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Random geometry of critical phenomena and LCFT

@ Geometric questions have lead to logarithmic CFT
- polymers, percolation ([saleur '87), [Cardy '99], - . . )
- non-diagonalizable transfer matrices ([saleur], [Saint-Aubin & Pearce &
Rasmussen '09], . .. )
@ Schramm-Loewner evolutions (SLE)
- random conformally invariant fractal curves ([schramm "00])
- some rigorous results about scaling limits of interfaces in
critical models of statistical mechanics
- breakthrough: Fields medals Werner (2006), Smirnov (2010)
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Random curves in 2D critical phenomena

Percolation

P = Pc

Ising model
T=T,
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Random curves in 2D critical phenomena

Loop erased random walk

Self-avoiding walk
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Chordal SLE,, in the half-plane
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Chordal SLE,, in the half-plane

In the upper half plane H = {z € C: Sm z > 0}, from 0 to oo

Loewner's equation for g;

Driving process Brownian motion

Xt:\/EBt
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Chordal SLE,, in the half-plane

In the upper half plane H = {z € C: Sm z > 0}, from 0 to oo

Loewner's equation for g;

9t

X, Driving process Brownian motion

Xt:\/EBt

® go(z) =z = g¢: Hy — H conformal map
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Chordal SLE,, in the half-plane

In the upper half plane H = {z € C: Sm z > 0}, from 0 to oo

Loewner's equation for g;

Egt(z) T a2 =X:
gt

X, Driving process Brownian motion

Xt:\/EBt

® go(z) =z = g¢: Hy — H conformal map
@ Loewner chain generated by a curve v : [0,00] — H

* ~ is a non-self-crossing curve, the “chordal SLE,; trace”
* H; is the unbounded component of H \ 4]0, t]
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Chordal SLE,, in the half-plane

In the upper half plane H = {z € C: Sm z > 0}, from 0 to oo

Loewner's equation for g;

Egt(z) T a2 =X:
gt

X, Driving process Brownian motion

Xt:\/EBt

® go(z) =z = g¢: Hy — H conformal map
@ Loewner chain generated by a curve v : [0,00] — H

* ~ is a non-self-crossing curve, the “chordal SLE,; trace”
* H; is the unbounded component of H \ 4]0, t]

@ Laurent expansion at infinity (defines a,,, m=2,3,...)
(6:(2) = 2+ Xor s am(t) 2
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Some properties of chordal SLE,

Phases: [Rohde & Schramm]
@ 0 < k < 4: The curve v is simple (no self intersections)
@ 4 <k < 8: The curve 7 is self-touching (but not self crossing)

@ r > 8: The curve 7 is space filling (Peano curve)

0<Kk<4 4<Kk<8 8<k
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Some properties of chordal SLE,

Phases: [Rohde & Schramm]
@ 0 < k < 4: The curve v is simple (no self intersections)
@ 4 <k < 8: The curve 7 is self-touching (but not self crossing)

@ r > 8: The curve 7 is space filling (Peano curve)

0<Kk<4 4<Kk<8 8<k

Fractal dimensionS? [Rohde & Schramm, Beffara, ...]
@ dim(y[0,00]) =1+ k/8for 0 <k <38
o dim(0K:) =1+2/k for k > 4
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Models of statistical physics and chordal SLEs

Model SLE. CFT?

loop-erased random walk? K= c=-2CFT
Ising spin cluster boundary? K= fermionic CFT, ¢ =1/2
free field level lines® K = free boson, c =1 CFT
Ising FK clusters? K = 1—3? fermionic CFT, ¢ =1/2
percolation cluster boudary* K= ¢ =0, Cardy's formula
uniform spanning treel K= c=-2CFT
self-avoiding walk | & = % ?7 | CFTofc=0
g-Potts and FK model | k = k(q) ?
O(n) model | kK = k(n) ?

!Lawler & Schramm & Werner : Ann. Probab. 32 no. 1B (2004).
2Smirnov & Chelkak 2011(?)

3Schramm & Sheffield : (2006)

*Smirnov: C.R.Acad.Sci Paris 333 (2001), Camia & Newman: (2006)

Kalle Kytola SLEs and logarithmic CFTs



Variants of SLE, SLE(p)

O e SO
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Variants of SLE, SLE(p)

d 2

_gt(z) = gt(z) — Xf»

dt &(z) =z

@ Statistics of v determined by the driving process X; = \/k B
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Variants of SLE, SLE(p)

d 2

_gt(z) = gt(z) — Xf»

dt &(z) =z

@ Statistics of v determined by the driving process X; = \/k B
@ Variants?  dX; = /k dB: + k (0x log Z)(X¢, Ye) dt
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Variants of SLE, SLE(p)

d 2

_gt(z) = gt(z) — Xf»

dt &(z) =z

@ Statistics of v determined by the driving process X; = \/k B
@ Variants?  dX; = /k dB: + k (0x log Z)(X¢, Ye) dt

- driving process X; = gi(7:), passive point Y; = g:(Yo)
* SLE,(p) with choice Z(x,y) = (x — y)*/*
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Variants of SLE, SLE(p)

d 2
agt(z) = m> go(z) =z

@ Statistics of v determined by the driving process X; = \/k B
@ Variants?  dX; = /k dB: + k (0x log Z)(X¢, Ye) dt

- driving process X; = gi(7:), passive point Y; = g:(Yo)
* SLE,(p) with choice Z(x,y) = (x — y)*/*

Example variant 1:

chordal SLE,, from X to oo,
conditioned to visit Yy € OH

= SLE.(p =K —38)

Xo Yo
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Examples of SLE,(p)

Example variant 2:

chordal SLE,, from X to oo,
conditioned to avoid the arc
[Yo, OO) C OH

= SLE.(p =k —4)

H Example variant 3:
dipolar SLE,; [Bauer & Bernard & Houdayer]
- (role of Yp and oo symmetric)
= SLE.(p = 552)
) LRy .{;& e.g. Ising interface with plus-minus-free
Xo Y, boundary conditions [Hongler & Kytsi]
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More example variants by coordinate changes

Coordinate change: |... schramm & wilson, ...]

‘\
0 P

14

D

X(i(\ ‘\.}/ﬂ

Kalle Kytola SLEs and logarithmic CFTs



More example variants by coordinate changes

Coordinate change: |... schramm & wilson, ...]
- v = trace of SLE(p)

" - g H — H Mobius with _
% 1(Xo) = Xo, p(Yo) = o0, u(00) = Yo
0 ( The curve oy is the trace of an SLE,(p') with
pr=r—6-0p

l '
X(i(\ ‘\.}/ﬂ
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More example variants by coordinate changes

Coordinate change: |... schramm & wilson, ...]
- v = trace of SLE(p)
- u: H — H Mobius with
1(Xo) = Xo, p(Yo) = 00, p(o0) = Yo
b The curve oy is the trace of an SLE,(p') with
pl=Kk—-6-p

lﬂ More example variants:
* Chordal SLE,, from X to Yq is
SLE.(p =k —6)
* Chordal SLE,. from X to Yy conditioned to
“visit infinity” is SLE,(p = 2)
X(.(\ ilYn * Chordal SLE,, from Xy to Yy conditioned to
avoid [Yp, 00) is SLE,(p = —2)

* etc.
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A typical SLE calculation: “Schramm’s formula”

. chordal SLE, from Xy = x
Does the curve leave z € H on its left or right?

Xo
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A typical SLE calculation: “Schramm’s formula”

. chordal SLE, from Xy = x
Does the curve leave z € H on its left or right?

@ P(x,z,Z) = P[vy leaves z on its left]

Xo
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A typical SLE calculation: “Schramm’s formula”

. chordal SLE, from Xy = x
Does the curve leave z € H on its left or right?

@ P(x,z,Z) = P[vy leaves z on its left]

Xo
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A typical SLE calculation: “Schramm’s formula”

. chordal SLE, from Xy = x
Does the curve leave z € H on its left or right?

@ P(x,z,Z) = P[vy leaves z on its left]

S Given a piece of the curve [0, t]. ..
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A typical SLE calculation: “Schramm’s formula”

. chordal SLE, from Xy = x
Does the curve leave z € H on its left or right?

@ P(x,z,Z) = P[vy leaves z on its left]

S Given a piece of the curve [0, t]. ..

Xo
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A typical SLE calculation: “Schramm’s formula”

.4 chordal SLE,; from Xy = x
) Does the curve leave z € H on its left or right?

@ P(x,z,Z) = P[vy leaves z on its left]

S ) Given a piece of the curve [0, t]. ..
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A typical SLE calculation: “Schramm’s formula”

chordal SLE, from Xy = x
Does the curve leave z € H on its left or right?

w

@ P(x,z,Z) = P[vy leaves z on its left]

S Given a piece of the curve [0, t]. ..

o - map by gy : H\ 7[0,t] - H

J/.’h‘H\qU.f]ﬂH

gi(2)
L]

—_—
Xi
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A typical SLE calculation: “Schramm’s formula”

chordal SLE, from Xy = x
Does the curve leave z € H on its left or right?

w

RS
]
'

@ P(x,z,Z) = P[vy leaves z on its left]

S Given a piece of the curve [0, t]. ..

o - map by gy : H\ 7[0,t] - H
- the future is again an SLE
lm'H\?U ] - H

H
voal?)
‘e

—_
Xi
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A typical SLE calculation: “Schramm’s formula”

. chordal SLE, from Xy = x
Does the curve leave z € H on its left or right?

RS
]
'

@ P(x,z,Z) = P[vy leaves z on its left]

S Given a piece of the curve [0, t]. ..

o - map by gy : H\ 7[0,t] - H
- the future is again an SLE
lm-H\:U f|—H - martingale: P(X:, g¢(2), g¢(2))

H
voal?)
‘e

—_
Xi
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A typical SLE calculation: “Schramm’s formula”

. chordal SLE, from Xy = x
. Does the curve leave z € H on its left or right?
Y

® P(x,z,Z) = P[y leaves z on its left]
S Given a piece of the curve [0, t]. ..
o - map by gy : H\ 7[0,t] - H
- the future is again an SLE
Lp H\900,(| - H - martingale: P(X:, g¢(2), g¢(2))
| ) =

0= EE[P(Xt,gt(Z) g:(2) E[ A'D)]

2 0 2 &2
(: !//(.:J whereA—Ta——l—— +%W

X

NS

Nl

—_
Xi
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A typical SLE calculation: “Schramm’s formula”

. chordal SLE, from Xy = x
Does the curve leave z € H on its left or right?

@ P(x,z,Z) = P[vy leaves z on its left]

S Given a piece of the curve [0, t]. ..

- map by gy : H\ 7[0,t] - H

- the future is again an SLE
lz, H\900,(| - H - martingale: P(Xt,gt( ), &:(2))
d
- . t
2
0 whereA—Z—ZX% == x82+§§7

* To find P, solve the diff. eq. AP = 0 with
appropriate boundary conditions!
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Schramm’s formula

’D(X7Z72) = <¢h1,2 (X) (bh:F:O(z’?) 1/}h1,2 (OO)>

1 ir(d) z+z-2x 14_3_(z+7—2x)2
T2 Jar(EE) z-z T\2k'2Y z-z
(x =0, z= €'Y
_ 8
k=3
P = 1(1— cos(0))
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Schramm’s formula

P(x7z7f) = <¢h1,2(x) (bh:E:o(z??) 1/};,1’2(00»
ir(%) z4+Z—2x 143 z+Z—-2x,2
CVAr(EE) z-z ? 1(5’%’5’( z—z )>

1
2

(>P<:0, z =€)

P = (hypergeom.)
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Schramm’s formula

’D(X7Z72) = (1/}h1,2 (X) (bh:F:O(zJ?) 1/}h1,2 (OO)>
ir(d) z+z-2x 143 z+Z—2x2
s e e )

1
2 z—Z

(>P<:0, z = ¢

-
08 /
///
06 //
e
04 ///
o2f //
e
i ‘
05 10 15 20 25 30 7
k=4
P=19¢
T
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Schramm’s formula

’D(X7Z72) = <¢h1,2 (X) (bh:F:O(z’?) 1/}h1,2 (OO)>

1 ir(d) z+z-2x 1 4_3_(z+7—2x)2
T2 Jar(EE) z-z T\2k'2Y z-z
(x =0, z=¢€")
wof - Summary: “typical SLE calculation”
06 /////
e
. e
02 ///
7
-t . . 0
k=4
P=1¢
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Schramm’s formula

’D(X7Z72) = <¢h1,2 (X) (bh:F:O(z’?) 1/}h1,2 (OO)>

1 ir(d) z+z-2x 1 4_3_(z+7—2x)2
T2 Jar(EE) z-z T\2k'2Y z-z
(x =0, z=¢€")
wof - Summary: “typical SLE calculation”
ool / @ P is a CFT correlation function
//// * field ¢(z,Z) has conformal weight
06 /// h = F = 0
02 ///
//
-t . . 0
k=4
P=1¢

Kalle Kytola SLEs and logarithmic CFTs



Schramm’s formula

’D(X7Z72) = (1/}h1,2 (X) (bh:F:O(zJ?) 1/}h1,2 (OO)>
1 ir(d) z+z-2x 1 43 z+zZ—2x2
3k e A O

2K
(>P< =0, z=¢€"Y)

1o - Summary: “typical SLE calculation”
ool / @ P is a CFT correlation function
/ . _ .
- * field ¢(z,Z) has conformal weight
/// h=h=0
o4 s @ Importance of martingales
02| // * generator:
e _ 2 0 &
. L L L L L . o A= ;E Z—x 82 + 58_
g e ke * local martlngales Ker A
k=4
P=1y¢
™
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Schramm’s formula

’D(X7Z72) = (1/}h1,2(x) (bh:F:O(zJ?) 1/}h1,2(oo)>
1 ir(d) z+z-2x 1 43 z+zZ—2x2
3k e A O

2K
(>P< =0, z=¢€"Y)

1o - Summary: “typical SLE calculation”
ool // @ P is a CFT correlation function
e * z i
. //// ];;d:dﬁ(—_z’()Z) has conformal weight
o4 /// @ Importance of martingales
02| // * generator:
//‘ ‘ ‘ ‘ e, AZ%% zxaz"'iaa_

* local martingales: Ker A
k=4 @ Case Kk — 4 is logarithmic
_1p_ 1 =
P==20= 2—m|0g(Z/Z)



SLE local martingales

Say SLE(p) data at time t consists of
- positions of driving process X; and passive point Y}
- coefficients a,,(t) of the map gi(z) = >_ 5, am(t)z

1-m

[Kytdls: Rev. Math. Phys. 19 (2007)]
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SLE local martingales

Say SLE(p) data at time t consists of
- positions of driving process X; and passive point Y}
- coefficients a,,(t) of the map g¢(z) =), 5 am(t)z
Consider a function ¢(x, y; a2, a3, . . .). B

1-m

[Kytdls: Rev. Math. Phys. 19 (2007)]
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SLE local martingales

Say SLE(p) data at time t consists of
- positions of driving process X; and passive point Y}
- coefficients a,,(t) of the map g¢(z) =), 5 am(t)z
Consider a function ¢(x, y; as, as, ...). The drift is
iE P Xews, Versi ot +5),) data at time t} = (—Aﬁ;pw)
ds Z(Xits, Yits) V4
where the “generator” A,., is a second order differential operator

1-m

[Kytdls: Rev. Math. Phys. 19 (2007)]
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SLE local martingales

Say SLE(p) data at time t consists of

- positions of driving process X; and passive point Y}

- coefficients a,,(t) of the map g¢(z) = 3,50 am(t)z! ™™
Consider a function ¢(x, y; as, as, ...). The drift is
iE P Xews, Versi ot +5),) data at time t} = (—Aﬁ;pw)
ds Z(Xits, Yits) V4
where the “generator” A,., is a second order differential operator

If ¢ € Ker A, the process % is a local martingale

[Kytdla: Rev. Math. Phys. 19 (2007)]
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SLE local martingales

Say SLE(p) data at time t consists of

- positions of driving process X; and passive point Y}

- coefficients a,,(t) of the map g¢(z) = 3,50 am(t)z! ™™
Consider a function ¢(x, y; as, as, ...). The drift is
iE P Xews, Versi ot +5),) data at time t} = (—Aﬁ;pw)
ds Z(Xits, Yits) V4
where the “generator” A,., is a second order differential operator

Kk 0% 2 9 plpt+4—r)/(2x)

Ao = 2002 y—z Oy (y—x)?
m r(m+r)! 0
+2 a™(-1) Qky * g, | =
1222( ug;gt—z m!r! . Zk - ) da;
0<r< | =2 | > kj=l-m—2
Xt, Y t . .
If ¢ € Ker Ay.,, the process % is a local martingale

[Kytdla: Rev. Math. Phys. 19 (2007)]
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SLE local martingales

Say SLE(p) data at time t consists of

- positions of driving process X; and passive point Y}

- coefficients a,,(t) of the map g¢(z) = 3,50 am(t)z! ™™
Consider a function ¢(x, y; as, as, ...). The drift is
iE P Xews, Versi ot +5),) data at time t} = (—Aﬁ;pw)
ds Z(Xits, Yits) V4
where the “generator” A,., is a second order differential operator

Kk 0% 2 9 plpt+4—r)/(2x)

Ao = 2002 y—z Oy (y—x)?
m r(m+r)! 0
+2 a™(-1) Qky * g, | =
1222( ug;gt—z m!r! . .Z>2 ) da;
0<r< | =2 | S kj=l-m—2
Xt, Y t . .
If ¢ € Ker Ay.,, the process % is a local martingale

Ker A,., = "the space of SLE,(p) local martingales”

[Kytdls: Rev. Math. Phys. 19 (2007)]
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A representation of Virasoro algebra
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A representation of Virasoro algebra

_ (6=K)(3k—8) 6— _ plpt4—k)
Let c = e  hy =257, =, h, = 7 and
Lo = eru .7 1/3“, +hy, L= Y (-2)a- ')£§r+%+%' Ly = 0"24»2((173(”, )7

+ (- sm)i + 2xh, + 2yh,

La=Y ((/ + 2 +

=

Lao=Y ((z d)arey —dasart Y Bag,am, +
i

=2

9 9
X um.n,,,l)m + (a? = 3a2) — .

) a
Ay Gy U ) 75—
? day

o 9 ) )
+ (o~ draz = 5ag) 5+ (4 = dyoa = Bas) 5 daz)h, + (3y* — dax)h, — Saz
1 1
Ly :m[[[..uz.f_‘]. LlLi], Lew = W[L,..[L,‘.[ SlLog L) )] forn> 2.
2 s 2 s
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A representation of Virasoro algebra

Letczw hx—6 hy plp+4—k)

7 and

9 9,0 9 0 9
Ly = eru Fat .7 1/—+h +hy, L, = ;( 2)a;_ ‘)(M b Ov' L277%+;(u?3)m,”)m

9 ) [}
Loy = 72((/72)4;“, Y dman ){M/ (0 = B02) 5+ (7~ 30a) 5+ 2whe + 20hy

1

=
— daz)h, + (3y* — daz)hy — —as
1
L, :m[[[..uz.f_‘]. ...L‘].L,]. Lo, TSR »]]} forn > 2.
2)! N

n— 2 times

SLE,(p) local martingales form a Virasoro module
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A representation of Virasoro algebra

Let ¢ = &r)Ba8) 'y — 6on fp — plodAor) 5pq

9 9,0 9 0 9
Ly = eru Fat .7 1/—+h +hy, L, = ;( 2)a;_ ‘)(M b Ov' L277%+;(u?3)m,”)m

9 )
Loy = ;((/72)4;“, + | ){M/ + (2 = 3az) 5+ (v — 30z )7+7m +2yh,

2141

Bt Ay +

1
Lo =y 2)![[[“[LZ.L‘]. LlLi], Lew =

n— 2 times

SLE,(p) local martingales form a Virasoro module

[Ln, L] = (n—m) Lppm + $5(0° = n)dnsmo
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A representation of Virasoro algebra

Letczw hx—6 hy:M

and
2K 2K 4K
9 9,0 9 0 9
Ly = eru Fat .7 1/—+h +hy, L= ;( 2)ar ‘)(M wtey: L ’%Jr;(Ll"i)""”)W

9 )
Loy = ;((/72)4;“, + | ){M/ + (2 = 3az) 5+ (v — 30z )7+7m +2yh,

2141

Bt Ay +

1
Lo =y 2)![[[“[LZ.L‘]. LlLi], Lew =

n— 2 times

SLE,(p) local martingales form a Virasoro module

[Ln, Lm] = (n - m) Ln+m + ﬁ(n n)5n+m,0
[Ln, A:p]l = an(x,a2,...) Ax)p where g, is polynomial
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A representation of Virasoro algebra

_ (6=K)(3k—8) 6 _ plpt4—k)
LetC—T,hX—z—,hy—Tand
Lo = eru 2t .; 1/—+h thy, L= Y ((-a- ‘)(M 5)1 ‘;)’/ Ly = 7%4»2((173)(”,,,)%
= =
Loy = Z((/f?)mﬂi» u,,,ln,,,l)%ﬁ»(: —3a, ))i+(,/ — 30, )i+7m +2yh,
= >

T+1

¢
2)hy = Gaz

L) »]]} forn > 2.

SLE,(p) local martingales form a Virasoro module

[Ln, L] = (n—m) Lypm + $5(0° = n)3nsmo
[Ln, A:p]l = an(x,a2,...) Ax)p where g, is polynomial

L, preserve Ker A,.,: if Ax;, ¢ =0 then also A,., (Lyg) =0
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Virasoro algebra

* Virasoro algebra QUit: basis ..., L _»,L_1,Lo,L1,Lp,...,C
[Lm Lm] = (n - m) Ln+m + %5n+m,0 C, [C> Ln] =0

* anti-involution 1 (“adjoint”) : Lh=1L_, Cl=C

* irt = span {L, : £n > 0} positive/negative modes

* U universal enveloping algebra (similarly 2/*)
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Virasoro algebra

* Virasoro algebra Uit: basis ..., L 5, L _1,Lg,L1,L5,...,C
Loy L] = (n=m) Lyem + 55260mo €, [C,Ly] = O
* anti-involution 1 (“adjoint”) : Lh=1L_, Cl=C
* irt = span {L, : £n > 0} positive/negative modes
* U universal enveloping algebra (similarly 2/*)
Conformal Field Theory:

- C acts as c1, where c is the central charge
- Lo ~ energy
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Virasoro algebra

* Virasoro algebra QUit: basis ..., L _»,L_1,Lo,L1,Lp,...,C
[Lm Lm] = (n - m) Ln+m + %5n+m,0 C, [C> Ln] =0

* anti-involution 1 (“adjoint”) : Lh=1L_, Cl=C

* irt = span {L, : £n > 0} positive/negative modes

* U universal enveloping algebra (similarly 2/*)

Conformal Field Theory:
- C acts as c1, where c is the central charge
- Lo ~ energy
¢ bounded from below?
@ diagonalizable?
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* Virasoro algebra QUit: basis ..., L _»,L_1,Lo,L1,Lp,...,C
[Lm Lm] = (n - m) Ln+m + %5n+m,0 C, [C> Ln] =0

* anti-involution 1 (“adjoint”) : Lh=1L_, Cl=C

* irt = span {L, : £n > 0} positive/negative modes

* U universal enveloping algebra (similarly 2/*)

Conformal Field Theory:
- C acts as c1, where c is the central charge
- Lo ~ energy
¢ bounded from below?
¢ diagonalizable? not in logarithmic CFT!
Appropriate representations: M such that
- Cactsas cl
- My ={veM]|(Lo—h"v=0 for N> 0} finite dim.
- M[h]ZOfOI’h<h0
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Virasoro algebra

* Virasoro algebra QUit: basis ..., L _»,L_1,Lo,L1,Lp,...,C
[Lm Lm] = (n - m) Ln+m + %5n+m,0 C, [C> Ln] =0

* anti-involution 1 (“adjoint”) : Lh=1L_, Cl=C

* irt = span {L, : £n > 0} positive/negative modes

* U universal enveloping algebra (similarly 2/*)

Conformal Field Theory:
- C acts as c1, where c is the central charge
- Lo ~ energy
¢ bounded from below?
¢ diagonalizable? not in logarithmic CFT!
Appropriate representations: M such that
- Cactsas cl
- My ={veM]|(Lo—h"v=0 for N> 0} finite dim.
- M[h]ZOfOI’h<h0
- contragredient M* = @, (My)*, with (Xv*,v) = (v*, XTv)
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Highest weight modules

Highest weight modules: 7{ a h.w. module of highest weight h,
w € H (highest weight vector)

(i) Low=hw (and Cw = cw')
(i) Lyow=0foralln>0
(i) Uw = H
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Highest weight modules: 7{ a h.w. module of highest weight h,
w € H (highest weight vector)

(i) Low=hw (and Cw = cw')

(i) Lyow=0foralln>0

(i) Uw = H

Hipym) = span{L_p - L pw:in > > ne > l,Zj nj = m}
and in particular dim (Hpq-m)) < p(m)
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w € H (highest weight vector)

(i) Low=hw (and Cw = cw')

(i) Lyow=0foralln>0

(i) Uw = H

Hipym) = span{L_p - L pw:in > > ne > l,Zj nj = m}
and in particular dim (Hpq-m)) < p(m)

Verma module V. ,: A h.w.module with h.w.vector v, , where
L_py -+ L pvep are linearly independent, dim(Vjpym)) = p(m).
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Highest weight modules

Highest weight modules: 7{ a h.w. module of highest weight h,
w € H (highest weight vector)

(i) Low=hw (and Cw = cw')

(i) Lyow=0foralln>0

(i) Uw = H

Hipym) = span{L_p - L pw:in > > ne > l,Zj nj = m}
and in particular dim (Hpq-m)) < p(m)

Verma module V. ,: A h.w.module with h.w.vector v, , where
L_py -+ L pvep are linearly independent, dim(Vjpym)) = p(m).

@ Any h.w.m. H is isomorphic to a quotient of V., by a
submodule.
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Submodules of the Verma module

IRREDUCIBLE VERMA MODULES REDUCIBLE VERMA MODULES & € Q
Ueh @ . .
Vet Chain Braid
Veh @ /. Ve,h
w @ \ fffff grade r's’
grade r's------ w' ©
grade r's w I l ®w'—-- grade r's"
REDUCIBLE VERMA MODULES « ¢ Q ° I l
[ ]
Ve @ l .Xl
[}
N
grade rs ------ w @ . l

Feigin-Fuchs theorem: submodules of V 4?
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Submodules of the Verma module

IRREDUCIBLE VERMA MODULES REDUCIBLE VERMA MODULES & € Q
Ueh @ . .
Vet Chain Braid
Veh @ /. Ve,h
w @ \ fffff grade r's’
grade r's------ w' ©
grade r's w I l ®w'—-- grade r's"
REDUCIBLE VERMA MODULES « ¢ Q ° I l
[ ]
Ve @ l .Xl
[}
N
grade rs ------ w @ . l

Feigin-Fuchs theorem: submodules of V 4?

- all submodules generated by singular vectors
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Submodules of the Verma module

IRREDUCIBLE VERMA MODULES REDUCIBLE VERMA MODULES & € Q
Ueh @ . .
Vet Chain Braid
Veh @ /. Ve,h
w @ \ fffff grade r's’
grade r's------ w' ©
grade r's w I l ®w'—-- grade r's"
REDUCIBLE VERMA MODULES « ¢ Q ° I l
[ ]
Ve @ l .Xl
[}
N
grade rs ------ w @ . l

Feigin-Fuchs theorem: submodules of V 4?
c=c(k)=13-64—-612
= irreducible unless h = h, s(k) for some r,s € Z,
heo(r) = 222 = 1) = 1(rs — 1) + 25(s2 — 1)
- all submodules generated by singular vectors
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Submodules of the Verma module

IRREDUCIBLE VERMA MODULES REDUCIBLE VERMA MODULES k € Q
Ven @ Chain Braid
Veh @ ® U

., we \ grade 1's’
grade r's™----- w o g

w"----- grade r

REDUCIBLE VERMA MODULES « ¢ Q

I
;

Q@<—0 <—0

.o

grade rs ------ w @

R

Feigin-Fuchs theorem: submodules of V 4?
_ ) — K 4
C—C(Fu)—13*6zf6;
= irreducible unless h = h, s(k) for some r,s € Z,
heo(r) = 222 = 1) = 1(rs — 1) + 25(s2 — 1)
- all submodules generated by singular vectors
- rank of singular Sw: maximal # factorsin S=5,---5. € U~



Example of the space of local martingales

Chordal SLE in H from 0 to oo:

[Bauer & Bernard: Phys. Lett. B 557 (2003) and Ann. Henri Poincaré 5 (2004)]
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Chordal SLE in H from 0 to oo:

[Bauer & Bernard: Phys. Lett. B 557 (2003) and Ann. Henri Poincaré 5 (2004)]

o Ker A, = Qr 4,

* Qn;1,2 - Vc(n),hl.g(n)/Vc(n),hl.g(n)+2
* As, L, operators in C|x, az, a3, aa, . . .|
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Example of the space of local martingales

Chordal SLE in H from 0 to oo:

[Bauer & Bernard: Phys. Lett. B 557 (2003) and Ann. Henri Poincaré 5 (2004)]

o Ker A, = Qr 4,

* Qn;1,2 - Vc(n),hl.g(n)/Vc(n),hl.g(n)+2
* As, L, operators in C|x, az, a3, aa, . . .|

Note: Q.4 , not always highest weight module!

Example: Kk =6
Qi Qs
- Z=1€Ker Ax
(constant martingale) /° Z/. h=0=h,
generates irreducible ° et 1=y
hw.m. c=0,h=0 e e 2= hay
-zZ=x€eKer A, . o 5=hig
. . L O LN O 7= hs,
(Brownian motion) P R !

generates the entire Qf ; ,
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Modules for logarithmic conformal field theory
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Simplest (and quite common) case: Staggered module S
@ S contains a highest weight submodule H" ¢ S
@ the quotient by this is another h.w.mod. S/H" = HR
0—H S-S HR—0

Pick £ = «(w") and n € 771 (Cw?)
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Modules for logarithmic conformal field theory

logarithmic correlation functions => Ly not diagonalizable

Simplest (and quite common) case: Staggered module S
@ S contains a highest weight submodule H" ¢ S
@ the quotient by this is another h.w.mod. S/H" = HR
0—H S-S HR—0

Pick £ = «(w") and n € 771 (Cw?)
* wy, = L,n € H" (for n = 1,2) determine action of Wirt™ on 7
* wo = (Lo — h*)n € H" is a nonzero singular vector
- e.g. h" = A% and wy = ¢ highest weigh vector
- eg. h" = h, 5 and h® = hY + rs and wy = S¢ prime singular

- etc.
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Modules for logarithmic conformal field theory

logarithmic correlation functions => Ly not diagonalizable

Simplest (and quite common) case: Staggered module S
@ S contains a highest weight submodule H" ¢ S
@ the quotient by this is another h.w.mod. S/H" = HR
0—H S-S HR—0

Pick £ = «(w") and n € 771 (Cw?)
* wy, = L,n € H" (for n = 1,2) determine action of Wirt™ on 7
* wo = (Lo — h*)n € HY is a nonzero singular vector
- e.g. h" = A% and wy = ¢ highest weigh vector
- eg. h" = h, 5 and h® = hY + rs and wy = S¢ prime singular
- etc.
* freedom in choice: 7' =n+ u with u € ’Hth]
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Modules for logarithmic conformal field theory

logarithmic correlation functions => Ly not diagonalizable

Simplest (and quite common) case: Staggered module S
@ S contains a highest weight submodule H" ¢ S
@ the quotient by this is another h.w.mod. S/H" = HR
0—H S-S HR—0

Pick £ = «(w") and n € 771 (Cw?)
* wy, = L,n € H" (for n = 1,2) determine action of Wirt™ on 7
* wo = (Lo — h*)n € H" is a nonzero singular vector
- e.g. h" = A% and wy = ¢ highest weigh vector
- eg. h" = h, 5 and h® = hY + rs and wy = S¢ prime singular
- etc.
* freedom in choice: 7' =n+ u with u € ’Hth]
@ According to the singular vector structure of H“ H® and

corresp. Vermas, such extensions are parametrized by an
affine subspace of a vector space of dim. 0, 1 or 2 [kk & Ridout 2009]
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Staggered modules of length two

[K.K. & D. Ridout 2009]

Given two h.w.m Y and H®, classify non-isomorphic S such that
0—H—S—HR —0 , Lo not diagonalizable
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Staggered modules of length two

[K.K. & D. Ridout 2009]

Given two h.w.m Y and H®, classify non-isomorphic S such that
0—H—S—HR —0 , Lo not diagonalizable

Iy

Necessary conditions:

* ¢ = h® — b € N a grade of singular
0 # wg = S € HY, denote rank r
* if SwR =0 € HE rank F, then Swp = 0
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Staggered modules of length two

[K.K. & D. Ridout 2009]

Given two h.w.m Y and H®, classify non-isomorphic S such that
0—H—S—HR —0 , Lo not diagonalizable

Iy

Necessary conditions:
* ¢ = h® — b € N a grade of singular
0 # wg = S € HY, denote rank r
* if SwR =0 € HE rank F, then Swp = 0
—————————— e Notation:
* b = # singulars of rank r — 1 in HF
* a2 = # non-zero sing. of rank r+7 — 1 in H
* d = # indep. null vectors of rank T in HE
invariants 3 € C? and affine func. a(B) € C3*¢
* B uniquely identifies S if it exists
* S exists iff a(8) =0

Kalle Kytola SLEs and logarithmic CFTs
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Example staggered module: local martingales of SLEH(%‘)

SLE,(p) local martingales, p=(k—4)/2

* partition function Z = (x — y)("=4)/2% ¢ Ker A,.,
- constant martingale
—LoZ_hzzWIthhz— —h01()

- L,Z=0forn>0
= UZ C Ker A,;, a highest weight submodule
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Example staggered module: local martingales of SLEH(%‘)

SLE,(p) local martingales, p=(k—4)/2

* partition function Z = (x — y)("=4)/2% ¢ Ker A,.,
- constant martingale
—LoZ_hzzWIthhz— —h01()
- L,Z=0forn>0
= UZ C Ker A,;, a highest weight submodule
* N = (x —y)F=9/2% Jog(x — y) € Ker Ay,
- local martingale t — log(X: — Y¢)
- (Lo—hz)A=Z,and L,A=0forn>0
= UN C Ker A,,, is a staggered module with h* = A = h;
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Example staggered module: local martingales of SLEH(%‘)

SLE,(p) local martingales, p=(k—4)/2

* partition function Z = (x — y)("=4)/2% ¢ Ker A,.,
- constant martingale
—LoZ_hzzWIthhz— —h01()
- L,Z=0forn>0
= UZ C Ker A,;, a highest weight submodule
* N = (x —y)F=9/2% Jog(x — y) € Ker Ay,
- local martingale t — log(X: — Y¢)
- (Lo—hz)A=2Z,and L,A=0for n>0
= UN C Ker A,,, is a staggered module with h* = AR = h;
- at K = 4: SLE,(%5*) ~ chordal SLE, and the local martingale
N/Z is essentially the one which gives Schramm’s formula
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Example staggered module: local martingales of SLEH(%‘)

SLE,(p) local martingales, p=(k—4)/2

* partition function Z = (x — y)("=4)/2% ¢ Ker A,.,
- constant martingale
—LoZ_hzzWIthhz— —h01()
- L,Z=0forn>0
= UZ C Ker A,;, a highest weight submodule
* N = (x —y)F=9/2% Jog(x — y) € Ker Ay,
- local martingale t — log(X: — Y¢)
- (Lo—hz)A=2Z,and L,A=0for n>0
= UN C Ker A,,, is a staggered module with h* = AR = h;
- at K = 4: SLE,(%5*) ~ chordal SLE, and the local martingale
N/Z is essentially the one which gives Schramm’s formula

Structure of the staggered module UA?
e ht = hAR: no B-invariants to be determined
@ ht = hy1(k): generically the Verma modules irreducible!
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Specialization to x = 8: local mgales of SLE, (%)

at k = 8 (uniform spanning tree, ¢ = —2)
SLEH(%) = SLEH(H — 6) and h071(1£) = hl,l(li) = h1,3(/€)

Zp—
@ «——

- Q— 0

o

@) ©) h=3
0 H

ll‘ i i [Gurarie '93] [Gaberdiel & Kausch '96]

* xuz(q) =

14 *+ ¢ +2¢* +2¢° +4¢° + - = x0,,(q)

* xun(q) =
2+19+39°+3¢° +6¢" +7¢° +12¢° + - --

0— Q11 —UN— Q13 —0
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Example staggered module: local martingales of SLE,(—2)

SLE.(p) local martingales, p=—2

* partition function Z = (x — y)~%/* € Ker A,
- constant martingale
- LoZ = hy Z with hy =0 = h171(1€)
- L,Z=0forn>0
= UZ C Ker A,;, a highest weight submodule
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Example staggered module: local martingales of SLE,(—2)

SLE.(p) local martingales, p=—2

* partition function Z = (x — y)~%/* € Ker A,
- constant martingale
- LoZ = hy Z with hy =0 = h171(1€)
- L,Z=0forn>0
= UZ C Ker A,;, a highest weight submodule

5 2
* N =25 (x — y) R log(x —y) + 2E (x —y) R (x+y)

. K
in kernel of Ay,

- (Lo—DA=L 1 Z =45 (x—y)-%
= UN C Ker A,,, is a staggered module with i =0, A® =1
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Example staggered module: local martingales of SLE,(—2)

SLE.(p) local martingales, p=—2

* partition function Z = (x — y)~%/* € Ker A,
- constant martingale
- LoZ = hy Z with hy =0 = h171(1€)
- L,Z=0forn>0
= UZ C Ker A,;, a highest weight submodule

—K -2 —K 2
*A=EE(x—y) TR log(x —y) + 45T (x = y) TR (x + )
in kernel of Ay,

- (Lo—DA=L 1 Z =45 (x—y)-%
= UN C Ker A,,, is a staggered module with i =0, A® =1

Structure of the staggered module UA?
® wo = (Lo — 1)A = L_1Z is a rank one singular vector
- (at most) one f-invariant: [1A = Z with 3 =1—-%
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Specialization to x = 8: local mgales of SLE, (%)

at k£ = 8 (uniform spanning tree, ¢ = —2):
At = hy1(k) = h13(k), A® = hy1(k) = hys(k).
Z/);2 h=0
i\I h=1
O [ h=3
S R

[Gaberdiel & Kausch '96]

*

xuz, (@) =1+9+2¢°+2¢* +4q* +5¢° +8q° +--- = x0,,(q)
* xun(q) =1+2q+3¢% +4¢° +7¢* +10¢° + 14¢° + - --

¥0— Q13 —UN— Q15— 0

invariant 8 of the module: LiA=(2Z,__5, here § = —1.

Kalle Kytola SLEs and logarithmic CFTs
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—5—4)

Example staggered module: local mgales of SLE,(

2

SLE.(p) local martingales, p= =5

2
K

Partition function Z = (x — y)_%_ € Ker A,
- LoZ = hz Z with hy = 3528 = hy1(k), and L,Z =0VYn >0
= UZ C Ker Ay, a highest weight submodule
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—5—4)

Example staggered module: local mgales of SLE,(

2

SLE.(p) local martingales, p= =5

2
K

Partition function Z = (x — y)_%_ € Ker A,
- LoZ = hz Z with hy = 3528 = hy1(k), and L,Z =0VYn >0
= UZ C Ker Ay, a highest weight submodule

(k—4)(k—2)(k+4)

A= 2 ((X—y)%log(x—y)
2 2\ .2
e cm i o )y

- (Lo — (h271 + 2))/\ = (L2_1 — % _2)2
= UN C Ker Ay, is a stagg. mod. h" = hy1(r), At = AL 42
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Example staggered module: local mgales of SLE, (=5~

SLE.(p) local martingales, p= =5

2
K

Partition function Z = (x — y) 27 € Ker Auip
- LoZ = hz Z with hy = 3528 = hy1(k), and L,Z =0VYn >0
= UZ C Ker A, a highest welght submodule

A:(K,—4)(/£—2)(/£+4) ((x

2K2

a4
—y) % log(x —y)

w4 Ak x? — (4K + K2) y?
+(x—y) 16 )

- (Lo — (h271 + 2))/\ = (L2_1 — % _2)2
= UN C Ker Ay, is a stagg. mod. h" = hy1(r), At = AL 42
Structure of the staggered module UA?
(generically) one S-invariant: (L — 2L,)A = BZ with
B=—5(k—4)(r~ 2)(f<é +4).



Curious observations

@ SLE is another geometric example with logarithmic features
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@ SLE is another geometric example with logarithmic features

@ some very basic SLE calculations can not be done in ordinary
CFT (say, minimal models)

@ certain SLE,(p) local martingales reproduce known staggered
Virasoro modules at specific values of k, i.e. specific ¢

@ some SLE,(p) local mgales form staggered modules at all

@ all the staggered modules found so far coincide with fusion

products Q12 W V(14— k)/4r
- ...and each is contragredient to itself
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Curious observations

@ SLE is another geometric example with logarithmic features
@ some very basic SLE calculations can not be done in ordinary
CFT (say, minimal models)
@ certain SLE,(p) local martingales reproduce known staggered
Virasoro modules at specific values of k, i.e. specific ¢
@ some SLE,(p) local mgales form staggered modules at all
@ all the staggered modules found so far coincide with fusion
products Q12 W V(14— k)/4r
- ...and each is contragredient to itself

- one can construct modules of the percolation story of [Mathieu &
Ridout '07] about Cardy's formula [cardy '92] with SLEg variants
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Curious observations

@ SLE is another geometric example with logarithmic features
@ some very basic SLE calculations can not be done in ordinary
CFT (say, minimal models)
@ certain SLE,(p) local martingales reproduce known staggered
Virasoro modules at specific values of &, i.e. specific ¢
@ some SLE,(p) local mgales form staggered modules at all
@ all the staggered modules found so far coincide with fusion
products Q12 W V(14— k)/4r
- ...and each is contragredient to itself
- one can construct modules of the percolation story of [Mathieu &
Ridout '07] about Cardy's formula [cardy '02] with SLEg variants
- function space realization of Virasoro fusion?
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Curious observations

@ SLE is another geometric example with logarithmic features
@ some very basic SLE calculations can not be done in ordinary
CFT (say, minimal models)
@ certain SLE,(p) local martingales reproduce known staggered
Virasoro modules at specific values of k, i.e. specific ¢
@ some SLE,(p) local mgales form staggered modules at all
@ all the staggered modules found so far coincide with fusion
products Q12 W V(14— k)/4r
- ...and each is contragredient to itself
- one can construct modules of the percolation story of [Mathieu &
Ridout '07] about Cardy's formula [cardy '92] with SLEg variants
- function space realization of Virasoro fusion?
@ some f-invariants easy to calculate, continuous in k
S0 My S HR L, Owith =12
-0— 7—[%2’1 -S> Hth,1+2 =0, 8=—5(k—4)(x—2)(x+4)
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Curious observations

@ SLE is another geometric example with logarithmic features
@ some very basic SLE calculations can not be done in ordinary
CFT (say, minimal models)
@ certain SLE,(p) local martingales reproduce known staggered
Virasoro modules at specific values of k, i.e. specific ¢
@ some SLE,(p) local mgales form staggered modules at all
@ all the staggered modules found so far coincide with fusion
products Q12 W V(14— k)/4r
- ...and each is contragredient to itself
- one can construct modules of the percolation story of [Mathieu &
Ridout '07] about Cardy's formula [cardy '92] with SLEg variants
- function space realization of Virasoro fusion?
@ some f-invariants easy to calculate, continuous in k
S0 My S HR L, Owith =12
-0— 7—[%2’1 -S> Hth,1+2 =0, 8=—5(k—4)(x—2)(x+4)
- in [Mathieu & Ridout '08] rational functions for -invariants, agree.
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Curious observations

@ SLE is another geometric example with logarithmic features

@ some very basic SLE calculations can not be done in ordinary

CFT (say, minimal models)
certain SLE,(p) local martingales reproduce known staggered
Virasoro modules at specific values of k, i.e. specific ¢
some SLE,(p) local mgales form staggered modules at all
all the staggered modules found so far coincide with fusion
products Q12 W V(14— k)/4r

- ...and each is contragredient to itself

- one can construct modules of the percolation story of [Mathieu &

Ridout '07] about Cardy's formula [cardy '92] with SLEg variants

- function space realization of Virasoro fusion?
some fB-invariants easy to calculate, continuous in k

S0 My S HR L, Owith =12

-0— 7—[%2’1 -S> Hth,1+2 =0, 8=—5(k—4)(x—2)(x+4)

- in [Mathieu & Ridout '08] rational functions for -invariants, agree.
still no examples of staggered modules with two S-invariants
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Thank you!
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