0 : ng(kvw) w—>w2,l(k)/ O(l)
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Region of validity
of threshold behaviour
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New applications




Another experimental method: RIXS

(Resonant Inelastic X-ray Scattering)

Synchrotron

fcb r Cpré Cb i@i(f) ®

(PCopper @ Oxygen

Strontium




Another experimental method: RIXS

(Resonant Inelastic X-ray Scattering)

Synchrotron

be e d e p e b

Initial Intermediate Final

4p — —+

X-ray induces a 3dq><1>q> @Cﬁ@ C&}dgﬁ

|s-4p transitifpn. ON ol S 30 44 ob 41 4 ap 4y
copper, modifying O

. fa b,
(1'1 7Ly u’7 7L 0

exchange term | out, W




RIXS response from ABACUS

A. Klauser, J. Mossel, JSC and J. van den Brink, Phys. Rev. Lett. 106, 157205 (2011)




RIXS response from ABACUS

A. Klauser, J. Mossel, JSC and J. van den Brink, Phys. Rev. Lett. 106, 157205 (2011)

Given by the dynamical correlation function of
neighbouring exchange operators:
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RIXS response from ABACUS

A. Klauser, J. Mossel, JSC and J. van den Brink, Phys. Rev. Lett. 106, 157205 (2011)

Given by the dynamical correlation function of
neighbouring exchange operators:

S (g, w) = 2 3 [(0] X, o) 3w — wa)

1 .
in which Xq = \/N Z 6“”(83'_1 . Sj + Sj . Sj_|_1)
J
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RIXS response from ABACUS

A. Klauser, J. Mossel, JSC and J. van den Brink, Phys. Rev. Lett. 106, 157205 (2011)

Given by the dynamical correlation function of
neighbouring exchange operators:

S (g, w) = 2 3 [(0] X, o) 3w — wa)

1 .
in which Xq = \/N Z 6“”(83'_1 . Sj + Sj . Sj_|_1)
J

Matrix elements: obtained from ABA
Kitanine & al.; A.Klauser, . Mossel and |SC, to be published
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RIXS response from ABACUS

A. Klauser, J. Mossel, JSC and J. van den Brink, Phys. Rev. Lett. 106, 157205 (2011)

Given by the dynamical correlation function of
neighbouring exchange operators:

S (g, w) = 2 3 [(0] X, o) 3w — wa)

1 .
in which Xq = \/N Z 6“”(83'_1 . Sj + Sj . Sj_|_1)
J

Matrix elements: obtained from ABA
Kitanine & al.; A.Klauser, . Mossel and |SC, to be published

Resummed by ABACUS
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Using SU(2) symmetry:

57 (g, w) = cos?(q/2)

27
— X
N

2

aEStor=0

-

e'? (0] 57551 )

O(w — wq)
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Using SU(2) symmetry:

2
SN (g w) = (:082((]/2)7T7T X

P

Crucial prefactor
(vanishes at pi)

2

aEStor=0

-

e'? (0] 575711 |a)

O(w — wq)
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Using SU(2) symmetry:

exc 2m 197 zZ Q2
SN (q,w) = COSZ(Q/Q)T X Z Ze (0] 57571 )| 0w —wa)
J

ﬁ a€Stot=0
A\

Crucial prefactor

(Vanishes at pi)  Only total spin zero sector contributes
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Using SU(2) symmetry:

exc 727T 1917 zZ OZ
SN (g,w) = cos?(q/2) - xS (D€ (0] 8555, [a)| 5w — wa)
J

ﬁ a€Stot=0
A\

Crucial prefactor

(Vanishes at pi)  Only total spin zero sector contributes

Sum rules:

Integrated intensity / o 15 o g,y = L 1o + 2¢0)
f-sumrule q
/ —CUSexch C], — 681112((]) {(le _ 332) (1 _ 4COSQ(Q/2)) X SC(S) —84111(2) }

|n WhICh Lr; = <S; S;+Z> K. Sakai, M. Shiroishi,Y. Nishiyama, and M.Takahashi (2003)
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RIXS response from ABACUS

o [J]




RIXS response from ABACUS




RIXS response from ABACUS
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RIXS response from ABACUS




RIXS response from ABACUS

o [J]




RIXS response from ABACUS

o [J]

O |

0 nq 2T

Waiting for experimental correspondence (ongoing)




= 3/4n

exch.
S SZZ
q

2 o [J]

1/27

O

=

Y

=
I
o

—  ['n'v] Aususyy

L0
o

Thursday, 3 November, 2011



Coupled chains: spin conductivity

(G. Palacios and JSC, unpublished)

A




Coupled chains: spin conductivity

(G. Palacios and JSC, unpublished)




Coupled chains: spin conductivity

(G. Palacios and JSC, unpublished)

o(w) = %ﬂ D> 0w = way —wa, ) ([0l S [aa) P1{0,[S] [ )| + (r = 1))

X,




Coupled chains: spin conductivity

(G. Palacios and JSC, unpublished)
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Coupled chains: spin conductivity

(G. Palacios and JSC, unpublished)

olw) = = D> 0w = way —wa, ) ([0l S [aa) P1{0,[S] [ )| + (r = 1))

3 L l T ] I T :0 L l T ] I T
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T
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A =099A_ =09

b
~

o
~
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Conclusions

@ Correlations from integrability: real usefulness
for experiment, and theory

O New developments in field theory: exact
prefactors, correlators away from low-energy limit

Not detailed here:
@ Applications: neutron scattering, atomic gases, ...
@ Out-of-equilibrium from integrability

@ Renormalization from integrable points

*%% PhD and postdoc positions available **%
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