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∑
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δ(xj − xl)

Interacting Bose gas (Lieb-Liniger)

Richardson model (+ Gaudin magnets) 

HBCS =
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α=1

σ=+,−
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c†ασcασ − g
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α,β=1

c
†
α+c

†
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Saā(q, ω) =
1

N

N∑
j,j′=1

eiq(j−j′)

∫
∞

−∞

dteiωt〈Sa
j (t)Sā
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Sa,ā(q, ω) = 2π
∑

µ

|〈0|Oa

q |µ〉|
2δ(ω − Eµ + E0)

Our needed building blocks are:

1) A basis of eigenstates  

Thursday, 3 November, 2011



Building correlation functions
piece by piece
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1) A basis of eigenstates  
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Lieb-Liniger Bose gas

S(k,ω) =
2π

L

∑

α

|〈0|ρk|α〉|
2δ(ω − Eα + E0)

(J-S C & P Calabrese, PRA 2006)Density-density (dynamical SF)
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S(k,ω), ∆ = 1, h = 0

Heisenberg chains
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S−+,∆ = 1/4 Szz,∆ = 1/4

S+−,∆ = 1/4 Stot,∆ = 1/4
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Hahn-Meitner-Institut Berlin
in der Helmholtz-Gemeinschaft

Spinons in KCuF3S(Q,w) Bethe Ansatz
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Contact with
field theory and 

(nonlinear) 
Luttinger liquids
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Tomonaga-Luttinger model
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ω

k

2π

L
2πvF
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ω
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L

kF

Luttinger liquid phenomenology (Haldane 1981)

linearized 
spectrum 

(up to infinity)

H0 =
v

2π

�
dx

�
K(∇θ)2 +

1

K
(∇φ)2

�

[φ(x),∇θ(x�)] = iπδ(x− x�)
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Luttinger liquid phenomenology (Haldane 1981)

linearized 
spectrum 

(up to infinity)

correlation functions at low energies
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dx
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K
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[φ(x),∇θ(x�)] = iπδ(x− x�)

Thursday, 3 November, 2011



ψF (B)(x, t) ∼ ei(2m+1/2±1/2)[kF x−φ(x,t)]+iθ(x,t)

(2m+ 1/2± 1/2)kFAround momentum
the fields are represented as 
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�ψ̂†
B(x)ψ̂B(0)�

ρ0
≈

�

m≥0

Bm cos(2mkFx)

(ρ0x)
2m2K+1/(2K)

�ρ̂(x)ρ̂(0)�
ρ20

≈ 1− K

2(πρ0x)2
+

�

m≥1

Am cos(2mkFx)

(ρ0x)
2m2K

�ψ̂†
F (x)ψ̂F (0)�

ρ0
≈

�

m≥0

Cm sin [(2m+ 1)kFx]

(ρ0x)(2m+1)2K/2+1/(2K)

LL theory predicts the asymptotics 
of correlation functions as

ρ0x � 1

ψF (B)(x, t) ∼ ei(2m+1/2±1/2)[kF x−φ(x,t)]+iθ(x,t)

(2m+ 1/2± 1/2)kFAround momentum
the fields are represented as 
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(2m+ 1/2± 1/2)kFAround momentum
the fields are represented as 

Infinite sets of 
nonuniversal 
prefactors
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Asymptotes of static function: determined by 
correlation around Umklapp modes 

Sρρ(k,ω) Sψ†ψ(k,ω)
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For the XXZ chain, bosonization similary gives

Sz(x, t) ∼ sz −
∇φ

π
+ ei2m[(sz+1/2)πx−φ(x,t)]

S+(x, t) ∼ e−i2m[(sz+1/2)x−φ(x,t)]−iθ(x,t)
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For the XXZ chain, bosonization similary gives

Sz(x, t) ∼ sz −
∇φ

π
+ ei2m[(sz+1/2)πx−φ(x,t)]

S+(x, t) ∼ e−i2m[(sz+1/2)x−φ(x,t)]−iθ(x,t)

with long-distance behaviour of static functions

�Sz(x)Sz(0)� = s2z −
K

2(πx)2
+

�

m≥1

Dmcos(2m(sz + 1/2)πx)

x2m2K

given in terms of non-universal prefactors D and E

�S+(x)S−(0)� = (−1)x
�

m≥0

Emcos(2m(sz + 1/2)πx)

x2m2K+1/(2K)
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Asymptotes of static function: determined by 
correlation around Umklapp/pi modes 

Szz(k,ω) S+−(k,ω)
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Relating prefactors to form factors
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�ψ̂†
B(x, t)ψ̂B(0)� =

�

k,ω

ei(kx−ωt)
����k,ω|ψ̂B |N�

���
2

Relating prefactors to form factors

Start from Lehmann representation

Thursday, 3 November, 2011



�ψ̂†
B(x, t)ψ̂B(0)� =

�

k,ω

ei(kx−ωt)
����k,ω|ψ̂B |N�

���
2

ϕL(R) = θ
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√
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�ψ̂†
B(x, t)ψ̂B(0)� =

�

k,ω

ei(kx−ωt)
����k,ω|ψ̂B |N�

���
2

ϕL(R) = θ
√
K ± ϕ/

√
K

Field separates into left- and right-moving components

(−1)mBmρ−2m2K−1/2K
0 cos (2mkFx)

(i(vt+ x) + 0)µL (i(vt− x) + 0)µR

The time-dep. m-th Umklapp part can be written

µL(R) = m2K ±m+ 1/4Kin which

Relating prefactors to form factors

Start from Lehmann representation

Thursday, 3 November, 2011



�
πeiπ(vt−x)/L

iL sin π(vt−x)
L + 0

�µR

=
�

nr≥0

C(nr, µR)
e2iπnr(x−vt)/L

(L/2π)µR

At finite size, the right-moving component becomes

C(nr, µR) =
Γ(µR + nr)

Γ(µR)Γ(nr + 1)
in which

(similarly for the left-moving component)

ω

k

2π

L
2πvF

L

kF

and             represents the total 
momentum of excitations created 
around the left, right Fermi points

2π

L
nl,r
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����m,N − 1|ψ̂B |0, N�
���
2
=

(−1)mBmρ0
2− δ0,m

�
2π

ρ0L

� 4m2K2+1
2K

Considering the n = 0 term gives the scaling law
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2− δ0,m

�
2π
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Considering the n = 0 term gives the scaling law

Criticality of the Lutt. Liq. gives nontrivial size dep. 
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����m,N − 1|ψ̂B |0, N�
���
2
=

(−1)mBmρ0
2− δ0,m

�
2π

ρ0L

� 4m2K2+1
2K

Considering the n = 0 term gives the scaling law

Criticality of the Lutt. Liq. gives nontrivial size dep. 

prefactor 
in physical 
correlator

{
single ‘parent’ 
form factor

Important partial conclusion: each 
prefactor is given by a single form factor 

Finite size scaling of FF correlation prefactor
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����m,N − 1|ψ̂F |N�
���
2
≈ Cmρ0

2(−1)m

�
2π

ρ0L

� (2m+1)2K2+1
2K

|�m,N |ρ̂|N�|2 ≈ Amρ0
2

�
2π

ρ0L

�2m2K

����m,N |Ŝz|N�
���
2
≈ Dm

2

�
2π

L

�2m2K

����m,N − 1|Ŝ−|N�
���
2
≈ (−1)mEm

2

�
2π

L

�2m2K+1/(2K)

Similarly, for other operators/models, we get
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����m,N − 1|ψ̂F |N�
���
2
≈ Cmρ0

2(−1)m

�
2π

ρ0L

� (2m+1)2K2+1
2K

|�m,N |ρ̂|N�|2 ≈ Amρ0
2

�
2π

ρ0L

�2m2K

����m,N |Ŝz|N�
���
2
≈ Dm

2

�
2π

L

�2m2K

����m,N − 1|Ŝ−|N�
���
2
≈ (−1)mEm

2

�
2π

L

�2m2K+1/(2K)

Similarly, for other operators/models, we get

But the problem to be faced is: 
how to compute the form factors?
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Form factors: from integrability 
(Algebraic Bethe Ansatz)
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∏
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B(λj)|0〉Wavefunctions:

provided the rapidities satisfy Bethe equations
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A(λ), B(λ), C(λ), D(λ)Introduce family                                  of nonlocal 
operators which act in Hilbert space of model

|Ψ({λ})〉 =
∏

j

B(λj)|0〉Wavefunctions:

provided the rapidities satisfy Bethe equations

B(λ)  creation operator, increasing particle number by 1

Mapping ABA ops to local ops:  quantum inverse 
problem (Maillet 1999)

A(λ), B(λ), C(λ), D(λ) ←→ Sa
jFor spin chains:

Form factors: from integrability 
(Algebraic Bethe Ansatz)
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A(λ), B(λ), C(λ), D(λ)Introduce family                                  of nonlocal 
operators which act in Hilbert space of model

|Ψ({λ})〉 =
∏

j

B(λj)|0〉Wavefunctions:

provided the rapidities satisfy Bethe equations

B(λ)  creation operator, increasing particle number by 1

Mapping ABA ops to local ops:  quantum inverse 
problem (Maillet 1999)

A(λ), B(λ), C(λ), D(λ) ←→ Sa
jFor spin chains:

State norms:  Gaudin-Korepin formula

Form factors: from integrability 
(Algebraic Bethe Ansatz)
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SM ({µ}, {λ}) = 〈0|
M∏

j=1

C(µj)
M∏

k=1

B(λk)|0〉

Scalar products:  Slavnov’s formula
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SM ({µ}, {λ}) = 〈0|
M∏

j=1

C(µj)
M∏

k=1

B(λk)|0〉

Scalar products:  Slavnov’s formula

Bethe 
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SM ({µ}, {λ}) = 〈0|
M∏

j=1

C(µj)
M∏

k=1

B(λk)|0〉

Scalar products:  Slavnov’s formula

Bethe 
Arbitrary
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SM ({µ}, {λ}) = 〈0|
M∏

j=1

C(µj)
M∏

k=1

B(λk)|0〉

Scalar products:  Slavnov’s formula

SM ({µ}, {λ}) =

∏M
j=1

∏M
k=1

ϕ(µj − λk)
∏

j<k ϕ(µj − µk)
∏

j>k ϕ(λj − λk)
det T ({µ}, {λ}),

Tab =
∂

∂λa

τ(µb, {λ})where (N.Slavnov, 1988)
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SM ({µ}, {λ}) = 〈0|
M∏

j=1

C(µj)
M∏

k=1

B(λk)|0〉

Scalar products:  Slavnov’s formula

gives (at least in principle) 
all matrix elements needed

SM ({µ}, {λ}) =

∏M
j=1

∏M
k=1

ϕ(µj − λk)
∏

j<k ϕ(µj − µk)
∏

j>k ϕ(λj − λk)
det T ({µ}, {λ}),

Tab =
∂

∂λa

τ(µb, {λ})where (N.Slavnov, 1988)
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Am = 2γ2

�
q
√
K

ρ0

�−2m2K �
4q2 + c2

4c2

�m2 �
G(1 +m

√
K)2G(m+ 1−m

√
K)

Γ(m−m
√
K)mΓ(1−m+m

√
K)mG(1−m+m

√
K)

�2

exp

�
4mq

� q

−q
dλ

F (λ)

((λ+ ic)2 − q2)
−

� q

−q
dµ

� q

−q
dλ

F (λ)F (µ)

(λ− µ+ ic)2

�

exp

�
2P±

� 1

−1
dx

F 2(qx)− 2mF (qx)

x2 − 1
− 1

2

� q

−q

� q

−q
dλdµ

�
F (λ)− F (µ)

λ− µ

�2
�

Det2(1 + Ĝ)

Det2
�
1− K̂

2π

�

Dm =
N

2
(2πqρ(q))−2m2K

�
2q

sinh(2q)

�2m2 �
sinh2(2q) + sin2 ζ

4 sin2 ζ

�m2

×
�

G2(1 +m
√
K)G(1 +m−m

√
K)

Γm(m−m
√
K)Γm(1−m+m

√
K)G(1−m+m

√
K)

�2 det2
�
1 + Ĝz

�

det2(1 + â2)

× exp

�
−
� q

−q
dµdλ

F (λ)F (µ)

sinh2(λ− µ− iζ)
− 1

2

� q

−q
dλ dµ

�
F (λ)− F (µ)

sinh(λ− µ)

�2
�

× exp

�
P+

� 1

−1
dx

q(F 2(qx)− 2mF (qx))

tanh(q(x− 1))
− P−

� 1

−1
dx

q(F 2(qx)− 2mF (qx))

tanh(q(x+ 1))

�

× exp

�
−
� q

−q
dλ

2mF (λ) sinh(2(q − λ))

cosh(2(q − λ)− cos(2ζ)

�

After a long calculation*, one obtains expressions like...

for Lieb-Liniger, and for XXZ in a field:
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sinh2(2q) + sin2 ζ

4 sin2 ζ

�m2

×
�

G2(1 +m
√
K)G(1 +m−m

√
K)

Γm(m−m
√
K)Γm(1−m+m

√
K)G(1−m+m

√
K)

�2 det2
�
1 + Ĝz
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× exp
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q(F 2(qx)− 2mF (qx))
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− P−
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−1
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q(F 2(qx)− 2mF (qx))
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�

× exp

�
−
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−q
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2mF (λ) sinh(2(q − λ))

cosh(2(q − λ)− cos(2ζ)

�

After a long calculation*, one obtains expressions like...

for Lieb-Liniger, and for XXZ in a field:

*(A. Shashi, L. Glazman, J.-S. Caux and A. Imambekov, arXiv 1010.2268, 1103.4176)
(Kozlowski and Terras 2011; Kitanine et al 2009)
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... or in more readable plots, for Lieb-Liniger
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... and for XXZ (longitudinal correlation)
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... and for XXZ (longitudinal correlation)
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... and for XXZ (longitudinal correlation)
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Fits with DMRG results of Hikihara & Furusaki
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... and for XXZ (transverse correlation)
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Dynamical correlators:
Nonlinear Luttinger Liquid Theory
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Dynamical correlators:
Nonlinear Luttinger Liquid Theory

Glazman, Imambekov, Khodas, Kamenev, Cheianov, Pustilnik, Affleck, Pereira, Sirker, JSC, ...
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Dynamical correlators:
Nonlinear Luttinger Liquid Theory

Three 
subband 
model

Glazman, Imambekov, Khodas, Kamenev, Cheianov, Pustilnik, Affleck, Pereira, Sirker, JSC, ...

From Imambekov & Glazman, SCIENCE 323 (2009)
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Dynamical correlators:
Nonlinear Luttinger Liquid Theory

Three 
subband 
model

H̃l,r = iv

�
dx

�
: Ψ̃†

l (x)∇Ψ̃l(x) : − : Ψ̃†
r(x)∇Ψ̃r(x) :

�

H̃d =
�

dx d̃
†(x)

�
vp +

p
2

2m∗ − i

�
v +

p

m∗

�
∇

�
d̃(x)

Glazman, Imambekov, Khodas, Kamenev, Cheianov, Pustilnik, Affleck, Pereira, Sirker, JSC, ...

From Imambekov & Glazman, SCIENCE 323 (2009)
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Dynamical correlators:
Nonlinear Luttinger Liquid Theory

Three 
subband 
model

H̃l,r = iv

�
dx

�
: Ψ̃†

l (x)∇Ψ̃l(x) : − : Ψ̃†
r(x)∇Ψ̃r(x) :

�

H̃d =
�

dx d̃
†(x)

�
vp +

p
2

2m∗ − i

�
v +

p

m∗

�
∇

�
d̃(x)

1
m∗ =

v

K1/2

∂v

∂h
+

v2

2K3/2

∂K

∂h

Glazman, Imambekov, Khodas, Kamenev, Cheianov, Pustilnik, Affleck, Pereira, Sirker, JSC, ...

Effective mass:

From Imambekov & Glazman, SCIENCE 323 (2009)
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Singularity structure (Khodas, Pustilnik, Kamenev, Glazman;  
Imambekov & Glazman)
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Singularity structure (Khodas, Pustilnik, Kamenev, Glazman;  
Imambekov & Glazman)

S ∼
1

|ω − εI |µ1

(θ(εI − ω) + ν1θ(ω − εI))

Singularity at
upper 2p threshold
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Lower 
threshold

Singularity structure (Khodas, Pustilnik, Kamenev, Glazman;  
Imambekov & Glazman)

S ∼
1

|ω − εI |µ1

(θ(εI − ω) + ν1θ(ω − εI))

Singularity at
upper 2p threshold

S ∼ (ω − �II)µ2
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Lower 
threshold

Singularity structure (Khodas, Pustilnik, Kamenev, Glazman;  
Imambekov & Glazman)

S ∼
1

|ω − εI |µ1

(θ(εI − ω) + ν1θ(ω − εI))

Singularity at
upper 2p threshold

High-energy tail

S ∼ (ω − �II)µ2
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Similarly to the case of prefactors, a single form factor 
completely determines the correlation near the 

singularities: e.g. for density density in Lieb-Liniger,

S(k,ω) = θ(δω)
2πS2(k)δωµ̃R+µ̃L−1

Γ(µ̃R + µ̃L)(v + vd)µ̃L |v − vd|µ̃R

a) near ε2(k)

ε1(k)b) around

S(k,ω) =
sinπµ̃Lθ(δω) + sinπµ̃Rθ(−δω)

sinπ(µ̃L + µ̃R)

2πS1(k)δωµ̃R+µ̃L−1

Γ(µ̃R + µ̃L)(v + vd)µ̃L |v − vd|µ̃R

|�k;N |ρ̂|N�|2 ≈
S1(2)(k)

L

�
2π

L

�µ̃R+µ̃L

µ̃R(L) =

�√
K

2
± 1

2
√
K

+
δ±(k)

2π

�2

in which
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Another exact 
approach towards 

correlations
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Gapless XXZ AFM: analytics using
vertex operator approach

JSC, H. Konno, M. Sorrell and R. Weston, PRL 106, 217203 (2011), arxiv 1110.6641

H = J

N�

j=1

�
S

x
j S

x
j+1 + S

y
j S

y
j+1 + ∆S

z
j S

z
j+1

�
0 ≤ ∆ ≤ 1

We consider the XXZ in zero field, 
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Gapless XXZ AFM: analytics using
vertex operator approach

JSC, H. Konno, M. Sorrell and R. Weston, PRL 106, 217203 (2011), arxiv 1110.6641

H = J

N�

j=1

�
S

x
j S

x
j+1 + S

y
j S

y
j+1 + ∆S

z
j S

z
j+1

�

Szz(k, ω)=
1
N

�

j,j�

e−ik(j−j�)

� ∞

−∞
dteiωt�Sz

j (t)Sz
j�(0)�

0 ≤ ∆ ≤ 1

We consider the XXZ in zero field, 

Longitudinal structure factor:
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Longitudinal structure factor
Szz(k,ω) =

∞�

m=1

Szz
(2m)(k,ω)Separates into
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Longitudinal structure factor

Matrix elements: from vertex operator approach
Jimbo, Miwa, Lashkevich, Pugai, Kojima, Konno, Weston, JSC

Szz(k,ω) =
∞�

m=1

Szz
(2m)(k,ω)Separates into
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ξ =
π

acos∆
− 1

Iξ(ρ) ≡
� ∞

0

dt

t

sinh(ξ + 1)t
sinh ξt

cosh(2t) cos(4ρt)− 1
cosh t sinh(2t)

cosh(πρ(k, ω)) =

�
ω2

2,u(k)− ω2
2,l(k)

ω2 − ω2
2,l(k)

Longitudinal structure factor

Matrix elements: from vertex operator approach
Jimbo, Miwa, Lashkevich, Pugai, Kojima, Konno, Weston, JSC

Szz(k,ω) =
∞�

m=1

Szz
(2m)(k,ω)Separates into

Szz
2 (k, ω) =

Θ(ω2,u(k)− ω)Θ(ω − ω2,l(k))�
ω2

2,u(k)− ω2
× (1 + 1/ξ)2

e−Iξ(ρ(k,ω))

cosh 2πρ(k,ω)
ξ + cos π

ξ

where
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Sum rule saturations 
from two-spinon states

Izz =
� 2π

0

dk

2π

� ∞

0

dω

2π
S(k,ω) = 1/4

Izz
1 (k) =

� 2π

0

dω

2π
ωS(k, ω) = −2Xx(1− cos k) Xx ≡ �Sx

j Sx
j+1�

Integrated intensity

f-sumrule
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Check against finite-size results
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Threshold 
behaviour
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Threshold 
behaviour

Near upper threshold:
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Threshold 
behaviour

Near upper threshold:

Szz
2 (k, ω) −−−−−−−→

ω→ω2,u(k)
fu(ξ)(sin

k

2
)−7/2

�
ω2,u(k)− ω

For 0 < ∆ ≤ 1 :
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Threshold 
behaviour

Near upper threshold:

Szz
2 (k, ω) −−−−−−−→

ω→ω2,u(k)
fu(ξ)(sin

k

2
)−7/2

�
ω2,u(k)− ω

For 0 < ∆ ≤ 1 :

For ∆→ 0 :
Szz

2 (k,ω) −−−−−−−→
ω→ω2,u(k)

fu(1)
(sin k

2 )−1/2

�
ω2,u(k)− ω
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Threshold 
behaviour

Near upper threshold:

Szz
2 (k, ω) −−−−−−−→

ω→ω2,u(k)
fu(ξ)(sin

k

2
)−7/2

�
ω2,u(k)− ω

For 0 < ∆ ≤ 1 :

For ∆→ 0 :
Szz

2 (k,ω) −−−−−−−→
ω→ω2,u(k)

fu(1)
(sin k

2 )−1/2

�
ω2,u(k)− ω

Agrees with Nonlinear LL predictions (Imambekov, Glazman, Pereira, Affleck, ...)

Adds momentum-dependent prefactors
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Threshold 
behaviour
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Near lower threshold:

Threshold 
behaviour
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Near lower threshold:

Szz
2 (k, ω) −−−−−−−→

ω→ω2,l(k)
fl(ξ)

| sin k|−
1
2 (1− 1

ξ )(sin k
2 )−

2
ξ

[ω − ω2,l(k)]
1
2 (1− 1

ξ )

For 0 < ∆ ≤ 1 :

Threshold 
behaviour
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Near lower threshold:

Szz
2 (k, ω) −−−−−−−→

ω→ω2,l(k)
fl(ξ)

| sin k|−
1
2 (1− 1

ξ )(sin k
2 )−

2
ξ

[ω − ω2,l(k)]
1
2 (1− 1

ξ )

For 0 < ∆ ≤ 1 :

For ∆→ 0 : S
zz
2 (k, ω) −−−−−−−→

ω→ω2,l(k)
O(1)

Threshold 
behaviour
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Region of validity 
of threshold behaviour
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New applications
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Another experimental method:  RIXS
(Resonant Inelastic X-ray Scattering)

Synchrotron
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Another experimental method:  RIXS
(Resonant Inelastic X-ray Scattering)

Synchrotron

X-ray induces a 
1s-4p transition on 
copper, modifying 
exchange term
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RIXS response from ABACUS
A. Klauser, J. Mossel, JSC and J. van den Brink, Phys. Rev. Lett. 106, 157205 (2011)
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RIXS response from ABACUS

Given by the dynamical correlation function of 
neighbouring exchange operators:

A. Klauser, J. Mossel, JSC and J. van den Brink, Phys. Rev. Lett. 106, 157205 (2011)
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RIXS response from ABACUS

Sexch(q,ω) = 2π
�

α

|�0| Xq |α�|2 δ(ω − ωα)

Xq ≡
1√
N

�

j

eiqj(Sj−1 · Sj + Sj · Sj+1)

Given by the dynamical correlation function of 
neighbouring exchange operators:

in which

A. Klauser, J. Mossel, JSC and J. van den Brink, Phys. Rev. Lett. 106, 157205 (2011)
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RIXS response from ABACUS

Sexch(q,ω) = 2π
�

α

|�0| Xq |α�|2 δ(ω − ωα)

Xq ≡
1√
N

�

j

eiqj(Sj−1 · Sj + Sj · Sj+1)

Given by the dynamical correlation function of 
neighbouring exchange operators:

in which

Matrix elements:  obtained from ABA

A. Klauser, J. Mossel, JSC and J. van den Brink, Phys. Rev. Lett. 106, 157205 (2011)

Kitanine & al.;   A. Klauser, J. Mossel and JSC, to be published
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RIXS response from ABACUS

Sexch(q,ω) = 2π
�

α

|�0| Xq |α�|2 δ(ω − ωα)

Xq ≡
1√
N

�

j

eiqj(Sj−1 · Sj + Sj · Sj+1)

Given by the dynamical correlation function of 
neighbouring exchange operators:

in which

Matrix elements:  obtained from ABA

A. Klauser, J. Mossel, JSC and J. van den Brink, Phys. Rev. Lett. 106, 157205 (2011)

Resummed by ABACUS

Kitanine & al.;   A. Klauser, J. Mossel and JSC, to be published

Thursday, 3 November, 2011



Sexch(q,ω) = cos2(q/2)
72π

N
×

�

α∈Stot=0

������

�

j

eiqj �0| Sz
j Sz

j+1 |α�

������

2

δ(ω − ωα)

Using SU(2) symmetry:
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Sexch(q,ω) = cos2(q/2)
72π

N
×
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α∈Stot=0

������

�

j

eiqj �0| Sz
j Sz

j+1 |α�

������

2

δ(ω − ωα)

Using SU(2) symmetry:

Crucial prefactor
(vanishes at pi)
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Sexch(q,ω) = cos2(q/2)
72π

N
×

�

α∈Stot=0

������

�

j

eiqj �0| Sz
j Sz

j+1 |α�

������

2

δ(ω − ωα)

Using SU(2) symmetry:

Only total spin zero sector contributes
Crucial prefactor
(vanishes at pi)
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Sexch(q,ω) = cos2(q/2)
72π

N
×

�

α∈Stot=0

������

�

j

eiqj �0| Sz
j Sz

j+1 |α�

������

2

δ(ω − ωα)

Using SU(2) symmetry:

Only total spin zero sector contributes

Sum rules:
�

dω

2π

1
N

�

q

Sexch(q,ω) =
1
4
− ln(2) +

9
8
ζ(3)

�
dω

2π
ωSexch(q,ω) = 6 sin2(q)

�
(x1 − x2)

�
1− 4 cos2(q/2)

�
+

3ζ(3)− 4 ln(2)
8

�

Integrated intensity

f-sumrule

xi ≡ �Sz
j Sz

j+i�in which

Crucial prefactor
(vanishes at pi)

K. Sakai, M. Shiroishi, Y. Nishiyama, and M. Takahashi (2003)
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RIXS response from ABACUS
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RIXS response from ABACUS

No signal at low energy!
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RIXS response from ABACUS
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RIXS response from ABACUS

Instead found 
at high (~J) energy
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RIXS response from ABACUS
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RIXS response from ABACUS

Waiting for experimental correspondence (ongoing)
Thursday, 3 November, 2011
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Coupled chains: spin conductivity
(G. Palacios and JSC, unpublished)
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Coupled chains: spin conductivity
(G. Palacios and JSC, unpublished)
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Coupled chains: spin conductivity

σ(ω) =
2π

ω

�

αl,αr

δ(ω − ωαl − ωαr )(|�0l|S−l |αl�|2|�0r|S+
r |αr�|2 + (r ↔ l))

(G. Palacios and JSC, unpublished)
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Coupled chains: spin conductivity

σ(ω) =
2π

ω

�

αl,αr

δ(ω − ωαl − ωαr )(|�0l|S−l |αl�|2|�0r|S+
r |αr�|2 + (r ↔ l))

(G. Palacios and JSC, unpublished)
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Correlations from integrability: real usefulness 
for experiment, and theory

Out-of-equilibrium from integrability

Conclusions

Not detailed here:

New developments in field theory: exact 
prefactors, correlators away from low-energy limit 

Renormalization from integrable points

Applications: neutron scattering, atomic gases, ...

*** PhD and postdoc positions available ***
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