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Introduction

AdS/CFT correspondence

(type 11B super) string
theory in AdSsxS®

Is dual to a 4 dimensional conformal field theory
(N=4 SYM)

Local operators < String states



Introduction

AdS/CFT duality

SU(N) Super Yang-Mills : s — g% dix tr {% F2,+(D,®;)" — %[@i,cbj]z +fermions}
Y M

A= g}Q/MN "t Hooft coupling

Anomalous dimensions of YM = spectrum of 2D integrable field theories

Symmetry: psu(2, 2‘4)



Introduction

AdSs x S° super string

10d super string action Is a super coset model

PSU(2.2|4)
SP(2.2) x SP(4)

su(2,2|4) algebra is spanned by 8x8 matrix

(AB)
cf\D

A and D belong to u(2,2) and u(4) and
the fermionic fields B and C obey

: f Lhe O
gl
=5 ( 0 —Hzxz)




Introduction

AdSs x S° super string

su(2,2|4) algebra enjoys the Z, automorphism

0 -1 0 0

: EATE —ECTE 10 0 0

(o N = =

oMl (EBTE ED'E ) E=10 0 0 -1
00 1 0

any algebra element can be split into

S0 o MW, where Q o M0 = "1™

i=0 ~

then the action reads



Introduction

AdSs x S° super string

In some particular parameterization the bosonic part of the action is

\ 27
Sb == \/__/ do / dTh“'/(ﬁpju ° 81/U — 8M'U . 81/'0)
47 JO
With a constraints
1 zug—l-u%—l—uﬁ—l—ug—l—u%—l—u%

1=v%+v§—v£—v§—v%—v%

Fermionic part is more complicated
Sp = @ f d®ovVhhtra |V oLV (00,0 — 0,0 0) + UduU (8,06 — 00,0

i / d°o e try [V@MBtUﬁye + 9,0U 8,0V ]+O(94)



Introduction

Classical integrability

Motion of the string:
02ug + (Bupdu)ug = 0

Infinitely many
Integrals of motion:

Q(x,7) = Pexp j{y( )Ag(a:)da , € C

Flat connection (on eq. of motion):

Bena, Polchinski, Roiban;

Kazakov, Marshakov, Minahan, Zarembo;

A(a:)—J(O)+x Tl 22, ;o
X

Eigenvalues = integrals of motion
Qz) = (A1(z), A2(z), A3(2), Aa(2)|p1(z), po(z), p3(z), palz))



Introduction

Classical intgrability

According to Beisert, Kazakov, Sakai and Zarembo, we can map a classical string motion
to an 8-sheet Riemann surface

1 ) i i i 5 5 i Eigenvalues of
{6 1 € D2 € D3 , € D4 |t’:‘:‘ D1 € D2 € P3 € P4} a monodromy

matrix
§ﬁ — i§

p:_—p; :2?1'?13_}. ) LEEC:E




Introduction

Integrability in 2D

Operator corresponding to an integral of motion On

Cnlk) = wn(k)lk)

Between in and out states .

Out<p17 IR 7pm|c’n‘k17 RN km’)’b’n

The outgoing momenta are constrained:

An =) wn(ky) =) walp) , n=1,...
i i

The only solution:

m=m'" {ki} = {pi}
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S-matrix factorization

“ e—ian eiG’”’ of

< >

Ya::ii’1ii'ii;inon

pl p2 p3 pl p2 p3




Introduction

Asymptotic spectrum

* For spectral density we need finite volume

o O 06— 00—

W(z1+L,zo,...) = ePES(p1,po) ... S(p1, pn)W(z1, xo,...)

* From periodicity of the wave function

M
i = T] S(psp;)
j=1



Introduction

Asymptotic spectrum

Beisert, Staudacher;

Beisert, Hernandez, Lopez;

i= Beisert,Eden,Staudacher
1 - ﬁug,k—uu—z = Uy k —*t-'faj"lfiii'lﬂz,ﬁ..-—‘Ufl.;"i'i~
fsz.k—u_g;«l-iJ | U2k = U, %j lﬂz,k"ul.y'%
1 ﬁuiﬁ.k—“h + % Iu—-ﬂL
_J 1 Uk — Y25~ g 50 Tak — Ty

-\L g K L
Lok 1-[’1:  — g +i o+ (1-1/27 2, .
4,k 4,k 1, 4,k™4,
1= ( H ) u-:k—u-:j—i 1-[( }) g"(%.kﬁ-l_‘;]
: - ;

-
ik 1-— lfza..ﬁ-:.;

K - Kz — K- K: -

—1- /24215 v Tax — T35 1 = 1/z @7,

Ty — Tsj
4.k 2.7 .
X [ [ + I I T I I + I I + :
jml = lfr‘m.llﬁ-xl.j j=1 P o K jml Tap — T5j jmi IS lfx.q,,k-’fi'.;

i Ka +
1 _ I‘I us g — Ug; + i L5k — I-I.J

i N |
Usk —Usj — 7 o) Tk T Ty

j=1
1= ﬁ Ug k= Ugj — 1 h Uek —Usy +§ TT Usk — urg +4
sk ek — U6y TR Ugk —us; — § ) Usk — U7 — 3
- i K +
T urk —usy + 35 o L~ 1@y
1=Hu- - ~J—iHl—1f(" 1-:.
j=1 47, Ug,j 2 j=1 E*'I"T"‘-J‘
o lot el p= Yo=Yt
T g T g k k Tak T4k



Introduction

Integrability in ' =4 SYM

OZ(:U) — tl’q)lCDQCDlCD]_CDlCDQCDQCDlCD]_CD]_

ren __ ry bare 1 a4z - Mixing matrix —
O = 2 (A)Oﬂ I'=2z dlog A  integrable Hamiltonian

At one Ioop [Minahan, Zarembo 2002&2008]
. ) M
s =2 L Muj—uk—l—z = g9
o~ =-11 : TS 2 1/a
u; — i p—1 Uj — Uk — 0 k=1 Yk

oM
et = T[ S(wi,p;)
j=1



Finite size spectrum
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Some 2D Integrable models

cosh{nil)

——00 80— 0—0—  04) o-model

LU N e

@ SU(2) Chiral Gross-Neveu

OO0 00—  003) o-model
Vo
®- — —-’\f‘ Sine-Gordon with *=8a(1-1/v)
\'—IE’_-:'
9] 4
T P ;—l‘_r. - . A -
9= =0 -Q Super-sine-Gordon Ya,sYa,s (1 + Ya,s—i—l ) ( 1 + Ya,s—l )
] p—
T Yoi15Ye (1+ Y, 1+ Y, )
OO 00— Current-current perturbation of SU(2) WZEW a+1 §Ha— 1 S + a+1 ) + a—1 5
C O
OO0 —"::;: Sausage models
I =

SU(N+1) Principal Chiral Field

...Bazhanov, Lukyanov, Zamolodchikov, | ...Destride Vega,

P.Dorey, Toteo... Bytsko ,Teschner....

SO2N) g-model

exp{nify exp{-mif)

00— WEW SU2) off-critical
| k-1

OO0 O(3) o-mode] with -8 term
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Y-system for AdS/CFT

Ya—i_syajs L (1 + Ya,s—i—l)(l + Ya,s—l)

Ya—l—l,sYa—l,s (1 + Ya—l—l,s)(l + Ya—l,s)

log (1 + Ya,O(u))_I_Z ¢j(ua ;)

Yio(ug ) = —1



Quasiclassical quantization
From the algebraic curve



(Quasi-classical quantization

Quantization of the curve

For any given classical solution

We can compute the first quantum correction to the energy
(and any other conserved charge) by deforming in an appropriate way
its algebraic curve!

E=Eq+E + O1/VA)



(Quasi-classical quantization

spectrum of fluctuations

Consider some classical solution:

P S oo m— /
R
We can excite it by a small extra cut:

P . /
~———
The action variables are known to be:

A7
fg;ij pi(z)dz = ﬁNi' :> Spectrum of excitations is quantized
n




(Quasi-classical quantization

1-loop energy shift

For the harmonic oscillator we have

E:M(N+;)

So far we understood how to get
Z > , T
EJ = E(==)—-E(=
T
Now we can compute shift of the energy level due to the zero point energies

fo=5 D (1)

n=—o0 1j




(Quasi-classical quantization

1-loop energy shift

Poles can be only at the

For the harmonic oscillator we have
specia points of the curve

p.l _— > @ @ @ o

u, i gg ______ E— {g _____ SN p _____

u. S O S O : pi()) = py(a3)) = 2mn
- N S ayv ¢ ¢ xCct / p3

u, S S SN O SN (N S

. | 0 0P =) 151 S S S ) 1] S S — For bosons

u. P = 4 SN SR & S - S—— )\ — )\ ) H’i:u'j
" CC At € e ¢ (4 4 — pﬁ.

u, B ¥ éé éé § — 1, For fermions
I 2 — i = 1

We can rewrite the sum as an integral

1) F o () /] b= = 0N,
_ZZ( 1—123’_1-‘!1_32 =

(ij) n




One-loop spectrum from
Y-system



(Quasi-classical limit of Y-system

Strong coupling solution

At strong coupling:

¢ . det (Sfj’SHyf_4_{a+gjej"g_2)
(_1)[a+1)5 ( T3Ty ) _ 1<i,j=4 L oa> |S|
Y1Y2Y3Y4 det ( Sfj,o_g yf —4—(0+2)8 j,g_g) - —
_ 1<i,j<4
Tas =4 det(Zgl—ﬂj,alE?—j—us—zbc1—9ja3)
1 1 1<i, j<2 ~
det (ZFI—E-‘j__.DJZ?—j+{D—E){l—BjED}) , S = +a
\ ' ' 1<i,j<2
Hirota equation:
2
Ta,s — a—l—l,sTa—l,s + Ta,s—l—lTa,s—l
A4
— Ta—I—l,sTa—l,s : ,
a,s — Ta,s—l—lTa,S—l SR 7R
e
General solution is given by characters e
With 8-paramiters (from V.Kazakov’s talk) A
# 208 P e
(581,332,$3,£C4|y1,y2,y3,y4) % ’ % g




(Quasi-classical limit of Y-system

Strong coupling solution

When number of Bethe roots scalesas 4/ and Uj ~ VI~ L

@=0.1333

M=30 , My=10 | L=300

- a=0.1
@y=0.0333333
0.30
02 _.r"/_
0.20 £
o
0.1 i
0.10 '%_ -
0.0 _______.--"'

" 0.05 0.10 0.15 0.20 0.25 0.30




Strong coupling solution

(Quasi-classical limit of Y-system

Generating functional for the asymptotic solution (from V.Kazakov’s talk)

0 __ 1 | 1 | :
> TR (uti'y") Df :[1_T?111D] ' [1—T{{‘12D} - [1—T{tfﬂ] : [1—T{{’5D} : D = ¢ "u
5—0 ' , : ._
~_— Ky 1 —]/(T_'_ff_-) ) _ — K, r™ — 7.
T{{,ll(u) — Ql H ' - ; 4,5/~ 4,9 ) Tll_{,l2(u) — Q] 2 H 4,7
’ QY i 1 — ]/(.T'+UL_1|_J) T~ — a’:IfJ ’ Q7 Q2 T .,L,J{J
R,3 Qy Q: T Ty R4 :
i - S A - &
3

In the scaling limit becomes:

p
i TR ps = (1-=XD)(1-X2D) -1%

(1= pD)(1 — p2D) 1

s=0 ’
P
A




(Quasi-classical limit of Y-system

Strong coupling solution

lim EIDO'TE?’S—U s=-2.-1.0,1.2
a——+00 @ DTQ,S_ 3 - b y My by
1 T2
lim - log 2T —0, a=1.2
§—+00 § Tr:r,s ' ' _ I .
' y-i—)\iﬁ I; = g ?;—1?...,4
1 T3 s

SEIE]-DC E ]Dg TC!.,S - {] ? ¢= 1? 2

T{',?,S — gg T{-{':S

Thus very naturally we have:

T, s = Str,

Natural quantum generalization:

Tos = (state|Str, sQstate)



(Quasi-classical limit of Y-system

Strong coupling solution

1) For a given classical solution we compute

Q(z,7) = Pexp}{ As(x)do , x € C

2) Diagonalize it v(7)

Qz) = (AM(2), A2(2), A3(2), A4 () |p1(2), pa(z), p3(z), na(z))
3) Compute super-character

T11= ()E (A2 - A3) (Az - Ag) + A3 A3 Ag — A3 Ag Uy Hp U3 +
AT (A2 = A3) (Az = Aq) (Ag = U1 - Lo - Us - Ua) - A3 Ag U1 Up Ha — A3 Aq Uy U3 Hg -
Az Ag Lo L3 g + A3 Uq Lo L3 Ug + Ag U1 U L3 g — .15 Ag Ay (U9 + o + g + UUyg) +
Az (—H1 Mz M3 tlg + A3 Agq (U3 Ua + Mg (U3 + MHa) + U1 (M2 + U3 +Ua) ) ) +4q
(—Rg (A3 + Ag) — U1 Lo L3 g + A3 Ag (U3 Ug + Uz (U3 + Ug) + U1 (U + U3 + Ug)) +
)é (Ag (L1 + Uz + L3 + Ug) + A3 (Ag + Ly + Lo + U3+ LUa)) -
Az (U1 Mz U3 - M1 Uz Ha — M1 U3 e — Uz U3 Hag +
Ag (U3 Ug + Uz (U3 + Ua) + L1 (U + U3 + Ua)) + A3
(Up U3 + Up Ha + L3 Ha + 1 (Hp + H3 + Ha) + A (U1 + Lo + L3 +La))) ) )/
((A1 - A3) (Az - A3) (AL - Ag) (A2 - Aq))



(Quasi-classical limit of Y-system

Strong coupling solution

For some particular combinations the result is very simple:

0o . (1 — i/ A)(1 = Ai/ )
* y (L= 1/ p5) (1= Aif Aj)

a=1 1=1,2 7=3,

The expression for the energy becomes:

du Oeg

oo 271 Ou

E = Z €(u4z)+z /

1=1

l0g (1 4 Y,,0(u))

Coinsides with the expression from the quasi-classical quantization!

Uz z
—ZZ( 1)fw(e) — / AN, _ — /2 = /)
(i) n Jo12m 1 —22 7 A= :Z — i/ 1) (1 = Ai /)



Numerical solution of
Y-system



Numerical solution of Y-system

By iterations

Bazhanov, Lukyanov, Zamolodchikov,
P.Dorey, Totteo

Bombardelli, Fioravanti, R.Tateo
N.G., Kazakov, Vieira
Arutynov, Frolov

10g Yo (u) = / Kom (1, ) 10g(1 + Y (v))dv

+Ppn(u)

y=p(x)

=
=
o

F
L)

=
=¥



Numerical solution of Y-system

Simplest (Konishi) operator

O=tr(ZZWW ) —tr(ZW ZW)

Konishi state Konishi state

Ag(A)

AK{I\)_Z \Yx

Fit:

Ajp = )\ (1.0002 + —

0994 130 3.1
NV ) - \3/2 s



e \We know the general strong coupling solution of Y-
system

e Also large L and weak coupling solutions are
known In general

® More tests should be done
e Application (BFKL, n1.n....)

e YY? Hidden structures in the perturbation theory
from the gauge side



