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5/2 state

PhysiCs Physics 3,93 (2010)

Viewpoint

Non-Abelian anyons: New particles for less than a billion?

Kirill Shtengel
Department of Physics and Astronomy, University of California, Riverside, CA 92521, USA

Published November 1, 2010

The potential discovery of anyons in a fractional quantum Hall device tests the limits of what is known about
particles confined to two dimensions.

Subject Areas: Semiconductor Physics, Quantum Mechanics, Strongly Correlated Materials

A Viewpoint on:

Alternation and interchange of e/4 and e/2 period interference oscillations consistent with filling factor 5/2 non-
Abelian quasiparticles

R. L. Willett, L. N. Pfeiffer and K. W. West

Phys. Rev. B 82, 205301 (2010) — Published November 1, 2010




Spin at 5/2

e is the v=5/2 qH state spin polarized?

If yes:

 do fundamental excitations (charge e/4) involve
spin: CST - charged spin textures ?

If yes:

« do these e/4 charged spin textures bind into
charge e/2 (anti-)skyrmions?

Dimov, Halperin, Nayak, PRL 2008
Feiguin, Rezayi, Yang, Nayak, Das Sarma, PRB 2009
Wojs, Moller, Simon, Cooper, PRL 2010
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Spin at 5/2 — new results

e charged spin textures (CST) over MR state
studied through algebraic approach

- fundamental CST identified as polar core vortex

Jesper Romers, Liza Huijse, KjS, NJP 2011
see also: Dimov, Nayak, unpublished

» explicit relation between spin texture of fused
CST and underlying fusion path
Jesper Romers, KjS, to appear

Jesper Romers
PhD thesis 2012
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Skyrmions @ v=1

. polarization vs filling in Lowest
Landau Level for both spins
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Skyrmions @ v=1
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Skyrmions @ v=1

. polarization vs filling in Lowest AMLAARARAL
Landau Level for both spins PREARAA AR AN
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(quasi-)hole \ IQH state (polarized)

P=+1 ’//
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Skyrmions @ v=1
. polarization vs filling in Lowest AMLAARARAL
Landau Level for both spins PREARAA AR AN
AA#AA%*;":A*%AA?A ll?kllfll?*llﬁl
(quasi-)hole \ / IQH state (polarized)
P=+1 anti-skyrmion
skyrmion N
=2
P=-1




Skyrmions @ v=1

e experiment

006 o8

Barrett et al, PRL 1995
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Skyrmions over iqH state at v=1

At N, = N-1: spin polarized iqH state

lpj‘élfll(zlaﬂaz]v) = H(Zl - Z])

i<j

At N, = N: skyrmion wave function

IIJSkyrmion \PB X IP

/

MacDonald, Fertig,
Brey, 1996
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Spin-1/2 bosons in two orbitals

In 2nd quantization (01,0},17,1))




Spin-1/2 bosons in two orbitals

In 2nd quantization (01,0},17,1))

N=1 particle: 4 states
form L=1/2, S=1/2




Spin-1/2 bosons in two orbitals

In 2nd quantization (01,0},17,1))

N=1 particle: 4 states
form L=1/2, S=1/2

N bosons

(N + 3)
no. states = 3

N/2

_ E(L=K,S=K)
K=0

= irrep (N 00) of SU(4)




Spin-1/2 bosons in two orbitals

In 2nd quantization

N=1 particle: 4 states
form L=1/2, S=1/2

N bosons
(N + 3)
no. states =
3
N/2
_ E (L=K.,S=K)
K=0

= irrep (N 00) of SU(4)

OT1,0},17,1))

=4
S=0 |S=1 |S=2
L=0 1 9 9]
L=1 1 0
L=2 0 1

no. states =1+ 9 + 25 = 35
irrep (400) of SU(4)




Spin factor in Skyrmion wavefunction

N bosons

(N + 3)
no. states = 3

N/2

- 2(L=K,S=K)
K=0

Spin factor built as weighted sum over diagonal terms

N/2

‘PB=EAK

N N H
=—-K,§5=—-K
K=0

2 2




LLL lift and size-A skyrmions

LLL lift fromN¢ =1toN,=N

lpSkyrmion =Wy n (z;-z j)

i<j

Size-A skyrmion

(A) K
II,Skyrmion = E A




iqH skyrmions
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Charged spin textures over MR state

Strategy for numerical analysis (Wojs et al)

« working in spherical geometry, use orbital angular
momentum L and spin S to arrange states in (L,S)
multiplets with (2L+1)(2S+1) degenerate states;
single particle gives L= N /2, S=1/2

« hamiltonian: Coulomb w/t corrections for finite
thickness w

» zoom in on N, = N MR + 1 and for given S find
(L,S) multiplet lowest in energy
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Spherical geometry

« N,, N, fermions on sphere
« N, magnetic flux quanta

« LLL orbitals: eigenstates of orbital angular
momentum localized on latitude lines,

L=1-N,/2, [=0,1,..,N,




MR: skyrmions and 2CST

Results for N=12, where N X =21

(a) N=12, v=5/2, w=3\

0.04 -
. red: Ng=22 (0=2)
| Dblue: Ny=20 (0=4 N
N< ¢=20 (0=4) o
3 — L:S ) .
2 | -<+-lowestenergy 0
w
sky -
0.00 - 2
o
1 0
L=0
-0.02 1 T T T
0 2 4 6




MR: skyrmions and 2CST

Results for N=12, where N X =21

(a) N=12, v=5/2, w=3A » || (b) N=12, Ny=22 (0=2) (6:6)
0.04_' / .
. red: Ny=22 (0=2)
< blue: Ng=20 (0=4) 8
~ —e— =S )
2 7| -<+-lowestenergy 0
w
sky .
0.00 - !
L
; 0
L=0
-0.02 I I l I ' '
0 2 g 4 6 0.0 05 £ (10%e2m) '




MR: skyrmions ands 2CST

0.8
(@) N=12, v=5/2, w=3) » | |(6) N=12, Ny=22 (0=2) (6)
0.04 - , W3
- red: Ng=22 (0=2) 5 g
c§ | Dblue: N®=20 (0:4) § o (>3 b =
2 | ——Lss V- e 2
Z 7| - -lowestenergy o || skyrmion %, o
uf : 2
i - ol T
sky 8 ) O
0.00
¥ <, & 02
Lo t % le? (6.0)
V02T T 1 — T T T T 0.0
° 2 g ¢ 6 00 05 g, (10%en) '°

* (§=0,L=0) groundstate at N ;¥ -1 has respectable
overlap with standard skyrmion Ansatz

W =Y. x ¥ .

kyrmion

e no such Ansatz available for 2CST states




SKkyrmions in spherical geometry

Strategy for analytical study

e restrict analysis to LLL states with MR pairing condition

- simplify further by analyzing bosonic case with MR at
filling v= 1 and NASS at v=4/3

« use Ansatz wavefunctions of form W~ Symm[W, W, ]

(1,01}

« obtain ¥} ; via group theoretical analysis at N, = 1 and
successive lift into the LLL
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Moore-Read pairing condition

| 712
lI’MR(Zl ,--,ZN) = lIIboson (Zl "”ZN) H(Zi B Zj)M exp(_ 412 )

i<j

1
‘Pboson(zl ’"’ZN)=Pf( )n(zi_zj)
Zi _Zj i<j
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Moore-Read pairing condition

| 7 2

lPMR(Zl ,--,ZN) = lIIboson (Zl "”ZN) H(Zi - Zj)M P~ 4[2

i<j

1
Wioson (2152 ) = Pt (?Zj)n (z;—2;)

i<j

Pairing property %1 =22 Whoson # 0

{1 =<2 =43 quoson =0
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Spin @ v=5/2

look for spin excitations within subspace of LLL states

subject to MR pairing condition

H_ W =0

pair — boson




Spin @ v=5/2

. polarization vs. filling in LLL for fermions with both
spins, subject to MR pairing condition

/ MR state (polarized)
P=+1 Je

v=1/2




Spin @ v=5/2

- polarization vs. filling in LLL for both spins, subject
to MR pairing condition

Ising anyons

/ MR state (polarized)
P=+1
NASS state (unpolarized)
P 4-"7v .,
v
/ Fibonacci
v=1/2 v=4/7 anyons
P=-1
Ardonne, KjS, 1999




Spin @ v=5/2

- polarization vs. filling in LLL for both spins, subject
to MR pairing condition

(quasi-)hole \ / MR state (polarized)
P=+1 e

NASS state (unpolarized)

7~

v=1/2 v=4/7




Spin @ v=5/2

- polarization vs. filling in LLL for both spins, subject
to MR pairing condition

(quasi-)hole \ / MR state (polarized)
P=+1 e

skyrmion N\

NASS state (unpolarized)




Spherical geometry: state counting

« NASS: unique paired state w/t (L=0, S=0) at
NNASS — ZN _ 3
’ 4

« excess flux gives rise to gh over NASS state, their
numbers are set by  n, +n, = 4(N, - NJ*)

nT+NT =n¢+N¢

e partition sum at excess flux

n1\+F2 nJ/+F1
2 2
F; F
L Jg\ "2 g

Ardonne, Read, Rezayi, KjS, NPB 1999 Y

2, 2
Z,(q)= EQ(E +F -FF,)/2

FI’F2
NT+NJ/=N
nT+n‘|/=n
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State counting @ N=4

MR+ 2 e/4 gh

\

MR
\
S=0 |S=1 \L\S=2
L=0 1 0
S=0 L=1 0] 1
L=0 1 \\ L=2 1 0)
NASS

S=0 |S=1 \8:2
L=0 1 0 1
L=1 0 2 0
L=2 2 1 1
L=3 O 1 /0
L=4 1 O / 0
MR+ e/2 gh
N =6




SKkyrmions in spherical geometry

Strategy for analytical study

e restrict analysis to LLL states with MR pairing condition

- simplify further by analyzing bosonic case with MR at
filling v= 1 and NASS at v=4/3

« use Ansatz wavefunctions of form W~ Symm[W, W, ]

(1,01}

« obtain ¥} ; via group theoretical analysis at N, = 1 and
successive lift into the LLL




Bosonic Moore-Read state atv =1

Bosonic MR state written in form ¥ =Symm|¥,¥,, |

{111}

‘P]‘\/JRI(Zla 9ZN) Pf(

)H(z -2Z;)

2 ZJ i<j
— 2 2
= Symm | |(z - Z;) | |(Zk Z)
LI} | i<jEI k<lell




2-group expression MR from bosonization

starting from CFT expression  y_=qel%

Wi Gpoenz) = (Ve @O @) Y (e Wi () e
bosonizing Pe'¥ e

leads to . R
WY R (25 2py) = <(e"p +e 'Y)(z))...(e"? +e"”p)(zN)> H(Z,- -Z;)

i<j

\ J

Y
H(Zi -z;) H(Zk -z)) H(Z” —z)"!
1 17

1,11




Bosonic Moore-Read state atv =1

Bosonic MR state written in form ¥ =Symm|¥,¥,, |

{111}

‘P]‘\/JRI(Zla 9ZN) Pf(

)H(z -2Z;)

2 ZJ i<j
— 2 2
= Symm | |(z - Z;) | |(Zk Z)
LI} | i<jEI k<lell
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N=2+2: SU(4) group theory

For constructing CST wavefunctions over N=4 MR state,

split as N=2+2, total no. of states becomes 10 x, 10 = 55

(N=2), (N=2),
S=0 |[S=1 |[S=2

S=0 | S=1 S=0 | S=1
L=0 1,1 0 1

L=0 | 1 | 0 | x,[L=0| 1 | 0 | ©

L=1 0 1,1 0

L=1 o) 1 L=1 0) 1
=2 1 0] 1

o

SU(4):
(200) ®, (200) = (400) @ (020)

no. states = 35 + 20




4 N

General N

SU(4): (%00)@)5, (%00) = (NO0) @ (N - 420)@ ...(0%0)

Interpretation: denoting orbitals as (L,=-1/2, L,=1/2)

and spinsinlas 1,| and in I as 1,

charge e gh

N\

two e/2 gh

o /




MR: LLL lift

LLL lift from N,=1toN,= N¢MR+1

Wi — Symm| W} n(z -z7,)° Wy n(zk )’

LIy i<jel k<lell
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N=4: skyrmion and 2CST

MR+ 2e/2 gh
f— f— \ f—
S=0 |S=1 \S 2
L=0 1 0 1
L=1 0 2 0
L=2 2 1 1
L=3 0 1 / 0
L=4 1 0 / 0
MR+ e gh




-

N=4: skyrmion and 2CST

MR+ 2e/2 gh

\

¥ =Symm|¥, ¥, |

{11}

S=0 |S=1 |S=2
L=0 1=1| O 1
L=1 0] 1,1 O
=2 1 0] 1

S=0 |S=1 \8:2
L=0 1 0] 1
L=1 0] 2 0]
=2 2 1 1
L=3 0 1 ‘/ 0
L=4 1 0 / 0
/
MR+ e gh

Red: LLL lift of su(4) irrep
(400)=35, skyrmion

Blue: LLL lift of su(4) irrep
(020)=20, two separated CST

/




SKkyrmions in spherical geometry

Strategy for analytical study

v e restrict analysis to LLL states with MR pairing condition
- simplify further by analyzing bosonic case with MR at
filling v= 1 and NASS at v=4/3

« use Ansatz wavefunctions of form W~ Symm[W, W, ]

(1,01}

« obtain ¥} ; via group theoretical analysis at N, = 1 and

v T
successive lift into the LLL

o
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Explicit expressions

[LLL - 1ift] Y A7 Af

KI ’KII

charge e CST (skyrmion)

iKI ‘U’KII ’II\N/Z—KI ﬂN/Z—KH>

Symm
{111}

left and right
charge e/2 CST

[LLL - 1ife] Y A7 Af

KI ’KII

/

TN/2_KI ‘U’KH ’iKI ﬂN/Z—KH>

Symm
{111}
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charge e/2 CST: spin vector




charge e/2 CST

Continuum limit is spin texture with vanishing
spin vector in the core
=> polar core vortex

S(r.9) = (42p( - p) cos¢p,—+/2p(1 - p) sing, )

Rationale: MR pairs carry spin-1, spin-1 spinor
condensate (such as BEC) has polar and polarized

phases. Polar core vortex captured by CP2 spinor

<

§i)=|1
0
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fusing elementary CST

setting

- total excess flux AN, leads to n=24N , elementary

CST at positions w, ... w,,

» the fusion channel of the underlying MR quasi-holes

can be characterized by the number F of unpaired
fermions (Read-Rezayi 1996)

* upon sending all w; = o the elementary CST merge
into a composite charge ne/2 CST

« what will be the associated spin texture?




2-group expression from bosonization

starting from Read Rezayi expression

(F) .
lI’mlmzmmF (Wi o e W, 5205528 )

sending w; = 0, taking maximal L,

WO @ynizy) = (... YO YW (). W (n))

\ J
A

CFT

fusion product of o(0)c(0)...0(0)

bosonizing /

W) _ <(eino +e"FY0) (% +e)(z,). .. (' +€_i¢)(ZN)>

need (N-F)/2 particles in group I and (N+F)/2 in group I

/




General construction: CST[w;,w]

e i< j€l keIl k<lEll

leads to spin texture

Ny .F)
West  =Symm
{111}

W H(Z -z,)° Wy n(zk—zl) }

i<jel k<lell

Group LII:
texture (skyrmion) with =

winding numbers

m=0

~Symm[1_[ ANy +F H(Z —Z) nZkAN¢ H(Zk—zl)2

|

Wy = | [[A4n)+20lt)]




CST[3,1]

4

Ex: N odd, n
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CST]2,2]

4

Ex: N even, n
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length scales

for Coulomb rather than ultra-local interactions:
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Conclusion

 elementary CST, going with charge e/4 quasi-hole over
the fermionic MR state, identified with polar core vortex

* the spin-texture going with the fusion product of n
elementary CST, in fusion sector with F unpaired
fermions, is CST[n/2+F,n/2-F]




