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Introduction

Logarithms in critical phenomeana

@ Scale invariance = correlations are power-law or logarithmic
@ Two possibilities for logarithms:
@ Marginally irrelevant operator:
Gives logs upon approach to fixed point theory.
@ Dilatation operator not diagonalisable:
Logs directly in the fixed point theory. Subject of this talk.
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Introduction
Logarithms in critical phenomeana

@ Scale invariance = correlations are power-law or logarithmic
@ Two possibilities for logarithms:

@ Marginally irrelevant operator:
Gives logs upon approach to fixed point theory.
@ Dilatation operator not diagonalisable:
Logs directly in the fixed point theory. Subject of this talk.

Where do such logarithms appear

o CFT W|th C = 0 [Gurarie, Gurarie-Ludwig, Cardy, ...]
e Percolation, self-avoiding polymers (¢ — 0 catastrophe)
@ Quenched random systems (replica limit catastrophe)

o Logarithmic minimal models [Read-Saleur, Pearce-Rasmussen-Zuber]
@ For any d < upper critical dimension
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Logarithms and non-unitarity [ 1999]

Standard unitary CFT

@ Expand local density ®(r) on sum of scaling operators (r)

@(e(0) ~ Y 0

Ul

@ Aj o 6; by conformal symmetry (royakov 1970]
@ A; > 0 by reflection positivity
@ Hence only power laws appear
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Logarithms and non-unitarity [ 1999]

Standard unitary CFT
@ Expand local density ®(r) on sum of scaling operators (r)

@O ~ Y ks

Ul

@ Aj x d; by conformal symmetry (eolyakov 1970)
@ A; > 0 by reflection positivity
@ Hence only power laws appear

| \

The non-unitary case
@ Cancellations may occur
4 SUppOSG Ajj ~ _Ajj — oo with A,','(A,' — Aj) finite
@ Then leading term is r—22ilog r

v
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Jordan cells and indecomposability parameters

Logarithmic pair (¢(z),1(z)) with conformal weight h

@ Dilatation op. Ly = ( g ;7 ) in basis (¢,1) is indecomposable
@ Global conformal invariance fixes [curaric 19931

GDH0) =0, (B(2W(0) = 2, (i(2(0) = L2717

v
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Jordan cells and indecomposability parameters

Logarithmic pair (¢(z),1(z)) with conformal weight h

@ Dilatation op. Ly = 01 in basis (¢,) is indecomposable
0 h

@ Global conformal invariance fixes [curaric 19931

G(2)6(0) =0, (p(2)A0)) = Ja. (20 = L2097

| A\

Indecomposability parameter g
@ 0 = 0 by change of basis, but 5 = (1/|¢) is fundamental quantity

@ ¢(z) is the logarithmic partner of the null-field ¢(z)
@ Indecomposability appears already in Temperley-Lieb algebra

[Read-Saleur, Pearce-Rasmussen-Zuber]

e Measure 3 by numerics on lattice models
[Dubail-JJ-Saleur, Vasseur-JJ-Saleur]

v
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Algebraic structure

Staggered (projective) modules
@ Reducible yet indecomposable representation of Virasoro
@ Staggered module [rohsiepe 1996; Nahm, Gaberdiel, Kausch, Mathieu, Ridout, Kyt6la,...]

@ ¢(z) is a descendent of £(z) at level n > 0
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Algebraic structure

Staggered (projective) modules
@ Reducible yet indecomposable representation of Virasoro
@ Staggered module [ronsiepe 1996; Nahm, Gaberdiel, Kausch, Mathieu, Ridout, Kytola,.. ]

@ ¢(z) is a descendent of £(z) at level n > 0

Hidden treasures

@ In general, several P glued to form more complex structures
@ In general, a theory is characterised by infinitely many g
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Computing § for 2D percolation (boundary case)

Colliding fields

@ Boundary 4-leg operator ¢4 5(z) and T(z) collide when ¢ — 0
@ Let ®4(2) be any field containing / in its OPE with itself:

On(2)®h(0) ~ 5 [1 + 2127(0) + 201 5(0) + }
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Computing S for 2D percolation (boundary case)

Colliding fields

@ Boundary 4-leg operator ¢4 5(z) and T(z) collide when ¢ — 0
@ Let ®,(2) be any field containing / in its OPE with itself:

Defining the logarithmic partner field t(z)
@ Unacceptable divergence when ¢ — 0. Define a new field #(z) by

2h(T|T) 2h

@15(2) = =gy @)~ 5 T(2)

where

_ (elo) _ (TIT) _ ¢/2
O = p —h—n~ m-2 s_2
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Avoiding the ¢ — 0 catastrophe

@ Now the OPE is finite:

Op(2)Pp(0) ~ % [1 270y I0g 2 4 1(0)) + .. ]

B
@ The logarithmic pair {T, t} have the expected OPEs:
0 — 2041
(TATO) =0, (T@HO) =5 (H2)1(0) = P57
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Avoiding the ¢ — 0 catastrophe

@ Now the OPE is finite:

¢h(z)¢h(0) ~ % |:1 + ZZZ(T(O) |Og Z+ t(O)) + .. :|

@ The logarithmic pair {T, t} have the expected OPEs:

B

(T(2)T(0)) =0, (T()HO0)) =z (t(2)t(0)) = v pleyz

z4

v

Computing the indecomposability parameter

@ Recall that 5 = (t|T) so that

B = lim B(c) = 2

c—0 8
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Correlators in bulk percolation in

Reminders

@ Two and three-point functions fixed in any d by global conformal
invariance

@ This is supposing only conformal invariance!

@ Extra discrete symmetries must be taken into account as well

@ Physical operators are irreducible under such symmetries (caray 1999]

o O(n) symmetry for polymers (n — 0)
e S, replica symmetry for systems with quenched disorder (n — 0)

v
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Correlators in bulk percolation in

Reminders

@ Two and three-point functions fixed in any d by global conformal
invariance

@ This is supposing only conformal invariance!

@ Extra discrete symmetries must be taken into account as well

@ Physical operators are irreducible under such symmetries (cary 1999)

o O(n) symmetry for polymers (n — 0)
e S, replica symmetry for systems with quenched disorder (n — 0)

v

@ Two and three-point functions in bulk percolation
@ Limit Q — 1 of Potts model with Sg symmetry

@ Structure for any d; but universal prefactors only for d = 2
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Potts model

@ Hamiltonian H = sz> d(oj,0)) witho;j =1,2,...,Q
@ Operators must be irreducible under the Sq symmetry
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Potts model

@ Hamiltonian H = JZ(,-D d(oj, o) withoj =1,2,...,Q
@ Operators must be irreducible under the Sq symmetry

v

Operators acting on one spin

@ Most general one-spin operator: O(r;) = O(o}) = 23021 Oa0a0,

1 1
63,0’,’ - 6 + <5a,0',' - Q)
reducible ~ —

1nvariant §0a( Ui)

@ Dimensions of representations: (Q) = (1)® (Q—1)
e Identity operator 1 =, a0,
e Order parameter ¢,(o;) satisfies the constraint 3, pa(o;) =0

.
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Operators acting on two spins

@ Q x Qmatrices O(r;) = O(01,0)) = X34 251 Oapdas,0b,,
@ The Q operators with o; = 0; decompose as before: (1) © (Q — 1)

@ Other ( 1) operators with o; # o;: (1) +(Q — 1) + (M)
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Operators acting on two spins

@ Q x Q matrices O(r;) = O(oj,0) = 2221 2821 Oabda,o0b,0;
@ The Q operators with o; = 0; decompose as before: (1) © (Q — 1)

@ Other ( 1) operators with o; # o;: (1) +(Q — 1) + (M)

Easy representation theory exercise
E= 50’,#0’] =1- 50,-,0/-
Pa = 5:7,;&0,- (‘Pa(Ui) + @a(Uj))

. 1
Vab = 0o,.200,,6 + 0a;.b00ja = 35 (Pa+ 00) = gra—yE
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Operators acting on two spins

@ Q x Q matrices O(r;) = O(0j,0)) = 2221 2821 Oabda,o0b,0;
@ The Q operators with o; = 0; decompose as before: (1) © (Q — 1)

@ Other ( 1) operators with o; # o;: (1) +(Q — 1) + (M)

Easy representation theory exercise
E= 50’,#0’] =1- 50,-,0/-
Pa = 5:7,;&0,- (‘Pa(Ui) + @a(Uj))

A 1 2
7/’ab = 50;,a5cr/,b + 50;,b60j,a - ﬁ (¢a + Cbb) - mE
@ Scalar E (energy), vector ¢, (order parameter) and tensor ¢4
(two propagating clusters)

e Constraint -3, ¢, =0 and > a(£b) Pap =0
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Extension to rank-k tensors for all Kk > 0

b= (@)~ o (1),
2 6
b = (65)—ﬁ(2ﬁ)—m(”0),
6 = 69~ 55~ ge-5 ) aE-Ta-2p
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Extension to rank-k tensors for all Kk > 0

b= (30) - o(1h).
2 6
1 2 6
5 = )50 "o 2@-5" ae-ne-2

Physical interpretation
@ For k > 2, operator that makes k clusters propagate

@ In 2D equivalent to 2k-leg watermelon operator (2k through lines
in TL algebra)
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Continuum limit

Energy operator ¢; = E — (E), with E = §,,,,., invariant

((ne(0)) = (Q— NAQ)r 224,
@ All correlators of ¢; vanish at Q = 1 (true already on the lattice)
@ In 2D: exponent A.(Q) = d — v~ known exactly
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Continuum limit

Energy operator ¢; = E — (E), with E = §,,,,., invariant

((ne(0)) = (Q— NAQ)r 224,
@ All correlators of ¢; vanish at Q = 1 (true already on the lattice)
@ In 2D: exponent A.(Q) = d — v~ known exactly

Two-cluster operator ¢ (0}, 7j41)

. A 2A(Q 1
(thab(r)ihea(0)) = Cg ) <5ac5bd +0addbe — 5 (9ac + dad
2 —245(Q)
+5b0+6bd)+(01)(0_2)) X!’ . )
CFT part

@ In 2D: exponent A, = % known from Coulomb gas
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Percolation limit Q — 1

Avoiding the Q — 1 catastrophe

@ The “scalar” part of (¢a5(r)eq(0)) diverges
@ ButA,=A.=3atQ=1in2D

e And actually & df;, .. =v ' forall2 < d < d,.. conigio 1982
@ So we can cure the divergence by mixing the two operators:

Fap(r) = Danlr) + ﬁsm.
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Percolation limit Q — 1

Avoiding the Q — 1 catastrophe

@ The “scalar” part of (¢a5(r)eq(0)) diverges
@ButA,=A.=3atQ=1in2D

e And actually & df,, .. =v 'forall2 <d < d,.. wcongio1ss2
@ So we can cure the divergence by mixing the two operators:

Fap(r) = Danlr) + Q((f_ws(r).

Using (¢ape) = 0, we find a finite limit at Q = 1

(Pan(r)bea(0)) = 2A(1)r=>/2 (8ac + Sad + dbe + dbd + JacObd + daddbe)

2\/§r—5/2
7T

+4A(1) x logr,

where we assumed that A(1) = A(1).
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Where does the log come from?

L _2AE(Q) _ —2A2(Q) d(AQ — AE)
Q-1 (r ! ) 2 dQ "

@ We need 2D only to compute this derivative (universal prefactor)

r=%2logr
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Where does the log come from?

1 _2A.(Q) _ —205(Q) d(Az — A.) _5/2
70_1(r r > 27(10 Q:1r logr

@ We need 2D only to compute this derivative (universal prefactor)

v

Geometrical interpretation of this logarithmic correlator?

@ |dea: Translate the spin expressions into FK cluster formulation

@ One can show exactly on the lattice that
(ethap) = (eda) = (Yabdc) = 0, and also (Yap) = (¢a) = () = 0.
@ All correlators take a simple form in terms of FK clusters

Jesper L. Jacobsen (LPTENS) Critical percolation IIP workshop, Natal 2012 14/ 21



For example we find:

~ N

<¢ab(0i1,0i1+1 )wcd(ai2)0/2+1 )> (&8 ]P)Z(r =n - r2)‘

ip i+l

iy i+l

Jesper L. Jacobsen (LPTENS)

Po(ry —r2) =
(i1,i +1) ¢ same cluster
P | (io,lp+ 1) ¢ same cluster
two clusters 1 — 2

This probability should thus behave as
Y

Critical percolation 1IP workshop, Natal 2012
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@ Just like in the CFT limit, we introduce

~ ~ A 2
Yap(ri) = Yap(0i; iv1) = Yap(0); iv1) + mé(ai, Tit1)
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@ Just like in the CFT limit, we introduce

~ ~ A 2
Yap(i) = Yab(0i; 0iv1) = Yap(0); is1) + mﬁ(m, Oit1)

@ Exact lattice expression for (1a5(r1)Yea(r2)) at Q = 1
@ Expression in terms of simple percolation probabilities.
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@ Just like in the CFT limit, we introduce

~ ~ A 2
Yab(ri) = thav(0i; 0iv1) = Yav(0i; oir1) + mc‘(ai, Oit1)

@ Exact lattice expression for (¢ 4(r1)ieq(r2)) at Q = 1
@ Expression in terms of simple percolation probabilities.

Exact two-point function of ¢, at Q = 1

($ab(r1)Pca(r2)) = 2 (6ac + Sad + Obc + Obd + SacObd + daddbe) X Pa(r)
+4|Po(r) + P1(r) — 2P,(r) — P& | .
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Putting it all together

Exact Two-point function of Vapat Q=1

(Vab(r)hed(r2)) = 2 (Sac + dag + Obc + dbd + dacdbd + Saddbe) X Pa(r)
+ 4 |Po(r) + P4 (r) — 2P,(r) — PZ| .
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Putting it all together

Exact Two-point function of 1, at Q = 1

(Yab(r1)Pca(r2)) = 2 (6ac + Sad + Sbe + b + SacObd + daddbe) X Pa(r)
+4 [Po(r) Py (r) — 2Po(r) — Pg‘é} :

v

Reminder: CFT Expression

(Pab(r)beda(0)) = 2A(1)r=>/2 (8ac + Sad -+ dbe + Sbd + dacObd + daddbe)
2\/_ —5/2

+4A(1)— x log r,
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Numerical check

Comparison with the CFT expression yields geometrical interpretation

_Po(N+Pi()-P2 243

AN = Pa(r) S

universal

logr,

O 300x300
4r o 200x200

2
log r
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Generalisation

@ Log is in the disconnected part Py(r)
@ Also true for polymers and disordered
systems [cardy 1999]

@ Should hold for 2 < d < d, ., but
prefactor depends on d

v @ @ Compute universal prefactor in
e = 6 — d expansion?

S
>
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Generalisation

@ Log is in the disconnected part Py(r)

@ Also true for polymers and disordered
systems [cardy 1999]

@ Should hold for 2 < d < d, ., but
prefactor depends on d

@ Compute universal prefactor in
e = 6 — d expansion?

Other interesting logarithmic limits
@ Q — 0 (spanning trees, dense polymers, resistor networks . . .)
@ Q — 2 (Ising model)
@ Logarithms for any integer Q?

Jesper L. Jacobsen (LPTENS) Critical percolation 1IP workshop, Natal 2012 19/21



Three-point functions on two spins (for Q = 1)

A—A.
Just example, but we have complete results. . 5 = limg_1 —5——

PANW /\Fz(ﬂ
Q)

A A (1)
(r2resr3y) ¥ (rz2resrs) ¥
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Three-point functions on two spins (for Q = 1)

A—A.
Just example, but we have complete results. . 5 = limg_1 —5——

PANW /\Fz(ﬂ
Q)

A A (1)
(r2resr3y) ¥ (rz2resrs) ¥

IR IR VR VA IR VAN

P{e o + Pls | +P

)] 2
- ]P)7£ ]P) oo +]P ° +2]P)7£

_ 2
Fi(1) Fz(j()) [cst—éz log <f12f2§f31) ]
(Marears1)™ a
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Conclusion

@ We found a logarithmic observable specific to percolation (Q = 1)
= Log CFTs as limits of ordinary CFTs

@ We somehow completed [Polyakov 1970] for percolation
@ Logarithms tend to appear in disconnected observables
@ The logarithmic dependency can be checked numerically

@ Many possible generalisations (in particular in higher dimensions).
Try to connect this to more formal work?

@ The universal prefactor in front of the log is closely related to
indecomposability parameters § that are crucial in Log CFT
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