
 Non-Abelian Spin Textures  

Kareljan Schoutens 
Institute for Theoretical Physics 
University of Amsterdam 

ACFTA 
IHP, Paris 

November 4, 2011 













5/2 state 

non-Abelian  
   qH state? 



5/2 state 



Spin at 5/2 

•  is the ν=5/2 qH state spin polarized? 

If yes: 

•  do fundamental excitations (charge e/4) involve  
  spin: CST - charged spin textures ?  

If yes: 

•  do these e/4 charged spin textures bind into  
  charge e/2 (anti-)skyrmions?  

Dimov, Halperin, Nayak, PRL 2008 
Feiguin, Rezayi, Yang, Nayak, Das Sarma, PRB 2009  
Wójs, Möller, Simon, Cooper, PRL 2010 



Spin at 5/2 – new results 

•  charged spin textures (CST) over MR state  
    studied through algebraic approach 

•  fundamental CST identified as polar core vortex 

Jesper Romers, Liza Huijse, KjS, NJP 2011 
see also: Dimov, Nayak, unpublished 

•  explicit relation between spin texture of fused  
    CST and underlying fusion path 

Jesper Romers, KjS, to appear 
Jesper Romers 

PhD thesis 2012 
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Skyrmions @ ν=1 
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Skyrmions @ ν=1 

•  experiment 

Barrett et al, PRL 1995 

slopes of P vs ν indicates  
about 4 overturned spins  
per unit of charge 



Skyrmions over iqH state at ν=1 

At  Nφ = N-1: spin polarized iqH state   

€ 

ΨiqH
ν=1(z1,.., zN ) = (zi − zj )

i< j
∏

At  Nφ = N : skyrmion wave function 

€ 

ΨSkyrmion = ΨB ×ΨiqH
ν=1

View ΨB as spin-full wavefunction  
for N bosonic spin-1/2 particles  
in two orbitals z0 and z1 

MacDonald, Fertig,  
Brey, 1996 
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In 2nd quantization 
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Spin-1/2 bosons in two orbitals 

In 2nd quantization 

€ 

(0↑, 0↓, 1↑, 1↓)

N bosons 

N=1 particle: 4 states  
form L=1/2, S=1/2 

S=0 S=1 S=2 

L=0   1   0   0 

L=1   0   1   0 

L=2   0   0   1 

N=4 

no. states = 1 + 9 + 25 = 35  
      irrep (400) of SU(4) 

€ 

no. states =  
N + 3

3
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

= (L = K,S = K)
K =0

N / 2

∑

= irrep (N 00) of SU(4)



Spin factor in Skyrmion wavefunction 

Spin factor built as weighted sum over diagonal terms 

N bosons 

€ 

no. states =  
N + 3

3
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

= (L = K,S = K)
K =0

N / 2

∑

€ 

ΨB = λK L =
N
2
− K ,S =

N
2
− K

HW

K =0

N / 2

∑



LLL lift and size-λ skyrmions 

€ 

ΨSkyrmion
(λ ) = λK L =

N
2
− K ,S =

N
2
− K

HW

K =0

N / 2

∑ (zi − z j )
i< j
∏

≅ λ ↓m + zm ↑m[ ]
m=0

∞

∏ (zi − z j )
i< j
∏

LLL lift from Nφ = 1 to Nφ = N 

€ 

ΨSkyrmion =ΨB (zi − z j )
i< j
∏

Size-λ skyrmion 



iqH skyrmions 

Continuum limit agrees with  
expression from sigma-model € 

ΨSkyrmion
(λ ) ≅ λ ↓m + zm ↑m[ ]

m=0

∞

∏ (zi − z j )
i< j
∏

iqH skyrmion 

€ 

S(r,φ) = ( 1−σ 2 cosφ,− 1−σ 2 cosφ,σ )

€ 

Qtopo =Qelectric = −1



Charged spin textures over MR state 

Strategy for numerical analysis (Wójs et al)  

•  working in spherical geometry, use orbital angular  
  momentum L and spin S to arrange states in (L,S)  
  multiplets with (2L+1)(2S+1) degenerate states;  
  single particle gives L= Nφ/2, S=1/2 

•  hamiltonian: Coulomb w/t corrections for finite  
   thickness w 

•  zoom in on Nφ = Nφ
MR ± 1 and for given S find  

  (L,S) multiplet lowest in energy 



Spherical geometry 

•  N↑ , N↓ fermions on sphere  

•  Nφ magnetic flux quanta 

•  LLL orbitals: eigenstates of orbital angular  
   momentum localized on latitude lines, 

 Lz= l - Nφ /2,   l=0,1,…, Nφ  

€ 

l



MR: skyrmions and 2CST 

Results for N=12, where Nφ
MR =21 
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Results for N=12, where Nφ
MR =21 



MR: skyrmions ands 2CST 

•  (S=0,L=0) groundstate at Nφ
MR -1 has respectable 

overlap with standard skyrmion Ansatz 

•  no such Ansatz available for 2CST states 

€ 

Ψskyrmion = ΨB ×ΨMR



Skyrmions in spherical geometry 

Strategy for analytical study 

•  restrict analysis to LLL states with MR pairing condition 

•  simplify further by analyzing bosonic case with MR at    

   filling ν= 1 and NASS at ν= 4/3  

•  use Ansatz wavefunctions of form 

•  obtain ΨI,II via group theoretical analysis at Nφ = 1 and   
   successive lift into the LLL  

€ 

Ψ =
{I ,II}
Symm ΨIΨII[ ]



Moore-Read pairing condition 

€ 

Ψboson (z1,.., zN ) = Pf ( 1
zi − z j

) (zi − z j )
i< j
∏€ 

ΨMR(z1,.., zN ) = Ψboson (z1,.., zN ) (zi − z j )
M exp − | z |
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Moore-Read pairing condition 

€ 

Ψboson (z1,.., zN ) = Pf ( 1
zi − z j

) (zi − z j )
i< j
∏€ 

ΨMR(z1,.., zN ) = Ψboson (z1,.., zN ) (zi − z j )
M exp − | z |

2

4l2
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

i< j
∏

€ 

z1 = z2 Ψboson ≠ 0

z1 = z2 = z3 Ψboson = 0
Pairing property 



Spin @ ν=5/2 

look for spin excitations within subspace of LLL states 
subject to MR pairing condition  

€ 

H pairΨboson = 0



Spin @ ν=5/2  

•  polarization vs. filling in LLL for fermions with both 
spins, subject to MR pairing condition  

ν=1/2   

P=+1 

P=-1 

MR state (polarized) 
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€ 

P =
4 − 7ν
ν

NASS state (unpolarized) 

Ising anyons 

Fibonacci 
anyons 

Ardonne, KjS,  1999  
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Spherical geometry: state counting 

•  NASS: unique paired state w/t (L=0, S=0) at 

•  excess flux gives rise to qh over NASS state, their  
   numbers are set by 

•  partition sum at excess flux 

€ 

Nφ
NASS =

7
4
N − 3

€ 

Zqh (q) = q(F1
2+F12−F1F2 ) /2

F1 , F2
N↑+N↓=N
n↑+n↓=n

∑
n↑+F2
2
F1

⎛ 

⎝ 

⎜ 
⎜ ⎜ 

⎞ 

⎠ 

⎟ 
⎟ ⎟ 
q

n
↓

+ F1
2
F2

⎛ 

⎝ 

⎜ 
⎜ ⎜ 

⎞ 

⎠ 

⎟ 
⎟ ⎟ 
q

N
↑
− F1
2

+n↑

n↑

⎛ 

⎝ 

⎜ 
⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
⎟ 
q

N
↓
− F2
2

+n↓

n↓

⎛ 

⎝ 

⎜ 
⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
⎟ 
q

€ 

n↑ + n↓ = 4(Nφ − Nφ
NASS )

n↑ + N↑ = n↓ + N↓

Ardonne, Read, Rezayi, KjS,  NPB 1999 



State counting @ N=4 

S=0 S=1 S=2 

L=0   1   0   1 

L=1   0   2   0 

L=2   2   1   1 

L=3   0   1   0 

L=4   1   0   0 

S=0 S=1 S=2 

L=0   1   0   1 

L=1   0   1   0 

L=2   1   0   0 

S=0 

L=0   1 

NASS 

MR 

MR+ 2 e/4 qh 

MR+ e/2 qh 

Nφ=4 Nφ=5 Nφ=6 



Skyrmions in spherical geometry 

Strategy for analytical study  

•  restrict analysis to LLL states with MR pairing condition 

•  simplify further by analyzing bosonic case with MR at    

   filling ν= 1 and NASS at ν= 4/3  

•  use Ansatz wavefunctions of form 

•  obtain ΨI,II via group theoretical analysis at Nφ = 1 and   
   successive lift into the LLL  

✔ 

€ 

Ψ =
{I ,II}
Symm ΨIΨII[ ]

✔ 



Bosonic Moore-Read state at ν =1 

€ 

ΨMR
ν=1(z1,.., zN ) = Pf ( 1

zi − z j
) (zi − z j )
i< j
∏

=
{I ,II}
Symm (zi − z j )2

i< j∈ I
∏ (zk − zl )2

k<l∈ II
∏

⎡ 

⎣ 

⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 

€ 

Ψ =
{I ,II}
Symm ΨIΨII[ ]Bosonic MR state written in form 

rationale: combinatorics or bosonization 
  of underlying Ising CFT 



2-group expression MR from bosonization 

€ 

ψe =ψ eiϕ cstarting  from CFT expression 

  

€ 

ΨMR
ν =1(z1,..,zN ) = ψe (z1)ψe (z2)…ψe (zN )ψBG (z∞) CFT

€ 

ψ↔ eiϕ + e-iϕ

  

€ 

ΨMR
ν =1(z1,..,zN ) = (eiϕ + e−iϕ )(z1)… (eiϕ + e−iϕ )(zN ) (zi − z j )

i< j
∏

bosonizing 

leads to  

€ 

(zi − z j )
I
∏ (zk − zl )

II
∏ (zi − zk )

−1

I , II
∏



Bosonic Moore-Read state at ν =1 

€ 

ΨMR
ν=1(z1,.., zN ) = Pf ( 1

zi − z j
) (zi − z j )
i< j
∏

=
{I ,II}
Symm (zi − z j )2

i< j∈ I
∏ (zk − zl )2

k<l∈ II
∏

⎡ 

⎣ 

⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 

€ 

Ψ =
{I ,II}
Symm ΨIΨII[ ]

Idea: at  Nφ = Nφ
MR+1  introduce separate  

 spin structures in groups I, II 

Bosonic MR state written in form 



N=2+2 : SU(4) group theory 

S=0 S=1 S=2 

L=0   1,1   0   1 

L=1   0   1,1   0 

L=2   1   0   1 

S=0 S=1 

L=0   1   0 

L=1   0   1 

S=0 S=1 

L=0   1   0 

L=1   0   1 

€ 

(200)⊗ s (200) = (400)⊕ (020)

(N=2)I (N=2)II 

For constructing CST wavefunctions over N=4 MR state, 
split as N=2+2, total no. of states becomes 10 ×s 10 = 55  

×s 
= 

SU(4): no. states = 35 + 20  



General N 

  

€ 

( N2 00)⊗s (
N
2 00) = (N00)⊕ (N − 4 20)⊕…(0 N

2 0)

Interpretation: denoting orbitals as (Lz=-1/2, Lz=1/2)     

     and spins in I as ↑,↓ and in II as ⇑,⇓ 

SU(4): 

HWS for (N 0 0)     :    (0, ↑N/2 ⇑N/2) 

HWS for (0 N/2 0) :    (↑N/2 , ⇑N/2) + (⇑N/2 , ↑N/2)  

charge e qh 

two e/2 qh 



MR: LLL lift 

€ 

ΨMR
spin =

{I,II}
Symm ΨB

I (zi − z j )2

i< j∈ I
∏ ΨB

II (zk − zl )2

k<l∈ II
∏

⎡ 

⎣ 

⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 

LLL lift from Nφ = 1 to Nφ = Nφ
MR+1 

LLL lift preserves the L and S quantum numbers! 



N=4: skyrmion and 2CST 

S=0 S=1 S=2 

L=0   1   0   1 

L=1   0   2   0 

L=2   2   1   1 

L=3   0   1   0 

L=4   1   0   0 

MR+ 2 e/2 qh 

MR+ e qh 



N=4: skyrmion and 2CST 

S=0 S=1 S=2 

L=0   1   0   1 

L=1   0   2   0 

L=2   2   1   1 

L=3   0   1   0 

L=4   1   0   0 

S=0 S=1 S=2 

L=0   1=1   0   1 

L=1   0   1,1   0 

L=2   1   0   1 

Blue: LLL lift of su(4) irrep  
           (020)=20, tw0 separated CST 

MR+ 2 e/2 qh 

MR+ e qh 

Red: LLL lift of su(4) irrep  
          (400)=35, skyrmion 

€ 

Ψ =
{I ,II}
Symm ΨIΨII[ ]



Skyrmions in spherical geometry 

Strategy for analytical study  

•  restrict analysis to LLL states with MR pairing condition 

•  simplify further by analyzing bosonic case with MR at    

   filling ν= 1 and NASS at ν= 4/3  

•  use Ansatz wavefunctions of form 

•  obtain ΨI,II via group theoretical analysis at Nφ = 1 and   
   successive lift into the LLL  

✔ 

€ 

Ψ =
{I ,II}
Symm ΨIΨII[ ]

✔ 

✔ 

✔ 



Explicit expressions  

€ 

{I ,II}
Symm
⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ LLL − lift[ ] λ I

K I λ II
K II

K I ,K II

∑ ↑N / 2−K I
⇓K II

,↓K I
⇑N / 2−K II

(0 N/2 0) :    (↑N/2 , ⇑N/2) + (⇑N/2 , ↑N/2)  

(N 0 0)     :    (0, ↑N/2 ⇑N/2)  

€ 

{I ,II}
Symm
⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ LLL − lift[ ] λ I

K I λ II
K II

K I ,K II

∑ ↓K I
⇓K II

,↑N / 2−K I
⇑N / 2−K II

charge e CST (skyrmion) 

left and right  
charge e/2 CST 



charge e/2 CST: spin vector 



charge e/2 CST 

Continuum limit is spin texture with vanishing 
spin vector in the core  

       polar core vortex 

€ 

S(r,φ) = ( 2ρ(1− ρ) cosφ,− 2ρ(1− ρ) sinφ,ρ)

Rationale: MR pairs carry spin-1, spin-1 spinor 
condensate (such as BEC) has polar and polarized 
phases. Polar core vortex captured by CP2 spinor 

€ 

ξ (z) =

z
1
0

⎛ 

⎝ 

⎜ 
⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
⎟ 



fusing elementary CST 

setting 

•  total excess flux  ΔNϕ  leads to n=2ΔNϕ elementary 
CST at positions w1 … wn 

•  the fusion channel of the underlying MR quasi-holes 
can be characterized by the number F of unpaired 
fermions (Read-Rezayi 1996) 

•  upon sending all wi  0 the elementary CST merge 
into a composite charge ne/2 CST 

•  what will be the associated spin texture? 



2-group expression from bosonization 

starting  from Read Rezayi expression 

  

€ 

Ψ(F ) (z1,..,zN ) ≈ ψ∂ψ…∂F −1ψ(0)ψ(z1)ψ(z2)…ψ(zN ) CFT

  

€ 

Ψ(F ) ≈ (eiFϕ + e−iFϕ )(0) (eiϕ + e−iϕ )(z1)… (eiϕ + e−iϕ )(zN )

sending wi  0, taking maximal Lz 

  

€ 

Ψm1m2…mF

(F ) (w1,…wn; z1,..,zN )

fusion product of σ(0)σ(0)…σ(0)  

bosonizing 

need (N-F)/2 particles in group I and (N+F)/2 in group II  



General construction: CST[wI,wII]  

€ 

ΨCST
(Nφ ,F ) =

{I ,II}
Symm ΨB

I (zi − z j )
2

i< j∈I
∏ ΨB

II (zk − zl )
2

k< l∈II
∏

⎡ 

⎣ 

⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 

Group I,II: 
texture (skyrmion) with  
winding numbers  
wI=ΔNϕ+F,   wII=ΔNϕ-F 

€ 

ΨB
(w) = λ ↓m + zm

w ↑m[ ]
m=0

∞

∏

€ 

Ψ(F) ≈
{I ,II}
Symm zi

ΔNφ +F

i∈I
∏ (zi − z j )

2

i< j∈I
∏ zk

ΔNφ −F

k∈II
∏ (zk − zl )

2

k< l∈II
∏

⎡ 

⎣ 

⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 

leads to spin texture 



Ex: N odd, n=4: CST[3,1]  

€ 

ξ (z) =

z 4
1
2
z + z 3( )
1

⎛ 

⎝ 

⎜ 
⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
⎟ 



Ex: N even, n=4: CST[2,2]  

€ 

ξ (z) =

z 4

2 z 2

1

⎛ 

⎝ 

⎜ 
⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
⎟ 



Ex: N even, n=8: CST[4,4], CST[6,2], CST[8,0]  



length scales 

for Coulomb rather than ultra-local interactions:  

€ 

d << lCST

relevant regime: 

“spin texture  
read out of MR  
topological  
quantum register” 



Conclusion 

•  elementary CST, going with charge e/4 quasi-hole over 
the fermionic MR state, identified with polar core vortex 

•  the spin-texture going with the fusion product of n 
elementary CST, in fusion sector with F unpaired 
fermions, is CST[n/2+F,n/2-F] 


