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Entanglement Entropy and path integral

Lattice QFT in 1+1 dimensions: {¢(x)} a set of fundamental fields with
eigenvalues {¢(x)} and eigenstates ®x|{#(x)})

The density matrix at temperature 37! is (Z = Tr e’ﬁ’:’)

P10 {820)}) = Z7 {620 e [{g1()})

Euclidean path integral:

q)l =[3 X, T -5
p—IB T = [ D 90,0206 [ 806, )61

X
Sg = ]03 LedT, with Lg the Euclidean Lagrangian

The trace sews together the edges along 7 = 0 and 7 = 3 to form a cylinder of
circumference (.

A= (u1,v1),...,(un,vn): pa sewing together only those points x which are
not in A, leaving open cuts for (uj, v;) along the the line 7 = 0.
T
O cuts
p= 13 — [ 1dox.0)l8o(x. ) — o(x.0))p
2 xeB
X

R, .
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Replica trick

0
=T = — lim —Trp"
Sa rpalog pa nlinl 5 LIPA

Trp’, (for integer n) is the partition function on n of the above
cylinders attached to form an n—sheeted Riemann surface

w0 gk kI i
= PaPaPaPA

Trp’) has a unique analytic continuation to Ren > 1 and that its
first derivative at n = 1 gives the required entropy:

0 Zy(A)
= — | —
SA nlnl on Zn
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CFT: a remind

@ A physical systems at a quantum critical point is scale invariant
(B(r1)p(r2)) = b*2 (p(br1)p(br2)) (B(r1)g(r2)) = |1 —ra| 22

@ A Hamiltonian that is invariant under translations, rotations, and scaling
transformations has usually the symmetry of the larger conformal group
defined as the set of transformations that do not change the angles.

YOU"DONT “NEED THIS!

all the analytic functions w(z) are conformal

(@(21)8(22)) = [w'(z1)w' (22) 2 (p(w(21))p(w (22)))
@ Under an arbitrary transformation x* — x* + €"

S —S5+96S, with S = /d2xTW&L6u

dw

2 " _i 72
Under a conformal dz c 7"z —3/2z
T = _— T S
transformation w — z (w) ( ) (2)+ 12 z"?
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Entropy and CFT

Single interval A = [u, v]. We need Z,/Z" = (0|0)=, = compute (T(w))wr,
—u. l/n n

W—>C— éw—>z—

@/\©/\@

4 (2=
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Entropy and CFT

Single interval A = [u, v]. We need Z,/Z" = (0|0)%, = compute (T(w))r,

—u. l/n n

:>W—>Z—

W (=2t (s z=(

@/\©/\@

ﬂ—(UM) (v —u)?

(T(2))c =0= (T(wW))=, =

24 (w—u)?(w—v)?
To be compared with the (TW)P,(W)P_n(V))c  Ao(v—u)
Conformal Ward identities (On()P_n(V))e — (w—u)(w —v)?

Z,/Z" transforms under conformal transformations as ntt power of the two
point function of a (fake) primary field on the plane with scaling dimension

— — —(c/6)(n—1/n)
A(D:A(D:i(l*%):} Trpl:%:cn(vau)
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Entropy and CFT

Single interval A = [u, v]. We need Z,/Z" = (0|0)%, = compute (T(w))r,

—u. l/n n

:}W—)Z_

w—(=7"=—(—z=(

@/\©/\@

(1—(1/n) ) (v—uwp

<T(Z)>C =0= <T(W)>73n = 2% (qu)Q(Wf V)2
To be compared with the (TW)P,(W)P_n(V))c  Ao(v—u)
Conformal Ward identities (On()P_n(V))e — (w—u)(w —v)?

Z,/Z" transforms under conformal transformations as ntt power of the two
point function of a (fake) primary field on the plane with scaling dimension

— _ —(c/6)(n—1/n)
Bo=Bo= £(1-3)= Tephm 2 (YY)
zn a
. . . . c, ¢ /
Finally with the replica trick (v —u=4¢) = | Sa = 3 In 3 +
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Entanglement and CFT (generalizations)

Finite temperature

‘ 3
o

é L>p classical extensive
Sa=$log (%sinh %)—i—c{f: 5
log

, Lkp T = 0 non — extensive

wlo g,
[N I N

Sa= <log (i sin WT[) + ¢ Symmetric £ — L — £. Maximal for ¢ = L/2

-3
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Entanglement and CFT (generalizations)

Finite temperature

L>p classical extensive

Iog ¢ , LKL T = 0 non — extensive

Sa=%Slog(LsinZt) + ¢ Symmetric £ — L — £. Maximal for £ = L/2

Open systems (generally systems with boundaries)

A B - n—1 -
0 Il I Tr pa” —Cn(u) 12 ")éSAZEIOg%—l—c{

a

finite temperature Sa(3) = € log ( sinh %) +&

and finite size Sa(L) = £ log (£ sin Z£) + &

& — ci/2 = In g boundary entropy [Affleck, Ludwig]
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Correction to the scaling (Hystory)

1 L 4
S, = l_alnTrpf\:%(l—kofl)ln;sin%—kcg
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Correction to the scaling (Hystory)

0.9
0.8

5t
L 15 0.77
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Entanglement entropy
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X log L/m sin(m /L)

[Laflorencie et al '06]
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Corrections to the scaling: Guess?

SOZ:%(l—l—a_l)lné—i—c(’l + 7
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Corrections to the scaling: Guess?

SOZ:%(l—l—a_l)lné—i—c(’l + 7
+ (12 Toonaive : NOOO!
+ 72072) with x dim. Irr Op?
You know FSS, butitis WRONG!

Pasquale Calabrese Entanglement and CFT



Corrections to the scaling: Guess?

So = %(l—i—a_l)lné—i—c& + 7
+ £7'?  Toonaive : NOOO!
+ 72072) with x dim. Irr Op?
You know FSS, butitis WRONG!
+ (727 What? and x < 2 WHAT?

Sorry, thisis the right answer
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Corrections to the scaling: Guess?

So = %(l—i—a_l)lné—i—c& + 7
+ £7'?  Toonaive : NOOO!
+ 72072) with x dim. Irr Op?
You know FSS, butitis WRONG!
+ (727 What? and x < 2 WHAT?

Sorry, thisis the right answer

Numerical evidence for XX
model (with x = 1):

du(6) = Sall) — ST ()

F q }
10 100 l 1000 10 100 1 1000
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Exact Solution XX model

Sa(0) = SSFT(0) = (=) 2/ f, + ...

2 T2((1+1/0)/2) s

o= T (A= 1ja)2)

w2 1

T2 yodd
- 12 In b? ©
Soll) =S5 ' (£) =
o1,
2dnpe M

In a magnetic field:

Sa () — SSFT(0) = £, cos(2kgl)|2¢ sin ke |72/ +

PS: For the Ising model it is the same p, = 2/«
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XXZ Heisenberg chain

Su(6,L) = SSFT(, 1) + (-)'F, LLT - ”f] R

XX in Finite Size
All ¢ for several odd L from 17 to 4623 [~ 10° points]:

F(x)

-0.4

Fa(x) = cosmx ?
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XXZ Heisenberg chain

L ¥4
L

Su(6,L) = SSFT(, 1) + (-)'F, LT - ] R

|'~9 o-froce § womgrone § v X KLk |

A—O‘S oc—4

g s § oo § g § s

St L | e

ot oo s o T o 2t

A=0 a=6

A § o § somfuns. § sompas § ampes

0.2 04 06 0.8

0

02 04 06 038
X

P and Fy(x) are universal

Similar plots for any A, odd and
even L, any «

Pa =2K/a
F. depends on the parity of L
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Corrections to Scaling in CFT

Add an irrelevant operator ¢ of dimension x: S = Scrr + /\/<1>(z)d2z7

Change in free energy: —éF, = i =" / / (O(z1) . .. O(zn)) =, d2z1 ... d2zy
= N IR, Ry " ’

¢ = (z/(z = £))"" maps R, on the plane
1 —2x |GG 2, 2
SF) = —Zg(nt/e)' / / - — d’Gd*G.
2 o Jer 1 = 1HIG — 1T G - P

x—2)

For n — 1 small the integral is convergent! = corrections =
For larger values of n divergences as (; — 0 or co. Regulator € in z planel!
Any of them gives a multiplicative factor oc 2~/

Summing up: €72(X72)7(27X+(x/n))7(27X+(x/n)) — £72x/n

But x > 2 ...not only:

At the conical singularities relevant operators can be generated locally

The marginal case x = 2 introduces logarithms and has to do with c-theorem
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Disjoint intervals: History

A= [ur, vi] U [u2, ve]

In 2004 we obtained
Teph = &2 < |lur — a||vi — ve )6("1/")
AT o — vl — volfin — vl [tz — v

Tested for free fermions in different ways Casini-Huerta, Florio et al.
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Disjoint intervals: History

A= [ur, vi] U [u2, ve]

In 2004 we obtained
_ _ §(n=1/n)
Trg" — &2 |lur — a||vi — ve
A= <|U1 —vifluz — vof|tn — vo|[uz — i

Tested for free fermions in different ways Casini-Huerta, Florio et al.
For more complicated theories in 2009 Furukawa-Pasquier-Shiraishi and
Caraglio-Gliozzi showed that it is wrong!

|un — wo||vi — v §(n=1/m)
Trpfx:c,f( e ) Fa(x)
lin = wa|[uz = va[un — val|uz — wa

_ (mev)mow) _ b et
x = m = 4 — point ratio
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Compactified boson (Luttinger)

03(n7)03(7/n) [92(7)]4 1 2

Fa(x) = X = = R
0= T P 9:(7)

Compared again exact diagonalization in XXZ chain

P o B LA T
. i
".‘a 1
s
B Fl i i
=2 W
g3 oy 3 i e
o ) n=d k] ’
L - Lo soucpn ™™
[ | a1l 1202 ey 12 J
fad A G I (B A= 4y (L=30.24) o
. o | a1 frarmees T o
1] 0L 02 03 04 Dps O 0Ll 0 B3 04 ol n ' I[I-Dﬁluf‘:ﬁ) L L
riL ik T T 1 T
n4 n n
A 1L =l 285 BB F pegiten T R . R ]
g 06 . .
o7 \ -4 e
nap h N O . &
1 o b= (LB lag s' TR
= A r=0.36T) "’,; LI v
. i asb % [ i
- wa b # - "o b
ol L 12 fjmll 4303 o4 g 1 T
A N % LIL] W !
T e rhl I
ni edo2 |
o1
. b L L N i L

Entanglement and CFT
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Compactified boson

Using old results of CFT
on orbifolds Dixon et al 86

Iis an (n—1) x (n — 1) matrix

M= 'ZS'”< )ﬂk/ncos[27r (r_s)]’ﬁy:2Fl(y717y;1;1fx)
k=1

2Fi(y,1—y;1;x)

Riemann theta function ©(z|l') = Z exp [imm-T-m+2mim- z]
mezn—1
e Fp(x) invariant under x — 1 —xand n — 1/n

e We are unable to analytic continue to real n for general x and 7
e Only for n < 1 and for x < 1
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Compactified boson Il

n<Kl

—Fl(x) = %lnn— Di(x) + 2Dl(1 - x) with Dj(x) = _/

' dz 7z
=2
ieo | sin®mz

log H.(x)

Tasias
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Compactified boson Il

n<Kl

/ / _ ico
n— Di() + Di1 = x) with D{(X):_/ ‘i,z ,7;2 log H.(x)
2 I sin“mz

—F{(x) = % In

—ioco

Tasias

(L13) log (4/3)

0.2 04 05 08 1
n

xK1

= n S o = min :”*17//,,
Fl) = 1420 (35)" o = min(adfn) - Po= 30 s

—F{(x) =2"2%P{ + ...
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The XX model

The RDM of two intervals is not trivial because of JW string

3
RN
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i o
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CFT OK and 6, =2/«
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XX chain
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The Ising model

Monte Carlo for 2D and TTN for 1D

2
Trpz MC
T | L T T
i (i ------------- T ~i 2
13 - . Trpa TTN
K “
4 e — e R
/,,'f“ﬁlﬁ.* ERrs o . : ™ - |
/ Zyn
/ e T W ang, | .. .
127‘/ UL Al . . \\ s "
F { . Braw \ - -
2 - ° " - - i - - N
- ! 3 LY
f - 2
i et - * . Exlrapﬂl‘dlionl "
T T T . =2 i
. =3 K 1
. =5
=8
=10
= =12
= . (=15 . .
1 1 1 1 T 04 0.6 1
0 02 0.4 0.6 0.8 1 x
X

Large monotonic correction to the scaling! FSS analysis confirms:

Fu) = [ (L0 VI0)

1/2
V2 (1 1]
2

2
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The Ising model

Von Neumann

0.25 : : | :
| e = |
e :
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Fon 18 i _;/34'* * (=2 | 1
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The Ising model

do = 1/ because

of Ising fermion!

134 | P oo o o o |
o T . . °
e e e . Ising chain °
N . Lo
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P ° extrapolation ‘6_/':.“:::“"" : e vt
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EE ‘ N
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X X
28F
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Take home message

Entanglement entropy naturally encodes
universal features of quantum systems
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