Advanced quantum mechanics
TD 2 : Spontaneous emission and reabsorption : the
Wigner-Weisskopf model

Kris Van Houcke (kris.van.houcke@phys.ens.fr)

Consider a scalar model for the electromagnetic radiation in a one-dimensional box of size [0, L] with
periodic boundary conditions. We restrict to positive wave vectors k > 0; physically this corresponds
to a situation where the radiation propagates only in one direction. The dispersion relation for the free
field is given by w = ck. A two-level atom is placed at position x = 0 and is coupled to the radiation.
The Hamiltonian of the system can be written in the form H = Hy + V with

Hy = Zhwndldn—khwﬂ@ (e] and V:vz (|e> (g| &, + al |g) <e\) : (1)

The operators @, and al, annihilate and create a photon in the mode n, hw,, = hck, = he(2mn/L). We
write the following relations :
2mhe

hwy, = né with 0= T (2)
We use the notation Ey = hwg = ngd. The two-level atom transition is at resonance with a photon
of angular frequency wg and wave vector kg, and we will use a cutoff on the coupling v at an energy
E = 2FEj such that the photonic states with & > 2ky are not coupled to the atom. During the whole
exercise we will restrict to states with zero or one photon.

1. Calculate PG(z)P, where G(z) is the resolvent of the Hamiltonian H and P projects on the
state |¢) = |e;0) (i.e. atom in excited state and zero photons in the cavity), in the limit where
FEo — oo with z — Ejy fixed. See the appendix for some reminders. We will use

§:Z—E0; ﬁ:n—ng; E:E—Eo, (3)
and the identity
+oo 1
Z =T cotan(rz) , (4)
l=—00 “7

with z being a non-integer complex number.

2. How can one determine the spectrum of the effective Hamiltonian from this expression for
PG(z)P? Graphically solve the equation for the eigenvalues E,, and show that there is only
one eigenvalue in each of the intervals |md, (m + 1)d] for integer m.

3. Determine the probability amplitude at time ¢t > 0 for the system to remain in the initial state

|1)(0)) = |e; 0) in the form of a sum over m (which labels the eigenvalues E,,).

4. In Fig. 1, we show a numerical evaluation of the expression found in the previous question. Explain
qualitatively the presence of revivals in the probability of finding the system in the initial state
by using an approximate property of the spectrum of H. Use the non-perturbed spectrum of H
to estimate the time when the first revival takes place.

5. Take the continuum limit §,v — 0 at constant & = v?/J, replace the sum with an integral, and
2T ~

interpret the result. Use the notation : I' = 0.
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FIGURE 1 — The probability | (| U(t) |¢) |2 for the system to remain in the initial state |¢) at function

of the time ¢. We took § = 0.2AT" with Al' = 27v? /4.

6. Show that one can obtain the same result by taking the limit of a continuous spectrum directly

in PG(z)P. Calculate PG(z)P in the continuous limit for Im(z) > 0 and perform an analytical
continuation to the lower half-plane.

. We finally consider the model with continuous spectrum : the discrete excited state |e) of bare
energy Fjy is coupled to a continuum of field modes |E) with energy 0 < E < A, and (E|E’) =
d(E — E'). Like before, the model has a sharp high-energy cutoff A = 2Fj. The Hamiltonian is

X A A
H:Eo|e><e|—|—/0 dEE|E><E|+/0 dE (V(E)|E){e| + V*(E) |e)(E]), (5)

where V(E) = (E|V|e) is the matrix element coupling |e) to the continuum mode at energy E.
We take the constant coupling matrix element

V(E)=Vy forall E>0.

(a) Determine (e|Heg(2)|€). Then (e|G(z)|e) and its analytic structure.
(b) Determine again the survival probability amplitude (e|U(t)|e). Evalulate the integral by
performing analytic continuation of (e| G(z) |e) to the lower-half plane.

Appendix : some reminders from the lecture

The resolvant of the Hamiltonian H is defined as the operator

G(z) = z—lfl

(6)

In the theory of effective Hamiltonians, one generally introduces a subspace-projection operator P
that commutes with the non-perturbed Hamiltonian Hy. The complementary projection operator is

Q — 1 — P. The central result is
. A 1

2P — Hepr(2)

(7)



Note that we written 2P instead of z in the denominator, just for clarity. The operator ﬁe 7f(2) is
given by
fys(o) = PHP+ PVO— OGP ®)
2Q —QHQ
with V the perturbation, such that H=Hy+V.
Let us recall the lipk betwe§n the evolution operator and the resolvant operator. The so-called retarded
Green’s function Uy (t) = U(t)O(t), with O(t) the Heaviside function, is solution of

m%m(t) — AU (1) + () | ()

which corresponds to the usual equation for U (t) with an extra inhomogeneous term ihd(t). The Fourier
transform of Uy (t) gives

A +m . A~
FTU(E) = / dte’ PV (t)e (10)

-hoo A

_ / dtei(E+in=H)t/h (11)
0

— L (12)
E+in—H

= ih G(E +in) (13)

where a convergence factor e/ has been included. We let 17 go to zero at the end of the calculation.
Taking the inverse Fourier transform, U, () is expressed in terms of the resolvant :

R t© JB - R
— o= i /h . .
0, (#) / g i G(E i) (14)
dz _, t/h A
— 1z 1
Au%f Gl2) | (15)

with C the path shown in Fig. 2 Similarly, the advanced Green’s function is U_(t) = —U(t)O(—t).
Its Fourier transform

FTIU_)(E) = ihG(E —in). (16)

~

Again one can take the inverse Fourier transform. Subtracting U, (t) — U_(t) = U(t) gives the general
result :

~ dz . R
Ult :/ —Z e G(2) | 17
(t) oo o 2 (2) (17)

with the paths shown in Fig. 3. Note : if we are only interested in times ¢ > 0, we could just use (15),
as was done in the lecture.
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FIGURE 2 — Scheme of the complex plane defining the argument of the resolvent operator G’(z)
The Hermitian nature of the Hamiltonian ensures analyticity of the resolvent away from the z-axis.
One expects poles on the z-axis corresponding to discrete eigenstates (green cross), and a branch cut
corresponding to the continuous eigen-spectrum (red segment). The contour C is shown in blue. The
model discussed in this TD is discrete, so there is no branch cut in our case.
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FIGURE 3 — The contours C; and C_.



