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Consider a scalar model for the electromagnetic radiation in a one-dimensional box of size [0, L] with
periodic boundary conditions. We restrict to positive wave vectors k > 0 ; physically this corresponds
to a situation where the radiation propagates only in one direction. The dispersion relation for the free
field is given by ω = ck. A two-level atom is placed at position x = 0 and is coupled to the radiation.
The Hamiltonian of the system can be written in the form Ĥ = Ĥ0 + V̂ with

Ĥ0 =
∑
n

ℏωnâ
†
nân + ℏω0 |e⟩ ⟨e| and V̂ = v

∑
n

(
|e⟩ ⟨g| ân + â†n |g⟩ ⟨e|

)
. (1)

The operators ân and â†n annihilate and create a photon in the mode n, ℏωn = ℏckn = ℏc(2πn/L). We
write the following relations :

ℏωn = nδ with δ =
2πℏc
L

. (2)

We use the notation E0 = ℏω0 ≡ n0δ. The two-level atom transition is at resonance with a photon
of angular frequency ω0 and wave vector k0, and we will use a cutoff on the coupling v at an energy
E = 2E0 such that the photonic states with k > 2k0 are not coupled to the atom. During the whole
exercise we will restrict to states with zero or one photon.

1. Calculate P̂ Ĝ(z)P̂ , where Ĝ(z) is the resolvent of the Hamiltonian Ĥ and P̂ projects on the
state |ϕ⟩ = |e; 0⟩ (i.e. atom in excited state and zero photons in the cavity), in the limit where
E0 → ∞ with z − E0 fixed. See the appendix for some reminders. We will use

z̃ = z − E0 ; ñ = n− n0 ; Ẽ = E − E0 , (3)

and the identity
+∞∑

l=−∞

1

z − l
= π cotan(πz) , (4)

with z being a non-integer complex number.
2. How can one determine the spectrum of the effective Hamiltonian from this expression for
P̂ Ĝ(z)P̂ ? Graphically solve the equation for the eigenvalues Ẽm and show that there is only
one eigenvalue in each of the intervals ]mδ, (m+ 1)δ[ for integer m.

3. Determine the probability amplitude at time t > 0 for the system to remain in the initial state
|ψ(0)⟩ = |e; 0⟩ in the form of a sum over m (which labels the eigenvalues Ẽm).

4. In Fig. 1, we show a numerical evaluation of the expression found in the previous question. Explain
qualitatively the presence of revivals in the probability of finding the system in the initial state
by using an approximate property of the spectrum of Ĥ. Use the non-perturbed spectrum of Ĥ
to estimate the time when the first revival takes place.

5. Take the continuum limit δ, v → 0 at constant ṽ ≡ v2/δ, replace the sum with an integral, and
interpret the result. Use the notation : Γ = 2π

ℏ ṽ.
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Figure 1 – The probability | ⟨ϕ| Û(t) |ϕ⟩ |2 for the system to remain in the initial state |ϕ⟩ at function
of the time t. We took δ = 0.2ℏΓ with ℏΓ = 2πv2/δ.

6. Show that one can obtain the same result by taking the limit of a continuous spectrum directly
in P̂ Ĝ(z)P̂ . Calculate P̂ Ĝ(z)P̂ in the continuous limit for Im(z) > 0 and perform an analytical
continuation to the lower half-plane.

7. We finally consider the model with continuous spectrum : the discrete excited state |e⟩ of bare
energy E0 is coupled to a continuum of field modes |E⟩ with energy 0 ≤ E ≤ Λ, and ⟨E|E′⟩ =
δ(E − E′). Like before, the model has a sharp high-energy cutoff Λ = 2E0. The Hamiltonian is

Ĥ = E0 |e⟩⟨e|+
ˆ Λ

0
dE E |E⟩⟨E|+

ˆ Λ

0
dE

(
V (E) |E⟩⟨e|+ V ∗(E) |e⟩⟨E|

)
, (5)

where V (E) = ⟨E|V̂ |e⟩ is the matrix element coupling |e⟩ to the continuum mode at energy E.
We take the constant coupling matrix element

V (E) = V0 for all E ≥ 0.

(a) Determine ⟨e|Ĥeff(z)|e⟩. Then ⟨e|Ĝ(z)|e⟩ and its analytic structure.
(b) Determine again the survival probability amplitude ⟨e|Û(t)|e⟩. Evalulate the integral by
performing analytic continuation of ⟨e| Ĝ(z) |e⟩ to the lower-half plane.

Appendix : some reminders from the lecture

The resolvant of the Hamiltonian Ĥ is defined as the operator

Ĝ(z) =
1

z − Ĥ
. (6)

In the theory of effective Hamiltonians, one generally introduces a subspace-projection operator P̂
that commutes with the non-perturbed Hamiltonian Ĥ0. The complementary projection operator is
Q̂ = 1− P̂ . The central result is

P̂ Ĝ(z)P̂ =
1

zP̂ − Ĥeff (z)
(7)



Note that we written zP̂ instead of z in the denominator, just for clarity. The operator Ĥeff (z) is
given by

Ĥeff (z) = P̂ ĤP̂ + P̂ V̂ Q̂
Q̂

zQ̂− Q̂ĤQ̂
Q̂V̂ P̂ , (8)

with V̂ the perturbation, such that Ĥ = Ĥ0 + V̂ .
Let us recall the link between the evolution operator and the resolvant operator. The so-called retarded
Green’s function Û+(t) ≡ Û(t)Θ(t), with Θ(t) the Heaviside function, is solution of

iℏ
d

dt
Û+(t) = ĤÛ+(t) + iℏδ(t) , (9)

which corresponds to the usual equation for Û(t) with an extra inhomogeneous term iℏδ(t). The Fourier
transform of Û+(t) gives

FT [Û+](E) =

ˆ +∞

−∞
dteiEt/ℏÛ+(t)e

−ηt/ℏ (10)

=

ˆ +∞

0
dtei(E+iη−Ĥ)t/ℏ (11)

=
iℏ

E + iη − Ĥ
(12)

≡ iℏ Ĝ(E + iη) (13)

where a convergence factor e−ηt/ℏ has been included. We let η go to zero at the end of the calculation.
Taking the inverse Fourier transform, Û+(t) is expressed in terms of the resolvant :

Û+(t) =

ˆ +∞

−∞

dE

2πℏ
e−iEt/ℏ iℏ Ĝ(E + iη) (14)

=

ˆ
C+

dz

2πi
e−izt/ℏĜ(z) , (15)

with C+ the path shown in Fig. 2 Similarly, the advanced Green’s function is Û−(t) ≡ −Û(t)Θ(−t).
Its Fourier transform

FT [Û−](E) = iℏĜ(E − iη) . (16)

Again one can take the inverse Fourier transform. Subtracting Û+(t)− Û−(t) ≡ Û(t) gives the general
result :

Û(t) =

ˆ
C+∪ C−

dz

2πi
e−izt/ℏĜ(z) , (17)

with the paths shown in Fig. 3. Note : if we are only interested in times t > 0, we could just use (15),
as was done in the lecture.
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Figure 5: Scheme of the complex plane defining the argument of the resolvent operator
Ĝ(z). The Hermitian nature of the Hamiltonian Ĥ0 ensures analyticity of the resolvent
away from the x-axis. One expects poles on the x-axis corresponding to discrete eigen-
states (green cross), and a branch cut corresponding to the continuous eigen-spectrum
(red segment). The contour C+ used for integration in (1.77) is shown in blue.

1.2.3 Emergence of exponentially decaying dynamics

We come back to our problem of a single discrete eigenstate |Â0Í of energy E0 of the
unperturbed Hamiltonian Ĥ0. A perturbation V̂ couples it to the complementary
subspace, and we focus on the resonant coupling to a continuum, as represented in Fig. 5.

We first note that, as soon as the discrete state is resonantly coupled to the continuum,
one expects it to merge with the continuum (see Fig. 6a and b). We are interested in the
computation of the decaying probability in |Â0Í, given by squared norm of the matrix
element

ÈÂ0|Û+(t)|Â0Í =
⁄

C+
e≠izt/~ÈÂ0|Ĝ(z)|Â0Í

dz
2ifi . (1.81)

In order to express this integral in simple terms, we consider the analytic continuation
ĜÕ(z) of the resolvent operator from the upper plane down to the lower plane. This
continuation allows us to shift the branch cut from the real axis to a line oriented
vertically within the lower half plane (see Fig. 6b and c).

Under reasonable assumptions discussed in the following, the discrete eigenstates of
Ĥ0 resonant with the continuum appear as poles E Õ

n of GÕ(z) in the lower half plane. We
write these poles as E Õ

n = En + ~(�n ≠ i�n/2), where �n represents the modification of
the energy due to the coupling to the continuum (corresponding to the Lamb shift in a
context of spontaneous emission) and �n is the decay rate into the continuum. We also
introduce the eigenstates |ÂÕ

nÍ associated with E Õ
n. The evaluation of the integral along

C+ can then be transformed into the integral over the contour C Õ
+ shown in Fig. 6c, under

the following assumptions:

1. the radius R of the semi-circle is chosen very large, and the matrix element
ÈÂ0|Ĝ(z)|Â0Í should decay fast enough with |z|,

2. the integral along the two vertical lines on both sides of the branch cut can be
neglected.
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Figure 2 – Scheme of the complex plane defining the argument of the resolvent operator Ĝ(z).
The Hermitian nature of the Hamiltonian ensures analyticity of the resolvent away from the x-axis.
One expects poles on the x-axis corresponding to discrete eigenstates (green cross), and a branch cut
corresponding to the continuous eigen-spectrum (red segment). The contour C+ is shown in blue. The
model discussed in this TD is discrete, so there is no branch cut in our case.
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FIGURE 5 – Chemins orientés C+ et C° dans le plan complexe intervenant dans l’expression intégrale (380) de

l’opérateur d’évolution en fonction de la résolvante.

dans le sens des E décroissants, comme indiqué sur la figure 5. Comme G(z) est analytique dans le

demi-plan supérieur, on peut en fait déformer ou déplacer C+ librement dans le demi-plan supérieur.

On fait maintenant ¥! 0+ pour obtenir le résultat central :

U+(t ) =
Z

C+

dz

2iº
e°izt/flG(z). (377)

Le raisonnement précédent s’étend directement à la fonction de Green avancée :

U°(t ) =°Y (°t )U (t ). (378)

La transformée de Fourier vaut :

TF[U°](E) = iflG(E ° i¥). (379)

En effectuant la transformée de Fourier inverse et en la soustrayant à la relation (377), on obtient

l’expression générale valable à temps quelconque :

U (t ) =
Z

C+[C°

dz

2iº
e°izt/flG(z), (380)

où le chemin C° dans le demi-plan inférieur est orienté dans le sens des énergies croissantes, comme

indiqué sur la figure 5.

Une application importante de la relation (377) est la mise en évidence de contributions décrois-

sant exponentiellement aux temps longs dans l’opérateur d’évolution, en particulier dans l’amplitude

de probabilité h¡|U (t )|¡i de trouver le système dans son état initial |¡i après évolution pendant t > 0.

Pour cela, on effectue d’abord un prolongement analytique de la résolvante à travers sa ligne de cou-

pure du demi-plan supérieur au demi-plan inférieur : comme indiqué sur la figure 4, la nouvelle ligne

Figure 3 – The contours C+ and C−.


