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1 Effective dynamics of quantum systems

The Schrodinger equation provides, in principle, a complete description of the dynamics
of an isolated quantum system. In practice, however, the full microscopic description is
often neither necessary nor useful. A physical system may contain degrees of freedom
that are inaccessible to measurement, evolve on very different time scales, or interact
only weakly with the degrees of freedom of interest. In such situations, we seek a simpler
description that retains the relevant physics while eliminating unnecessary details.

This idea of an effective description is ubiquitous in quantum mechanics. We may,
for example, follow a system while its Hamiltonian is slowly varied and find that its
dynamics is governed by the instantaneous eigenstates of the Hamiltonian. We may
eliminate weakly coupled excited states and obtain an effective interaction between
low-energy states. Or we may describe a small quantum system coupled to a large
environment, in which case its evolution is no longer described by a wave function
evolving unitarily, but by an effective equation for its density matrix.

These apparently different situations share a common structure: we start from a
more complete quantum description and identify a regime in which a reduced description
emerges. The purpose of this chapter is to develop several of the main tools used to
construct and understand such descriptions. Along the way, we will encounter geometric
phases, effective Hamiltonians, spontaneous emission, and Markovian open-system
dynamics.

1.1 Effective description and separation of energy scales

A central strategy in quantum mechanics is to replace a complicated description by a
simpler one that captures the physics relevant at a given energy or time scale. The basic
idea is to separate the degrees of freedom of a system into a set of states that we want to
keep (subspace A) and another set that can, under suitable conditions, be eliminated
(complementary subset B).

The full Hilbert space can then be decomposed into the direct sum A ¢ B, and we
define the projectors Pand Q =1 — P onto the two subspaces A and B, respectively.
The dynamics of the system is governed by a Hamiltonian H, which can be decomposed
as a block matrix in the A ® B basis:

H= (13[1‘“‘ [fAB> (1.1)
HBA HBB

where Hyy = pﬁ[ﬁ, Hap = 15?[@, Hpa = Qﬁp, and Hpp = QF[Q The Eiiagonal
blocks describe the dynamics within each subspace, while the coupling Hap and
Hpy = HL g describe the coupling between the two subspaces.

1.1.1 Formal expression of the effective Hamiltonian

Our objective is to establish an effective description of the dynamics within the A
subspace, which is valid when the energy scales associated with the B subspace are well
separated from those of the A subspace. More specifically, considering an eigenstate [1))
of energy E, which satisfies the Schrodinger equation

HJy) = ElY), (1.2)

b}
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Figure 1: Scheme of the level structure of the unperturbed Hamiltonian Hy, which
exhibits a subspace A well separated in energy from the complementary subspace B.
We are interested in deriving the effective dynamics within A under the action of the
perturbation V', which couples together states within each subspace, as well as states of
different subspaces.

we aim at finding the Schrédinger equation for P ) as
HeaPly) = EP|Y). (1.3)
The energy E should be chosen within the energy range of the A subspace.

The Schrédinger equation A |1) = E|) gives two coupled equations projected onto
the A and B subspaces:

Eﬁ|¢> = ]:IAAP|@/)> + FIABQ|¢>7 (1.4)
EQ|¢> = ]:IBAPW) + ]:IBBQ|¢>' (1.5)

The second equation can be formally solved for the component in the eliminated

subspace:
~ 1 A
) = 5 arg Q) (16)
This expression assumes that the energy E is chosen away from the energy range of the
B subspace, so that the operator £ — QH(Q) is invertible.
Substituting this expression into the first equation, we obtain an effective Schrodinger

equation for the component in the A subspace:

Hea(E)P|y) = EPJ), (1.7)
where we introduce the effective Hamiltonian
~ ~ A A A A A 1 A A A
Hg(FE)=PHP+ PHQ————QHP. 1.8
o) YT (18)

It is important to stress that the effective Hamiltonian is parametrized by the energy FE.
The eigen-energies F of the system are therefore the solutions of the implicit equation
det[E — He(E)] = 0. (1.9)

The operator 1/(E — QI:I Q) is a resolvent of the eliminated subspace. It describes,
in a compact way, the virtual propagation of the system through the states that have
been removed from the effective description. This observation will become particularly
useful when we consider perturbative expansions.
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1.1.2 Perturbative expansion of the effective Hamiltonian.

We now consider the case in which the Hamiltonian can be decomposed as H=H,+ V,
where H, does not couple A and B subspaces, and Visa perturbation that couples the
two subspaces.

We assume the spectrum of Hy such that the characteristic energies of Hy in the A
and B subspaces are well separated, and we define the energy difference hA = EF4 — Ep,
where E4 and Ep are typical energies in subspaces A and B, respectively. In that case,
the effective Hamiltonian can be expressed more explicitly as a perturbative expansion in
powers of V.

Expansion to second order in V. We first consider the expansion up to second
order, which requires the evaluation of the resolvent 1/(E — QHQ) up to zero order in
V. Assuming the energy FE is chosen within the energy range of the A subspace, and
that the spread of the energies of Hy within each subspace is small compared with |RA
(so that QHyQ ~ EQ), it is simply given by 1/(E — QHQ) =1/(RA) + O(V). One

then obtains the effective Hamiltonian up to second order in V' as

A

Ao a aa o PVQUP .
= PHP+ PUP 4+ TVOVE

o(V?). 1.10
o) (110

In the simplest case in which P projects on a single cigenstate |tho) of energy Ej
in the absence of the perturbation, keeping the full resolvent of Hy in B (i.e. without

assuming B to be quasi-degenerate), we recover the standard result from perturbation

theory .
E=E 1 VQ—————QV 1.11
o + (YolV]1o) + (ol QEO—QHOQQ |0). (1.11)

(%) 'Expansion to third order in V. The expansion can be extended to higher orders
in V, but it requires more care. Indeed, the evaluation of the resolvent 1/(E — QHQ)
needs to take into account the fact that the energy F is shifted from its unperturbed
value, such that the resolvent 1/(E — QHQ) cannot be simply replaced by the expansion
of 1/(hA — QV Q) in powers of V.

To get the perturbative expansion of the effective Hamiltonian at third order in V,
we assume for simplicity that both subspaces are degenerate for ﬁo, ie. PHP = E,P
and Q]:IOQ = EBQ. One then writes the resolvent as:

1 1

= (1.12)
E—QHQ hA+E—FE,—QVQ

The energy difference £ — E 4 is of order V, such that the resolvent can be expanded in
powers of V' as

L LQVQ—(E=Fa) o
5000 = M (A +O(V?). (1.13)

The effective Hamiltonian can then be expressed as

R Ao s oo PVQVP PVQVQVP (E— E.)PVQVP
Ay = PPy pUpy PYQVE  PVQUQVE (B = B PVQY

X N (hAJ? +O(VY). (1.14)




The energy difference £ — E4 can be replaced by its operator expression at first order in
V, which is given by E — E, = PVP + O(VQ) The Hermitian character of the effective
Hamiltonian is ensured by taking the anti-commutator of this operator with the other
factor ]5‘7@‘7]5 We then obtain the final expression of the effective Hamiltonian up to
third order in V as

H&_J¥%ﬁ+ﬁVﬁ+PVQ r
hA
]. AN AN AN A ]_A/\A AN A AN A
4—mAy<PVQVQVP—2{PVPJ%%%U§)+CXVS (1.15)

1.1.3 (x) Projected dynamics in Landau levels

The perturbative expansion of the effective Hamiltonian is particularly interesting when
the subspace A is highly degenerate. A paradigmatic example is provided by the Landau
levels of a charged particle moving in two dimensions in a perpendicular magnetic field.
Each Landau level is a flat band containing a macroscopic number of states, and the
projection of a perturbation onto such a band leads to a nontrivial effective dynamics.

We consider a spinless particle of charge ¢ and mass m, confined to the xy plane and
subjected to a uniform magnetic field B = Be,. The unperturbed dynamics is governed
by the Landau Hamiltonian

~ [P qA®)
Hy=———+"- 1.16
0 2m ’ (1.16)
where the vector potential satisfies
V x A = Be,. (1.17)

It is useful to separate the position of the particle into two independent contributions,
=R+t (1.18)

where R is the guiding-center coordinate and t. describes the cyclotron motion. We

define

1
r.=—e, X [p—qA(r)]. 1.19
o= g [b—gA(D) (1.19)
The velocity is related to the cyclotron coordinate according to
B
o= % xe,, (1.20)
m

so that the Heisenberg equation gives

B
Ofc = wete X €1, we= 17, (1.21)
m
The cyclotron coordinate therefore rotates at the cyclotron frequency w,. around the
guiding center.

The two sets of coordinates have nontrivial commutation relations,



while all commutators between guiding-center and cyclotron coordinates vanish. Here

e a2

is the magnetic length. The Landau Hamiltonian depends only on the cyclotron
coordinates,

) he (9 | .o
Hy = 2w (22 +22). (1.25)
Since z. and g. form a conjugate pair, this Hamiltonian is equivalent to a harmonic
oscillator. Its spectrum is therefore

1
Enc = hwc <nC + 2> ) (126)

where n, = 0, 1,2, ... is the cyclotron excitation number.

Importantly, H, contains no guiding-center coordinate. The quantum number n.
therefore labels a highly degenerate eigenspace: each n. defines a flat band known as the
n.th Landau level. The degeneracy of these levels is at the heart of the integer quantum
Hall effect.

We now consider a weak external potential V' (r) and treat it as a perturbation,
V=V(#). (1.27)

We focus on the lowest Landau level, n, = 0, and denote by P the corresponding
projector. To first order in the perturbation, the effective Hamiltonian within this
subspace is simply
Hy = PHyP + PVP. (1.28)
Since Iflo is constant within a Landau level, the nontrivial part is the projected potential,
Vg = PV(R+ ) P. (1.29)

The projection has an interesting physical consequence: the potential is no longer
evaluated at the particle position, but is averaged over the cyclotron wave function. To
make this explicit, we write the potential in Fourier space,

w@:/Vmww&q (1.30)
Since the guiding-center and cyclotron coordinates commute, we can factorize
et = glaRgiate (1.31)
Consequently,
ﬁﬁ:/VmwﬁWJWﬁﬁ% (1.32)

where we used the fact that P commutes with f{7 since it projects on the ground state of
the cyclotron motion.

The operator e'9< acts only on the cyclotron degree of freedom. In the lowest Landau
level, the cyclotron wavefunction is a Gaussian, hence the matrix element is

(ne = 0™ |n, = 0) = o (ate)*/4, (1.33)

9



The projected potential can therefore be written solely in terms of the guiding-center
coordinate,

Ve = UV @’ AgiaR g2\ P, (1.34)

Thus, projection onto the lowest Landau level amounts to filtering the Fourier
components of the potential by the Gaussian factor e (@te)*/4, Equivalently, the effective
potential is a smoothed version of the original potential,

Vaa(R) = (V * K)(R), (1.35)
where 1
K(R) = ﬁe_(R/&)z. (1.36)

The cyclotron motion therefore averages the external potential over a region of character-
istic size £.. In particular, spatial variations of V' on length scales much shorter than /.
are strongly suppressed after projection.

The effective Hamiltonian within the lowest Landau level is consequently

Heff:P 9

g p lh‘“’ eﬁ(f{)] P. (1.37)

Although the kinetic energy is frozen within the Landau level, the guiding-center
coordinates remain dynamical because they do not commute:

(X, V] = —il?. (1.38)
The Heisenberg equations therefore give

A 1

1 ~
OR = - —e. x VVa(R). (1.39)

R, A,
R ) =
Thus, in the semiclassical limit, the guiding center drifts along the equipotential lines of
Veg. This is the quantum version of the classical E x B drift: the cyclotron motion
averages the potential over the finite spatial extent of the cyclotron orbit, while the
guiding center subsequently drifts along the resulting equipotential contours.

For a uniform electric field, the potential is linear,
V(r)=—¢E-r. (1.40)

A Gaussian convolution leaves a linear function unchanged, so that

Var(R) = —gE - R. (1.41)
Equation (1.39) then gives
~ ExB
OR = TR (1.42)

which is the familiar Hall drift velocity. For a nonuniform potential, however, the
projection onto a Landau level modifies the potential at length scales comparable to
the magnetic length, providing a simple example of how projection onto a degenerate
subspace can qualitatively modify the dynamics generated by a perturbation.

10



potential V' effective potential Vg

(b)

y [le]
y [le]

0 2 4 6
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Figure 2: (a) Example of equipotential lines of a disorder potential V'(x,y) acting on a
charged particle subjected to a perpendicular magnetic field. (b) Effective potential
Vest(z, y) obtained by smoothing the potential V' (z,y) over the magnetic length, as given
by . The guiding-center dynamics follows the equipotential lines of Vg(z,y), as
illustrated by the two trajectories.

1.1.4 Two-photon transitions

A particularly important application of the effective Hamiltonian formalism is provided by
two-photon transitions. They arise when a light field couples a low-energy manifold to an
excited electronic state, while the light is sufficiently far detuned from the corresponding
optical transition. The excited state is then only virtually populated and can be
eliminated, resulting in an effective coupling between states within the ground-state
manifold.

We consider a simple example in which the ground electronic manifold has angular
momentum J = 1, while the excited electronic level |e) is non-degenerate (J, = 0), as
illustrated in Fig. I We denote by fuvg the energy of |e ) relative to the ground manifold,
by P the projector onto the ground manifold, and by Q = 1 — P = |e)(e| the projector
onto the excited state.

Atom-light coupling. The ground-state manifold is coupled to the excited state by a
monochromatic electric field, which we write as

() gee 1wt+g* * 1wt (143)

where £ is a complex amplitude and € a complex unit vector, €*- € = 1, which specifies the
polarization. The field E(¢) is real, as it must be. Its splitting into a positive-frequency
part, varying as e”“!, and its complex conjugate plays an essential role in what follows:
only the former drives absorption towards the excited state.

Within the electric-dipole approximation, the atom-light interaction is

A,

V(t)=—d-E(), (1.44)
where d is the atomic dipole operator, a Hermitian vector operator.
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Figure 3: Scheme of the level structure considered in the text. The ground manifold
has angular momentum J = 1 and is coupled to a non-degenerate excited state by an
off-resonant light field. The relative coupling amplitudes between the ground states and
the excited state are determined by the polarization of the light field. The dashed line
indicates the energy hw of the light field, detuned by A = w — wy from the excited state
(here A < 0).

It is convenient to decompose vectors in the spherical basis, defined by the three unit
vectors

1
e, ] = 72(6‘@ + iey), (145)
ey = e, (1.46)
1
e 1 = —=(e, —iey), (1.47)

where e, e,, and e, are the Cartesian unit vectors. This basis is orthonormal in the
sense
*

e, ey = 04, e, =e_, (1.48)

The vectors ey; describe the circular polarizations o*, while ey describes linear polariza-
tion along the z axis (7 polarization). One checks directly from that, for e = ey
and real &, the field rotates from e, towards e,, i.e. carries an angular momentum +#h
along z per photon.

The Cartesian basis and the dipole operator. Since |e) is a scalar (J, = 0) and d
is a vector operator, the Wigner—Eckart theorem fixes all dipole matrix elements between
the two manifolds in terms of a single reduced matrix element d. The statement takes its
simplest form in a Cartesian basis {|z),|y), |z)} of the ground manifold, defined as the
basis in which

<€|eza|j> :d(;ij’ 7’)] < {ZL‘,y, Z}v (149)

with d real, which fixes the phase of |¢). The state |i) is the state of the ground manifold
that transforms as the Cartesian component ¢ of a vector; equivalently, |i) = |m = 0);,
the state of vanishing angular-momentum projection along the axis 7. The part of the
dipole operator connecting the two manifolds then reads

d=d > e (le)i| +i)e]). (1.50)

1=T,Y,2

12



The Cartesian states are related to the eigenstates |m), of J. by exactly the same
coefficients that relate the spherical basis vectors to the Cartesian unit vectors,

Im). =) _(en)ili), (1.51)

that is,
= +1). = = (1) £ ily)) (1.52)
m = .= —(|z) £ily)), :
V2 Y
Im = 0). = |2), (1.53)
or, inversely,
1
[7) = e (fm = 1+ fm = ~1).), (1.54)
) == 5 (m=1). = Jm = ~1).), (1.55)
|2) = |m = 0).. (1.56)
Inserting (|1.51)) into ([1.50]) gives the equivalent spherical form
1
d=d > (ewle)(m|.+ e}, |m).(e]). (1.57)

m=—1

Rotating-wave approximation. We now insert the field (1.43]) and the dipole
operator |D into V(). It is useful to introduce, for any complex vector v, the
ground-state superposition

V) = uli), so that  (v| = va. (1.58)

where the appearance of (e*| = 3, €;(¢] in the first line should be noted carefully. The
interaction therefore reads
V(t)= —dEe ™ (le)(e”] + |e)(e])
—d& e (le)(e] + |€")(el) . (1.61)
The four terms differ by their time dependence in the interaction picture. There, the

excited state carries a phase e~“°! relative to the ground manifold, so that any operator

of the form |e)(g| acquires a factor e“°*, and |g)(e| a factor e™°*. The two terms

e le)(er], €N el (1.62)

then oscillate slowly, at the detuning A = w — wy, whereas the two remaining terms
oscillate rapidly, at w + wy. For a near-resonant drive, |A| < wy, the latter average
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to zero over the time scales of interest and can be dropped. This is the rotating-wave
approzimation. Its leading correction is an energy shift of order |Q2|? /wy, the Bloch-Siegert
shift, negligible in the regime considered here.

It is worth emphasizing that the counter-rotating terms discarded in this step
are precisely those involving |€), whereas the retained, co-rotating terms involve |€*).
The rotating-wave approximation is thus what singles out one of the two conjugate
superpositions.

Introducing the Rabi frequency

d€&
Q=—-—— 1.63
h ) ( )
the retained part of (1.61)) becomes
V(t) = iQe e (e*| + A" e“|e) (e]. (1.64)

The residual time dependence is removed by the unitary transformation
U(t) = P+ e“le)(e] (1.65)

to the frame rotating at the laser frequency. Using UHU + ih(@tU )U T the Hamiltonian
becomes time-independent,

Hy=—hAQ, (1.66)
V = hQle) (€| + hQ*|e*) (e], (1.67)

the ground manifold having energy zero and the excited state energy —hA.

Bright and dark states. The essential structural feature of (1.67)) is that the light
couples the excited state to a single ground-state superposition,

|€) = &lx) + € ly) + €]2), (1.68)

called the bright state. The complex conjugation is essential: the bright state carries the
components of €, not those of €, in the Cartesian basis. It originates from the fact that
absorption is driven by the positive-frequency part of the field, which enters the coupling
through the bra (€*| = 3, ¢;(i|. For linear polarizations € may be chosen real and the
distinction is immaterial; for elliptical or circular polarizations it is not.

Because |e) is non-degenerate, the coupling operator |e)(€*| has rank one. The
two-dimensional subspace orthogonal to |€*) is therefore entirely decoupled from the
light and forms a dark subspace. The polarization thus selects one direction in the
three-dimensional ground manifold, leaving the two orthogonal directions unaffected.

As a check, consider a pure circular or linear polarization € = e,. Using e; = e_,
together with ,

[€7) =D _(e—g)ili) = Im = —q).. (1.69)
7
A o7 field (¢ = +1) therefore couples the excited state to [m = —1),, a o~ field to
|m = +1),, and = light to |m = 0),. This is precisely the usual selection rule: absorbing
a 0T photon raises the magnetic quantum number by one unit, and since the excited
state has m, = 0, the only ground state that can be reached is m = —1.
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Adiabatic elimination: the light shift. We now derive the effective dynamics
generated by the off-resonant light, taking the ground-state manifold as the low-energy
subspace A and the excited state as the eliminated subspace B.

For |Q2] < |A|, the excited state is only virtually populated and can be eliminated
perturbatively. Since the perturbation only couples the two manifolds, PVP =0
and the leading contribution to the effective Hamiltonian is of second order,

TG = PVQ QV P (1.70)
eﬁ' A . .
By - HY),
Taking £4 = 0 and ﬁg% = —hA, this becomes
N 1 An Ann
AY) = —PVQVP 1.71
@ = PUQVP, (17)
and, inserting ((1.67)),
2 h|Q 2 * *
Heg = ’A’|e )(€*|. (1.72)

The bright state therefore acquires a light shift 71|Q2|*/A, while the dark states remain
unaffected. The energy shift results from a virtual process in which the atom is transferred
to the excited state and subsequently returns to the ground manifold. Its sign is set by
that of the detuning: a red-detuned field (A < 0) lowers the energy of the bright state,
which is the basis of optical trapping.

This mechanism is known as an AC Stark shift or light shift. It provides the basis for
optical manipulation of atoms and other polarizable systems (so-called optical tweezers).

Raman coupling between two ground states. So far the three ground states
have been degenerate. We now apply a static magnetic field along z, which lifts this
degeneracy and, at the same time, defines the quantization axis used throughout. The
ground manifold acquires the Zeeman Hamiltonian

1
HZ = hWZ Z m|m>z<m|z> (173)

m=—1

where hwy is the splitting between adjacent sublevels. The excited state, having J. = 0,
carries no magnetic moment and remains unshifted. We assume that the Zeeman splitting
is small compared with the detuning, |wz| < |A|[, so that all sublevels may be assigned a
common detuning from the excited state.

We now couple two sublevels of this manifold by a Raman transition. To make the
discussion concrete, we choose the two polarizations

€] = €y, € = €1, (174)

that is, one m-polarized and one o*-polarized beam. According to the selection rule
established above, the corresponding bright states are

1) =Im=0)., &) =|m=-1)., (1.75)

of energies 0 and —hwy, respectively. The third sublevel |m = +1), is orthogonal to both
and therefore remains dark: the dynamics is confined to a closed two-level system.
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The electric field must now contain two frequency components, so that the energy
difference between the two sublevels can be supplied by the field,

E(t) = £l 4 Eye0e 7 - coc., (1.76)
with the corresponding Rabi frequencies €2; = —d&;/h. We denote the frequency
difference by

0 = wy — w, (1.77)

and choose it equal to the Zeeman splitting,
Wy = W1 + Wyg. (178)

The reason for this choice will become apparent below: the transition proceeds by
absorbing a photon from beam 2 and re-emitting one into beam 1, so that the atom
gains the energy hd, which must match the energy hwy separating |m = —1), from
|m = 0),. We assume |J| < |Al, so that both virtual paths share the common detuning
A= w1 — Wo.

Repeating the rotating-wave treatment and working in the frame rotating at w, the
interaction reads

V(t) = b (Qule)(ef] + Qae ™ |e)(e] + hoc.) . (1.79)

Applying the same second-order expression, and retaining the Zeeman term, gives

Hep = Hy + A with

2 h"Ql|2 * * h’QQP * *
g = = lei (el + = les) (e (1.80)
A Qs i s NS s
+ i € 5t|61><52’+ A265t|€2><61‘- (1.81)

The first two terms are the individual light shifts, while the last two terms describe
an effective coupling between the two ground-state superpositions, oscillating at the
frequency difference o of the two beams.

This coupling can be understood as a two-step virtual process,

&) — [e) — len), (1.82)

that is, [m = —1), — |e) — |m = 0),, in which a ¢ photon is absorbed from beam 2
and a 7 photon is re-emitted into beam 1. The angular-momentum budget is consistent:
the absorbed photon carries +h and the emitted one carries none, so that the atom
gains one unit of angular momentum, Am = +1. The excited state is never significantly
populated, but it mediates a coherent transition between the two ground states. The
corresponding coupling strength is

O,
A Y

Qopn = (1.83)

up to the convention used for defining the Rabi frequency. This is the basic mechanism
of a two-photon or Raman transition.
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It remains to verify that the choice (1.78) indeed makes this coupling resonant. The
remaining time dependence is removed by a further transformation within the ground
manifold,

Us(t) = |e})(ei] + e ]es) (e3). (1.84)
which cancels the factors e™! in (1.81)) and adds hd|e;) (€3] to the Hamiltonian. Since
|€5) = |m = —1), has Zeeman energy —hwy, the two diagonal entries become

R |2
B, = 1.85
1 A ) ( )
R |2
By = h(6 —wy) + |A2’, (1.86)
and the effective Hamiltonian is static,
Her = Er|€})(€]| + Ea|€s) (€3] + (hapnl€r) (€3] + hoc.). (1.87)

This is the Hamiltonian of a driven two-level system. With the choice (1.7§)), § = wy, the
Zeeman term is exactly compensated and the two levels are degenerate up to their light
shifts: the atom then undergoes complete Rabi oscillations between |m = —1), and
|m = 0), at the frequency |Qapn].

The light shifts nevertheless survive in F; and Es, and their difference acts as a
residual two-photon detuning. Exact resonance therefore requires the slightly corrected
condition
. |4 * — [

A Y
a differential light shift that must be compensated in practice, for instance by adjusting
the frequency difference or by balancing the two intensities.

Finally, if the ground manifold were degenerate, wy; = 0, the resonance condition
would reduce to 6 = 0: the two beams could then be taken at the same frequency, and a
single field whose polarization combines €; and €; would suffice to drive the transition.

0= 4 (188)

1.1.5 (%) Third-order virtual processes in the triangular Hubbard model

Warning. This example assumes some familiarity with second quantization
and the Hubbard model, which are introduced later in these lecture notes. The
reader may therefore skip this section on a first reading and return to it after
the corresponding material has been covered. Nevertheless, the discussion
can be followed at a qualitative level using only the effective-Hamiltonian
formalism developed above.

The third-order contribution to an effective Hamiltonian becomes particularly
interesting in systems where the lowest-order virtual processes do not capture all the
symmetries of the problem. A paradigmatic example is the Hubbard model on a triangular
plaquette in the presence of a magnetic flux. In this case, third-order virtual hopping
processes generate a three-spin interaction that is absent at second order.

We consider three sites arranged on a triangle and described by the Hubbard
Hamiltonian

H=H+V, (1.89)
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with

ly = Uznmm, (1.90)
V=—t Z ( l‘z’”cwcjo + h.c. ) (1.91)
(i,4),0

The phases ¢;; are the Peierls phases associated with the magnetic vector potential.
Their sum around the triangle is related to the magnetic flux through the plaquette,

D = 1y + P23 + P31. (1.92)

We consider the regime
t<<¥U (1.93)

at half filling, with one particle per site. The low-energy subspace A then consists of all
states with exactly one particle on each site. The complementary subspace B contains
states with at least one doubly occupied site. Since a doubly occupied site costs an
energy U, the two subspaces are well separated in energy and the hopping can be treated
perturbatively.

At first order, the hopping does not connect states within the low-energy subspace:

PVP =0. (1.94)

The leading contribution to the effective Hamiltonian therefore occurs at second order,

QVP. (1.95)

Since the intermediate states contain one doubly occupied site, the energy denominator
is —U, and one obtains the familiar antiferromagnetic superexchange Hamiltonian

. 1 4t?

A% =7y (si S, - ) J=2 (1.96)

i) § u

Thus, at second order, the Hubbard model reduces to a Heisenberg model acting within
the singly occupied subspace.

On a triangular lattice, however, there are also virtual processes involving three
successive hoppings. A particle can hop around the entire triangle and return to the
low-energy subspace,

A— B— B— A, (1.97)
These processes are third order in the hopping and are described by the term
A = VipRaVspRaVpa, (1.98)
where, to the required order,
. 1
=)
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Since each intermediate state contains one doublon, each resolvent contributes a factor
—1/U, so that the amplitude of a three-step virtual process scales as

N t3
3
a9 ~ T (1.100)
The physical processes can be represented schematically as
1—-2—-3—1 (1.101)
and
1—-3—=2—1. (1.102)
The first process acquires the phase '
e (1.103)

while the reverse process acquires the phase e7'®. Their sum therefore contains

e® 4+ e =2cos P, (1.104)
while their difference contains

e'® — 7 = 2isin ®. (1.105)

It is useful to express the result in terms of cyclic permutation operators. Let Pros
denote the operator that cyclically permutes the three spins,

‘P123|0-170-270-3> - |0-370-170-2>7 (1106)

and let Py = ]31T23 denote the opposite cyclic permutation. The third-order contribution
has the form

[S)

f{(;f) =K (eiq’plzg + e_i¢p321> y (1107)

where K is proportional to 3/U2.
The two cyclic permutation operators can be decomposed into time-reversal-even and
time-reversal-odd parts. For spin-1/2 particles,

A - 1
Pios + Py = §+2(81‘SQ+SQ‘S3+S3'81>, (1.108)
Plgg - p321 = —4i 81 . (SQ X Sg) . (].].09)

Consequently, the third-order Hamiltonian splits into a flux-dependent correction to the
Heisenberg exchange and a genuinely new scalar spin-chirality interaction,

N 1
é?f):Kcosq) §+2ZS¢'S]‘ + JyS1+ (82 x 83), (1.110)

(i.9)

with
3

t
Jy = 4K sin ® msin P. (1.111)
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Only the second term is new: the first one merely renormalizes the superexchange already
obtained at second order. With the convention used above, the standard Hubbard-model

result is .

.
Jy = 24m sin @, (1.112)

up to the sign convention chosen for the Peierls phases and for the orientation of the
triangle.

This result illustrates why higher-order terms in an effective Hamiltonian can be
qualitatively important. The second-order contribution produces the conventional
Heisenberg exchange, whereas the third-order virtual processes generate a new interaction
that couples the three spins through their scalar chirality,

X =1S1-(S2x8S3). (1.113)

This quantity changes sign under time reversal. The corresponding interaction is therefore
allowed only when time-reversal symmetry is broken, here by the magnetic flux through
the triangle.

The third-order term provides a direct example of how virtual processes can retain
information about the geometry and gauge field of the microscopic problem. The phase
accumulated by a particle during a closed virtual trajectory is the magnetic flux enclosed
by that trajectory, and this phase appears directly in the effective Hamiltonian.

For & = 0, the clockwise and counter-clockwise processes are equivalent and the
scalar-chirality contribution vanishes. A finite magnetic flux makes the two processes
inequivalent and produces a nonzero chiral interaction. The magnitude of this interaction
is smaller than the usual superexchange by a factor of order t/U,

Jy ot

T (1.114)
but its qualitative importance can be much greater because it introduces a new symmetry-
breaking interaction that is absent at second order.

1.2 Adiabatic particle motion and Berry phase

We now consider an important situation in which the subspace retained in the effective
description depends on the position of the particle. This occurs when a particle possesses
an internal degree of freedom whose local eigenstates vary in space. If the internal state
follows adiabatically one of these local eigenstates, the particle acquires an effective
dynamics within a single dressed band.

A remarkable consequence of this projection is the appearance of a geometric vector
potential, known as the Berry connection. Its circulation gives rise to a geometric phase,
and its curl acts on the particle in the same way as a magnetic field acts on a charged
particle. The projection also produces a scalar potential, which is sometimes called the
geometric scalar potential.

1.2.1 The geometric Berry phase

We first derive these effects for a particle whose internal state is locked to a non-degenerate
local eigenstate. The wave function can then be written as

W) = /w r) ® [¢(r)) d® (1.115)
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where ¢ (r) is the spatial wave function and |¢(r)) is a normalized internal state that
depends on position.

The retained subspace is therefore spanned by the position-dependent dressed states
Ir) ® |4(r)), and the projector onto it reads

P= [Ialeimdr, 1) = l6@) (o)) (1.116)

where ﬁ(r) acts on the internal degree of freedom alone. The assumption of adiabaticity
means that transitions to the other local internal states can be neglected. The internal
degree of freedom therefore remains locked to |¢(r)) as the particle moves through space.

A natural realization is provided by a spinful particle subjected to a position-dependent
magnetic field. We consider the spin-field coupling

Hy = —gpsJ - B(r), (1.117)

where pp is the Bohr magneton and g > 0 is the Landé factor. With this sign convention,
the spin of the ground state points along B; it is opposite to the usual convention for the
electron, whose magnetic moment is antiparallel to its spin. If the magnetic field is
sufficiently strong and varies sufficiently slowly in space, the spin remains in the local
ground state

where B
n(r) = ng. (1.119)

The corresponding local energy is
Ey(r) = —gupJB(r). (1.120)
We now derive the effective Hamiltonian within this adiabatic subspace. The kinetic
energy,
V=--V (1.121)
m

acts not only on the spatial wave function but also on the position-dependent internal
state. It is convenient to work in the position representation, where
N h2 9
(VW) = =5~V [9(r)e(r))], (1.122)
m
the remaining ket referring to the internal degree of freedom alone. Expanding the
Laplacian of this product gives three terms,

x|V %) = — f; (T20)6) +2(V0) - VI + 6 V)|, (1129

and projecting onto the local internal state yields

(£ (G VIW) = = 3|92+ 200[910) - Vo + (@F2) v|. (1120

2
C2m
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Before rearranging this result, we note a key property of the matrix element appearing
in the cross term. The normalization condition

(¢(r)[o(r)) =1 (1.125)
holds at every position, so that its gradient vanishes,
(8(r)|V]e(r)) + [(o(r)[V]o(r))]" = 0. (1.126)

The quantity (¢|V|¢) is therefore purely imaginary, which motivates the definition of the
Berry connection
A(r) = in{¢(r)[V]é(r)), (1.127)
a real vector field.
We now compare with the expansion of a covariant kinetic term
1 |h h? ih ih

2 A2
= —— 2 —_— . — . [
%nLV—Alw2mv¢+ﬂﬁnvv+%JV-M¢+2mw (1.128)

The first two terms of ((1.128) reproduce exactly the first two terms of (1.124)). The

projected kinetic energy can therefore be written as

. 1 [h ?
({x] 2 6(0) ) VW) = 5~ LV - A<r>] Y+ W), (1120)
where the scalar term collects the leftover contributions,
h? 9 ih A?
W——%(MV |¢>—%V~A—%. (1.130)
This expression simplifies considerably. Taking the divergence of ,
V- A =ih[(Ve|Ve) + (8]V2[8)], (1.131)

the second term of ((1.130) becomes +%[<V¢|V¢> + (¢|V?|¢)], whose second piece
cancels the first term of (1.130). Using in addition A% = h?|{¢|V|¢)|?, we obtain the

geometric scalar potential

W) = 1 [(ve|v6) - |(6IVIe) ] (1132)
= 2 (i 1 - 10)el] (916D (1.133)
_ in |ovis)|. (1.134)
where X .
O(r) = 1 — Ti(r) (1.135)

projects, within the internal Hilbert space, onto the local states that have been eliminated.
The effective Hamiltonian within the adiabatic subspace is therefore

5 _P—A@®)P

Ho = =— -+ U(®), (1.136)
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where

U(r) = Ey(r) + W(r). (1.137)

Thus, after the internal degree of freedom has been adiabatically eliminated, the particle
behaves as an effective spinless particle coupled to a vector potential A(r) and a scalar
potential U(r).

The vector potential A is not an ordinary electromagnetic vector potential: it
originates entirely from the spatial variation of the internal eigenstate. It is therefore
referred to as a geometric or Berry connection.

It is important to point out that the Berry connection itself is not gauge invariant.
Indeed, the local eigenstate can be redefined by an arbitrary smooth position-dependent
phase,

[p(r)) — *g(r)). (1.138)

The spatial wave function must simultaneously transform as
U(r) — ey (r), (1.139)

so that the physical state |¥) remains unchanged. Under this transformation, the Berry
connection changes according to

A(r) — A(r) — hVa(r). (1.140)

This is precisely the gauge transformation law of an electromagnetic vector potential.
Gauge-invariant information is instead contained in the Berry curvature,

Q(r) =V x A(r). (1.141)

Similarly, when the particle is transported adiabatically along a closed contour C, its
state acquires, besides the dynamical phase, a factor €(©) with the Berry phase

+(C) = 7117£A L. (1.142)

Equivalently, v(C) = i $.(¢|V|¢) - dl. Since |¢(r)) must be single-valued, o can only
change by a multiple of 27 around C: the Berry phase of a closed loop is gauge invariant
modulo 27. If A is smooth on a surface S bounded by C, Stokes’ theorem gives

|
4(C) = ﬁ/sﬂ-ds, C =as. (1.143)

The Berry phase therefore has exactly the same mathematical structure as the Aharonov—
Bohm phase acquired by a charged particle moving around a magnetic flux.

The analogy is particularly useful: A plays the role of a vector potential, while 2
plays the role of a magnetic field. The difference is that here both quantities emerge from
the geometry of the internal Hilbert space rather than from a physical electromagnetic
field acting on the particle’s orbital motion.
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1.2.2 Berry phase of a spinful particle

We now return to the spinful particle subjected to a position-dependent magnetic field.
The local adiabatic state is

[9(r)) = |m = J)n@)- (1.144)

The Berry connection and curvature can be calculated explicitly from the spatial variation
of the magnetic-field orientation.
For a spin-1/2 particle, a convenient choice of local eigenstate is

[T 008(9/2)_
20 = (sin(@/Z)e“p) ’ (1.145)

where (6, ¢) are the polar angles of n. The corresponding Berry connection is

A = —hsin? <§> Vo, (1.146)
and the Berry curvature is
h :
Q= —§V9 X (sin@ V). (1.147)

The connection A is singular on the line § = 7w, where ¢ is undefined while
sin?(f/2) = 1. This Dirac string is an artifact of the gauge choice, and the curvature
remains regular there. Stokes’ theorem can only be applied with this gauge on surfaces S
that avoid it.

The result for an arbitrary spin J follows particularly simply for the stretched state
|m = J)n. Such a state can be viewed as the symmetric tensor product of 2.J spin-1,/2
states pointing along n. The Berry curvature is therefore multiplied by a factor 2.,

Q=—JhVO x (sind V). (1.148)

Consequently, the Berry phase accumulated along a closed trajectory C = 98§ is
+(C) = —J/Ssmeve X Vi - dS. (1.149)

The integral measures the area swept on the unit sphere by the field orientation n,
counted with the orientation inherited from S. Denoting this signed solid angle by Q(C),
we obtain

v(C) =—=JQ(C). (1.150)

It is essential that Q(C) carries a sign: it is negative whenever n sweeps the corresponding
area with the orientation opposite to that of S. As the example of the quadrupolar field
below shows, this sign cannot be inferred from the swept area alone.

This result provides a particularly simple geometrical interpretation of the Berry
phase: as the particle moves through space, the direction of the local magnetic field
traces a path on the Bloch sphere. The geometric phase is proportional to the solid angle
enclosed by this path.
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1.2.3 Engineering a synthetic magnetic monopole

The Berry curvature can exhibit structures that have no counterpart in ordinary magnetic
fields. In particular, it is possible to engineer a monopole of Berry curvature even though
isolated magnetic monopoles have not been observed as ordinary electromagnetic sources.
Consider, for example, a spinful particle subjected to the quadrupolar magnetic field

B(r) = V(z,y,—2z), (1.151)

with & > 0. This field is divergence-free, as any magnetostatic field must be, and vanishes
only at the origin.

Away from the origin, the direction n(r) is well defined. As a closed surface S enclosing
the origin is traversed, the magnetic-field orientation covers the unit sphere exactly once,
so that the solid angle swept has magnitude 4. Its sign requires care, because the
solid angle entering v = —J( is a signed quantity. The linear map r — (z,y, —22) has
determinant —2 < 0 and therefore reverses orientation, so that the map r — n(r) from
S to the unit sphere has degree —1 rather than +1.

This is readily verified explicitly. Parametrizing S as a sphere of radius R with polar
angles (a, 3), the field orientation has azimuthal angle ¢ = § and polar angle

cosf = —2cosa : (1.152)
Vsin? a + 4 cos? a

As « increases from 0 to 7, cos @ increases from —1 to +1: the north pole of S is mapped
onto the south pole of the Bloch sphere, and conversely. Since (a, () is positively oriented
with respect to the outward normal of S, the signed solid angle is

2w T dé a=m
Q= / dﬁ/ sinf — da = —271'[008 9} = —4r. (1.153)
0 0 da a=0
The total flux of Berry curvature through S then follows from v = —J(2,
/stzm:—MQZMﬁ, (1.154)
S

which is positive, i.e. an outward flux, as shown in Figure (b) The two minus signs —
the one in v = —J and the orientation reversal {) = —4m — thus compensate each other.
Reversing the sign of &’ maps n — —n and flips the sign of the monopole charge.

Equivalently, the Berry curvature has a nonzero flux through any closed surface
surrounding the origin, characteristic of a magnetic monopole.

The origin of this monopole can be understood directly from the adiabatic construction.
At r = 0, the magnetic field vanishes and its direction is undefined. Consequently, the
local eigenstate |¢(r)) cannot be defined smoothly at the origin. The adiabatic band
therefore contains a singular point, and the Berry curvature can have a nonzero flux
through a closed surface surrounding it.

This illustrates an important distinction between the Berry curvature and an ordinary
magnetic field. Away from degeneracies, the Berry curvature is locally divergence-free,
just as a magnetic field is in the absence of magnetic monopoles. A nonzero total
flux can nevertheless emerge when the enclosed region contains a point at which the
adiabatic eigenstate becomes ill-defined, corresponding here to a degeneracy of the
internal Hamiltonian.

Synthetic magnetic monopoles of this type have been realized experimentally with

ultracold atoms possessing a magnetic moment and subjected to a quadrupolar magnetic
field [1].
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Figure 4: (a) Structure of a quadrupolar magnetic field B = '(z,y, —2z). The ellipsoid
represents a surface of constant magnetic-field magnitude, while the vectors show the
spatial variation of the field orientation. (b) Berry curvature € on the same surface. The
curvature points outward and has a nonzero total flux through the surface, corresponding
to a synthetic Berry-curvature monopole at the origin.

1.3 Resonant coupling to a continuum

The situation changes qualitatively when the subspace that is eliminated is not separated
in energy from the state of interest, but instead contains a continuum of resonant states.

In that case, the resolvent
1

E—0f10

cannot be evaluated as an ordinary inverse at energies belonging to the continuous
spectrum. More importantly, the coupling to the continuum leads to irreversible dynamics:
a state initially localized in the discrete subspace can progressively lose its population
by emitting amplitude into the continuum. The effective Hamiltonian formalism can
nevertheless be extended to this situation by treating the energy as a complex variable
and using the analytic properties of the resolvent. The resulting effective Hamiltonian
becomes complex-valued when evaluated close to the continuum, with its real part
describing the energy shift induced by the coupling and its imaginary part describing the
decay rate. We develop this connection in the following, starting with the short-time
dynamics and Fermi’s golden rule.

1.3.1 Short-time dynamics: reminder on Fermi’s golden rule

We first recall the derivation of Fermi’s golden rule and clarify the regime in which it
applies. Consider a discrete state |1)g) of the unperturbed Hamiltonian Hy, with energy

A

Ey, coupled by a weak perturbation V' to a continuum of states |¢;) of energy Ey. We
assume that the system is initially prepared in |¢)g). The full evolution operator satisfies

ihd, U (t) = (Ho + V)U (1), (1.155)

and can be formally rewritten as the integral equation

A

U(t) = Uy(t) + ;_L /0 t Uy(t — 7)VU(r)dr, (1.156)
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where R A
Up(t) = e Hot/h (1.157)

is the evolution operator associated with H,.
For a sufficiently WeAak pertuArbation, we can obtain the lowest-order transition
amplitude by replacing U(7) by Uy(7) in the integral. This gives
N 1 [t . ~ A
0() = Oot) + - | 0ot = )7 0o() . (1.158)
ih Jo

The transition amplitude from the initial state |1)9) to a continuum state |1)s) is therefore

VIdo) [t _issu—ry/n -
(i) = LAV [ ity it g (1.130)
1 0
— We—“ﬂﬂ/ﬁ [e7iEo=Ent/h 1] (1.160)
0— &f

The overall phase e '£#//" has no physical consequence, and the corresponding transition
probability is

AW Vo), ((Bo— Ep)t
Equivalently, A »
Vv t Ey— Es)t
ow@) _ |<¢f| h|;ﬁ0>| sinc2 (( 0 o7 f) ) 7 (1162)

where throughout we use the unnormalized convention sincu = sinu/u.
At sufficiently long times, the function sinc?[(Ey — E)t/(2h)] becomes sharply peaked
around E; = Ej. More precisely, in the sense of distributions,

: o ((Eo— Ep)t _
tliglot sinc (27’1 =21hd(Ey — Ef). (1.163)

Provided that the density of states and the matrix elements vary slowly over the
corresponding energy width h/t, we can therefore write

Poy (1) = 22 iy 7o) P8 By — ). (1.164)

Summing over the continuum states gives the total probability of leaving the initial
state,
Piec(t) ~ I't, (1.165)
where
2m

= S A7) Pa(Eo — By (1.166)

Introducing the density of states pg(FE) and denoting by | (¢ f]VWO) |2 the average squared
matrix element at fixed energy, this becomes

r = SV 0o Bos(E). (1.167)

27



1 ‘

- -- Fermi golden rule
= A\ —— actual decay
% .
ay
| |
00 1 2 3
t[1/T]

Figure 5: Example of dynamics describing the irreversible departure from a discrete
state [1g) resonantly coupled to a broad continuum. While the decay is typically
exponential, the Fermi golden rule only predicts the small-time (linear) dynamics.

This is Fermi’s golden rule.
The corresponding survival probability is therefore

Py, (t) ~ 1 =Tt (1.168)

This expression holds at times long enough for the above d-function limit to apply, but
short compared with the decay time, I't < 1, so that the depletion of the initial state
remains negligible. It is important to emphasize that this result is not, by itself, an
exponential decay law. Fermi’s golden rule gives the rate at which probability initially
flows from the discrete state into the continuum. Determining the subsequent dynamics
requires keeping track of the back-action of the continuum on the initial state. Under
appropriate conditions, this back-action leads to an exponential decay,

Pyy(t) = e, (1.169)

but this behavior does not follow from Fermi’s golden rule alone.

In the following, we use the resolvent formalism to determine when and why such an
exponential decay emerges, and to describe deviations from it when the continuum has a
nontrivial energy dependence.

1.3.2 The resolvent operator

The resolvent operator provides a convenient way of describing the spectral properties
of a Hamiltonian and, in particular, of studying its time evolution. It is defined for a
complex energy z by .

G(z) - (1.170)
whenever the inverse exists. The resolvent is therefore well defined away from the
spectrum of the Hamiltonian. Its singularities encode the spectral properties of H:
isolated eigenvalues appear as poles, while continuous spectra give rise to branch cuts.

The connection between the resolvent and the time-evolution operator can be
established by considering the retarded Green function. We define U, (¢) as the solution
of

ihd, U, (t) = HUL(t) +1ih6(t), (1.171)
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with the retarded boundary condition
U(ty=0 for t<0. (1.172)

For a time-independent Hamiltonian, this Green function is related to the usual evolution
operator A
U(t) = e HUN (1.173)

through
U(t) =U1)O(), (1.174)

where O(t) is the Heaviside function.
We introduce the Fourier transform

G(E +1in) = h/ i(B+mt/h gy (1.175)

where 17 > 0 is an infinitesimal positive real number. Using the expression for U+(t), we
obtain

A 1 oo, .o
G(E +in) = — / GiE+in—t/n gy (1.176)
1 0
- (1.177)
E+m-ﬁ' '

Thus, the Fourier transform of the retarded time-evolution operator is precisely the
resolvent evaluated just above the real energy axis. The infinitesimal positive imaginary
part ensures convergence of the integral at large times.

It is useful to regard the energy as a general complex variable,

z=FE+in, (1.178)

and to write simply
A 1
G(z) = ~. 1.179
()= —— (1.179)
The relation can be inverted to recover the time evolution. Introducing the frequency
w = FE/h, the definition of G' given above is an ordinary Fourier transform of the damped

evolution operator U, (t)e /",

ihG(F +in) = /OO [UJr(t) e’”t/h] et dt, (1.180)
whose inversion reads
. 1
U (t)e " = 2—/ ihG(E +in) e dw. (1.181)
T

Substituting dw = dE/k and absorbing the damping factor into the exponential, we
obtain

0, () = i [ T EHIG(E + i) dE. (1.182)
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It is natural to express this integral in terms of the complex variable z = E + in. As
E runs over the real axis, z runs over the horizontal line Im z = 7, located just above the
real axis and therefore above the whole spectrum of H. Since dz = dF,

N 1 +oo+in ot /B A

Up(t) = — / e =#hG(2) dz. (1.183)
27 J—co+tin

Finally, using i/(27) = —1/(2in), the minus sign can be absorbed by reversing the

orientation of the path. Denoting by C, this same line traversed from +oo to —oo, we

arrive at

A ) A dz
Ut = [ e hG() s 1.184
0= [ GG (1.184)
The orientation of C, is not a matter of taste: it is precisely the convention for which
the residue theorem applies with a positive sign. Consider ¢ > 0 and write z = x + iy, so
that

o #t/h) = yt/h (1.185)

decays in the lower half plane. The contour may then be closed by a large semicircle
below the axis, whose contribution vanishes because G(z) behaves as 1/z at large |z|.
Travelling along the top from right to left leaves the enclosed region on the left, so
that the closed contour encircles the lower half plane counterclockwise, and the residue
theorem gives

U, (t) = > Res e G()] (> 0), (1.186)

with no additional sign or numerical factor. This is the form that will be used repeatedly
in the following.

For t < 0, the same exponential decays instead in the upper half plane, and the
contour must be closed above. Since the line Im z = n lies above the entire spectrum of
H , the region enclosed in that case contains no singularity, and

U(t)=0 (t<0), (1.187)

which is exactly the retarded condition imposed at the outset. The infinitesimal 7,
introduced to ensure convergence of the direct transform, is thus also what encodes
causality in the inverse one.

As an elementary check, consider a single discrete level of energy FEi, for which
G(2) = |¢1)(¢1]/(z — Ey). The integrand has a single pole at z = Ej, with residue
e 1B/ 6 ) (¢ |, and we recover the expected free evolution U, (t) = e F1/%| ¢, ) (¢y| for
t>0.

The usefulness of the resolvent follows from the fact that its analytical structure
contains information about the spectrum of the Hamiltonian. To see this explicitly,
consider first a purely discrete spectrum, with eigenstates |¢,) and energies E,,. Using
the spectral decomposition of the Hamiltonian, one obtains

G(z) = ZM. (1.188)

Each eigenvalue therefore appears as a simple pole of the resolvent. The residue at the
pole is the projector onto the corresponding eigenstate,

ResG(2) = |6n) (9. (1.189)

30



Equation ((1.184)) then shows directly how these poles contribute to the time evolution.
The situation is different in the presence of a continuous spectrum. Introducing
continuum eigenstates |¢g) normalized according to

(YElYe) = 6(E - E'), (1.190)

where for simplicity we assume the continuum to be non-degenerate, a degeneracy
index being otherwise carried along without changing any of the following, the spectral
decomposition takes the form

)=y el

Z_

(1.191)

The second term is singular when z approaches the real axis within the continuous
spectrum. The two limiting values from above and below are different, as follows from
the distribution identity

1 1
E—F L ZPE_E/$i7r(5(E—E’), (1.192)
understood, here and throughout, in the sense of distributions and for the infinitesimal
1 > 0 introduced above.
Here P denotes the Cauchy principal value, not to be confused with the projector
P. We remind that it is defined, for an integral whose integrand has a simple pole at
E' = E, by excluding a symmetric interval of half-width ¢ > 0 around the pole and
letting € tend to zero at the end,

f(El) I — 15 e f(E/) / f(E/) /
P/E—Ede_lli%l/ E_E,dE+ E+aE—E’dE]‘ (1.193)

The resolvent can then be recast as
|¢TL ¢n 1 ! /

Similarly,

Zl% ¢n Ly f = L i (E B)| e e dE. (1195

The resolvent therefore has two distinct boundary values on the continuous spectrum.
In the complex-energy plane, the continuum appears as a branch cut along the corre-
sponding interval of real energies, while isolated discrete states appear as poles. This
analytical structure will be central to the description of resonant decay. In particular,
when a discrete state is coupled to a continuum, the pole associated with that state can
be continued away from the real axis. The resulting complex resonance pole will provide
a direct description of the energy shift and the decay rate.
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Figure 6: Scheme of the complex-energy plane defining the argument z of the resolvent
operator (7 (z). Since the Hamiltonian H is Hermitian, its spectrum is real and the
resolvent is analytic away from the real axis. Isolated discrete eigenvalues appear as poles
on the real axis (green crosses), while a continuous spectrum gives rise to a branch cut
(red segment). The contour Cy used in the inverse transform is shown in blue.

1.3.3 Emergence of exponentially decaying dynamics

We now return to the physical problem of a discrete state coupled to a continuum. We
consider a discrete eigenstate |¢) of the unperturbed Hamiltonian H,, with energy Fj,
and assume that Ej lies within the continuous spectrum of Q]%Q. The perturbation 1%
couples [1p) to the continuum, so that the state is no longer an eigenstate of the full
Hamiltonian H = Hy + V. We are interested in the survival amplitude

A(t) = (ol U(8)[tho), (1.196)

and in particular in the corresponding survival probability
Puo(t) = [A®)P. (1.197)

Using the retarded evolution operator introduced above, the survival amplitude can
be written as

A(t) = (ol Uy () ]4bo) = /c e‘i“/h<@/}o|@(Z)|¢o>;Z. (1.198)

+

The long-time behavior is therefore determined by the analytical structure of the projected
resolvent (10| G/(2)|1).

Before the coupling is introduced, the resolvent of H, contains a pole at the real
energy Fj, associated with the discrete state |1g). Since Fjy lies inside the continuous
spectrum, however, this pole is embedded in the continuum. Once the perturbation V is
introduced, the discrete state is no longer an exact eigenstate and the pole disappears
from the physical sheet of the resolvent. The spectral weight associated with the initial
state is instead distributed over the continuum.

The decay can nevertheless be described in terms of a resonance pole by analytically
continuing the resolvent through the branch cut associated with the continuum. We
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denote this analytically continued resolvent by G’ (2). On the second Riemann sheet, the
pole associated with the initial discrete state is displaced away from the real axis into the
lower half of the complex-energy plane, as illustrated in Fig.[7] We denote its position by

The real part of the displacement, hA, describes the energy shift induced by the coupling
to the continuum, while the negative imaginary part determines the decay rate I'.

It is important to emphasme that E{ is not an eigenvalue of the Hermitian Hamiltonian
H. The spectrum of H remains real. Rather, Ej is a pole of the analytically continued
resolvent and is therefore called a resonance pole. Its imaginary part encodes the
irreversible decay of the metastable state.

To evaluate the integral in , we deform the contour C, into the lower half of
the complex plane, as illustrated in Fig.[7] This deformation is possible because the
exponential factor e **/" decreases in the lower half plane for ¢ > 0. The original branch
cut is replaced by a contour running along the analytically continued branch cut, and the
deformation encloses the resonance poles.

Under suitable assumptions, the contribution from the deformed branch-cut contour
can be neglected. In particular, this requires that the relevant continuum be sufficiently
broad and that the contribution from the large semicircle vanish. The integral can then
be evaluated using the residue theorem. If several resonance poles are present, one
obtains

t) = Z,e  Ent/hemifnto Tt/ (1.200)

where Z,, is the residue of the corresponding pole in the projected resolvent.
For a single isolated resonance, the survival amplitude therefore takes the simple form

A(t) =~ Zye {Bo/MtRo)t o =Tot/2 (1.201)

In the weak-coupling regime, the resonance state remains close to the original discrete
state, so that Z; ~ 1. We then obtain

A(t) o e i(Fo/Itho)tg=Tot/2. (1.202)

and hence
Py, (t) ~ e 1o, (1.203)

We thus recover the exponential decay law anticipated from the phenomenological
picture. The decay rate is determined by the imaginary part of the resonance pole, while
the real part gives the shift of the energy of the initial state. The connection between
these quantities and the effective Hamiltonian derived earlier will be established below.

Effective Hamiltonian. The position of the resonance poles can be determined using
the effective Hamiltonian introduced earlier. The key observation is that the same
projection formalism used to eliminate the complementary subspace can be applied
directly to the resolvent. We introduce the projector

P =)o, Q=1-0P, (1.204)
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Figure 7: Analytic continuation of the resolvent into the lower half plane. (a) For the
unperturbed Hamiltonian flo, the resolvent éo(z) has poles on the real axis corresponding
to discrete eigenstates (green crosses), together with a branch cut associated with the
continuous spectrum (red segment). (b) When the coupling V' is introduced, a discrete
state embedded in the continuum is no longer an isolated eigenstate. (¢) The resolvent
can be analytically continued through the branch cut into the lower half plane. The
resonant states then appear as poles of the continued resolvent G’ (z), shifted away from
the real axis (green crosses). The blue contour C', illustrates the deformed integration
contour used to evaluate the time evolution.

where |1g) is the discrete state of Hy. We are interested in the component of the resolvent
that acts within the initial subspace,

PG(2)P, (1.205)

where G(z) = (z — H)™' and H = Hy + V.
Using the same block decomposition of the Schrodinger equation as in the derivation
of the effective Hamiltonian, one obtains the exact identity

~ A ~ ~ 1 ~
PG(z)P = P———P, (1.206)
2z — Heg(2)

where the energy-dependent effective Hamiltonian acting within the subspace P is

[:[eff(z) = pﬁp —+ lf’V@ﬁQVﬁ’ (1207)

This expression is exact. In particular, no perturbative approximation has been made at
this stage. The poles of the projected resolvent, and therefore the resonances associated
with the initial discrete state, are determined by the self-consistent equation

z = eigenvalue of Hog(z). (1.208)
For a one-dimensional subspace P, this simply reduces to

2 = (o] Hesr(2)|t0)- (1.209)

The effective Hamiltonian in (1.207)) differs in an important way from the effective
Hamiltonians considered for a discrete, well-isolated subspace. Since z is now taken
close to the continuous spectrum, the resolvent of the () subspace has different limits

34



when approached from the upper or lower half plane. Consequently, ffeg(z) acquires an
imaginary part. For z = E + in approaching the real axis from above, the operator form

of (T.192),

—_

1 NN
—— :77 —— —imd(E — QHQ), (1.210)
—QHQ+ E-QHQ
gives .
Hoa(E +in) = PHP + hA(E) — ff@), (1.211)
where
~ A A A 1 A A A
KA(E) = PVOP [ ——— | OV P, 1.212
()= PPQP (4 i) Q (1212
f(E) = Q;LTPVQ 5(E— QHO)OVP. (1.213)

The Hermitian operator A(E) describes the energy shift induced by the coupling to the
continuum, while the positive operator f(E) describes the decay into continuum states.
The effective Hamiltonian therefore becomes non-Hermitian when evaluated on the real
axis. This non-Hermiticity does not indicate that the underlying Hamiltonian H is
non-Hermitian: it results from eliminating the continuum degrees of freedom, which act
as an effective reservoir for the projected dynamics.

The two operators are not independent. Writing the principal value in as an
integral over the spectral decomposition of QH Q one finds that the reactive response A
is the Hilbert transform of the dissipative one F

A 1 *° 1 i~ / /
AB) = o /_OOP<E_E,) P(E)dE. (1.214)
This is a Kramers—Kronig relation: the energy shift and the decay rate are the real
and imaginary parts of a single analytic response function, and cannot be specified
independently.

The resonance poles are obtained by analytically continuing this effective Hamiltonian
into the lower half plane and solving the corresponding self-consistent equation. In the
weak-coupling regime, the pole close to the unperturbed energy Fy, denoted zy in the
following (it is the resonance pole Ej introduced above), can be written as

20 — E() + h (AO - ;Fo) 3 (1215)

so that its imaginary part directly determines the decay rate. The projected time
evolution consequently contains the factor

e—iz0t/h _ o—i(Eo/htMo)t—Tot/2 (1.216)

Thus, the exponential decay of the discrete state can be understood as the dynamical

manifestation of a resonance pole displaced into the lower half of the complex-energy
plane.
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Evaluation of the Lamb shift and decay rate. The expressions (|1.212) and (|1.213))
still depend on the energy E. In principle, the position of the resonance pole must
therefore be determined self-consistently from

20 = (to| Hetr(20)[t0). (1.217)

with ﬁeﬂc(z) analytically continued into the lower half plane. This equation accounts not
only for the shift and decay of the discrete state, but also for their dependence on the
energy at which the continuum is sampled.

A particularly simple approximation is obtained when the continuum is sufficiently
broad and smooth around the unperturbed energy Ej. In this case, the Lamb shift and
decay rate vary slowly over the energy scale of the resonance width, and one can evaluate
them at the unperturbed energy,

A(E) ~ A(Ey), T(E) ~T(E). (1.218)

This is sometimes referred to as the broad- contmuum or on- shell aproximation. In
addition, if the couphng Vs weak, the operators in and can be evaluated
to second order in V' by replacing QH Q with QHOQ For the one- dnnensmnal subspace
spanned by |1)g), this gives

1

hiAo :/]<¢k|V|¢O>]2PM dk, (1.219)

27 N 2
= [l Viwo)|| 8B — Ey) . (1.220)
The first expression is the familiar second-order energy shift, here commonly called the

Lamb shift, while the second one is precisely Fermi’s golden rule.
The physical origin of the two terms is particularly transparent from the decomposition

1
__p
Eo—Ek+177 Eg — Ej

— in6(Ey — Ey). (1.221)

Virtual transitions to off-resonant continuum states contribute to the real part and shift
the energy of the discrete state. On-shell transitions into continuum states contribute to
the imaginary part and produce irreversible decay. The two effects are therefore two
components of the same self-energy.

Within the broad-continuum approximation, the effective Hamiltonian can conse-
quently be replaced by the constant complex energy

1hF0

flut(E) = [E A - ] o} (Wl (1.222)

The corresponding projected resolvent takes the Breit—Wigner form

1
E 1.22
(| G(E + in)|bo) ~ E— Ey— hAg +iAl0/2" (1.223)
Its pole is located at
1hF0
= Ey+ hAg — — (1.224)
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and the inverse Fourier transform therefore gives
(o] U (1) tho) = e~ (Bo/itA0)t=Tat/2. (1.225)
The survival probability consequently decays exponentially,
Py, (t) =~ e 1ot (1.226)

This result makes explicit the connection between the short-time Fermi golden rule
and the long-time exponential decay: under the broad-continuum and weak-coupling
assumptions, the golden-rule rate is precisely the imaginary part of the resonance pole.
When these assumptions fail—for instance near a band edge, a sharp resonance, or a
photonic bandgap—A(FE) and T'(E) can vary significantly over the resonance width.
The self-consistent energy dependence of I:Ieff(z) must then be retained, and the decay
generally ceases to be purely exponential.

1.3.4 The Wigner and Weisskopf model and its variations

The Wigner—Weisskopf model provides a simple exactly solvable example of a discrete
quantum state coupled to a continuum. It is particularly useful for illustrating the
physical meaning of the resonance pole and for identifying the conditions under which
the exponential decay obtained in the previous section is a good approximation [2].

We consider a single discrete state |¢) of unperturbed energy FEj, coupled to a
continuum of states |1 g) with energy E. We choose the continuum states to satisfy the
energy normalization

Wplpe) =0(E - E'), (1.227)

so that the density of states is absorbed into the energy normalization of the continuum
states. The unperturbed Hamiltonian is then

By = Eolo)(ol + [ Blog) (el dB. (1.228)

mln

The coupling between the discrete state and the continuum is taken of the form

V= [ )6 + Vi (B il . (1.229)

The simplest Wigner—Weisskopf model corresponds to Vy(E) = Vj, independent of energy.
The projector on the discrete state is

=le)ol, Q@=1-P. (1.230)

Since QVQ = 0, the energy-dependent effective Hamiltonian introduced above reduces to

~ PPN 1 ~ A A
He(2) = Eo|o) (o] + PVQ——=+—=QV P. (1.231)
z— QHoQ
Its matrix element in the discrete state is therefore
max V 2
Olia(lo) = o+ [ B 4 (1232
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For a constant coupling Vj, this becomes

] Emin -
(61 Hen(2)16) = Eo + Vil log (52— ). (1.233)

where the appropriate branch of the logarithm is chosen according to the analytic
continuation of the resolvent.
The projected resolvent consequently takes the simple form

1
z—Ey — \Vo\zlog<

(0G(2)]0) = (1.234)

Emin - Z) ’
Emax_z

This expression already contains the full dynamics of the discrete state. In particular, its
poles determine the dressed eigenstates or resonances, while its branch cut reflects the
presence of the continuum.

Infinite-band limit. We first consider the idealized limit in which the continuum
extends over the entire real axis,

Eoin — —00, Eax — +00. (1.235)

The limit must be taken symmetrically, E;, = —FEnax — —00; otherwise the real part of
the self-energy diverges logarithmically. In this limit, the logarithm in (|1.233)) approaches
a constant on each side of the branch cut. For z in the upper half plane,

log (Em“_z> — —im, (1.236)

Emax -z

whereas, evaluating the same expression directly for z in the lower half plane,

log (f&i) — i (1.237)
The jump of 2im across the real axis is precisely the branch cut associated with the
continuum.

It is essential not to confuse this discontinuity with the analytic continuation. The
continued function G’ (z), obtained by prolonging the upper-half-plane resolvent through
the cut, is not the resolvent evaluated below the cut. Since the logarithm is constant on
the upper sheet in this limit, its continuation retains the value —im in the lower half
plane. It is this continued function, and not é(z) itself, that carries the resonance pole.

On the physical sheet, the resolvent therefore becomes

(0lG(2)l9) = — EoJlriw|V0|2' (1.238)
Introducing
I = 2;;|V0|2, (1.239)
we obtain A .
WIGGle) = —& T2 (1.240)
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This expression, valid for Im z > 0, is a rational function of z, so its analytic continuation
into the lower half plane is given by the same formula. The continued resolvent therefore
possesses a single resonance pole, located below the real axis at
Note that G (z) itself has no pole there: evaluated directly in the lower half plane it
equals 1/(z — Ey — ihl'/2), whose pole lies in the upper half plane and is therefore never
reached. The resonance is a property of the second sheet alone. There is no Lamb shift
in this idealized model: the continuum is perfectly symmetric and extends to arbitrarily
high and low energies.

The inverse Fourier transform can now be evaluated by closing the contour in the
lower half plane for ¢ > 0. The pole gives

<¢|U(t)|gz§) _ e—iEot/he—Ft/2’ (1.242)

and hence R )
Py(t) = |[(@lU@)])] =e ™. (1.243)
The exponential decay is therefore exact in this infinite-band model.

The result also illustrates particularly clearly the connection with Fermi’s golden rule.
The golden-rule rate is

2
r= 2w, (1.244)

while the same quantity appears as the imaginary part of the resonance pole. In this
sense, the exponential decay rate is not an additional assumption: it follows exactly from
the analytic structure of the resolvent in the infinite-band limit.

Finite bandwidth and energy shift. A realistic continuum is always restricted
to a finite energy range. We therefore return to finite E,;, and E,... Even in the
weak-coupling regime, the finite bandwidth has two important consequences. First, the
real part of the self-energy produces a Lamb shift. Second, the branch points at E,,;, and
EL .« modify the long-time dynamics and can lead to deviations from exponential decay.
Suppose first that the unperturbed level lies outside the continuum. For definiteness,

consider
Ey < Enin. (1.245)

Since there are no continuum states resonant with Ej, the imaginary part of the
self-energy vanishes:
I'hy=0. (1.246)

The coupling nevertheless shifts the discrete level. To second order in V),

Ao

Vo2 fEmes dE Vo2 | Ewin — B
- |°|/ _ | g log‘ 0l (1.247)

h Emin EO - E Emax - EO

The dressed state remains a true discrete eigenstate, now shifted away from its unperturbed
energy. The same phenomenon occurs above the upper edge of the continuum.
When Ej lies inside the continuum,

Emin < EO < Emax; (1248)
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the self-energy has both a real and an imaginary part. In the weak-coupling, broad-
continuum approximation one obtains

|Vb|2 Emax  dF
Ao = 73/
0 h Emin EO - E
|%|2 EO - Emin
= 1 1.249
h ©8 Emax - EO ’ ( )
2T
Iy = f|v0|2. (1.250)

The decay rate thus coincides with the infinite-band value, I'y = I', and the corresponding
resonance pole is approximately
ihl'y

20 = E() + hAo - 9 . (1251)

The pole is now located on the second sheet of the analytically continued resolvent rather
than on the physical real axis. This is the characteristic signature of a resonance: the
original discrete eigenstate has become a metastable state with a finite lifetime.

The approximation leading to these expressions requires the resonance to remain well
separated from the band edges. More precisely, the energy scale associated with the pole
shift and linewidth should be small compared with the distance from Ey to the nearest
edge,

h|A0|, hro <K HliIl(EO - Emina Emax - E()) (1252)

When this condition is not satisfied, the energy dependence of the self-energy cannot be
neglected and the simple Breit-Wigner description breaks down.

Beyond the exponential regime. The finite-band model provides a simple way to
understand why exponential decay cannot hold at arbitrarily long times in a realistic
system. The resolvent contains branch points at the edges of the continuum, and therefore
the inverse Fourier transform contains contributions from the vicinity of these branch
points in addition to the resonance pole.

At intermediate times, if the resonance is sufficiently far from the band edges, the
pole contribution dominates and one observes the familiar exponential decay;,

Py(t) ~ e o, (1.253)

At very long times, however, the branch-cut contribution eventually becomes important.
It generally produces a non-exponential, typically algebraic, decay. Thus the exponential
law should be understood as an intermediate-time regime rather than an exact universal
law.

A second important consequence is the existence of a real pole of the resolvent outside
the continuum. Its weight is significant when the discrete state lies outside the continuum
or within a distance of order |Vp|? of one of its edges, and it becomes exponentially
small for a state deep inside the band (see below). Such a pole corresponds to a genuine
dressed bound state and therefore does not decay. The initial state has a finite overlap
with this bound state, implying

lim (8]0 (8)|0)] > o. (1.254)

t—o00
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The remaining part of the initial state decays into the continuum, while the component
associated with the bound-state pole survives indefinitely.

For the present model, a real bound-state energy FEj outside the continuum satisfies
the self-consistent equation

Emin - Eb

By — Ey — |Vo|2log | —min — =
’ 0 ‘ 0‘ ©8 Emax_Eb

= 0. (1.255)

The residue of the corresponding pole determines the overlap of the dressed bound state
with the original discrete state. Denoting this residue by Z;, the long-time survival
probability contains the contribution

Py(00) = |Z,. (1.256)

The existence of such a non-decaying component is particularly important near a
continuum edge, where the assumption of a broad continuum is most strongly violated.

A solvable band-edge model. This last situation can be worked out completely
analytically, which is worth doing because it is the case in which the Markovian description
fails most dramatically. We place the continuum on

[Ermin, Emax] = [0, W] (1.257)

and put the discrete state exactly at its lower edge, Fy = En;, = 0. The self-energy

appearing in ((1.233) is then

W dE
X(z) = |V0|2/0 P Vo|* log (1.258)

z
z2—W

The dressed bound state. We look for a real pole below the band, z = E, = —e with
¢ > 0. The pole condition z = Ey + X(z) gives

e = |Vl log <€+W>. (1.259)
As e grows from 0 to oo, the left-hand side increases from 0 to co while the right-hand
side decreases from oo to 0. The equation therefore admits exactly one solution, and
it does so for arbitrarily weak coupling: a bound state is always pulled out below the
band edge. Being a real eigenvalue of the Hermitian Hamiltonian H lying outside the
continuous spectrum, it does not decay at all.

Ordinary perturbation theory fails here. Evaluating the second-order shift at
Ey = 0 would give |Vp|* P fy" dE/(0 — E), which diverges logarithmically at the lower
edge. The divergence is cured self-consistently: the level moves down by ¢, and this
displacement is precisely what cuts off the logarithm. For [Vp|? < W, (1.259) reduces to
€ ~ |Vo|? log(W/e), so that

e ~ |Vo|? log (1.260)

Vol

to leading logarithmic accuracy. The binding energy is of first order in |V}
by a large logarithm.

|2, but enhanced
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Residue and trapped population. The residue of the projected resolvent ((1.234]) at a

simple pole Ej, is
1

Iy = ——. 1.261
"By (1.261)
Differentiating (|1.258)),
Vol*W Vo|*W
¥ (2) = — | Y(—€) = ———— 1.262
so that (e 1)
€€+
Zy = , 1.263
" (e + W) £ VoW ( )
which indeed lies between 0 and 1. For e < W this simplifies to
L
Ty~ — S~ L= log V. (1.264)

e+ |Vl L+1 [Vol?

The residue approaches 1 only logarithmically slowly as the coupling is reduced: a state
sitting at a band edge remains strongly dressed however weak the coupling. Since the
asymptotic survival probability is P,(co0) = | Z,|?, a large fraction of the population never
decays. Taking for instance W = 100 |Vp]?, gives € ~ 3.41 |Vy]? and Z, ~ 0.78,
hence

Py(o0) >~ 0.61, (1.265)

although the coupling is a hundred times smaller than the bandwidth.

Decay of the remaining weight. The complementary weight 1 — Z; is carried by the
continuum and does decay, but not exponentially. Its spectral density follows from
(1.234), using log[z/(z — W)] = log|E/(W — E)] — i for z = E + in inside the band,

E) = L 1m(glG(E + n)lo) = L] C(266)

E+|Vof2log ——| +72[Vp[*

Instead of the Lorentzian of the broad-band case, this distribution is suppressed at the
edge: as F — 0 the logarithm diverges and

p(E)

1
~ — 0, 1.267
Vil g2 (V) ) 260
although only logarithmically slowly. There is no pole close to the real axis, and hence
no exponential regime at all. Since the survival amplitude is the Fourier transform of p,
its long-time behaviour is controlled by the window E < h/t, over which p is essentially
constant, giving

h
Vol?t log*(Wt/h)
‘2

A(t) = Zy e B ~ (1.268)
The survival probability therefore approaches its plateau |Z,|? algebraically, as 1/t up
to logarithmic factors, with oscillations at the binding frequency €/h produced by the
interference between the bound-state and continuum contributions. This is precisely the

behaviour displayed in Fig.(b).
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Why the effect disappears inside the band. The same calculation explains why no such
plateau is visible in Fig.[§(a). For a discrete state well inside the band, a bound state is
still pulled below the lower edge — the logarithmic divergence of ¥ there guarantees it —
but it is now exponentially weakly bound. Setting Ej, = —e¢ in the general pole condition
(1.255)) gives —e — Ey = |Vp|? logle/(e + W)], and neglecting € against both £, and W
one finds

Ty —— = ——
AERIAE
|2

e = W e B/l ‘ W -rovol?, (1.269)
The trapped fraction is exponentially small in Ey/|V|?, and entirely negligible for a
state far from the edges. The Markovian, exponential description is then recovered, and

the bound state reveals itself only when the discrete level approaches a band edge.

Physical interpretation. The Wigner-Weisskopf model therefore provides a useful
hierarchy of descriptions. In the broad-band weak-coupling regime, the continuum acts
as an effectively memoryless environment: the self-energy can be evaluated at Ey, the
resonance pole is approximately

20 — E(] + hAo — 17121107 (1270)
and the decay is exponential. This is the regime in which Fermi’s golden rule gives the
correct long-time decay rate.

When the density of states or coupling varies significantly around Ey, the self-energy
becomes strongly energy-dependent. The continuum then retains a memory of the
emitted amplitude, and the dynamics is no longer described by a single exponential.
Band edges provide a particularly simple realization of this situation. They can lead to
non-exponential decay and, when a real pole is pulled out of the continuum, to a dressed
bound state with an infinite lifetime.

The Wigner—Weisskopf model thus makes explicit the relation between three equivalent
descriptions of decay: the golden-rule transition rate, the imaginary part of the effective
Hamiltonian, and the position of a resonance pole of the analytically continued resolvent.

1.3.5 Spontaneous emission in a structured medium

The decay of a discrete quantum state into a continuum is particularly important in
quantum optics, where it describes spontaneous emission of an excited atom into the
electromagnetic field. The decay rate obtained from Fermi’s golden rule,

S
Do = (0| VIvo) Pos(Eo), (1.271)

depends both on the coupling matrix elements and on the density of available final states
at the transition energy. The electromagnetic environment can therefore strongly modify
spontaneous emission by modifying its density of states.

We illustrate this idea with three examples. In free space, the electromagnetic modes
form a broad continuum and lead to the familiar exponential decay. An optical resonator
concentrates the density of states around a resonant frequency and can enhance the
decay, an effect known as the Purcell effect. Conversely, a photonic bandgap suppresses
the density of states over a range of frequencies and can inhibit spontaneous emission.
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Figure 8: Decay of the probability P, to remain in the discrete state |¢) after it is
coupled to a continuum. In (a), the discrete-state energy lies in the middle of the

continuum, whereas in (b) it lies at its lower edge. The dashed black line shows the
purely exponential decay Py(t) = e™* obtained for an infinitely broad continuum. For
a finite bandwidth, deviations from exponential decay appear at long times. In (b),
the horizontal dotted line indicates the nonzero asymptotic probability P,(c0) = |Z,|?
associated with the real pole of the resolvent, corresponding to a bound state dressed by
the continuum.

44



Close to a band edge, the density of states varies rapidly with energy, so that the
broad-continuum approximation breaks down and the full resolvent description becomes
necessary.

Spontaneous emission to free space. We first recall how to compute the spontaneous
emission rate for an excited atomic level coupled to the electromagnetic vacuum. For
simplicity, we consider the level structure of a spinless particle, whose ground state is a
non-degenerate S orbital (angular momentum L = 0) and whose excited state belongs to
a P orbital (L = 1, three-fold degenerate). We consider an initial state in which the
atom occupies a state |e) of the excited manifold, while the electromagnetic field is in the
vacuum state |0).

The excited state |e) is defined within the P manifold by the polarization €. that
was used to promote the particle to the excited state. Spontaneous emission couples
this state to a continuum of states in which the atom has returned to the ground state
|g) and one photon has been created. These final states are indexed by the photon
wavevector k and polarization €, with € L k.

The interaction is given by the electric-dipole coupling

A A

V=-d-E, (1.272)
and the corresponding matrix element is
(e,0](=d - E)|g, 1ie) = —d &, €. - €, (1.273)

where w = ck is the photon frequency and

| hw
= 1.274
gw 260V ( 7 )

is the rms electric field associated with a single photon in the quantization volume V.
We write it &, rather than Ey(w) to avoid any confusion with the unperturbed energy
Ey of the discrete state.

The photon modes form a continuum. Taking into account the two transverse
polarizations, their density of states per unit energy is

VE?
Fermi’s golden rule then gives
27 A 2
FO = f <67 O|(_d ’ E)‘ga ]-k,e> pE(hw())? (1276)

where the average is taken over photon modes resonant with the atomic transition. Using

— 1
ler. - €] = =, (1.277)
3
we obtain the standard expression
wid?
Iy=-—"2 1.278
0 3meghcd ( )
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Figure 9: Scheme of an atom placed inside an optical cavity. The resonator modifies
the electromagnetic density of states and can enhance spontaneous emission when a
cavity resonance is close to the atomic transition frequency. This enhancement is known
as the Purcell effect.

Since hl'g < hwy and the density of states varies smoothly on the scale Awy, the
broad-continuum approximation is very well satisfied and the decay is exponential. This
result already illustrates the two ingredients controlling spontaneous emission: the
coupling between the atom and the electromagnetic field, and the density of available
photon states at the transition frequency. Modifying the electromagnetic environment
therefore provides a way of controlling the decay of the atom.

Purcell effect in an optical resonator. One way to modify the electromagnetic
density of states is to place the atom inside an optical resonator [3], 4], as illustrated in
Fig.[9]

A given resonant mode of the cavity, of frequency weay,, gives rise to a resonance in
the density of states. Assuming that the photon losses are characterized by a decay rate
k, this contribution can be approximated by a Lorentzian,

1 hk/2

Pe(E) = B o) 1 (2 (1.279)

At resonance with the atomic transition,

Weay = Wo, (1280)
one has )
huwo) = ——. 1.281
pe(hwo) . ( )
The spontaneous decay rate into the resonant mode is therefore
4d?% |, )
= ﬂ |€exc ’ Ecav(r0)| ) (1282)

where Ecay(19) is the electric field of the resonant mode at the atom position.
It is convenient to introduce an effective cavity mode volume V,,, through
hwy

‘/cav 6[)£?CE1V<I'(J)2 = T, (1283)

the subscript distinguishing it from the coupling amplitude Vj of the Wigner-Weisskopf
model. Assuming that the atomic dipole and cavity mode have the same polarization, we
obtain

2d2w0

= ——. 1.284
6(]h"i‘/cav ( i )
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Figure 10: Scheme of a two-dimensional photonic crystal consisting of a regular
array of dielectric rods. The periodic structure modifies the electromagnetic density
of states and produces photonic bandgaps (yellow regions in the dispersion relation),
in which light cannot propagate. Spontaneous emission is inhibited when the atomic
transition frequency lies inside a photonic bandgap. Near a band edge, the strong energy
dependence of the density of states can lead to non-exponential decay and the formation
of photon bound states.

Comparing this result with the free-space decay rate gives the Purcell factor

r 3N
- -2 1.2
v (1.285)
where )\ is the resonant wavelength and
Q== (1.286)
K

is the quality factor of the cavity.

The Purcell effect thus provides a direct example of the role of the continuum density
of states: concentrating electromagnetic modes around the transition frequency enhances
the decay rate. This enhancement has been observed in a wide range of systems, from
Rydberg atoms in microwave cavities [5] to quantum dots in optical microcavities [6],
where it plays an important role in the realization of semiconductor single-photon sources
[1.

Inhibition of spontaneous emission in a photonic bandgap. The opposite
effect can be obtained by suppressing the density of electromagnetic states. A periodic
modulation of the refractive properties of a material can produce photonic bandgaps,
frequency intervals in which electromagnetic waves cannot propagate through the
structure (see Fig.[10).

When an atomic transition frequency wy lies inside such a bandgap, there are no
propagating photon modes at the transition energy. Fermi’s golden rule therefore predicts
a suppression of spontaneous emission,

Ty =0. (1.287)

This phenomenon, known as inhibition of spontaneous emission, has been observed in a

variety of physical systems, from single atoms [8], 9] to solid-state systems [10], [11].
The vanishing of the golden-rule decay rate, however, does not imply that the atom is

completely decoupled from the electromagnetic field. Virtual transitions to off-resonant
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photon modes can still produce an energy shift, corresponding to the real part of the
self-energy. Moreover, close to the edge of a photonic bandgap, the density of states
varies rapidly with energy. In this situation, the broad-continuum approximation used to
derive exponential decay is no longer justified.

When the atomic transition is close to a band edge, the energy dependence of the
effective Hamiltonian becomes important. The resulting dynamics can deviate strongly
from exponential decay, and a finite fraction of the initial excitation can remain localized
around the emitter. In the resolvent description, this behavior can be associated with the
appearance of a real pole outside the continuous spectrum. The corresponding eigenstate
is a bound state dressed by the electromagnetic field, often called a photon bound state
in photonic structures with a bandgap.

Such non-exponential decay and dressed bound states have been predicted and
observed in a wide range of platforms [12] [13] [T4} 15, 16, 17]. They provide a particularly
clear physical realization of the limitations of Fermi’s golden rule and motivate the
resolvent approach developed in this section.

1.4 From effective Hamiltonians to open quantum systems

So far, we have mainly considered situations in which the Hilbert space can be separated
into two complementary subspaces,

H=Ha®Hp, (1.288)

with the projector P selecting the subspace of interest and @ =1-—Pits complement.
The degrees of freedom associated with H g can then be eliminated, leading to an effective
Hamiltonian acting within H 4. This construction has allowed us to describe, for instance,
virtual transitions to excited states, effective couplings between degenerate levels, and
the decay of a discrete state into a continuum.

A qualitatively different situation arises when the degrees of freedom that we wish to
describe form a subsystem coupled to an environment (see Figure . The total Hilbert
space is then a tensor product,

H=Hs@Hg, (1.289)

where Hg describes the subsystem of interest and Hpg the environmental degrees of
freedom. Unlike the direct-sum decomposition considered previously, both sets of degrees
of freedom are present simultaneously: the environment does not represent an alternative
state of the subsystem, but rather additional physical degrees of freedom that become
entangled with it.

The total Hamiltonian can generally be written as

H=Hs@lp+1s® Hy +V, (1.290)

where V' describes the coupling between the subsystem and its environment. Even
though the evolution generated by H is unitary, we are often interested only in the
subsystem. Its state is therefore described by the reduced density operator

ps = Trg(p), (1.291)
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Figure 11: Scheme of the open system considered here. A small quantum system S is
coupled to a large environment, or reservoir, £ by a coupling V.

obtained by tracing out the environmental degrees of freedom. A reminder of the
properties of the reduced density operator is given in Appendix [A]

In general, the reduced state pgs does not evolve according to a unitary Schrodinger
equation, nor can its dynamics be described by an effective Hermitian Hamiltonian alone.
Information and energy can be exchanged with the environment, and the subsystem can
become entangled with degrees of freedom that are no longer explicitly retained. The
resulting dynamics can therefore exhibit irreversible phenomena such as relaxation and
decoherence.

There is nevertheless a close connection with the effective-Hamiltonian approach
developed above. In both cases, we eliminate degrees of freedom that are not explicitly
observed. The difference is that, for an open quantum system, the eliminated degrees
of freedom constitute an environment with its own dynamics and generally retain
information about the subsystem. Their elimination consequently produces not only
energy shifts, but also dissipation and decoherence.

We first illustrate this idea with the simplest possible example: a two-level subsystem
coupled to a continuum. This example provides a direct bridge between the resolvent
treatment of resonant decay developed above and the more general framework of open
quantum systems. We then generalize the construction to an arbitrary subsystem coupled
to an environment and introduce, under suitable approximations, the Lindblad equation.

1.4.1 Lindblad equation for a two-level system coupled to a continuum

We consider a two-level subsystem coupled to a continuum, which can be solved quasi-
analytically. This will allow us to reveal the type of evolution followed by the reduced
density matrix of an open system and to identify the conditions under which it takes the
Lindblad form.

Description of the model. Consider a two-level subsystem with ground state |g) and
excited state |e), coupled to an environment initially in a state |0g). The total Hilbert
space is

H=Hs®HE, (1.292)

and we assume that the interaction allows the excitation of the subsystem to be transferred
to the environment. A typical interaction Hamiltonian can be written as

V= h/ l9.6- @B, + g5 6, @b dw, (1.203)

where
G- =lg)lel, &+ =le)gl, (1.294)
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and BL creates an excitation in the environmental mode labelled by w, where w is the
frequency of the mode. With the normalization [b,, b, = d(w — «'), |gu|? has the
dimension of a rate.

If the total system initially contains a single excitation,

[(0)) = le) ®[0g), (1.295)
the dynamics remains in the single-excitation sector. The relevant states are then
le,0g)  and  |g,1.), (1.296)

where |1,,) denotes an environment containing one excitation in mode w. Within this
restricted sector, the Hilbert space therefore takes the direct-sum form

Hy = span{|e,0g) } @ span{|g, 1.,) }..- (1.297)

We thus recover precisely the structure considered in the previous section: a discrete
state coupled to a continuum.
From the point of view of the subsystem, however, the physical interpretation is
different. The transition
le,0g) — |9, 1,,) (1.298)

corresponds to the decay of the excited state and the emission of an excitation into the
environment. The continuum is therefore not merely a complementary subspace of the
subsystem, but consists of additional environmental degrees of freedom.

In the weak-coupling and broad-continuum regime, the resolvent calculation gives

(e, 0g|U(t)|e, 0g) ~ e i(Fe/MtA=T2 (1.299)

and hence
P,(t) =e . (1.300)

At the level of the reduced subsystem, this describes an irreversible transition
le) — |g). (1.301)

The same physics can be expressed directly in terms of the density matrix of the
two-level subsystem. Starting from the initial state |e), the exponential decay obtained
above implies

pec(t) = (elps(t)le) = e, (1.302)

A natural question is then how to describe the dynamics of the density matrix pg(t) itself.
Establishing such a description is the goal of our introduction to open quantum systems.

1.4.2 The Lindblad equation from the Wigner—Weisskopf model

The evolution of the density matrix pg(t) can be pushed analytically under the simplifying
assumptions underlying the Wigner—Weisskopf model. As in Section [I.3.4] it is convenient
to measure the continuum label w relative to the atomic transition frequency wy, so that
w denotes the detuning of a mode from resonance rather than its absolute frequency: the
excited level |e) then plays the role of the discrete state placed at zero energy, exactly as
Ey = 0 there. We assume that the coupling g, is uniform (equal to g > 0) over a band
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of width W centred on resonance, —W/2 < w < W/2, and vanishes outside it. The
continuum is assumed to be broad in the sense that it is much wider than the decay rate
it will be found to produce — a condition we make precise once that rate, I', has been
computed.

The state evolution can be written exactly as

W2

(D)) = co(t)e, 0) + / - dw (e g, L), (1.303)

where the free phases have been factored out. Inserting (1.303) in the Schrodinger
equation gives the coupled amplitude equations

w2 _
Ce(t) = —i g/ dw e, (t) e, (1.304)
—Wy/2
to(t) = —igee(t) et (1.305)
Equation ([1.305)) can be integrated exactly with the initial condition ¢, (0) = 0,
t .
cu(t) = —ig/ dr co(1)e™7, (1.306)
0

and substituted back into (|1.304)). We obtain a closed, still exact, integro-differential
equation for the atomic amplitude alone,

t
Co(t) = —/ dr K(t — 1) co(7), (1.307)
0
with the memory kernel
w/2 : 2g° W W
K(s) = gz/ dwe s = 20 sin(8> = ¢*W sinc <S> : (1.308)
—W/2 S 2 2

The whole influence of the environment on the subsystem is then encoded in the single
function K (s).

Where the Markov approximation enters. Equation (({1.307)) is non-local in time:
the evolution at time ¢ depends on the whole history of the atom. The kernel (1.308)|)

decays over the correlation time set by the width of the sinc function,

1
B~ T (1.309)

Its total weight, on the other hand, is fixed by the coupling exactly at resonance and
does not depend on W: using [*° dse ™" = 27d(w),

) w/2
[m ds K(s) = ¢° /W/2 dw 276(w) = 27g?, (1.310)

and, since K (s) is even in s, half of this weight lies at s > 0. In the broad-band limit
W — o0, the kernel itself becomes a delta function,

K(s) ——— 21g* 6(s), (1.311)
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using the standard representation sin(as)/(mws) — 0(s) for a — oo.
The Markov approximation is most transparent once the integration variable in
(1.307)) is changed from the absolute time 7 to the delay s =t — 7,

6o (t) = —/Ot ds K(s) co(t — ). (1.312)

It then consists of two steps: replacing c.(t — s) by c.(t), and extending the upper limit
of the delay integral from ¢ to infinity. Equation ((1.307]) then becomes local in time,

r

éolt) = — /Om dsK(sﬂ Clt) = —5clt), T =2mg, (1.313)

so that the broad-continuum condition reads precisely W > I' = 27g¢%: the continuum
must be broad compared with the decay rate it produces. We recognize in I' Fermi’s
golden rule for the resonant transition. There is, moreover, no Lamb shift here, A = 0:
because the band is exactly symmetric about the atomic transition. Equation (|1.313))
integrates to the exponential decay

ce(t) = e T2, (1.314)

It is worth stressing that this exponential law cannot hold at arbitrarily short times.
Expanding (|1.307)) for ¢ — 0 gives the quadratic, so-called Zeno, behaviour

lc.®)? 21— K(0)t*,  K(0)=g*W, (1.315)

which crosses over to the exponential decay (1.314]) only once t 2 75 ~ 1/W. Any
Markovian description is therefore implicitly coarse-grained in time.

From amplitudes to the reduced density matrix. So far we have only followed
the atom initially in |e), working throughout in the frame in which the atomic energy
has been set to zero (Section[1.3.4). To treat an arbitrary initial state we must restore
the trivial phase associated with the true atomic transition frequency wq, and use the
linearity of the Schrédinger equation. Starting from a general product state

[W(0)) = (cqlg) + cele)) ©0), (1.316)

the state |g,0) has zero energy and is not coupled to anything: it is stationary. The
excited-state survival amplitude is

A(t) = (e,0]U(t)|e, 0) = e~ 0t ¢ (1), (1.317)

where ¢, (t) is the solution of (1.307) obtained above, equal to e T2 in the Markovian
regime, ({1.314]). The exact state at time ¢ reads

[W(t)) = cglg, 0) + cc Alt)]e, 0) + celg) © [0(1)), (1.318)

where |p(t)) = [ dw ¢, (t)e |1, is the one-excitation state of the environment. Unitarity
imposes

(e)le() =1— A, (Ole(t)) = 0. (1.319)
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The key point is that the environment ends up in only two orthogonal states: the vacuum
|0), and the normalized one-excitation state

[p(t)) = __lel) (1.320)

J1-1A®))?

It is therefore natural to regroup the terms of the state according to the state of the
environment,

(1)) = [xo(t)) ®[0) + [xa(t)) ® [@(2)), (1.321)

with the two unnormalized atomic states
[Xo0(t)) = cq4lg) + cc A(t)]€), (1.322)
IX1(t)) = cer/1 — [A(t)[? |g)- (1.323)

The first describes the branch in which no photon has been emitted, the second the
branch in which one photon has been emitted.
The partial trace over the environment is now immediate. Expanding the projector

on (L321),

(W) = [xo0) (xol @ 0){0] + [x2) (xa| © [2) (@]
+ [x0) Oxal @ 10) (@] + [x1) (xo| @ [)(0], (1.324)

and using Trg [|a)(b|]] = (bla) for the environment factors, the two diagonal terms
contribute with weight (0|0) = (¢|@) = 1, whereas the two cross terms vanish because
(¢]0) = 0. We are left with

Ps(t) = Trp|¥ @) (¥ ()] = Ixo(®)) (xo(®)] + [xa () (xa (t)]- (1.325)

The orthogonality of the two environment states is what makes the reduced density
matrix a sum of two branches, with no interference between them: the environment has
kept a record of which branch occurred.

[t remains to express this result in terms of the initial atomic state pg(0) = [1o) (¢o],
with [1g) = ¢4|g) + cele). Both |xo) and [x;) are linear in [¢)y), and can therefore be
written as operators acting on it,

xo() = Mo(t)to),  Ixa(t)) = Ma(t)[o), (1.326)
with
Mo = |g){(g] + A(t)|e){el,  Mi=/1—|A{)]? 6-. (1.327)
Substituting into (|1.325)) gives
ps(t) = Mo(t) ps(0) My (t) + M (t) ps(0) M (2). (1.328)
Although obtained here for a pure initial state, this relation is linear in pg(0) and
therefore holds for an arbitrary initial atomic density matrix, provided the atom and the

field start in a product state with the field in its vacuum.
The two operators satisfy

NI§ N + M{M, = |g) (gl + [AP[e) (el + (1= [A]*) 646
= |9)(g| + le){e| = 1, (1.329)
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which guarantees that the trace is preserved. Equation ((1.328]) is an example of a Kraus
decomposition; any map of this form is automatically completely positive and trace
preserving, so that pg(t) is a legitimate density matrix. Explicitly, the matrix elements
evolve as

pec(t) = [A(t)] pee(0), (1.330)
Peg(t) = A(t) peg(0), (1.331)
Pag(t) = Pgg(0) + [1 = [A()] pec(0). (1.332)

The two operators have a transparent physical meaning. The operator N, o 6_ describes
the branch in which an excitation has been emitted into the environment: it is the
quantum jump. The operator My describes the complementary branch, in which no
excitation has been emitted; it is not unitary, since |A| < 1, and it reduces the weight of
le) accordingly. This is the microscopic origin of the non-Hermitian effective Hamiltonian
encountered in the resolvent approach, and the starting point of the quantum-trajectory
description discussed below.

Infinitesimal time step and the Lindblad equation. Expanding ((1.327)) to first
order in a small time increment dt,

~ I i~
My=1— [iwo + 2] G 6_dt=1— %Heﬁ dt, (1.333)
M, =VTdt6_ =t L, (1.334)

where we have introduced the non-Hermitian effective Hamiltonian and the jump operator
. ihl’ .
Ho = hwy 5.6 — 170+5_, L=+vTé_. (1.335)

The characteristic v/dt scaling of the jump operator is the signature of the Markovian
limit: it is precisely what makes the jump term M, ple contribute at first order in dt.
Had the kernel possessed a finite correlation time, the jump probability would have
been quadratic in dt at short times, as in the Zeno regime discussed above, and no such
expansion would exist.

Inserting (|1.333)) and ((1.334)) into (1.328)) and keeping the terms linear in d¢ gives,
with Hy = hwg646_,

ps(t + dt) = pg — : [Hs, ps ]d

h
1 (6-pst — 5 {500, ps}) dt (1.336)
that is, the Lindblad equation
T T T O S Y
Oips = N [Hsyps} + LpsL 5 {L Ljps}, (1.337)

with the single jump operator L =+Té_ and, in this symmetric example, no Lamb-shift
correction to Hg — a direct consequence of A = 0. For a band not centred on resonance,
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the same calculation would add a Lamb-shift term Hyg = AA 0,6_ to the coherent part,
with A given by ({1.249)). The populations and coherences obey

.
atpee = _Fpeea atpeg = - (2 + 1W0> Peg> (1338)

so that the coherence decays twice as slowly as the population. This factor of two, which
is a direct consequence of p., o< A while p.. o |AJ?, is one of the most useful predictions
of the Lindblad description: it is not contained in the survival probability alone.

1.4.3 Extending the Lindblad equation to the general case

The Wigner—Weisskopf example produced a Lindblad equation with a single jump
operator, associated with the one decay channel available to the two-level system.
A generic subsystem S coupled to a generic environment typically possesses several
independent irreversible channels — one jump operator per pair of energy levels, say,
or per polarization of an emitted photon — each expected to contribute dissipative
dynamics of the same structure. This suggests postulating, for an arbitrary subsystem,
the generator

s = =, [Hs. ] + 3 (Bupstl = 5 {Eidis}). (1.339)
with Hg Hermitian and {ﬁk} an arbitrary family of operators on Hg, one per channel.
Rather than deriving from a microscopic model, as we did above, let us check
directly that it meets the requirements demanded of the evolution of an open quantum
system: linearity, trace preservation, preservation of Hermiticity, and complete positivity.

Linearity is manifest. Hermiticity is preserved because every term on the right-
hand side is separately Hermitian whenever pg is: [Hg, ps] is anti-Hermitian, so that
—1[H5,p5]/h is Hermitian, while LkpSLJr and {LkLk,pS} are manifestly so. Trace
preservation follows exactly as in the single-channel case, using the cyclic property of the
trace separately for each k,

T (Bupshl) = Tr (Bl Eaps) = T [5 {2l Es. s} (1.340)

so that the two contributions cancel in 9, Tr pg.

Complete positivity is the one property that is not obvious by inspection, and it is
precisely where the Markov approximation enters. As for the two-level example, consider
the evolution over an infinitesimal step dt, and introduce the non-Hermitian effective
Hamiltonian

A

Hy = Hg — — ZLTE (1.341)

Defining Mg =1- Heff dt and Mk Vaat L Ly, a short calculation gives, to first order in
dt,

MM+ S MMy =1 — dt Y LELy +dt Y LEL, + O(dt?) = 1 + O(dt?), (1.342)
k k k
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and

MopsM{ + > MypsM] = ps +dt _%[‘E[Sv psl+> (zkﬁsﬂc - ; {Elfzmﬁs})] :
k k

(1.343)
which is exactly pg(t + dt) as generated by . In other words, to the order required,
the evolution over dt is a genuine Kraus map pgs — Y, MiﬁSMf with >, MJZ\Z& =1.
Any map of this form is automatically completely positive and trace preserving, for any
choice and any number of the operators M;, whether or not S is entangled with another
system.

We have thus verified that satisfies every mathematical requirement placed on
the generator of a Markovian open-system evolution, generalizing to an arbitrary number
of jump operators the single-channel result (|1.337)) obtained explicitly above. What
remains open is the converse question: is the most general generator with these
properties? This is the content of the Gorini—Kossakowski—Sudarshan—Lindblad theorem;
a sketch of its microscopic derivation, spelling out the weak-coupling, Born—Markov and
secular approximations only sketched here, is given in the next, optional, section.

1.4.4 (x) Derivation of the Lindblad equation
This section is optional reading. It provides a justification of the Lindblad equation

following the standard weak-coupling, Born—Markov and secular approximations.

The quantum master equation. We consider a quantum system S coupled to a
reservoir &£, with total Hamiltonian

H=Hs+Hp+ V. (1.344)

The first two terms describe the independent dynamics of the system and reservoir, while
V' describes their coupling.
For an isolated system, the density matrix obeys the Liouville=von Neumann equation

ih0,ps = [Hs, ps), (1.345)
and therefore evolves unitarily according to
ps(t) = Us(t)ps(0)U4(1). (1.346)

In particular, the eigenvalues of jg are conserved: an isolated quantum system cannot
become mixed through its own unitary evolution.

The situation changes when S is coupled to an environment. Although the total
system § + & still evolves unitarily, the reduced density matrix

can evolve non-unitarily.
We derive an approximate equation for this reduced dynamics by moving to the
interaction picture with respect to

Hy= Hg + Hp. (1.348)

26



The interaction-picture density matrix obeys
ihd(t) = [V (1), o). (1.349)

Integrating once gives

() = p(0) + o [ V(7). )] dr (1.350)

Substitution into the equation of motion and tracing over the reservoir gives the exact
second-order identity

0ps(t) = - TeslV (1), (0)]
— o [ T [0, 170, ()] (1.351)

We now introduce the approximations that allow this exact equation to be converted
into a local equation for the reduced density matrix.

Initial state and vanishing first-order contribution. We assume that initially the system
and reservoir are uncorrelated,

p(0) = ps(0) @ pr, (1.352)

where pg is stationary with respect to Hp. We also choose the interaction such that

Tep(V(t)pg) = 0. (1.353)

A non-zero average of V could in any case be absorbed into a redefinition of Hs. Equation

then reduces to
Oips(t) = _;2 /Ot Trg [V(#), [V(7), p(r)]] dr. (1.354)

Born approximation. We assume that the reservoir is sufficiently large that its state is
not significantly modified by the interaction. Moreover, correlations generated between
system and reservoir are assumed to remain small. We therefore approximate

pt) = ps(t) ® pe. (1.355)
This gives

1 t

s [ T [V, V(). () @ )] dr. (1.356)

dups(t) =

Markov approzimation. The remaining equation contains memory: the derivative of pg
at time t depends on its values at earlier times. To eliminate this memory, we assume
that the reservoir correlation function decays on a timescale 7 much shorter than the
characteristic evolution time 7g of the system,

T < Ts. (1.357)
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During the short interval over which the reservoir retains memory, the reduced density
matrix therefore changes only negligibly, so that

ps(t — 1) = ps(t). (1.358)

Furthermore, because the reservoir correlation has essentially vanished for 7 > 7z, the
upper limit of the integral can be extended to infinity.
To make this explicit, consider for simplicity an interaction of the form

V=8®R. (1.359)

The more general case is obtained by writing the interaction as a sum of such terms.
Introducing the reservoir correlation function

g(r) = Trg [R(r)R(0)px] (1.360)

one obtains a time-local master equation of the form

0is =35 [ [s3WS — s + g()psS(e )30

— g(7)S(t — 7)psS(t) — g(—7)S(t)psS(t — 7)| dr. (1.361)

The Markov approximation is therefore the step that converts the exact non-local
evolution into a differential equation involving only the density matrix at the current time.
It is the density-matrix analogue of the short-memory or broad-continuum approximation
that led to exponential decay in the resolvent treatment.

Secular approximation. The Markov approximation removes the memory of the reservoir,
but the resulting master equation does not yet have the mathematical structure
required to guarantee that the reduced density matrix remains a physical density operator
at all times. In particular, it is not manifest that the evolution preserves the positivity of
ps. A further approximation is therefore required to separate the different characteristic
frequencies of the system.

To see how this arises, let us expand the interaction-picture system operator in the
eigenbasis of H,

S(t) = 37 Suwe b (Y], (1.362)

where g 5
_ E> — E”

h

The terms appearing in the master equation then contain oscillating factors involving
differences of these transition frequencies. For example, products of two components of .S
contain terms proportional to

(1.363)

Whn!

ol @ning "y )t

(1.364)

When the corresponding frequencies are different, these terms oscillate rapidly compared
with the slow dissipative evolution generated by the weak coupling. Their contribution
therefore averages to zero on the timescale over which the reduced density matrix evolves.
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The secular approximation consists in retaining only the terms for which
Wit = Wnonl- (1.365)
For a non-degenerate spectrum, this condition reduces to
ny = na, ny = ny. (1.366)

The different transition frequencies then evolve independently. This approximation is
justified when the frequency differences between distinct transitions are large compared
with the dissipative rates, so that the corresponding oscillations are effectively averaged
out.

The importance of this step is that the resulting equation can be reorganized into a
sum of independent contributions, each associated with a particular transition frequency.
The coefficients multiplying these contributions are Fourier transforms of the reservoir
correlation function. As we shall see, these coefficients are positive, which allows the
resulting evolution to be written in the completely positive Lindblad form.

Decomposition into transition operators. It is useful to reorganize the system operator
according to the different transition frequencies of the subsystem. We define

Sw)= Y S|t (Wnl, (1.367)
so that
Sit) =Y e“'S(w). (1.368)

For a non-degenerate spectrum, each &(w) corresponds to a single transition |1,) — [¢).
These operators satisfy

Sl(w) = 6(—w). (1.369)

After inserting this decomposition into (|1.361)), the secular approximation eliminates

terms involving different transition frequencies. The master equation can therefore

be written as a sum over independent frequencies. Introducing the one-sided Fourier
transform of the reservoir correlation function (a complex quantity, not a rate),

B(w) = /0 T e g(r) dr, (1.370)
one obtains
s =~ 22 [P)E1 IS () + 8 ()58 ()6 ()
— (P(w) + ") )& (w)ps&'(w) . (1.371)

The real and imaginary parts of ®(w) have distinct physical roles. We write

®(w) = Re ®(w) + i Im (w), (1.372)
and define 5 Rod
V(w) = e}_ﬁw (1.373)
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together with the Lamb-shift Hamiltonian
N Im® N A
Hs=Y" mhMGT(w)G(w). (1.374)

w

Equation ([1.371]) can then be rearranged as
1

atﬁS = ﬁ[ﬁL&ﬁS}
+39() [60)5sS @) - 5 (ST )85} (13m)

Identification of the Lindblad equation. We have thus obtained an equation of the form

R R TSN
0ps = s, ps] + 3 {prSLL — S {EiL., pg}} , (1.376)

where A A
L, =/7(w)&(w). (1.377)
This is precisely the Lindblad form of a Markovian quantum master equation.

An important check is that the rates y(w) are positive. This follows from the fact
that they are Fourier transforms of the reservoir correlation function

dim(H ) .
g(T) = Z Hm|Rmm’ ’26—1wmm,77 (1378)

m,m/=1

which clearly only has positive Fourier components. The positivity of the rates is crucial
for the complete positivity of the resulting evolution.

Returning to the Schrodinger picture simply adds the free Hamiltonian Hg to the
coherent part of the evolution, giving the final form of the Lindblad equation

Oips = ;_L[HS + Hys, ps] + {LwﬁSLI; - ; {LZ}LUM ﬁs}} : (1.379)
w

The structure of this equation is important. The first term describes the unitary
evolution generated by the system Hamiltonian, including the Lamb shift induced by
the reservoir. The remaining terms describe irreversible processes associated with the
different transition frequencies of the system. The operators L., are therefore naturally
interpreted as jump operators: they map one system state onto another while transferring
information and energy to the reservoir.

It is worth emphasizing, however, that the Lindblad equation is not an exact
consequence of the Hamiltonian dynamics. Its validity relies on the hierarchy of timescales
underlying the approximations made above: the reservoir must lose its correlations rapidly
compared with the evolution of the subsystem, the coupling must be sufficiently weak for
the Born approximation to remain valid, and distinct system transition frequencies
must be sufficiently well separated for the secular approximation to apply. When these
conditions fail, memory effects or non-secular couplings can become important and the
reduced dynamics need not be described by a time-independent Lindblad generator.
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Non-Hermitian effective Hamiltonian and jump operators The Lindblad
equation ([1.379) can be rewritten in terms of a non-Hermitian effective Hamiltonian. We
define

. . . 1 A
Ay = Hg + Hyg — %Z LiL.. (1.380)
The master equation then takes the form
A Lo o o P Tt
dups = (Herps — psHlz) + > LupsL. (1.381)

The last term in is purely anti-Hermitian and is responsible for the loss of
probability associated with irreversible transitions into the reservoir.

Let us first consider the jump contribution in . For a transition frequency wy,/,
the corresponding jump operator is

IA/’rm’ =V W(Wnn’)<¢n’|§|¢n>|¢n’><wn|7 (1382)

where, for simplicity, we have assumed non-degenerate transition frequencies. Its
contribution to the density matrix is

(U [S|Un) | (Ul ps|¥n) o) (W] (1.383)

This expression makes the physical interpretation particularly transparent. The process
removes population from [¢,) and transfers it to |¢,/). Its rate is proportional to the
population initially present in |1,), to the square of the corresponding matrix element of
the coupling operator, and to the reservoir spectral density v(wy, ). The resulting state
is the projector onto |¢),/). Such a process is called a quantum jump from |¢,,) to |Pn).

The anti-Hermitian part of H.q provides the complementary description of the same
process. Indeed,

A A 2
Lnn’pSL:[m/ = ’Y(C‘)nn’) ‘

. A
S LB = =) | 18160 o) . (1.384)

It therefore produces a decay of the amplitude associated with |4),,), corresponding to the
probability that a jump towards |¢,/) will occur. The non-Hermitian evolution thus
describes the dynamics conditioned on the absence of a detected jump, while the terms
L, ﬁsle restore the probability associated with the corresponding jump processes.

This interpretation also establishes a direct connection with the exponential decay
obtained previously from the resolvent formalism. For example, if there is a single decay
channel |e) — |g) with

L =VT|g){el, (1.385)
the effective Hamiltonian contains
. N N ihl
Ho = Hg + His — 1716><ey. (1.386)

The excited-state amplitude therefore evolves as

(e|tp(t)) oc e I(FetAbLs)t/he=T/2 (1.387)

T

and its population decays as e ', in agreement with the pole of the analytically continued

resolvent.
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Connection with the resolvent effective Hamiltonian. The relation with the effective
Hamiltonian introduced earlier can be made more explicit. Using

B(w) = /0 T e g(r) dr, (1.388)

the coherent and dissipative contributions can be combined into
~ . 1 ~ ~
Hey = Hs + — > (w)&T(w)S(w). (1.389)
1 w

This expression has the same structure as the second-order effective Hamiltonian obtained
from the resolvent formalism. To make the connection explicit, consider a system
eigenstate |¢,) and a stationary reservoir described by

pe =3 M| Xm) {(Xm- (1.390)
For a factorized interaction R o
V=S®R, (1.391)
the diagonal matrix element of ((1.389)) can be written as

~ 1 ~
<¢n|Heff|¢n> = ES + in ZHm<¢n:Xm’V

oo
1

o / oi(BE+BE—Hs—Hp)r/h A7 V[, Xom)- (1.392)
0

Using the standard integral representation of the resolvent,

1

1 oo | N
- / S DN L P — (1.393)
ih Jo E+in—H
with n > 0 the same infinitesimal convergence factor as above, this becomes
A A 1 A
wlHegt|[Un) = ES + > Iy (U, Xom|V . V|, Xm). (1.394
(nlHerltn) = B4 S b XonlV e Vo) (1399

The second term in is precisely the second-order effective Hamiltonian obtained
previously from the PG (2) P construction, with the projector P now selecting the state
|, Xm)- The effective Hamiltonian governing the reduced subsystem can therefore
be interpreted as the reservoir average of the energy-dependent effective Hamiltonians
obtained in the resolvent approach:

Hog ~ > T, A (1.395)

The real part of this effective Hamiltonian produces the energy renormalization, or Lamb
shift, while its imaginary part gives the decay rates. The Lindblad description thus
provides the density-matrix counterpart of the non-Hermitian resolvent description.
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1.4.5 Alternative description: quantum trajectories

The notion of quantum jump introduced above also provides an alternative description of
the evolution of an open quantum system, in terms of quantum trajectories. Instead
of solving directly for the reduced density matrix, one represents the dynamics by an
ensemble of pure states, each evolving under a non-Hermitian effective Hamiltonian and
undergoing random quantum jumps. The density matrix is then recovered by averaging
over a large number of such trajectories.

We take as our starting point the Lindblad equation in the general form obtained in
Section [1.4.3]

;

Oips = " [ﬁs, ﬁs} +> (ﬁkﬁsﬁL - ; {f/ltf/k; ﬁs}) : (1.396)
2

with one jump operator Ly per dissipation channel. Introducing the non-Hermitian
effective Hamiltonian

N N ih P
Aoy = Hg — %Z LiL, (1.397)
k

the anticommutator can be absorbed into the commutator term, and (|1.396)) takes the
strictly equivalent form
dups = — (Heaps — psHlz) + > LipsL]. (1.398)
i
This splitting is the starting point of the trajectory description: the first term generates
a deterministic evolution that does not conserve the norm, while the second restores the
probability that the first one loses.

The two branches over an infinitesimal step. The rules governing a trajectory
follow directly from the Kraus form established in Section [I.4.3] Over an infinitesimal
step dt, the evolution is generated by the operators

My=1-— %Hﬁ dt, N =t Ly, (1.399)

which satisfy ]\Z/g Mo+, M ,Ij\sz = 1 to first order in df. Read as a statement about
probabilities, this completeness relation invites us to interpret each M as one possible
outcome of a measurement performed on the environment: either nothing is detected,
and the state is acted upon by Moy, or a quantum of type k is detected, and the state is
acted upon by M. Averaging over unread outcomes reproduces the Lindblad equation;
following one particular sequence of outcomes defines a quantum trajectory.

Starting from a normalized state |1(t)), the probability that the jump k occurs
during dt is

dpi(t) = [Nl @) = dt (@IEL Ll (1)), (1.400)

of first order in dt precisely because of the v/dt scaling of M. With the complementary
probability 1 — 3", dpg, no jump occurs and the state evolves under M, that is, according
to the non-unitary Schrodinger equation

ih 0,0 (1)) = Heg|th(t)). (1.401)
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Because Hog is non-Hermitian, the norm of the state is not preserved. This loss of norm
has a direct probabilistic interpretation: it is the accumulated probability that a jump
has occurred, so that the state has to be renormalized after each step. When a jump of
type k does occur, the state is replaced by

) — _ L) (1.402)

VWL El)

Thus the non-Hermitian evolution describes the continuous dynamics between jumps,
while the operators Ly, describe the discrete stochastic events induced by the coupling to
the environment.

The dynamics of a single trajectory is therefore governed by the following rules:

1. the system evolves deterministically under the non-Hermitian Hamiltonian ﬁeff of
(1.397)) between jumps, the state being renormalized at each step;

2. a jump of type k occurs randomly with instantaneous rate (¢|IAJLZAL;€W>,

3. following the jump, the state is replaced and renormalized according to

) — Loy (1.403)

V@IL L)

Although each trajectory describes a pure state, an individual trajectory does not
represent the full reduced state of the open system. Rather, the density matrix is
obtained by averaging over the ensemble of possible trajectories,

ps(t) = Eerag [l0(2)) (W ()] (1.404)
The ensemble average of any observable can consequently be evaluated as
(Os) = Euraj [((1) Os(2))] (1.405)

One can show that this stochastic evolution is exactly equivalent, upon ensemble
averaging, to the evolution generated by the Lindblad master equation (1.396|) |18 19].
Quantum trajectories thus provide an intuitive interpretation of the different terms of
the Lindblad equation: the non-Hermitian effective Hamiltonian describes the evolution
conditioned on the absence of an environmental detection event, while the jump operators
describe the possible detection events themselves.

Readers who have gone through the optional Section may identify the channel
index k with the transition frequencies w of the subsystem, the jump operators with the
L., obtained there, and the Hamiltonian Hg of with Hg + I:[LS, i.e. the bare
system Hamiltonian corrected by the Lamb shift induced by the reservoir. Nothing in
the present section depends on that identification.

This interpretation also provides a useful connection with the resolvent approach
developed earlier. The same non-Hermitian effective Hamiltonian that emerges from the
analytic continuation of the resolvent now governs the conditional evolution between
quantum jumps, while the jump terms restore the probability lost through its non-
Hermitian part. The interested reader can find further details on the foundations
and applications of quantum trajectories and non-Hermitian quantum mechanics in
Refs. [18, 19, 20].
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1.4.6 Example of a decaying electromagnetic field in an optical cavity

We now consider a slightly more complex example than the two-level system discussed
above: a single electromagnetic mode in an optical cavity, where the subsystem is the
cavity mode, which can contain an arbitrary number of photons, and is therefore of
infinite dimension. The reservoir is the continuum of electromagnetic modes outside the
cavity, which can absorb photons that escape through the imperfect mirrors.

In an idealized lossless cavity, the Hamiltonian of a single mode is

Hg = hwila, (1.406)

where w is the resonance frequency and & and a' are the annihilation and creation
operators of the cavity mode.

In a real cavity, the coupling to the electromagnetic modes outside the cavity makes
the cavity mode an open quantum system. A single dissipation channel is at play, so that
the sum over k in reduces to a single term. The corresponding quantum jump
removes one photon from the cavity, which fixes the jump operator to be proportional to

a,

L =+/ka, (1.407)
the constant k being determined below by the rate at which the mean photon number
decays. The Lindblad equation for the reduced density matrix of the cavity mode is

consequently
Dups = —|Hs, ps] + <AM*—1{ATM}) (1.408
ips = - [Hs, ps| + k (apsa’ — 510'8, ps g ) - 408)
It should be stressed that this describes a reservoir in its vacuum state: the only
elementary process retained is the loss of a photon. At finite temperature a second
channel opens, described by L' = \/k fign @', in which a thermal photon is absorbed from
the environment, and the steady state is then a thermal state rather than the vacuum.
For an optical cavity, n, is entirely negligible at room temperature and the description
above is excellent; for a microwave resonator it is not, unless the device is cooled well
below hw/kg.
The exponential decay of the mean photon number follows directly from this equation.

Introducing the photon-number operator 7 = @@, one finds the exact evolution
(A () = Te[aps(b)] = (A)(0)e™, (1.409)

which identifies x as the photon loss rate. It coincides with the cavity linewidth introduced
in the discussion of the Purcell effect.

It is instructive to consider more specifically an initial Fock state |ng). Since the
Hamiltonian does not couple different photon-number states and the jump operator
simply removes one photon,

aln) = valn — 1), (1.410)

the density matrix remains diagonal in the Fock basis. Writing

no
ps(t) = D T (Dln) {n. (L411)
n=0
the populations are given by the binomial distribution
T, no—mn
I, (t) = (J) e (=)™ n<n, (1.412)
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Figure 12: (a) Time evolution of the probabilities II,, to measure a photon number n in
a lossy cavity, starting in the Fock state |ng = 5). (b) Evolution of the von Neumann
entropy, which quantifies the degree of mixing resulting from the photon loss towards the
environment. (¢) 5 examples of quantum trajectories, where the system remains in a
pure Fock state at all times and undergoes quantum jumps at random times. (d) Mean
photon number obtained by averaging quantum trajectories.

For example, the evolution for an initial state [ng = 5) is shown in Fig.[12h.
At long times, ¢t > 1/k, all photons eventually escape and the cavity approaches the
vacuum state,
ps(t) — [0)(0]. (1.413)
At intermediate times, however, several photon-number states are populated incoherently.
The reduced state of the cavity is therefore mixed, even though the initial state was pure.
This is reflected in the von Neumann entropy, shown in Fig.[I2b. The entropy initially
increases as information about the intracavity field is transferred to the environment,
before eventually returning to zero when the cavity reaches the pure vacuum state.
The same dynamics admits a particularly intuitive description in terms of quantum
trajectories. A single trajectory remains in a pure Fock state and undergoes stochastic
jumps
n) — |n—1) (1.414)

at the rate o
(n|LTLn) = kn. (1.415)
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Thus, the larger the number of photons in the cavity, the more likely a photon-loss
event is to occur. Between jumps, the state evolves under the non-Hermitian effective
Hamiltonian (1.397)), which here reads

) . .
Hog = hooi =~ = h(w— 1;) . (1.416)

Being diagonal in the Fock basis, it only multiplies |[n) by a number: the no-jump
evolution reduces the norm, by the factor e=™#/2 without altering the state once it is
renormalized. This is why a trajectory started in a Fock state remains in a Fock state at
all times, and why the decrease of the norm reproduces the exponential waiting-time
distribution of rate kn. Five example trajectories computed numerically by randomly
drawing the jump events are shown in Fig.[I2f.

Each trajectory remains a pure state and therefore does not by itself reproduce
the mixed density matrix obtained from the Lindblad equation. Rather, the latter is
recovered by averaging over many independent trajectories. In particular, averaging the
photon number over an ensemble of trajectories gives

(A)(t) = Eurai [n(1)], (1.417)

which converges to the exponential decay of as the number of trajectories is
increased. An illustration is given in Fig.[I2d. This simple example makes explicit the
equivalence between the density-matrix description of open-system dynamics and the
stochastic description in terms of quantum trajectories.

Coherent states are immune to decoherence. The Fock state is, in this respect,
the least favourable initial condition: it is rapidly turned into a statistical mixture. It is
instructive to contrast it with a coherent state |ag), for which the trajectory picture
gives the answer almost without calculation. Since a coherent state is an eigenstate of
the annihilation operator,

ala) = ala), (1.418)

a quantum jump leaves it strictly unchanged. Indeed, the renormalized post-jump state is

L) Vklal

that is, the same physical state. Losing a photon from a coherent state teaches us nothing
about the field, because the photon number was never definite in the first place.

The no-jump evolution is almost as simple. The effective Hamiltonian is diagonal in
the Fock basis, so that

L .
|Oé> \/EO(|O(> :elarga|0é>, (1419)

A N Kt
e—lHefft/h _ e—An7 = iwt + 5 (1420)
Acting on the Fock expansion of a coherent state,
_\d P2 ate
e o) =e > |n)

=Vl

= e lal23" (\/_n_!>]n> x |ae™), (1.421)



since the series is again that of a coherent state, of amplitude ce™, the prefactor differing
only by a real positive number that is absorbed in the normalization. The conditional
evolution therefore maps coherent states onto coherent states, and simply damps the
amplitude,

o — ae W2, (1.422)

Both branches of the evolution thus preserve the coherent character of the state, and
neither depends on the history: whatever the number of jumps and whatever the times
at which they occur, the state at time ¢ is the same coherent state. Averaging over
trajectories then leaves a single pure state,

ps(t) = la®)at)l,  a(t) = age ™ e /2 (1.423)

The state stays pure throughout, its von Neumann entropy remains zero, and only the
amplitude is damped. One checks that the mean photon number |a(t)|? = |ag|?e™"
again obeys , as it must.

It is worth insisting that this does not mean that no photon is lost. Jumps do occur,
at the instantaneous rate x|a(t)|?; they simply carry no information about the state, and
therefore leave it unchanged. This is visible in the norm of the no-jump branch, which
follows from the calculation above,

He_’\ﬁ|a0)H2 = exp {—|a0|2 (1 - e_’“)} : (1.424)

This is precisely the Poisson probability of detecting no photon at all, the mean number
emitted up to time ¢ being |ap[>(1 — e™"*), in agreement with (1.409).

Finally, (1.423) can be confirmed without any reference to trajectories. Taking the
expectation value of @ in the master equation gives, for an arbitrary state,

dla
§z> - (—iw - g) (@, (1.425)
where the dissipative contribution follows from afaa — %d&*d — %d*&& = —%&. The field

amplitude therefore decays at the rate x/2, half the rate of the photon number, exactly
as in ((1.423)).

Coherent states are thus singled out by the coupling to the environment as the
states that are not degraded by it. They are the pointer states of the damped harmonic
oscillator. A superposition of two coherent states, by contrast, decoheres towards a
statistical mixture of the two, at a rate that grows with their separation in phase space —
which is why the quasi-classical states of a field are precisely the coherent ones.

Observing individual trajectories: quantum jumps of light. The individual
trajectories of Fig. are not merely a computational device: they have been observed
directly. In the experiments performed by the group of S. Haroche, a microwave photon
is stored in a superconducting Fabry—Pérot cavity of extremely high quality factor,
Q ~ 4 x 10" at w/2m = 51 GHz, corresponding to a photon lifetime 1/x ~ 0.13s [21, 22].
Circular Rydberg atoms are sent one by one through the cavity and act as meters for the
intracavity photon number.

The essential point is that the atoms are tuned far from resonance with the cavity
mode. They therefore cannot absorb or emit a photon: the interaction is purely dispersive
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Figure 13: Individual quantum trajectories of a microwave field stored in a high-finesse
superconducting cavity, monitored by quantum non-demolition measurements performed
with a stream of circular Rydberg atoms. Each panel shows the photon number inferred
from the running measurement record in a single realization, the cavity being initially
prepared in a coherent state containing of the order of four photons. During the first few
milliseconds, the repeated measurements project the field onto a Fock state of well-defined
photon number, visible as the rapid initial transient. The field then decays towards the
vacuum through a staircase of quantum jumps [n) — |n — 1) occurring at random times,
the plateaus becoming longer as n decreases, in agreement with the jump rate xkn. In
the rightmost panel, an upward step is also visible around ¢ ~ 0.25s: it corresponds
to the creation of a photon by the residual thermal field, a process described by the
additional jump operator L= VK gp @7 mentioned above. These records are the direct
experimental counterpart of the simulated trajectories of F ig.. Figure from [22].

and simply imprints on the atomic state a phase shift proportional to the photon number,
which is read out interferometrically after the atom has left the cavity. Each atom thus
measures 7 without changing it. This is a quantum non-demolition (QND) measurement.

A stream of such atoms provides a continuous record of the photon number. What is
observed, reproduced in Fig.[T3] is precisely the staircase of Fig.[I2c: the photon number
stays constant for random durations and then drops by one unit at unpredictable times,
revealing the individual quantum jumps |n) — |n — 1) associated with the loss of a
photon through the mirrors. Starting from a coherent state, one sees in addition the
repeated measurements progressively projecting the field onto a Fock state of well-defined
photon number, which only then begins its staircase of jumps [22]. Averaging many such
records reproduces the smooth exponential decay , exactly as in Fig..

These experiments, together with the trapped-ion work of D. Wineland, were
recognized by the 2012 Nobel Prize in Physics [23]; a detailed account of the field can be
found in [24].

It is worth emphasizing that this continuous monitoring does not perturb the decay
dynamics. Three ingredients guarantee it. First, the measured observable is the photon
number, which commutes with the cavity Hamiltonian, [7, H 5| = 0: this is the defining
property of a QND observable, and it ensures that the measurement induces no transitions
between number states. Second, the meter atoms are not the cause of the decay, which
originates in the coupling to the continuum of modes outside the cavity; being far
detuned, the atoms exchange no energy with the field. Third, and most tellingly in the
present language, the trajectory evolves between jumps under the effective Hamiltonian
H.g = h(w — ik/2)A, which is diagonal in the Fock basis: a state of definite photon
number is left unchanged by the no-jump evolution. The quantity measured by the
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atoms is therefore already a constant of the conditional evolution, so that projecting onto
it repeatedly changes nothing.

One might worry that frequent measurements should freeze the decay, by the quantum
Zeno effect. They do not, for the reason discussed in Section [I.4.2} the quadratic,
Zeno-like behaviour of the survival probability is confined to times shorter than the
correlation time 7 of the environment, which here is exceedingly short compared with
the interval between successive atoms. The measurements probe the dynamics well inside
the Markovian regime, where the jump probability grows linearly in time and repeated
projections leave the decay rate untouched. Reading out the environment record, which
is what the QND measurement does, unravels the Lindblad evolution into trajectories
without modifying the ensemble average.
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2 Indistinguishable particles

The description of a system containing several identical quantum particles requires
an important modification of the usual tensor-product construction. It involves the
symmetrization postulate, which states that the state of a system of identical particles
must be either symmetric or antisymmetric under the exchange of any two particles. This
postulate is a fundamental consequence of the indistinguishability of identical particles in
quantum mechanics and leads to the classification of particles into bosons and fermions.
The description of many-body systems of identical particles is then greatly simplified by
the formalism of second quantization, which we also introduce in this chapter.

2.1 The symmetrization postulate

Let us first recall the role of particle labels in classical and quantum mechanics.
In classical mechanics, a system of N particles is fully characterized at a given time ¢
by the position and velocity of each particle,

(ri(t)’ Vi(t)) 1<i<N’

or, equivalently, by a point in the 6 N-dimensional phase space. We may assign a label ¢
to each particle and follow this label continuously as the system evolves. The labelling
becomes somewhat arbitrary when two particles meet at the same position, but this
ambiguity has no physical consequences: exchanging the labels of two identical classical
particles does not change any observable prediction.

Quantum mechanics is more subtle. For identical particles, there is no physical
observable that can distinguish one particle from another. If |¥) is a many-body state,
then |W) and P,|¥) must therefore give identical predictions for every observable, where
P, is the operator implementing the permutation o of the particles. Its action on a
product basis is defined by

Polki) ® - @ k) = [koq)) ® -~ @ [ko()). (2.1)
Indistinguishability then requires that, for any observable A,
(U|A|W) = (U|P7TAP,| D). (2.2)
Since this must hold for arbitrary states, we obtain
[P, A] = 0. (2.3)

In particular, the Hamiltonian must be invariant under permutations of identical particles.

At first sight, this requirement might seem sufficient to account for indistinguishability.
It is not. The invariance of observables under permutations constrains the operators, but
places no constraint whatsoever on the state. As we now show, this leaves the theory
genuinely underdetermined: a complete specification of a physical preparation no longer
suffices to predict the outcome of a measurement.

Consider two identical spin-1/2 particles occupying the same spatial orbital, one with
spin up and one with spin down. Since no observable can distinguish the particles, this

71



sentence is the most complete physical specification of the preparation that can possibly
be given. It is nevertheless compatible with any state of the two-dimensional family

Wap) =alH) @ [=) +BI=)@[+),  laf* +[8]*=1. (2.4)

Indeed, the two product states are physically equivalent to each other: for any observable

A commuting with 15,12,

<_7 +|A|_7 +> = <+7 _|P7;21AP712|+7 _> = <+7 _|A|+7 _>7 (25)
and the same identity, applied to the spectral projectors of fl, shows that the two states
give identical probability distributions for every measurement. No experiment can
therefore single out one of them.

The difficulty is that the states are not physically equivalent to one another.
Consider the total spin S = §; + §,, which is manifestly symmetric under exchange and
is therefore a legitimate observable. Within the family , the only state of total spin
S =1 is the symmetric combination |Ty) = (|+, =) + |—, +))/v/2, so that a measurement

of §” yields the triplet value with probability

2

P(S = 1) = [{Ty|s) = 122 PE (26)
This equals 1 for the symmetric combination a = 8 = 1/4/2, 0 for the antisymmetric one
a = —f3=1/v/2, and 1/2 for the product state |[+) @ |—) itself, which is shared equally
between the singlet and the m = 0 triplet. One and the same complete specification of the
preparation is thus compatible with a continuum of mutually incompatible predictions.

This ambiguity is known as exchange degeneracy. Its origin is worth stating plainly:
because every observable commutes with the permutation operators, no set of commuting
observables, however large, can lift the degeneracy between states related by a permutation.
The state is therefore never fully determined by what can be measured. Note also that
one cannot escape the difficulty by simply declaring the two product states to be "the
same state'. Physical equivalence between two vectors does not propagate through
superposition, exactly as a global phase leaves |a) unchanged while making |a) + |¢) and
e?|a) + |c) two different states.

The resolution is provided by the symmetrization postulate [25]. As an additional
postulate of quantum mechanics, it states that the state of a system of identical particles
must transform according to a one-dimensional representation of the permutation group.
In the present notation,

Bo|0) = e(o)| V), [e(o) =1, (2.7)

where ¢(0) is a complex phase that may depend on the permutation o.

Restricting the state space in this way removes the exchange degeneracy. In the
example above, the family contains exactly one state satisfying the postulate for each
sign of ¢(712): the symmetric combination, of total spin S = 1, and the antisymmetric
one, of total spin S = 0. Once the sign is fixed, the specification of the preparation again
determines every prediction uniquely.

It should be stressed that demanding a one-dimensional representation is part of the
postulate, not a consequence of it. Higher-dimensional representations of the permutation
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group would describe so-called parastatistics, which are excluded here by assumption
rather than by any argument given below.

We now show that the permutation group admits exactly two one-dimensional
representations: ¢(o) = 1 for all permutations, corresponding to bosons, or ¢(o) = &(0),
the signature of the permutation, corresponding to fermions.

The composition of two permutations satisfies

pcroa" = PG’P07 (28)

The reversed order follows from our convention for P,: if P,|W) carries Ko@) in its i-th
slot, then applying ]50/ leaves there Ky (/i) = k(soor)(s)- It is in any case immaterial in
what follows, since the ¢(o) are numbers and commute. Consequently,

c(ood’) =c(o)e(d). (2.9)
Now decompose an arbitrary permutation into transpositions,
O = Tiyjy O O Tipjns (2.10)
where 7;; exchanges particles 7 and j while leaving all others unchanged. We then have
c(o) = c(Tijn) -+ c(Tipji)- (2.11)

All transpositions must have the same value of c¢. Indeed, any transposition can be
related to T2 by conjugation. For example,

Tij=p 0Tz 0p, P = Tii O Taj, (2.12)

and therefore
C(Tz'j) = C(Tlg). (213)

Moreover, since exchanging the same two particles twice gives the identity,

Ti20 T2 = 1, (2.14)
we obtain

c(r2)? = 1. (2.15)
Thus

C(Tlg) = =+1. (216)

This last step is the one that carries the assumption about spatial dimension. The
argument is purely group-theoretical and holds for any number of particles, but it relies
on Ty 0 T13 being the identity, that is, on the statement that exchanging two particles
twice amounts to doing nothing. This is true in three dimensions, where the two exchange
paths can be continuously deformed into one another; it fails in one and two dimensions,
as discussed at the end of this section.

There are consequently two possibilities:

« Bosons: if ¢(712) = +1, then ¢(o) = 1 for every permutation o. The many-body
wave-function is therefore totally symmetric under particle exchange.
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« Fermions: if ¢(712) = —1, then ¢(0) = (o), where €(0) is the signature of the
permutation. The many-body wave-function is therefore totally antisymmetric
under particle exchange.

The distinction between bosons and fermions is related to the spin of the particles
through the spin-statistics theorem. In three spatial dimensions, the theorem states that
particles with integer spin,

S=0,1,2,...,

are bosons, whereas particles with half-integer spin,

13

S=-,-...
2727 Y

are fermions [26]. A proper proof of this result requires relativistic quantum field theory
and will not be discussed here/[T]

Finally, the boson/fermion classification is not completely universal. In one and
two spatial dimensions, particles can exhibit more general exchange statistics that are
not captured by simple symmetric or antisymmetric wave-functions. Such systems are
associated with, for example, anyonic and braid-group statistics [28] 29 30]. These cases
will not be considered in the following, where we restrict ourselves to ordinary bosonic
and fermionic particles.

2.2 Symmetric states in first quantization

2.2.1 Restriction to the symmetric subspace

For a system of N distinguishable particles, the Hilbert space is the tensor product of
the individual single-particle Hilbert spaces. If |k) denotes a basis of the single-particle
Hilbert space, a corresponding basis of the many-body Hilbert space is given by

k) ® ... ® |ky). (2.17)

For simplicity, we assume that the single-particle Hilbert space has finite dimension d.
The Hilbert space of N distinguishable particles then has dimension d”.

For identical particles, the symmetrization postulate restricts the physical Hilbert
space to either the fully symmetric subspace, for bosons, or the fully anti-symmetric
subspace, for fermions. The dimension of these subspaces is much smaller than dV. In this
section, we construct convenient bases for these subspaces within the first-quantization
formalism. In the next section, we will see how the same states arise naturally from the
second-quantization formalism.

We introduce the symmetrization and anti-symmetrization operators

~ 1 ~

S = m}gjpg, (2.18)
~ 1 .

A= ) (o) Py, (2.19)

IThe precise assumptions entering the spin-statistics theorem are important; see, for example, the
pedagogical discussion in [27].
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where the sums run over all permutations of N particles and (o) denotes the signature
of the permutation. These operators are orthogonal projectors onto the symmetric and
anti-symmetric subspaces, respectively:

2=5  A2=4, §t=5 A=A (2.20)
Hermiticity follows from Pi = P! = P,_i together with e(c™') = £(0), the sum

over ¢ being unchanged by the relabelling o — o~ 1. It will be used repeatedly below,
when norms are computed as ||A|U)|* = (¥]|A%|¥) = (U|A|¥). The two subspaces are
orthogonal, so that

SA=AS=0. (2.21)

They also satisfy
SP, =P8 =3, (2.22)
AP, = P,A = ¢(0)A. (2.23)

It should be stressed that these two projectors do not exhaust the Hilbert space as
soon as N > 3: o
S+A#1 (N > 3). (2.24)

For two particles, any state splits into a symmetric and an anti-symmetric part, and
S+ A =1. For three or more particles, the tensor-product space also contains subspaces
of mixed symmetry, which transform according to higher-dimensional representations
of the permutation group. These are precisely the parastatistics excluded by the
symmetrization postulate: they are discarded by assumption, not by any property of S
and A.

A basis of the physical Hilbert space can now be constructed by applying either S or
A to the product states |k1) ® ... ® |ky). The resulting state does not depend on the
ordering of the single-particle states for bosons, while for fermions changing the ordering
can only change the overall sign. The physical state is therefore characterized by the
occupation numbers nyg, i.e. by the number of particles occupying each single-particle
state |k).

The allowed occupation numbers and the normalization of the corresponding states
differ between fermions and bosons. We discuss the two cases separately.

2.2.2 Fermionic states

For fermions, the occupation number of every single-particle state can only be 0 or 1. To
see this, consider a product state

U) = k1) ®...® |kn) (2.25)

in which the same single-particle state |k) occurs for two different particle labels i and j.
Exchanging these two particles leaves the state unchanged:

R
P,

v) = [0), (2.26)

where 7;; denotes, as above, the transposition exchanging particles ¢« and j. On the other
hand, the anti-symmetrizer satisfies

A

AP, =e(m)A = —A, (2.27)

]
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and therefore

AlW) = AP, |T) = —A|D). (2.28)

Hence A
A|T) =0. (2.29)

This is the Pauli exclusion principle: two identical fermions cannot occupy the same
single-particle quantum state.

Let us therefore consider N distinct single-particle states |k1), ..., |ky). We define
the corresponding anti-symmetrized state as
k1, .. k) = NAK) @ ... ® |ky), (2.30)

where N is a normalization factor. Assuming that the single-particle states form an
orthonormal basis, the product state

) = k) ®...® k) (2.31)
is normalized. We then have
N 2 A~ ~
|Aw)|" = @\A?\m:(wmm (2.32)
== Z WO B, | W). (2.33)

Since all the k; are distinct, the product state |¥) is orthogonal to all its non-trivial
permutations. Hence

(U|Pp| W) = 01, (2.34)
and therefore , ]
|Alw)| = i (2.35)

The normalized state is consequently
ki, .. k) = VNTAR) @ - @ |kn). (2.36)

In the position representation, this state takes the familiar form of a Slater determinant.
The many-body wave-function is

U =@l e <rNHk1, k) (2.37)
) <r1|/€1> o (rilky)
Wil : P : . (2.39)
(rnlk) oo (enlka)
The ordering of the occupied states in the notation |k, ..., ky) is therefore meaningful

up to an overall sign. Exchanging two occupied states changes the sign of the state:
ko, k1, ..o k) = —|k1, Koy o oo kN (2.40)

Of course, this overall sign has no physical consequence. The important information
contained in the state is the set of occupied single-particle states.
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This observation immediately gives the dimension of the physical Hilbert space. We
denote by &% the anti-symmetric Hilbert space of N identical fermions, and by £ its
symmetric counterpart for bosons, a notation we keep throughout. A fermionic basis
state is specified by choosing which N of the d single-particle states are occupied, so that

dim £ = (;é) (2.41)

In particular, the space is empty for N > d: no more than d fermions can be accommodated
in d single-particle states.

2.2.3 Bosonic states

For bosons, there is no restriction on the occupation numbers: a single-particle state |k)

can be occupied by any number n; = 0,1, 2,... of particles.
Consider a configuration with p occupied single-particle states |ky), ..., |k,) and
occupation numbers ny,, ..., ny, satisfying
p
> ng, =N. (2.42)

Since the particles are bosons, their ordering is irrelevant. We can therefore choose the
convenient representative

|T) = k)81 @ - @ |kp) Eke. (2.43)

We again determine the normalization by calculating the norm of the symmetrized
state:

[$19)] = wis2iw) = wiSje) (2.44)
1 N
== ﬁ . <\I]‘Pa-|\];’> (245)

The overlap is non-zero precisely for permutations that only exchange particles occupying
the same single-particle state. There are

P

[T (2.46)

such permutations. We therefore obtain

I’ = [T ! (2.47)

ISl = =5

The normalized bosonic state is consequently

| N! 4
|nk1 . kl, Ce ,nkp . kp> = W3|k1>®nkl Q- |kp>®nkp. (248)
1=1 "%k

In contrast to the fermionic case, there is no sign associated with exchanging two
occupied states. A bosonic many-body state is therefore completely specified by its
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occupation numbers ng. This observation will become central in the second-quantization
formalism.

Counting the basis states again gives the dimension of the Hilbert space. A basis
state corresponds to a choice of d occupation numbers n; > 0 summing to /N, and the
number of such choices is

(2.49)

N-1
dim?—[}]’\?s:<d+ )

N

This is the classic problem of distributing NV indistinguishable balls among d boxes,
solved by lining up the N balls together with d — 1 separators and choosing which N of
the d + N — 1 objects are balls.

It is instructive to compare these dimensions with the value dV obtained for
distinguishable particles. For N = 5 particles in d = 10 single-particle states, for example,
one finds 10° = 100000 for distinguishable particles, against (154> = 2002 for bosons and

150) = 252 for fermions. The symmetrization postulate therefore reduces the size of the

Hilbert space enormously.

2.2.4 Explicit expressions of few-body wave-functions

Let us now apply the formalism above to a few simple examples. These examples
illustrate directly how the exchange symmetry of identical particles affects observable
probabilities.

Two identical particles in the same internal state. We first consider two identical
particles prepared in the same internal state, so that only their motional degrees of
freedom need to be considered. Suppose that the two particles occupy orthogonal
single-particle states |¢;) and |¢o). Their two-particle wave-function is

_ ¢1(r)@a(r2) + € ¢i(r2)da(r)

ry,ry) = , 2.50
w( 1 2) \/5 ( )
where € = 1 for bosons and ¢ = —1 for fermions.
For fermions, anti-symmetry immediately implies
Y(r,r) = 0. (2.51)

Thus, two identical fermions in the same internal state have zero probability amplitude
to be found at the same position. This is the simplest manifestation of fermionic
anti-bunching.

For bosons, the opposite behavior occurs: the two amplitudes associated with the
two possible assignments of the particles to the positions interfere constructively. To
illustrate this, consider two plane-wave orbitals

¢i(r) = —= i=1,2, (2.52)

with k; # ko, where V is the volume of the quantization box. The two-particle
wave-function is then

ei(kl -r1+ko ~I‘2) + ei(kl ‘ro+ko ~I‘1)

V2V

P(ry,re) = (2.53)
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for bosons. At equal positions,

2
|w<r7 I‘)’Q = W?

which is twice the corresponding value for distinguishable particles. Thus, identical
bosons tend to be found together: they exhibit bunching.

These bunching and anti-bunching effects are manifestations of exchange statistics
and can be observed experimentally through temporal correlations in particle beams.
Examples include the Hanbury Brown—Twiss effect for light [31] and the observation of
fermionic anti-correlations in electronic conduction channels [32] 33]. We discuss these
effects in more detail below.

(2.54)

2.2.5 Two-particle interference: the Hong—Ou—Mandel effect

A particularly striking manifestation of quantum statistics occurs when two identical
particles are sent into the two input ports of a 50:50 beam splitter. This is known as the
Hong-Ou-Mandel (HOM) effect, originally demonstrated with photons [34].

Suppose that one particle enters each of the two incoming ports a and b. We ask how
the particles are distributed between the two outgoing ports @’ and b'.

If the particles are distinguishable, each particle has an independent probability
1/2 of exiting through either port. The four possible outcomes therefore have equal
probabilities,

1
P(l1:d,2:dy=P(1:d,2:0)=P1:V,2:d")=P1:V,2:V)= 7 (2.55)

For indistinguishable particles, however, the two possible paths leading to a given output
configuration interfere, and the result depends dramatically on the exchange statistics.

To model the beam splitter, we introduce two propagation directions x and v,
associated with the mode pairs a, a’ and b, I’ respectively, and divide space into an
incoming region &, with  + y < 0 and an outgoing region £, with  +y > 0 (see
Fig.[14h).

The whole calculation rests on a single ingredient: the way the beam splitter
transforms the incoming modes. We denote by ¢ (r,¢) and gZ)I()O)(r, t) two normalized
wavepackets of spatial width w, propagating along x and y respectively. The first is
localized in the incoming port a at early times and in the outgoing port a’ at late times,
while the second connects b to b'. This localization is what allows the number of particles
in each port to be defined unambiguously. An explicit construction of these wavepackets
is given at the end of this section; none of its details will be needed.

A particle entering through port a is then described by

Galr,t) = ) (r,t) i &,
1 . (0 .
ﬁ [QS((zO)(r? t) + l¢l() )(I', t):| m gouta
and, symmetrically, a particle entering through port b by
¢b(r7 t) = ¢l()0) (I', t) in Eim

1 . .
= 7 [ l(,o)(r, t) +ip0(r, t)} in Egut.
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Figure 14: (a) Scheme of the incoming and outgoing ports of a particle beam splitter
involved in the Hong—-Ou—Mandel experiment. We divide the plane into regions allowing
for an unambiguous definition of the particle number in each port. (b) Expected outgoing
particle-number probabilities for two incoming particles, one in each input port. While
two fermions always exit through different ports, two bosons always leave through the
same output port.

gin.u

giu,b

50:50 beam

splitter P =100% P =50% P =50%

The factor 1/ V2 expresses the balanced splitting, and the relative factor i the phase shift
of m/2 acquired upon reflection; together they make the transformation unitary, which
is the only property we shall use. For a single incoming particle, this reproduces the

expected output probabilities
1
P(na/ = 1,nb/ = O) = P(na/ = O,nb/ = 1) = 5 (256)

We can now consider the HOM experiment with one particle entering through each
input port. The two-particle state is described by the symmetrized or anti-symmetrized

wave-function
Ga(r1)Pp(r2) + € Pa(r2)Pp(r1)

¢(r1>r2) = \/5 )

where € = 1 for bosons and € = —1 for fermions.
In the outgoing region, this becomes

virr) = 5 {il1+ om0, 000 2.
Hi(1+e)p 0 (xy, ) (ra, 1)
1= ) [0, 00 (0, 1) — 00 (12,00 (0] . (259)

The three terms correspond respectively to both particles exiting through o, both
particles exiting through ¢’, and one particle exiting through each port. The corresponding
probabilities are

(2.57)

1+¢)? i, b
Plng = 2,my = 0) = Plng — 0,ny = 2) — STE° _ ]2, bosons, (2.59)
8 0, fermions,
1—¢)? 0, b
Plng = 1.my = 1) = (L= _ J0, bosons, (2.60)
4 1, fermions.

Thus, two identical bosons always leave the beam splitter together, while two identical
fermions always leave through different output ports. This is the Hong-Ou—Mandel effect
and its fermionic counterpart.
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Figure 15: (a) Scheme of the original experiment demonstrating the Hong-Ou-Mandel
effect [34]. Photons are emitted in pairs by parametric down-conversion in a nonlinear
crystal and are subsequently recombined at a beam splitter. The probability of detecting
one photon in each output port is measured through coincidence counting. (b) The
observed suppression of coincidences, known as the HOM dip, occurs when the two
photons become indistinguishable at the beam splitter. (¢) Scheme of an experiment
demonstrating the analogous fermionic anti-bunching effect using one-dimensional
electronic conduction channels and a quantum point contact as a beam splitter. (d) The
suppression of current noise when the arrival times of the two electrons coincide is the
fermionic analogue of the HOM dip (from [35]).
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The bosonic HOM effect was observed experimentally by Hong, Ou, and Mandel
in 1987 [34] (see Figure [15h). They measured the rate of coincident detections at the
two output ports and found that coincidences are strongly suppressed when the optical
path lengths are adjusted so that the two photons arrive simultaneously at the beam
splitter. This suppression is a direct signature of two-particle interference and requires
the photons to be indistinguishable in all relevant degrees of freedom. The corresponding
fermionic anti-bunching has also been observed using electronic conduction channels [35]

(see Figure and d).

Explicit construction of the mode functions. For completeness, we give here a
concrete realization of the states used above. It plays no role in the result, and may be
skipped.

The stationary scattering states of the beam splitter at wavevector k£ can be written
as

1 P+ 22\ . .
Gar(r) = 57, exp (— 12 ) e in &,
1 1 2,2\ 2 .2\
— mﬁ [eXp (_y 4‘;‘22 ) el(km+9aa/k) + exp (_‘114?:22 el(ky+9ab/k) in (c:out>
1 2 4 2%\ | ]
i (r) = SRy exp (—402> ety in &,
1 1 2 2 ) 2 2 )
— mﬁ lexp <_y 41__22 ) el(k$+9ba/k) + exp <_l'4—0+__22> el(ky+9bb’k)‘| in gout‘

Here L is the length of the quantization box and ¢ characterizes the transverse width
of the beams, transverse diffraction being neglected. The states |¢, ) and |¢, ) are
stationary states of energy hw = hck; we use a linear dispersion relation for definiteness,
as appropriate for photons, although it plays no role here.

The two incoming states are orthogonal provided that

Oaa'k + Oppyie — Oaprke — Obare = ™ mod (27), (2.61)
the individual phases being otherwise irrelevant. We choose, for simplicity,
™
Oaarrc = Opyr = 0, Otk = Oparrc = 9 (2.62)

corresponding to no phase shift upon transmission and a phase shift of 7/2 upon
reflection, as is standard for an ideal beam splitter. This is the origin of the factor i in
the beam-splitter transformation used above.

Superposing these stationary states with a Gaussian weight of width 1/w in wavevector,

Ba(r, 1) o / d e~ ko)’ (1) eickt, (2.63)

produces a packet of spatial width w travelling along x. After normalization, the
wavepackets entering the main derivation read

1 y? + 22 (x—ct)®\ iro(a
O t)y= — L = 3 ) eiko(z—et) 2.64
ba” (;1) (27)3/ 40 \/w P ( 402 ) P < R ’ (2.64)
0 1 2?4 22 (y =)\ kot
A00) = e o (< e (U o o)
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the prefactor being fixed by [ |¢(?|? d*r = 1, which uses [ exp[—(y? + 22)/20?] dydz =
2102 and [ exp|[—(z — ct)?/2w? dz = V271 w.

2 identical spinful particles. Let us now consider two identical particles with internal
spin degrees of freedom. We take both particles to have spin s and introduce the coupled
spin basis |S, M), where
S=58+58 (2.66)
is the total spin, with 0 < S < 2s, and M is its projection along a chosen quantization
axis.
Under exchange of the two particles, the spin state |S, M) acquires the phaseﬂ

(—1)%75, (2.67)

For the familiar case s = 1/2, the triplet states with S = 1 are symmetric, while the
singlet state with .S = 0 is anti-symmetric.
The total many-body state is a product of orbital and spin degrees of freedom,

‘\Ij> = |q]0rb> & |\Ijspin>7 (268)

and must satisfy the appropriate exchange symmetry. For bosons, the orbital and spin
parts must have the same exchange symmetry: they are either both symmetric or both
anti-symmetric. For fermions, their exchange symmetries must be opposite.

This interplay between orbital and spin symmetry is at the origin of the exchange
interaction in many condensed-matter systems. As a simple example, consider two
electrons occupying two different orthogonal orbitals |¢;) and |¢9) of the same atom.
Two orbitals are essential here: a single orbital admits no anti-symmetric orbital state,
and would force the two electrons into the singlet. With two orbitals available, both the
symmetric and the anti-symmetric orbital combinations exist. The anti-symmetric one
vanishes when the two electrons coincide, and therefore suppresses the probability of
finding them close to one another, which lowers their Coulomb repulsion. Since for
fermions an anti-symmetric orbital state must be paired with a symmetric spin state, the
triplet is pushed below the singlet. This is Hund’s first rule, and at low energies the
resulting splitting is described by an effective spin interaction of the form

~Jox S1 - So, (2.69)

with Jex > 0 corresponding to a ferromagnetic coupling.

Three identical particles in the same internal state. Finally, let us briefly
consider three identical particles. For fermions occupying three orthogonal orbitals
|61), |P2), and |¢3), the many-body wave-function is the corresponding 3 x 3 Slater

2A simple way to see this is to consider successively the highest-weight states of the multiplets with
S =2s,2s—1,...,0. The state with S = 2s is |s,s) ® |s, s) and is symmetric. In the subspace with
M =2s —1, the S = 2s state is the symmetric combination of |s,s) ® |s,s — 1) and |s,s — 1) ® |s, 5),
while the orthogonal S = 2s — 1 state is their anti-symmetric combination. More generally, each time S
is decreased by one, the exchange symmetry alternates, giving the exchange parity (—1)25~%.
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determinant,

1

(ry,ro,13) = NG ¢1(r1)Pa(r2)@3(rs) + ¢3(r1)d1(ra)P2(rs)

+ Pa(r1)d3(r2)P1(r3) — d3(r1)Pa(r2)P1(T3)
— ¢1(r1)@P3(r2)a(r3) — Pa(r1)dr(ra)d3(rs)|. (2.70)

For bosons, the corresponding wave-function is obtained by replacing all relative minus
signs by plus signs.

Already for three particles, the explicit construction of the properly symmetrized or
anti-symmetrized wave-function becomes cumbersome. For larger particle numbers,; this
approach rapidly becomes impractical: one has to manipulate N! terms while keeping
track of the exchange symmetry and normalization. More importantly, the physically
relevant information is not the labels assigned to individual particles, but rather the
occupation numbers of the available single-particle states.

This observation motivates a change of language. In the next section, we introduce the
formalism of second quantization, in which occupation numbers provide the natural labels
of many-body states and the symmetrization or anti-symmetrization of the wave-function
is built directly into the algebra of creation and annihilation operators.

2.3 Second quantization

The second quantization formalism provides a convenient way of working directly in the
symmetric or anti-symmetric Hilbert space of indistinguishable particles. Instead of
explicitly symmetrizing or anti-symmetrizing many-body wave-functions, the exchange
symmetry is encoded in the algebra of creation and annihilation operators. The formalism
also naturally allows for states with different particle numbers, and is therefore particularly
well suited to processes involving the creation and annihilation of quanta, such as
photons.

2.3.1 Fock space

We consider a single-particle Hilbert space with an orthonormal basis {|k1), |k2),...}. A
many-body Fock state is specified by the occupation number n, of each single-particle
mode |ky):

| ki,mg ko, ny k). (2.71)

When there is no ambiguity about the single-particle basis, we use the shorter notation
|TL1, No, .. >

The Fock space contains states with arbitrary particle number and is therefore the
direct sum

E=EHDED - BEND -, (2.72)

where £y is the symmetric or anti-symmetric Hilbert space of NV identical particles.
In contrast to the Hilbert space of distinguishable particles, the exchange symmetry
strongly reduces the number of independent states (see Fig.. For a single-particle
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Figure 16: Dimension of the Hilbert space for an ensemble of N particles that
can occupy a set of 2NV single-particle states. The particles are assumed to be either
distinguishable (blue disks), indistinguishable bosons (red squares), or indistinguishable
fermions (green diamonds). Note the logarithmic scale on the vertical axis.

Hilbert space of dimension d, one has

N+d—-1
dim &y = 2.73
meg= (V1) (2.73)
dimr — ( (2.74)
N)’ '
for bosons and fermions, respectively.
2.3.2 Creation and annihilation operators
The subspace & contains a single state, the vacuum,
|6y =|n1 =0,n2=0,...). (2.75)

It serves as the starting point for constructing the Fock basis. A creation operator &L

adds one particle to the mode |k), while its Hermitian conjugate a removes one particle
from this mode.
A useful first-quantized definition of the creation operator is

aflv) = VN +111(Jk) @ [¢)) | (2.76)

where |¢) contains N particles and IT = S for bosons and IT = A for fermions. The
factor v/ N + 1 ensures the conventional normalization of Fock states.
Since the definition is linear in the single-particle state, one has

At oy At ~t
QX k1) +rzlkz) = )\lakl + >\2ak2' (2.77)
The annihilation operator is defined as the Hermitian conjugate,
ar = (af)". (2.78)

Because the label of an annihilation operator is a bra-like single-particle state, it is
anti-linear:
A k1) +halke) = ATk + A5G, (2.79)
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Action on the Fock basis. (i) Fermions. For fermions, each mode can be occupied
at most once. Consider a normalized Fock state |ky, ..., kx), where all k; are distinct.
Applying a creation operator gives

allky, .. ky) = VN + 1A (k) @ |ki, ..., ky)). (2.80)

If the mode k coincides with one of the occupied modes, say k = ki, the state

|k)®]k1, ..., ky) contains the same single-particle state twice, and its anti-symmetrization
vanishes:

ay |k, ... k) = 0. (2.81)

This is the Pauli exclusion principle. In operator form it reads
2
(al) =0, (2.82)

which follows at once from the anticommutation relation {a},a} = 0 established below:
a fermionic mode cannot be filled twice.
If k is not occupied, we obtain

ablky, . ky) = |k ko k). (2.83)
Consequently, a Fock state can be constructed from the vacuum as

kv, ... k) =al ---al o). (2.84)

1 kn

The annihilation operator removes a particle from the corresponding mode:
g, k1, ko, oo k) = |kay oo kN). (2.85)

The order of the occupied modes is physically irrelevant but fixes the sign convention for
the state. For instance,

G, | k1, ko) = —|k1). (2.86)
(ii) Bosons. For bosons, an arbitrary number of particles can occupy the same mode.
Consider a Fock state |ny : ky,...,n, : k,) with N =Y, n;. The creation operator acts
as

&};i|n1:k:l,...,nl-:k:i,...,np:kp>:\/ni+1|n1:kl,...,(ni+1):k:i,...,np:k:)

The factor v/n; + 1 is the characteristic bosonic enhancement factor.
Similarly,

ny koo koo ny tky) = /ming sk (g — 1) ko g k). (2.88)

A,

The Fock basis can therefore be constructed as

ke, k) = ). (2.89)
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Commutation and anticommutation relations. The exchange symmetry of
identical particles is encoded directly in the algebra of creation and annihilation operators.
For two creation operators, one finds
[&,Ll, &22] = for bosons, (2.90)
{d,tl,&LQ} =0 for fermions. (2.91)
Thus, bosonic creation operators commute, while fermionic creation operators anticom-
mute. The same relations hold for annihilation operators.
The mixed relations read
[dkl,d,t2] = Oy ks for bosons, (2.92)

{ag,, dLQ} = Oy ks for fermions. (2.93)
More generally, for arbitrary single-particle states |¢1) and |¢9),

lag,, al,) = (1]¢2)  for bosons, (2.94)
{a4,, d;Q} = (¢1|¢p2) for fermions. (2.95)

The commutation or anticommutation relations are the central ingredient of second
quantization: they encode the exchange symmetry without requiring explicit sums over
permutations.

Number operators. The occupation of a given mode is measured by the Hermitian

number operator
g = alag, (2.96)

which, for both statistics, is diagonal in the Fock basis,
ﬁk]nl,ng,...> :nk]nl,nz,...>. (297)

Its eigenvalues are np = 0,1,2,... for bosons. For fermions they are restricted to
ng € {0, 1}, as follows from

i} = afarafay = af (1 — afax) ax = i, (2.98)

where we used &k&L =1- &L&k and (&2)2 = 0. A projector has eigenvalues 0 and 1 only,

which is Pauli exclusion once more.
The total number of particles is

N =Yy, (2.99)
k

and the Fock states are its eigenstates, with eigenvalue N = Y, ny. The subspaces Ey
introduced above are precisely the eigenspaces of V.
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2.3.3 Field operators

Let us now consider a single-particle basis labelled by position and an internal state,
lr,0) = |r) ® |0), where ¢ may, for instance, denote a spin projection. We reserve the
symbol m for the particle mass. We define the field annihilation operator by

Vo (r) = e (2.100)

The corresponding creation operator is Q;;(I‘) It adds one particle at the point r, in the
internal state o.
The position states are not normalizable and satisfy

(r,olr’,o") = 0(r — r')dy 0. (2.101)

Let |k) be a complete orthonormal basis of normalizable single-particle states, with
spinor wave-functions

Pho(r) = (r,0lk). (2.102)
Completeness gives
r,0) =Y ¢ro(r) k). (2.103)
k
Using the anti-linearity of the annihilation operator, we obtain
Po(r) = D dro(r)ay. (2.104)
k

The canonical commutation or anticommutation relations therefore become

[1hy (r), 1, ()] = 6(r — )00 for bosons, (2.105)

{1hy(r), 1, (')} = 6(r — )80 for fermions. (2.106)

Field operators provide a compact way of writing states. Acting on the vacuum, a
single creation operator produces a particle localized at r, and a superposition of such

operators produces a particle in an arbitrary orbital: for a normalized single-particle
wave-function ¢(r) of a spinless particle,

9) = [ 6(r) B1(x)]o) . (2.107)

More generally, an N-particle state is obtained by applying IV field creation operators to
the vacuum, the exchange symmetry being automatically enforced by the algebra.

2.3.4 Observables

Single-particle observables. Consider an observable b acting on the single-particle
Hilbert space. The corresponding observable for N identical particles is the sum
A N A
B=>1b

=1

(2.108)

where b; acts as b on particle ¢ and as the identity on all other particles.
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For example, choosing b = P gives the total momentum P = > i Pi. Similarly,
choosing b = §(# — r) gives the particle-density operator, which we denote p(r). Beware
of the conflict of notation: p(r) and po(r,r’), which carry position arguments, are the
density and the pair density, whereas p, p; and p, without arguments denote density
matrices.

The second-quantized form of B follows directly from the matrix elements of bin a
single-particle basis:

B =Y "(K|blk)al, dx. (2.109)

To see this, expand the single-particle operator on the basis {|k)} as b = PN (k! |b| ) K'Y (K],
so that
B =" (K|b|k) Z|k’ (2.110)
ke k!

The operator Y_;|k");(k|; transfers one particle, whichever it is, from the mode k to the
mode k’; being symmetric under permutations, it acts within the physical subspace, and
one checks on an arbitrary Fock state that it com(:ldes there with a ak,cwC In particular, for
k=F it reduces to the number operator (2.96)), and summing over k gives N as it must.

Formula ) has a transparent 1nterpretat10n aj removes a partlcle from the
mode k, the smgle partlcle operator b transforms it into the mode &, and a ak, creates the
resulting particle.

In terms of field operators, a one-body operator can equivalently be written as

B= Z/@ZJT (r,olb|r’, 0"V, (') A3 A3 (2.111)

o0’

The simplest example is the density itself. Taking b = 6(f — r), which is diagonal in
position, gives for spinless particles

o) = H@b), N = [ o) at (2.112)

This is the expression that will be used constantly in the following. Together with ,
it shows that the two ways of counting particles, mode by mode or point by point, are
the same operator.

For the kinetic energy of spinless particles,

pz

T = 2.11
sy (2.113)

we need the matrix elements of p? between position states. They are obtained from the
fact that, in the position representation, p? acts on a wave-function as —h2A,

(x[7]0) =~ Ac o(r) = [l I)o(x') di', (2.114)
which identifies the kernel as
(r|p?lt") = —h* A 6(r — 1'). (2.115)

Two remarks are in order. First, (2.115]) is a distribution, not a function: the Laplacian
of a Dirac distribution only makes sense under an integral. Second, and this is the
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essential point, the kernel is proportional to d(r — r'), that is, p? is a local operator. This
is what will collapse the double integral of a general one-body operator into a single one.

Since 6(r — r’) depends only on the difference of its arguments, the derivatives can be
transferred from the delta onto the function multiplying it, by integrating by parts twice.
This gives the equivalent, and more convenient, form

(r|p?t'y = —h*6(r — ') Ay, (2.116)

where A, is now understood to act on whatever function of r’ stands to its right, here the
field operator 1 (r’). Inserting this into the general expression for a one-body operator,
the delta function removes the integral over r’ and we obtain

7= /w (—A) D(r) dr. (2.117)

The result has the familiar look of a kinetic-energy expectation value, with the wave-
function replaced by the field operator.

Link with the single-body density matriz.
The expectation value of any one-body observable can also be obtained from the
one-body reduced density matrix. For an N-particle state p, we define

,61 = NTI‘Q’“.’N [3 (2118)
With this convention, Tr(p,) = N, and

(B) = Tr(bpy). (2.119)

Two-body operators. Consider a two-body observable of the form

C =Y ¢, (2.120)

i#]
where ¢ acts on the two-particle Hilbert space. In a single-particle basis,

k/ kQ 7k1 7k2

Note that the sum in (2.120]) runs over ordered pairs i # j, and therefore counts each
pair twice. A pairwise interaction is accordingly written with a compensating factor 1/2,

V:;ZV i) =Y V([E - 1)), (2.122)

1#] 1<j

and this factor 1/2 will reappear in every expression for an interaction energy below.
Another example, without the factor 1/2, is the pair-density operator

=) (s —1'). (2.123)

7]
Two-body observables in second quantization.
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The second-quantized form of a two-body operator is

So (K Rlelky, ko)al, al, arydn, (2.124)
k! kb k1 ko

C

The ordering of the operators is important, in particular for fermions. Reading
from right to left, the operator first annihilates a particle in kq, then one in ks, and
subsequently creates particles in k) and k. Note the reversed order of the two annihilation
operators relative to the two creation operators; it is this arrangement that makes the
fermionic signs come out correctly, and they are then generated automatically by the
anticommutation relations.

For a local interaction potential V(r — r’), this expression becomes

V= ; / D)D)V (r — VD) (x) dBr dPr. (2.125)

The same normal ordering applies here: the two creation operators stand to the left
of the two annihilation operators. This is what removes any spurious self-interaction
of a particle with itself, since ¢)(r')¢)(r) annihilates two distinct particles. Using the
commutation relations, the interaction can equivalently be written in terms of the pair
density,

) = ;/V(r —1') po(r,v’) dr &3, pa(r,r') = P (r) T (r)d(r)d(r).  (2.126)

Link with the two-body density matriz.
As for one-body observables, expectation values can be obtained from a reduced
density matrix. We define the two-body reduced density matrix as

,62 = N(N — 1) T1"37".7N ﬁ, (2127)

the prefactor N(N — 1) being the number of ordered pairs, consistently with the
convention of (2.120f). With this choice,

(C) = Tr(épo). (2.128)

2.3.5 Evolution of quantum fields

We now have all the ingredients to write the Hamiltonian of a system of spinless particles
in second quantization. For particles subject to a one-body potential U(r) and a pairwise
interaction V(r — r’), it reads

i= / DH(r) l—A +U® )] D) dr + ; / ) )V (x = )P (r)(r) dr d*r.

(2.129)
We adopt the Heisenberg picture and define
du(r,t) = TN ) (x)0 (1), (2.130)
where N
N iHt
O(t) = exp (—lh> . (2.131)



The Heisenberg equation of motion is

A

ihdydu(r,t) = [tu(r,t), H). (2.132)

We henceforth omit the subscript H and the explicit time dependence.
The calculation relies on the canonical commutation or anticommutation relations.
Introducing € = 1 for bosons and € = —1 for fermions, they can be written compactly as

~

D)) = 8(x = 1) + et () (r). (2.133)
This immediately gives

[(x), 9 (r1)h(x2)] = 6(r — r1)3)(xs). (2.134)

For the quartic term, one similarly finds

~ ~

[D(r), ¥ (1) (r2) b (r2) ) (x1)]
= 5(r — 1)1 (r2) P (r2)d(xr) + 6(r — 1) (1) (r1)d(x). (2.135)

The result is the same for bosons and fermions: the exchange signs cancel inside the
complete interaction term.
Combining the one-body and two-body contributions, we obtain

ihd ) (r) = —;;AJrU(r)Jr / Vi - () d) d* | (r). (2.136)

The first two terms have the same structure as the single-particle Schrédinger equation.
The crucial difference is that ¢(r) is now a quantum operator rather than a classical
wave-function. The last term represents the interaction with the other particles through
the density operator ¥t (r')i(r').

Equation is therefore an operator equation of motion for the quantum field.
This is the origin of the terminology “second quantization”: rather than quantizing
a classical field, the formalism provides a quantum field operator whose excitations
correspond to particles.

Finally, we note that the Hamiltonian above contains as many creation as annihilation
operators in every term. It therefore commutes with the total number operator,

[N, H] =0, (2.137)

so that the particle number is conserved and the dynamics does not mix the subspaces
En. The Fock-space description is nevertheless useful even in this case, since it handles
the exchange symmetry automatically. It becomes indispensable when the number of
particles is genuinely not conserved, as for photons emitted and absorbed by atoms, or
for the Bogoliubov excitations encountered later in these notes, whose Hamiltonians do
contain terms with unequal numbers of creation and annihilation operators.

2.4 Quantum statistics of composite particles

Many physical particles, such as nuclei, atoms, and molecules, are composite objects
made of several elementary constituents. When the internal structure of such an object
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Figure 17: Scheme of the exchange of two identical composite particles, illustrated for
two hydrogen atoms. Exchanging the two electrons gives a statistical phase of m, as does
exchanging the two protons. The two phases add up to 2m, corresponding to an overall
bosonic exchange symmetry.

can be neglected, for instance when its size is much smaller than the relevant interparticle
distances, it can be treated as an effective pointlike particle. Its quantum statistics is
then determined by the parity of the number of fermionic constituents: a composite
object containing an even number of fermions behaves as a boson, while one containing
an odd number of fermions behaves as a fermion.

This rule follows from the spin-statistics theorem together with the rules for composing
angular momenta. It can also be understood directly by considering the exchange of two
identical composite particles. During such an exchange, each set of identical fermionic
constituents is effectively exchanged, and therefore contributes a minus sign. The total
exchange phase is consequently (—1)™F, where N is the number of fermionic constituents
in the composite particle. The composite particle is therefore bosonic for even Ng and
fermionic for odd Ng.

An illustration is given in Fig.[17] for the exchange of two hydrogen atoms. The
hydrogen atom is composed of one proton and one electron, and therefore contains
an even number of fermionic constituents. It can consequently behave as a bosonic
particle. This bosonic quantum statistics is experimentally manifested, for instance, by
the possibility of forming a Bose-Einstein condensate of hydrogen atoms, in which a
macroscopic number of atoms occupy the same quantum state [36].

The most striking illustration of this counting rule is provided by the two stable
isotopes of helium, which differ by a single neutron. The *He atom contains two protons,
two neutrons and two electrons, hence six fermions: it is a boson, and becomes superfluid
below 2.17 K. The 3He atom contains one neutron less, hence five fermions: it is a fermion,
and its superfluid transition requires the formation of Cooper pairs and occurs only in the
millikelvin range, three orders of magnitude lower. A single neutron, buried deep inside
the nucleus and utterly irrelevant to the chemistry of the atom, thus changes its collective
behaviour completely. The same rule governs the choice of species in ultracold-atom
experiments, where ' Rb (124 fermions) is bosonic while “°K (59 fermions) is fermionic.

At first sight, this behavior may seem to conflict with Pauli’s exclusion principle,
which prevents identical fermions from occupying the same single-particle state. The
resolution is that the constituents of different composite particles can still be subject to
Pauli exclusion, even though the composite particles themselves behave approximately as
bosons. This approximation becomes particularly transparent in the dilute limit, where
the wave-functions of the constituents belonging to different composite particles have
little overlap.
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When does a composite particle behave as a boson? To make this quantitative,
we consider a many-body system formed by pairs of fermions of two species, denoted 1
and 2. We assume that the two fermions form a bound state described by the two-body
wave-function ¢(ry,ry). For simplicity, we consider pairs with zero center-of-mass
momentum and write ¢(ry, ra) = ¢(r; — re). We introduce the pair creation operator

¢t = /¢(F1 — 1)l (r1)(x2) APy dPry, (2.138)
and consider a state in which pairs are coherently populated,
U)o exp(ach)|s). (2.139)

If the composite pairs behaved exactly as elementary bosons, ¢ would act as an
ordinary bosonic creation operator, and one would expect the mean number of pairs to
be (N) = |a|?. Pauli exclusion between the fermionic constituents can prevent multiple
pairs from occupying the same internal state, however, leading to (N ) < |al?. We now
quantify this effect.

We introduce the plane-wave decomposition

¢(ry —12) Z e (r17r2) (2.140)

which gives

¢ =" dual al (2.141)
k

Pair creation operators associated with different momenta commute. Moreover,
because the two constituents are fermions,

(af,a!y,)" = 0. (2.142)

The latter relation expresses Pauli exclusion: a given pair state cannot be occupied more
than once.
The coherent state can therefore be factorized into independent momentum sectors,

) o [T exp (agudl aly ) |9). (2.143)
k

Since the square of each pair creation operator vanishes, the exponential truncates after
the linear term:

W) = H (Uk + Uka’L,laikQ) |9), (2.144)
K
where o
= =agk,  |ul’+ |ul* = 1. (2.145)
Uk
The mean number of particles of either species is then
(V) =D (@l ) (2.146)
Kk
= luf’ (2.147)
Kk
| x|
@ 2.148
=P T ol (2149

94



The normalization of the pair wave-function is fixed by requiring the one-pair state
¢'|g) to be normalized, which gives

S lowl* =1. (2.149)
Kk
We then see that A
(N) ~ |a)? (2.150)
whenever
la* ] <1 for all k. (2.151)

Thus, in this regime,
bosonic behavior <= (N) ~|a]? = |a]}|¢> <1 forallk. (2.152)

Let us express this condition in terms of the spatial size of the composite particle. If
o denotes the characteristic size of the bound state, its momentum-space wave-function
typically extends over a volume of order 0=3. In a quantization volume V', this gives the
estimate
o3

max || >~ v (2.153)

The condition for bosonic behavior then becomes

0.3

1. 92.154
7 < ( )

jf?

Since (N) ~ |a|? in this regime and p = (N)/V is the particle density of either species,
we obtain the simple criterion

bosonic behavior <<= po® < 1. (2.155)

This condition has a simple physical interpretation: the composite particle behaves as
a pointlike boson when there is, on average, much less than one constituent particle of
the same species within the volume o3 occupied by the bound state. In this dilute regime,
Pauli exclusion between constituents belonging to different composite particles is unlikely
to play a role, and the composite objects behave approximately as elementary bosons.

The same criterion is obtained by examining directly the commutation relation of the
pair operators. For an ideal bosonic mode one would require [¢, é7] = 1, whereas a short
calculation using the fermionic anticommutation relations gives

(6,6 =13 |gwl? (Fuct + o), (2.156)
k

where has been used and 7y s is the occupation of the mode k of species s. The
pair operator is therefore bosonic only up to a correction measuring how much the
constituent modes are already occupied. Using |¢x|? ~ 02/V and (A ) ~ po® in the
dilute regime, this correction is again of order po®, in agreement with the criterion above.
A more detailed analysis of the bosonic behavior of composite particles can be found in
137, 38).
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The opposite limit and the BEC—-BCS crossover. It is instructive to ask what
happens when the criterion fails. For |a|?|¢x|* > 1 the occupations saturate, |vk|* — 1,
and each pair mode is filled at most once, as Pauli exclusion demands. The mean particle
number then grows much more slowly than |«|?, and the pairs can no longer be regarded
as independent bosons: their constituents strongly overlap, with many pairs sharing the
same region of space.

The reader may recognize in the state obtained above,

9) =TT (e + vt 8 ) [0). (2.157)
k

exactly the variational wave-function of BCS theory, , with the two species playing
the role of the two spin states of the electron. The two limits considered here are then
the two ends of the same physical family: for po < 1 the pairs are small, tightly bound
molecules that condense as elementary bosons, whereas for po® > 1 they are large,

strongly overlapping Cooper pairs. The continuous evolution between the two regimes is
the BEC-BCS crossover, discussed in Section [7] and illustrated in Fig.[d7]

2.5 (%) From classical to quantum fields: a vibrating string

The quantization of the field operator introduced earlier is a particular example of a
more general procedure for transforming a classical field theory into a quantum one. We
consider here a simple example, namely a vibrating string. The same procedure can be
applied in other contexts, such as the quantization of the electromagnetic field. We do
not consider here the quantum field theory of relativistic particles, which is treated in a
separate course.

We consider a string stretched between two points separated by a distance L along the
x axis (see Fig.. We denote by p the mass per unit length and by 7' the string tension.
The vibration of the string along the z direction is described by the time-dependent field
¢(z,t), representing the transverse displacement at position x. The Lagrangian of the
system is

Liot = Exin — Epot (2.158)
— g/(;%?da; - T/\/m (2.159)
~ g/¢2dx -7 [1 + ;(axgb)?} dz, (2.160)
L\/_\
_—
; : ;

Figure 18: Scheme of a string stretched along the x axis over a distance L. The
transverse displacement of the string at position x is described by the field ¢(z).
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where we have assumed small transverse displacements, or equivalently small angles
between the string and the z axis. Dropping the constant contribution 7L, the Lagrangian
can be written as the integral of a Lagrangian density,

Lio = [ LId(z). 6()]dz, (2.161)
L(),0) = g¢52 - ig(ﬁxqb)? (2.162)

The evolution of the field is obtained from the Euler-Lagrange equation. For a field
theory, the Lagrangian density depends not only on ¢ and ¢ but also on the spatial
derivative 0,¢, which contributes an additional term compared with the familiar equation
for a point particle,

oL oL oL
| —=—|+0: ——=0. 2.163
t <8¢> (a@«b)) 09 (2163)
Here £ does not depend on ¢ itself, and
oL - oL
= =, =—-T0,0, 2.164
o5 " Bee O 2100
so that we obtain )
po=T0. (2.165)
This is the usual wave equation, with propagation velocity
T
v=4/—. 2.166
5 (2.166)

Before quantizing the field theory, it is useful to express the Hamiltonian and identify
the canonical momentum conjugate to the field ¢(x,t). It is obtained from the Lagrangian
density as

m(z,t) = gg =po. (2.167)
The Hamiltonian is then
H= / H[p(x), 7(x)]dz, (2.168)
where the Hamiltonian density is
H(p, ) = 1) — L(d, ¢) (2.169)
T 9
=5, 5(0:0)". (2.170)

Quantization proceeds by promoting the classical fields to quantum field operators,
b— b, T h, (2.171)

and imposing the canonical commutation relations

[B(x), ()] =0, (2.172)
[#(z), #(2")] = 0, (2.173)
[6(x), #(2)] = ihd(x — ). (2.174)
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The resulting quantum Hamiltonian is
2

i [ r(;;) +§(ax$(x))2 dz. (2.175)

At this stage, one may wonder whether quantizing a classical field can also involve
fermionic field operators. The answer is already contained in the canonical relations:
QAS and 7 obey a commutator, not an anticommutator, because they descend from
classical quantities whose values are ordinary numbers that can be added and measured
simultaneously in the classical limit. The ladder operators built from them are therefore
necessarily bosonic. More generally, classical fields whose amplitude can take arbitrary
values are described by bosonic quantum ﬁeldsﬁ This is why the collective excitations of
a medium — phonons here, but also magnons, plasmons or photons — are always bosonic,
whatever the statistics of the underlying constituents.

To determine the spectrum of H , we exploit the translational invariance of the string
and introduce a momentum-space representation. For convenience, we impose periodic
boundary conditions, so that

2
k= %, = (2.176)
We define the Fourier components

. 1 L .

b= /0 o~k () d, (2.177)
1 L

= / k7 (2)dz. (2.178)

0

The opposite sign in the two exponents is deliberate: it is what makes the canonical
commutator diagonal, o< dyss rather than 0y _p. With these conventions,

[6r, dw] = 0, (2.179)
[T, ] = 0, (2.180)
[br, 7] = 1RO (2.181)
Since ¢(x) and #(z) are Hermitian, their Fourier components satisfy
b_e=9L, A==l (2.182)
Let us first consider the potential energy. Inverting the Fourier transform,
2 1 ikx 7 " 1 .1 ikz 2
x)=—=> e, 0:0(x) = —= ) ke ¢y, 2.183
and inserting this decomposition, one obtains
L O /
/ (0,0)%dz = 3 (ik) (k') prdp — / ik (2.184)
0 P, L Jo
DL N (2.185)
k
=" k*P) . (2.186)
k

3Tt is possible to define fermionic coherent states, whose amplitudes are Grassmann numbers. However,
these states do not provide a quantum description of a classical field with an ordinary commuting
amplitude.
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A similar calculation for the kinetic energy gives

=5 H, (2.187)
k
with )
~ 1 5. PWE ~t A
o, = %w;wk + T%quk, (2.188)
where
wi, = vl k. (2.189)

Thus, the Hamiltonian contains no coupling between different momentum modes, as
expected from translational invariance.

For every non-zero momentum mode, H,, has the form of a harmonic oscillator. We
therefore introduce the annihilation operator

N PWE | 2 i At
=4/ — —_ ) 2.1
ap =1/ o <¢k—l—pwk7rk>, kE#0 (2.190)

Using the canonical commutation relations, one verifies that
Gy, al) = Oy |aws aw] = [al, al,] = 0. (2.191)

The Hamiltonian can consequently be written as a collection of independent harmonic
oscillators,
=Y Thuw (agak + 1) + Hiy. (2.192)
k40 2

The k& = 0 mode corresponds to a uniform displacement of the string and has wy = 0; it
therefore does not form a harmonic oscillator and must be treated separately. It can be
omitted if the overall displacement of the string is fixed.

Each non-zero momentum mode can be populated by an arbitrary integer number of
quanta. These quanta are called phonons: each phonon is characterized by a wave-vector
k and carries an energy

E, = hwy. (2.193)

Thus, quantizing the classical vibrating string transforms its normal modes into quantum
harmonic oscillators.

It is worth contrasting this construction with the one of Section 2.3] There, we
started from particles and built a field operator &(r) to describe them; here, we started
from a classical field and found that its quantized excitations behave as particles. The
two routes meet in the same formalism, which is the reason for the name “second
quantization”. There is, however, an important difference. The phonons obtained here
are not elementary constituents but emergent excitations of a medium, and their number
is not conserved: the Hamiltonian of an anharmonic string, for instance, contains terms
with unequal numbers of a; and &L, which create and destroy phonons. This is precisely
the situation in which the Fock-space description becomes indispensable rather than
merely convenient.

Finally, we note that the zero-point contribution Y-y .o Ay /2 diverges when arbitrarily
large wave-vectors are allowed. For a physical string this is not a difficulty: the continuum
description breaks down below the interatomic distance, which provides a natural cutoff
on k. Only energy differences are measurable, and these are unaffected by the constant
zero-point term.
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2.6 Gaussian quantum states and Wick theorem

Gaussian states form an important class of many-body states for which expectation values
of products of operators can be expressed in terms of two-point correlation functions.
They occur naturally in a wide range of contexts, including ideal gases at thermal
equilibrium and interacting systems treated within a quadratic mean-field approximation.
A Gaussian state is a state whose density matrix can be written, up to normalization,

as the exponential of a quadratic operator,

L1 A

p= 5 exp(—H), (2.194)
where H is a dimensionless quadratic Hamiltonian. As shown in section , such a
Hamiltonian can be brought, using a Bogoliubov transformation, to the form

H =Y Ejalay, (2.195)
k

where the a;’s are the ladder operators of the normal modes.
A familiar example is an ideal gas at thermal equilibrium in the grand-canonical
ensemble,

p= = exp[-B(H — uN)], (2.196)

(1] —

which is Gaussian because H — MN is quadratic in the ladder operators. Gaussian
states also arise when interacting systems are approximated by an effective quadratic
Hamiltonian.

The main simplification provided by Gaussian states is analogous to the familiar
property of Gaussian random variables: all higher-order moments can be expressed in
terms of two-point moments. This result is known as Wick’s theorem.

We consider an observable written as a product

O=by--b, (2.197)

where each b; is a linear combination of creation and annihilation operators. Since a
quadratic Hamiltonian preserves fermion-number parity, and similarly for bosons, the
density matrix commutes with the parity operator. Consequently, the expectation value
of a product containing an odd number of ladder operators vanishes:

~

(by - bopis) = 0. (2.198)

We therefore restrict our attention to an even number 2n of operators.

Wick theorem for fermions. The essential step is to express a 2n-point expec-
tation value in terms of lower-order ones. We first consider a normal mode of the

Hamiltonian (2.195)). Since

0 =" Ealay, (2.199)
k
one readily finds
ay p = e P pay, (2.200)
alp=ePrpal. (2.201)
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To establish (2.200)), note that p oc exp(— 3, ;1) factorizes over the modes, and
that every factor commutes with a; except the one associated with the mode k itself.
For that mode, the elementary relation

Nl = ag(ig — 1), (2.202)
which holds for bosons as well as for fermions, implies more generally
ag f(fu) = f(f + 1) ak (2.203)

for an arbitrary function f, as is immediately checked by acting on a Fock state |ny).
Applying this with f(z) = e~ gives

“E D) g = o Br g Brik g, (2.204)

e PRk — ¢
which is the announced relation: commuting an annihilation operator through the density
matrix simply costs a factor e P* because it lowers by one the occupation of the mode
k appearing in the exponent. The second relation follows by taking the Hermitian
conjugate of the first and using pf = 4.

These relations allow us to move a ladder operator through the density matrix inside
a trace. Rewriting the first of them as pa; = e®*a;p, and taking ZA)l = ay, for definiteness,
cyclicity of the trace gives

(by -+ bop) = Tr(pby - bop) (2.205)
— e Tu(by pby - - - by) (2.206)
= P Tr(pby - - - bonby). (2.207)

For a fermionic operator, we now move by successively through the other operators. At
each step we use

biby = —byb; + {b;, b1 }. (2.208)
This gives
A A A 2n . A A A A A A
b2 e anbl = Z(_l)l{bw bl}bQ T biflbz#l e an
=2
bbb (2.209)

Taking the expectation value and using the previous relation therefore gives

2n

(1465 (b bou) = €™ 3 (~1) (B by}
=2
X @2 e Bi—ll;i—i-l e 82n>' (2.210)

The same calculation applies when 51 = di, with the replacement E, — —FE}). In either
case, the coefficient multiplying the anticommutator is precisely the corresponding
two-point expectation value. Indeed, applying the above argument to a product of two
operators gives o

~ {b,bi}

(byb;) = Cam for by = ay, (2.211)
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and the same expression with F, — —FE) when by = d]t. As a check, the simplest case
reproduces the Fermi—Dirac occupation of the normal mode,

1 1

Ao — ooty —
(aran) ndi) = T 5,

= — 2.212
14 efr’ ( )

whose sum is indeed equal to one. We consequently obtain the recursion relation

2n
(by -+ ba) = S (1)1 (b (by - - bi1big -+ o). (2.213)
=2
The argument was presented for a single ladder operator, but the result extends
by linearity to arbitrary linear combinations of creation and annihilation operators.
This point deserves emphasis. The normal modes a; appearing in are the
quasiparticle operators obtained after the Bogoliubov transformation, and are in general
linear combinations of the creation and annihilation operators of the original particles.
Expressed in terms of the latter, a Gaussian state therefore possesses non-vanishing
anomalous averages such as (dyd_y), in addition to the usual occupations (aj.ay). All of
these must be retained as possible pairings when applying the theorem, as will be the
case for the Bogoliubov and BCS ground states studied later in these notes.
Iterating the recursion relation gives Wick’s theorem for fermions:

~

(by - - - byn) = > 8(0)(50(1)50(2)>"'(50(2%1)30(2@% (2.214)

pairings o

where the sum runs over all possible pairings of the 2n operators, and e(¢) is the sign of
the permutation required to bring the paired operators next to each other. The number
of distinct pairings is

(2n)!

TR (2.215)
For four operators, there are three possible pairings, giving
(bibobsba) = (Diba) (bsba) — (bibs) (baba) + (brba)(babs). (2.216)

Note that the number of distinct pairings increases very fast with the number of operators:
for 2n = 6 there are 15 pairings, and for 2n = 8 there are 105 pairings.

Bosons. For bosons, the same argument applies, except that exchanging two operators
does not produce a minus sign. Wick’s theorem therefore takes the form

(i b)) = Y (bobo) -+ (bon1)bo(zn))- (2.217)

pairings o

Thus the difference between bosons and fermions is entirely contained in the sign
associated with exchanging fermionic operators.

As a simple example, consider the ground state of a harmonic oscillator, which is a
Gaussian state: it is the zero-temperature limit of p o< e=#4'@ for E — co. The non-zero
second-order moments of the ladder operators are

(aa’y =1, (2.218)
(aa) = (a'a') = (a'a) = 0. (2.219)



Introducing the position operator

i=o(a+a), o= DT (2.220)
we obtain
(2%) = o*((a +a")?) = o (2.221)
Wick’s theorem then immediately gives
(%) = 3(2%)% = 30*. (2.222)

More generally, Wick’s theorem allows higher-order correlation functions to be
reduced to products of two-point correlation functions. This property will be used in the
following sections to simplify the calculation of many-body correlation functions.
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3 Coherence and correlations in many-body systems

Correlation functions play a central role in the description and understanding of quantum
many-body systems in terms of simple observables. They can be used to identify phases
of matter, characterized for instance by the existence of long-range phase ordering or
translation symmetry breaking. They are also intimately linked to the spatial structure
of entanglement between particles within a many-body system.

3.1 First-order correlation function and coherence properties

3.1.1 Definition and basic properties

We first consider the first-order spatial correlation function

g x) = @) (). (3.1)

This definition corresponds to the expectation value of a single-particle operator
B =3, b;, with b = |r)(r/| acting on particle i. Indeed, inserting the matrix elements
(ry]b|ry) = 6(ry — r)d(ry — r') into the general second-quantized form of a one-body
operator gives precisely B = ¢f(r)ip(r). Using (B) = Tr(bp,), the g function can then
be written as
g1(r,x') = Tr (|r)(r'| 1) = (| ]r),

i.e. it is a matrix element of the single-particle density matrix in position space, the two
arguments appearing in reverse order. Recalling the definition of the single-particle

density matrix
)61 = NTI‘Q Nﬁ, (32)

-----

the ¢g; function can then be expressed in terms of the wave-function ¥ (ry,...,ry) of a
pure many-body state as

g1<r7 I‘/) = /¢*(r1 =TI, Try,... 71‘N)w(1'1 = rla ra,... 7rN) d37ﬁ2 U dng' (33)

Three properties follow directly from this definition. First, the diagonal values of ¢,
give the particle density,

gi(r,r) = (Pi(r)d(r)) = p(r), (3.4)
whose integral is the total particle number, [ g;(r,r)d*r = N. Second, g; is Hermitian,
gl(rlvr) - gl(r7r/)*7 (35)

as follows from the Hermiticity of p;. Third, since p; is a positive operator, the
Cauchy—Schwarz inequality bounds its off-diagonal elements by the diagonal ones,

|91(r, ¥)[ < y/p(x) p(r'). (3.6)

It is therefore natural to introduce the normalized first-order correlation function

e B e

: (3.7)
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which measures the degree of coherence between the two points independently of the
local density. It equals unity in modulus for a perfectly coherent field, and the distance
over which it decays defines the coherence length of the system.

The ¢, function can be used to express the expectation value of any single-particle
operator B = " b; once given the matrix elements (r|b|r’) of the operator b. Indeed,
one writes

A

B= / (e[brVP (1) d(r) dPr ¥ (3.8)

and take the expectation value
(B) = [ (xlble)gr(xx) d*r v (3.9)

3.1.2 Link with the momentum distribution.

We assume in the following a translationally invariant system, such that g;(r,r’) only
depends on the separation r’ — r. One then usually sets the first argument to zero, and
writes the first-order correlation function as

gi(r) = (P1(0)d(x)). (3.10)

The g, function can be directly linked with the momentum distribution

nie = (Al ay), (3.11)
where we define the operator
PN 1 —ik-r, 7,
dx = m/e kT (r) dr (3.12)

annihilating a particle of momentum k, where V = L? is the quantization box volume in
dimension d. Inverting this relation,

n 1 ik-r A
= , 3.13
0r) = Lo e (3.13)
one writes
g1(r) = (1 (0)(x)) (3.14)
_ le S R (). (3.15)
kK

We now use translation invariance, which states that the system is unchanged when
displaced by an arbitrary vector a. Under such a displacement the field operator becomes

~

¥ (r — a), so that the mode operators merely acquire a phase,
e — e X2 gy (3.16)

and the quantity (&L&k/> gets multiplied by e/®~%)2_Since it must be unchanged for
every a, it has to vanish unless the two phases compensate, that is unless k = k’:

<&L&k'> = N O k' - (3.17)
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Only the populations of the momentum modes survive, and the double sum collapses to
a single one,

1 .
gi(r) = 7d > ey, (3.18)
k
1 .
= Gy / % dlk. (3.19)

In other words, the g; function is the Fourier transform of the momentum distribution.
This relation has an important practical consequence: the coherence length introduced
above and the width of the momentum distribution are conjugate quantities, so that a
broad momentum distribution corresponds to a short-ranged ¢;, and conversely a sharply
peaked momentum distribution — as for a Bose-Einstein condensate — to long-range
coherence. It also provides the standard experimental route to g;, since the momentum
distribution is directly accessible, for instance by time-of-flight imaging of a released
atomic gas.

3.2 Pair-distribution function and particle fluctuations

Pairwise correlations between the positions of particles are characterized by the second-
order correlation function

g2, ¥') = (DT (0) (@)D )d(x)), (3-20)

also called the pair-distribution (or pair-correlation) function. This time, the g function
corresponds to the expectation value of a two-body observable ¢ = |r,r')(r,r’|. This
allows one to express it in terms of the two-body reduced density matrix as

go(r,r’) = (r,r'| po|r, r'). (3.21)
For a pure many-body state of wave-function ¢ (ry,...,ry), it is explicitely given by
92(1‘, IJ) = N(N - 1) / W(I’l =Ir;= I‘/, Is,... 7rN)‘2 d37n3 U d37nN7 (322)

the prefactor V(N — 1) being the one entering the definition of j,, that is the number of
ordered pairs of particles.

The normal ordering of the operators, with both creation operators standing to the
left, is essential: go(r,r’) is the joint probability density of detecting one particle at r
and another one at r'. Tt differs from the density—density correlation (p(r)p(r')) by a
self-detection term §(r — r’)p(r), which is precisely what will produce the Poissonian
contribution to the number fluctuations below.

Several properties follow immediately. The function is symmetric, go(r,r’) = go(r/, 1),
and positive, being the squared norm of ¥ (r')i(r)|¥). Its integral counts ordered pairs,

A

/ ga(r, 1) Pr ¥ = (N(N — 1)). (3.23)

For fermions, $(r)¢(r) = 0 implies

g2(r, 1) =0, (3.24)
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which is the Pauli hole: two identical fermions in the same internal state are never found
at the same point. It is often convenient to normalize go by the uncorrelated result,
introducing (e
(2) n_ g2\ T
g7 (xr,r') () o)’ (3.25)
which tends to one at large separation for a system without long-range order. Values
¢ > 1 signal bunching, and ¢ < 1 antibunching.
The second-order correlation function can be used to compute the fluctuations of the
particle number

No= [ $@)d)d'r (3.26)

contained in a subregion €2 of the system. Its variance writes
ANG = (N§) — (Ng)?, (3.27)
= [0 @9 )00 = pr)p(x')] a'r (3.28)

where p(r) is the mean particle density at r (not to be confused with the density matrix
p). In order to express it in terms of the pair-correlation function, one has to move the
field operator 1 (r) to the right. Taking care of the commutation rules, we have

D)) () = T ) () (r) + 6(r — ') d(x') (3.29)
for both bosons and fermions, which leads to
AN = (o) + [ [oa(0,1') = p(r)p(x')] d*r d*r” (3.30)

The first term is the self-detection contribution mentioned above, and gives the Poissonian
result AN = (Ng} expected for uncorrelated particles. The deviation from Poisson
statistics is then entirely determined by the deviation of the pair distribution function
from the product of densities, that is by ¢ — 1. Bunched particles (¢ > 1) produce
super-Poissonian fluctuations, while antibunched ones (¢®) < 1), such as the fermions
considered below, produce sub-Poissonian fluctuations.

3.3 Example 1: ideal Bose and Fermi gases.

We consider ideal (i.e. non-interacting) gases, described in the grand-canonical ensemble
by the density matrix

exp[—B(H — uN)], (3.31)

where H is the kinetic energy operator.

3.3.1 First-order coherence

The occupation number of the single-particle momentum state k is given by the
distribution

1
— (aTa ) —
i = (G dx) = T (3.32)
where € = 1 for bosons (Bose-Einstein distribution with ¢ < 0) and € = —1 for fermions

(Fermi-Dirac distribution), and where g, = h*k?/(2m) is the single-particle kinetic
energy.

107



Classical gas. In the classical limit (e, —p) > 1, the &1 in the denominator becomes
negligible and one recovers the Maxwell-Boltzmann distribution

(k/\dB)2
nk = pAdg exp [ | (3.33)
where we introduce the thermal de Broglie wavelength
h
(3.34)

MB = —(————.
aB V2mmkgT

The prefactor is the fugacity e, fixed by the normalization Y, nix = N: it is the
phase-space density pA3g, which is indeed much smaller than one in the classical regime.
Taking the Fourier transform of this Gaussian yields the first-order correlation function

g1(r) = p exp [—w (Tﬂ : (3.35)

AdB

One checks that ¢;(0) = p, as it must. The de Broglie wavelength sets the characteristic
decay length of the g; function, i.e. the coherence length: in a classical gas, coherence
does not extend beyond the thermal wavelength.

Condensed Bose gas. In three dimensions, non-interacting bosonic particles undergo
Bose-FEinstein condensation at sufficiently low temperature T" < T.. The critical
temperature is usually expressed in terms of a critical phase space density n)\dB . = 2.612.
In the condensed regime, the chemical potential vanishes, and the momentum distribution

is given by
1

W. (3-36)

Nk = Ny (5k,0 +

The ground-state occupation number nyq is given by

o = N l1 _ <£)3/Q] | (3.37)

The Fourier transform of the momentum distribution yields the first-order correlation
function

1 .
== Z ey (3.38)
= Z e (3.39)
V Ty bt
1 .
= pPo + W /elk'rnk d3]€, (340)

where py = ng/V is the condensed particle density, and where the sum over the excited
modes has been replaced by an integral.

The Fourier transform of a radially symmetric function is given by the Hankel
transform [39], allowing us to write

91 (t) = po 3/2\/_/nkk 2], 5(kr) d, (3.41)
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Figure 19: First-order correlation function g;(r) computed for a thermal gas (red
dotted line, with pA35 = 0.01 and no discernable effect of quantum statistics), a 7' = 0
Fermi gas and a Bose gas with a 50% condensed fraction in three dimensions.

where .J; /5 is a Bessel function. The second term in the right hand side represents the
contribution of non-condensed particles, which decays towards zero over a characteristic
length \gg. At long distance, the ¢g; function tends towards a non-zero value given by
the condensed density: the condensate exhibits long-range phase coherence.

Fermi gas at zero temperature. At low temperature, a (spinless) Fermi gas forms a
Fermi sea with an occupation number of momentum states given by

ne =1 for k< kF, (342)
=0 for k> kp, (3.43)
where kp is the Fermi momentum for a particle density p (kp = 7wp in 1D and

kr = (67%p)/? in 3D).
We begin with the case of a one-dimensional system, for which the momentum
distribution is a rectangular function, whose Fourier transform gives

g1(x) = p sinc(kpx) in 1D. (3.44)

The correlation function is an oscillating function decaying to zero over a characteristic
length 1/kp, but the decay is algebraic only (Friedel oscillations). This can be attributed
to the discontinuity of the momentum distribution at the Fermi points +kp.

We get a similar behavior in dimension three, for which the first-order correlation
function writes
_ sin(kgr) — (kpr) cos(kgr)
N 2723

We show in Fig.[I9the g; correlation functions of ideal Bose and Fermi gases discussed
above.

The gy correlation function of weakly-interacting bosonic gases has been measured
in atomic gases in various ways. We present in Fig.[20] an experiment probing the
matter-wave interference between two distant points of the gas [40]. The measurements
are in good agreement with the correlation function computed above.

g1(r) in 3D. (3.45)
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Figure 20: Measurement of the first-order correlation function g;(r) of a weakly-
interacting Bose gas of rubidium atoms [40]. A radiofrequency field driven with two tones
selectively outcouples atoms from an ultracold gas at two different spatial positions with
a relative distance r. The two emitted atomic beams form an interference pattern whose
visibility is proportional to ¢;(r). Its variation with r is consistent with the prediction
shown in Fig. for a non-interacting Bose gas.

3.3.2 Particle correlations and fluctuations

Bunching and anti-bunching effects. Ideal gases at thermal equilibrium in the
grand-canonical ensemble are Gaussian quantum states, hence higher-order correlation
functions can be calculated using Wick’s theorem. The pair-distribution function can
then be expressed in terms of the first-order correlation function as

) (3.46)

Wb(r
"@‘L(r)w( )><wT(r’)@3(r )+ (T (r)dh (&) (T (¢ )b (r)) (3.47)
)%, (3.48)

g2 (I‘, I‘,) -

where only two of the three pairings of Wick’s theorem contribute, the anomalous
one (1)T9)T) vanishing for a state of fixed particle number. In terms of the normalized
correlation functions (3.7) and (3.25)), this relation takes the compact form

g? () =142 |gD (e,

(3.49)

which shows that for an ideal gas the pair correlations are entirely determined by the
first-order coherence.

Non-interacting bosonic and fermionic particles consequently behave very differently
at short distance, where |g(M| — 1:

ga(r,r) =2p(r)* for bosons, (3.50)
= (0 for fermions. (3.51)
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Figure 21: (a) Scheme of the experiment from [41]. An ultracold gas of *He (fermion)
or “He (bosons) is released from the trap and detected on a multichannel plate. The x
and y positions are directly measured via the point of detection on the plate, while the
z position is inferred from the arrival times. The pair distribution function can then
be reconstructed. (b) Comparison between the correlation functions between fermions
(bottom) at bosons (top), showing antibunching and bunching effects, respectively. The
deviation to perfect (anti-)bunching is attributed to the finite spatial resolution of the
detector.

This result shows that non-interacting bosons tend to group together at short distance
(bunching), while two identical fermions cannot be found at the same positions, owing to
Pauli’s exclusion principle (antibunching). Note that the correlations extend over the
coherence length, that is over \qp for a thermal gas and 1/kp for a degenerate Fermi gas:
bunching and antibunching are purely quantum-statistical effects, with no interaction
involved.

Bosonic bunching and fermionic antibunching have been observed in a wide range of
systems, including photons (Hanbury-Brown and Twiss effect), electrons and ultracold
atoms. We present in Fig.[21| an experiment using ultracold atoms of helium, in which
particle correlations were measured for two different isotopes, revealing in the same
experiment antibunching for the fermionic isotope *He and bunching for the bosonic
isotope ‘He [41].

Particle fluctuations in a Fermi gas. We now consider particle fluctuations, focusing
on Fermi gases evolving in one dimension. Since the T' = 0 Fermi gas exhibits Gaussian
statistics, its pair correlation function is given by
(z) = p* = |g1(2)[* = p?[1 — sinc? (kpx)] (3.52)
ga(x) = p g (x p sinc” (kpx)]. .

We consider the number of particles in a given volume €2, given by the operator

No = /Q & (@) () da. (3.53)
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Its fluctuation is given by the variance

A~

ANG = (Ng) — (No)® (3.54)
= |10 @) (@) (a) - ) drda' (3.55)
Using the operator identity ﬁ*(x)p@(x)zﬁ(x’)@/;(x’) = Ot (@)t (@)D ()b (x) + 6(x —

x') &T(x)iﬂ(x), whose last term contributes (Ng) upon integration, we can express the
variance in terms of the second-order correlation function as

ANZ = (Ng) + /Q[gQ(x — ') — p?ldzda’, (3.56)
= (Ng) — p? /Q sinc?[kp(z — 2')] do da’. (3.57)

This expression already shows that particle fluctuations are subpoissonian, i.e.

ANg < \/(Ng). (3.58)

Taking 2 as a segment (0, L) (and dropping the index €2 from now on), we obtain the
explicit expression

AN? = (N) — p? /0 0L et sinc?[kg(z — 2')] do da’ (3.59)
—p / ~ X ) sine? (ke X) dX (3.60)
= (N) — (p/kp)? /k: L(kFL — |u]) sinc?(u) du, (3.61)

where the triangular weight L — | X| is the overlap of the segment with its translate by
X. We use the asymptotic expansion

/i(A — Ju|) sinc?(u) du = mA — [log(24) + v + 1] + O(A™?), (3.62)

where v = 0.5772... is the Euler constant. We obtain the final expression

log(2m(N)) 4+ + 1

AN? = - + O(1/(N)?), (3.63)

™

which can also be written in terms of the length L as

log(2mpL) + v+ 1

AN? = : +O(1/L%), (3.64)

™

These fluctuations are very small compared to the Poisson law AN? = (N) expected for
an uncorrelated system.
A similar behavior occurs in dimension 3, for which one has the large-L scaling [42]

AN? o< (kpL)?log(kpL) (3.65)

for a subregion Q of volume L3 .
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Note that in a system with truly short-range correlations, fluctuations should scale
with the area of the boundary of subregion €2, hence a scaling AN? o L4 (so-called
area law). This would for instance be the case for a band insulator in a lattice potential,
for which each site is occupied with a single fermion.

Finally, we mention that particle fluctuations are intimately linked with many-
body entanglement. The entanglement between subregion 2 and its complement
Q¢ is characterized by the so-called (von Neumann) entanglement entropy S(pq) =
— Tr(pq log pq), where pg = Trqe p is the reduced density matrix in €2, obtained by
tracing out from the many-body density matrix p all degrees of freedom localized in Q°.
The computation of the entanglement entropy for non-interacting fermions shows that,
for a system in dimension d and a subregion €2 of volume L9, one has [43]

S(pa) ~ L tlog L for gapless systems (free fermions, metals) (3.66)
~ L4 for gapped systems (insulators). (3.67)

The area law S ~ L4! for gapped systems manifests the short-range character of
entanglement in those systems [44].

3.4 Example 2: impenetrable bosons in one dimension

We now consider a more complex example that consists of a system of bosons in one
dimension with hardcore interactions. Despite the presence of interactions, this system
remains tractable, based on the existence of an exact mapping to free fermions that was
first put forward by Girardeau [45].

3.4.1 Definition and mapping to free fermions

Hardcore interactions are defined by the impossibility to find two particles with a relative
distance below the hard-core diameter a. This situation also includes the limit a — 0 of
impenetrable bosons, which can be formulated as the limit of infinite interaction strength
g — oo of the Lieb-Liniger model, which describes 1D bosons interacting through a
short-range contact potential [46]:

A

= [—;wa:)ai&(x) + 901 @) (@) (w)i(a) | da. (3.68)

We restrict our discussion to the limit ¢ — oo of impenetrable bosons, also called the
Tonks-Girardeau regime [47), 45].

The hardcore interaction prevents the occurrence of configurations in which two
particles can be found at the same position x. In the first quantization language, it
means that we only consider many-body wavefunctions ¢ (z1, ..., zy) that vanish when
two positions x; and z; coincide.

The formulation of the problem in second quantization raises some difficulties in
continuous space. In the remainder of this section, we assume x to be a discrete
coordinate, with a spacing dz between neighbouring coordinates that can be taken
arbitrarily small. In this discretized space, the bosonic field operator will be written as
vﬁx, with the commutation rules

&xa &;/] = 530,90’- (370)
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The expression of the many-body Hamiltonian then involves a discretization of the
Laplacian operator, leading to

N R2 . . a A U~ ~v A &
H= — T (g — 2 Zotot
2 | =g (Wemae = 20 + Pran) + GBIt |

x

where U ~ g/dz is the onsite interaction energy.

The hardcore constraint occurring in the limit U — oo corresponds to the replacement
of the interaction term by the action of the projector P on many-body states with at
most one boson at each point x. The many-body Hamiltonian then becomes

2

A

H=

PYLP(Pihy_guP — 2P0, P + Pipy g, P).
mdng Y PPty (0 VutdeP)
At first sight, this Hamiltonian looks like a simple non-interacting model, but one
should notice that the operators P, P do not correspond to bosonic field operators since
it is impossible to create a pair of hardcore bosons at the same point, i.e. (Py]P)? = 0.

Nor do they dgﬁnAe AferrAnionicAﬁAeldAs, because of the commutation relations inherited from
bosons, [P, P, Pty P] = [P, P, P!, P] = [Pyl P, Pyl P] = 0 for = # 2.

Fermionization using a Jordan-Wigner transform. The projected bosonic field
PQ/AJ:BP can be mapped to a fermionic field operator 1/35 by introducing a suitable sign
factor defined by the parity of the number of atoms at the left of position x (so-called
Jordan-Wigner transformation [48]). More specifically, we define

)f =Ty P, P, (3.71)
where we assume that the system is defined on the segment [0, L] and where

A

ﬁx,x/ = exXp [lﬂ' Z ZZJL/@ZAJI//]

' <zl'<x

is the parity of the number of atoms in the interval [x 2'[. Since the mapping from
waP to wF involves field operators at all positions =’ < x, one speaks of a non-local
transform, and the parity operator is also known as a string operator.

The parity operator flmr commutes with the projector P and with the field operator

A

W if 2 is outside the interval [z, 2/[. If 2" € [z, 2/[, the field operator flips the parity.
Hence, we have the commutation rule

[, gty = Yprlly e for " ¢ [z, 2] (3.72)
= — il for 2" €|z, 2] (3.73)

Let us check that the operators 1&5 fulfill the usual fermionic anti-commutation rules.
We first consider the anticommutation at a given point z:

{F, 95T} =PIl + PP, (3.74)
= P, PYIP + Pyl Pi, P. (3.75)
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In hardcore subspace, it is clear that Pz/?xpz/;;]f’ =1-—n, and P@lplﬁrﬁ’ = f,, where n,
is the occupation number at position z, restricted to 0 and 1. Hence we get {if 1} = 1.
We then consider the case x < 2’ and write the anticommutator

{0F '} = D5+ 'y (3.76)

= Py o0 PTlo i)l P+ PTlg i)l P 1), P (3.77)

We then use the commutation rule (3.72)) and (3.73) to regroup the parity signs on the
left, which gives

(F b1} = Ty ar (=P PYLP + PYL PG, P (3.78)

which gives zero owing to bosonic commutation rules. We would get the same result for
7’ < x, and an identical argument gives {¢)f",f;} = 0. The field operators ¥!" then
fulfill fermionic anticommutation rules.

As a result, the hard-core Hamiltonian can be reformulated in terms of fermionic
fields as

H = Z ¢FT r— d:c - 21/}F + wx+dx)

2md:1:2

which simply corresponds to free fermions.

Fermionization of bosonic wavefunctions. The mapping of impenetrable bosons
onto fermions can also be written at the level of the many-body wavefunction. For a
bosonic wavefunction t(x1, ..., zy) fulfilling the hardcore constraint (i.e. vanishing if
x; = x; with ¢ # j), one defines a fermionic wavefunction

’(/)F(.I‘l, Ce ,IN) = A(l’l, .. .I‘N)@/J(Il, N ,fL‘N). (379)

by multiplying with the ‘unit anti-symmetric function” A given by [45]

Az, ... =[] sen(z; — z;), (3.80)

1<j

where sgn is the sign function. Note that the sign function is always well-defined since
two particles cannot be at the same position.

3.4.2 Many-body ground state

The many-body ground state of impenetrable bosons can then be expressed starting from
the ground state of the associated free fermions, which is a Fermi sea. Its wave-function
can be expressed as a Slater determinant

ik1x1 iki1x N

[§] [§

1
%Z’F(-Tl,---,xN):LNTm .k: SE )
eiNTL

elkN;tN

(3.81)

where the k;’s are the momenta forming the Fermi sea, which are the integer multiples of
27/ L satistying |k;| < kg = mp, with p = N/L the particle density.
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The bosonic ground state is then given by

V(zy, ... on) = Az, ... an)Vp(T, .., 2N), (3.82)

For the ground state considered here the Slater determinant can be chosen real, up to an
irrelevant global phase, so that the construction simply amounts to taking its absolute
value,

'QD(,CEl,...,QZN):|wp(x1,...,$]v)‘. (383)

In any case, the two wave-functions always share the same modulus, |¢)| = ||, since
Al =1.

A number of physical quantities take identical values in the two systems, but for two
distinct reasons. The energies coincide because the two Hamiltonians are mapped onto
one another, as shown above. Separately, any observable that is diagonal in the positions
of the particles takes the same value in the two states, because the two wave-functions
share the same modulus, || = |¢)g|. This is the case of the density and, more generally,
of all density correlations. In particular, since

ga(z,2') = N(N = 1) / W(x, 2, s, .., o) [P das - - day (3.84)

involves only [¢|?, the pair correlation function of impenetrable bosons is simply that of
the free fermions,

go(z,2") = g& (z,2) = p? [1 — sinc? (kp(z — x’))} : (3.85)

It is instructive to recover this result directly in second quantization, as the mechanism
by which the string operators disappear is the one that will fail for g;. Inverting the
definition (3.71)) with the help of II3 , = 1 gives

A A

PP =Ty, OF, PP = r I, (3.86)

where the projectors may be omitted since all states considered belong to the hardcore
subspace. Substituting into the definition of g, and using Hg’z, = 1 for the two central
string operators,

= (V5 Mo) (n o wr) (Mo w0 5) (Mo 000k ) ) (3.88)
= (O o, b5 o, 0F). (3.89)

It remains to move the first f[oﬂm to the right, through the pair 12?1/35 If 2/ > x, the
point 2’ lies outside the interval [0, z[ and the string commutes with each of the two
operators. If 2/ < x, it anticommutes with each of them, and the two sign changes
compensate. In both cases ﬂgyx commutes with the pair, so that the two string operators
meet and cancel,

92(357 37/) = @5%5%5/ ﬂO,xﬂO,x 125) (3-90)
= (WL ENE) = of (v, 2'), (3.91)
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in agreement with the wave-function argument. The essential point is that 1&? and
AE appear in pairs at the same point, so that whatever sign the string picks up is
immediately undone.

The bunching previously found for non-interacting bosons is lost since g2(0) = 0, as
expected for impenetrable bosons.

By contrast, many other observables take different expectation values in the bosonic
many-body states and its fermionized counterpart. For instance, let us consider the

first-order correlation function of a bosonic state

gi(x,7") = (Plidar) (3.92)

Here the two field operators sit at dzﬁerent points, so the compensation at work in go does
not occur: the two strings HOI and Ho « 1o longer cancel but combine into H 2, which
counts the parity of the number of particles lying between the two points. This operator
cannot be discarded, and the expression does not reduce to the correlation function of the
fermionized state. This is consistent with the wave-function picture: g; is not diagonal in
the positions, and therefore probes the phase of the many-body wave-function, which is
precisely what the sign function A changes. The momentum distribution, being the
Fourier transform of ¢, differs as well between impenetrable bosons and fermions. The
momentum distribution ny [49, 50, 51], as well as the first-order correlation function gy
[52], can be computed in the thermodynamic limit after rather tedious calculations that
are beyond the scope of this course. We show in Fig.[22] these two quantities, and give
the analytical expressions of infrared asymptotic behaviors [50, 51]

2
ng ~ Ap k: for k< kp, (3.94)

r) ~

where A = 0.92418.... The two expressions are consistent with each other: the Fourier
transform of |2|~'/2 being \/27/|k|, the second asymptotic law implies the first. The
momentum distribution n; diverges for £ — 0, but the £ = 0 momentum is not
macroscopically populated: there is no Bose-Einstein condensation [52]. This is confirmed
by the decay to zero of the g; function at large distances.

The Tonks-Girardeau regime has been reached with ultracold rubidium atoms
confined to one dimension by a tight transverse trapping [53 [54]. In particular, the
antibunching characteristic of impenetrable bosons, ¢ (0) — 0, has been observed in
the strongly interacting regime [55], see Fig.[23|

NA

for kpz > 1, (3.95)
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Figure 22: Momentum distribution and first-order correlation function of one-
dimensional systems of non-interacting fermions (red lines) or impenetrable bosons (blue
lines).
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Figure 23: Local pair correlation ¢(®(0) of a one-dimensional Bose gas, measured as a
function of the effective Lieb-Liniger parameter v.g = m*gip/(h%p) (where gp is the
one-dimensional coupling constant, p the linear density, and m* the effective mass of the
atoms in the optical lattice), which describes the strength of interactions and grows both
with the coupling and at low density. The antibunching of the Tonks-Girardeau regime
is revealed in the strongly interacting limit oz — 0o. Figure taken from [55].
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3.5 Example 3: superfluid helium

The final example considered here is superfluid (liquid) helium. Superfluidity was
discovered in 1937 by P. Kapitza, J.F. Allen, and D. Misener, who studied the viscosity of
liquid helium at cryogenic temperatures [56, [57]. This phenomenon was soon attributed
to the formation of a Bose-Einstein condensate of helium atoms.

3.5.1 Coherence properties and condensed fraction

Neutron-scattering experiments, which study the resonant transfer of energy and
momentum between a neutron beam and liquid helium, can be used to measure the
atomic momentum distribution ny [58]. Its central peak, corresponding to the ng dx ¢ term
convolved with experimental broadening, gives a condensed fraction of fo = po/p = 7%
at zero temperature and saturating vapor pressure. The fact that the system is not
fully condensed at T' = 0 comes from the strong interactions between atoms. We will
develop in section [6] the Bogoliubov theory, which describes the elementary excitations of
a Bose-Einstein condensate and offers a theoretical framework for understanding partial
condensation at 7" = 0 in an idealized model. It is important to note that the partial
nature of condensation does not preclude the system from being fully superfluid. Indeed,
it exhibits no viscosity and remains unresponsive to moderate rotations of its container
at zero temperature.

The measured condensed fraction is consistent with a computation of the g, function
using quantum Monte-Carlo simulations, shown in Fig.[24] [59, [60].

3.5.2 Pair distribution function

The pair distribution function ¢(®(r) was also measured using neutron scattering
experiments. As shown in Fig.[24p, it compares very well with a numerical computation
using quantum Monte-Carlo simulations [60]. At short distances, g (r) tends towards
zero because of the short-range repulsion between helium atoms. It exceeds one for
r ~ 3.5 A, but this bunching should not be considered as a smoking gun of bosonic
quantum statistics, as checked using Monte-Carlo simulations of an equivalent system
without bosonic exchange statistics [60].

119



0.8 8
— 1 |
< 0.6 1z
= |
S 04} - >
0.5
0.2 s
0 : , 0
0 2 4 6 0

Figure 24: (a) First-order correlation function of superfluid helium, computed using
quantum Monte-Carlo simulations (adapted from [59, 60]). The asymptotic value
g1(r — 00)/p ~ 7% corresponds to the condensed fraction. (b) Normalized pair
distribution function ¢‘®(r) computed using Monte-Carlo simulations (solid line) and
measured using neutron scattering experiments (symbols) [60].
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4 Describing interactions: quantum scattering

The description of a typical quantum many-body system involves single-particle operators
(e.g. kinetic energy, lattice potential) as well as the binary interaction between pairs of
particles. This section describes the quantum theory of scattering between two particles.
We do not treat the more complex case of genuine three-body interactions, that play a
role in more exotic systems.

4.1 The two-body problem: definitions

We consider two particles labelled 1 and 2, of masses m; and ms. Their dynamics is
described by the Hamiltonian
A2 A2
/] by P N N
H=_——+_—"+V(r—1), 4.1
o T oy TV (E2 1) (4.1)
where V(r) is the interaction potential. We assume that the interaction potential decays
at long distance towards an asymptotic zero value.
The invariance of the system under global translations leads to a separation between
the center-of-mass and relative motions. More precisely, we define the center-of-mass
operators

my Ty + mo Ty
M )
PZf—H"‘ﬁQa

ﬁ:

where M = my + my is the total mass, and the relative motion operators

where 1 = myms/(my + my) is the reduced mass. The Hamiltonian can be expressed as

. P2 P>
H=_—+_—+4V(t 4.2

which corresponds to free motion of the center of mass and the dynamics of a fictitious
particle of mass p evolving in the potential V(r). We can look for eigenstates of the
Hamiltonian as a product of a plane wave |P) for the center-of-mass motion and an
eigenstate [¢) of the relative motion

V) = |P) @ [¢)). (4.3)

We will disregard hereafter the trivial motion of the center of mass and focus on the
relative motion. Following the standard treatment of particle dynamics in a potential, we
can distinguish two types of eigenstates:

« discrete bound states of energy E < 0,
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incoming beam

Figure 25: Scheme of the cartesian and spherical coordinates conventions used to
describe scattering processes in this course.

« a continuum of scattering states of energy E > 0.

In the following we will focus on the description of the most subtle case of scattering and
discuss the existence of bound states more quickly.

Scattering has played a prominent role in the development of our knowledge on the
structure of matter, from Rutherford’s discovery of the nucleus to the exploration of
sub-atomic physics in high-energy particle colliders. In low-energy physics, it plays an
important role in the study of solid-state systems through neutron-, electron- or X-ray
scattering.

A scattering process corresponds to the problem of the interaction between a beam of
particles onto a target. We can distinguish inelastic from elastic scattering, for which the
particle remains in the same internal state and exits with the same kinetic energy as the
incoming one. We focus here on the description of elastic scattering.

Differential scattering cross-section The amplitude of scattering is globally
quantified by the scattering cross-section o, which counts the rate of particles N that
undergo the collision for an incoming flux j , according to

N = jo. (4.4)

For a hard sphere target of radius R and a point-like incoming particle, classical dynamics
predicts that the cross section corresponds to the actual area of the geometric cross
section o = TR? [61].

The scattering process is more precisely characterized by the differential cross section
(do/dS2), which quantifies the angular scattering pattern. It is defined by the rate of
particles dN scattered towards the direction n = (0, ¢) with a solid angle d*(2, given by

AN = '((‘E) d%Q. (4.5)
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Figure 26: Historical measurement of the differential cross section of alpha particles on
a thin gold foil by Geiger and Marsden. The excellent agreement with Rutherford’s
formula strongly supported Rutherford’s planetary model of the atom.

We use the standard convention of an angle 6 defined relative to the axis of the incident

beam (see Fig.[25).

Reminder of classical physics. We remind some well-known examples of scattering
in classical physics [61]. We focus on isotropic scattering potentials, for which the
scattering cross-section only depends on the polar angle #. The deflection of a classical
trajectory of impact parameter b is characterized by the exit angle 6(b). We can easily
show the relationship

d(mb?) ’ 1 ’ dv?

do
<dQ> ~|d2r(l —cos0)]| 4 |dsin?(6/2)

For a point projectile bouncing off a hard sphere of radius R, one can show that the
differential cross section is isotropic, with

do R?
(o) wn
In the famous collision experiment performed by Rutherford, the scattering of alpha

particles onto gold nuclei involves the Coulomb potential V (r) = ¢Q/(4meor). It is a
standard exercise to derive the expression for the differential cross section

do qQ 2
(dQ> - (16%50Esin2(9/2)> ’ (4.8)

where E' is the energy. This formula was tested with great accuracy by Rutherford’s
assistants Geiger and Marsden, who contributed to the acceptance of Rutherford’s
planetary model of the atom (see Fig.[26)).

4

. (4.6)

Extension to quantum scattering. We now turn to the quantum-mechanical
problem. In order to define the differential scattering cross section, we consider a
scattering eigenstate ¥y (r) of energy E = h?k?/2u (with E > 0). More specifically, it is
a stationary eigenstate of the Schrodinger equation

2

Bu(r) = |~ 58+ V0)| ) (19)
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that can be decomposed into an incoming (non-normalized) plane wave and a scattered
wave

Yic(r) = T 4 4 (r), (4.10)

where k = ke, is the incoming wave-vector.
For a sufficiently localized scattering potential, the scattered wave takes the asymptotic
form

elkr

Yse(r) =~ f(k, K) ,
in the far-field region, i.e. for r much larger than the potential range b (and than
kb%), where f(k, k') is the scattering amplitude for an outgoing momentum k’ = k n,
parametrized by the outgoing direction n or equivalently the polar angles (6, ¢). The
computation of the particle flux involves the probability current j = %(WVQ# — pVr),
which can be decomposed into three terms:

(4.11)

1. the incoming particle flux

I (4.12)
I

2. the scattered flux B £k k’)|2
jio(n)=—"—"""n. 4.13
) = (113
3. the cross product involving the product of the incoming plane wave and the
scattered spherical wave. Except for forward scattering 6 ~ 0, the cross product
involves interference terms e™#7(1=<0s9) that oscillate on very small angular scale as
kr — oo, so that can be safely neglected.

The differential cross section can be obtained from the particle flux scattered through the
area sustained by a solid angle d*Q) around n, as

oo -m72d%Q = G| f(k, K)|2d3Q, (4.14)

which leads to q
o
FIREIR (1.15)

4.2 The Lippmann-Schwinger equation

We can rewrite the Schrodinger equation as follows

2

(A ) = V(1)) (4.16)

which can be solved formally using Green’s functions by considering the right hand side
as a source term. For this, we define the Green function Gy(r) as the solution of the
partial differential equation

h2

32 K)G(x) = 3(r) (4.17)
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This equation exhibits two linearly independent solutions corresponding to incoming and

outgoing spherical waves
+ikr

(£) K€
_— . 4.1
go (I‘) o h2 ( 8)

For our scattering problem, we retain solely the outgoing spherical wave, and obtain after
integration the Lippmann-Schwinger equation [62]

D) = T 4 / G5 (r — ')V (' Y () 3. (4.19)

Note that the wave-function 1y (r) is involved in the integral, so that this equation
cannot be considered as an explicit expression for the scattering state.
The scattering amplitude can be expressed by looking at the scattered wave in the
far-field region. We approximate |r — r'| ~r —n-r/ (with n = r/r), and
eik|r7r’| ikr

€ ik
Fy— ~ ——e , (4.20)

where we use the expression k' = kn for the outgoing wave-vector. This leads to the
scattering wave-function

U eikr
2mh? r

Yy (1) ~ T /e_ik/'r'V(r')wk(r’) d?r. (4.21)
Normalization conventions. In order to express this result in terms of operators,
we use, as in the rest of these lecture notes, plane waves normalized in a cubic box of
volume L3 with periodic boundary conditions,

ik-r

e -
(rlk) = 57, (klK) = by, Zk:|k><k| =1, (4.22)
with the continuum limit Y, — L3 [ d*k/(27)3 for L — co. The scattering state [ty) is

normalized in the same manner as the incoming plane wave, i.e. (r|/y) = ¥y (r)/L%2.
We define the transition operator 7' by its action on plane waves as

T1k) = V). (4.23)

The matrix elements of V and T between plane waves scale as 1 /L. Since the scattering
amplitude, which is a physical quantity, does not depend on L, it is convenient to work
with the box-independent quantities

V(k' — k)= L*|V|k) = / KTy (@3 T(K k) = L3K|TIK), (4.24)

where V(q) is the Fourier transform of the potential. We then identify the scattering
amplitude as

H /
kk)=— k', k). 4.25
FlcK) = 2 T K (425
This expression justifies the name of transition matrix for the operator 7. In the
following, all formulas are expressed in terms of V' and 7, with momentum sums written
as integrals [ d*k/(27)3, so that the box size L no longer appears. These formulas are
identical to those obtained with non-normalized plane waves ek,
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4.3 Born approximation and perturbative expansion

The Lippmann-Schwinger equation can be used as the starting point of a perturbative
treatment with respect to the scattering potential V', known as the Born expansion. This
approach is particularly useful when considering scattering at high energy, for which the
scattering probability remains small. More quantitatively, for a potential of typical
magnitude |V| and range b, the first-order correction to the wave-function remains small
near the scattering center provided that

2

h
Vol < e at low energy (kb < 1),

2
Vol b < hw = k at high energy (kb > 1).
I

The first condition expresses that the potential is too weak to bind a particle, while the
second one shows that the Born approximation always becomes valid at sufficiently high
energy (for a regular potential).

4.3.1 Born approximation

At zero order in V', the scattering potential is neglected and the scattering state reduces
to the incoming plane wave

ic(r) == e, (4.26)

At first order, one replaces in the integral the scattering state by its zero-order expression,
leading to

b(r) = ok 4 / SS9 (r — 1)V (r')ek 4 (4.27)

As a result, the scattering amplitude is obtained by replacing the scattering state |¢y) by
the incoming plane wave, leading to

! Ry /
flk k)= 52 V(k'—k), (4.28)
which involves the matrix element of the scattering potential between the incoming and
outgoing wave-vectors. This shows that, within the Born approximation, the T" matrix
is simply given by the matrix elements of the scattering potential V' in momentum
space, T(k',k) ~ V(q), i.e. by the Fourier transform of the scattering potential at the
transferred momentum q = k' — k.

Note that the differential cross section |f(k, k’)|? obtained within the Born approxi-
mation can also be obtained using Fermi’s Golden rule giving the transition rate between
the incoming plane wave k and the continuum of states with wave-vectors k'.

Example 1: Yukawa/Coulomb potentials. We consider the Yukawa potential

Vi(r)= aeiT/R, (4.29)

r

which is extensively used in particle physics, e.g. for modeling the strong interaction
between hadrons. It is also relevant in condensed matter physics to describe interactions
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between electrons, where their mutual Coulomb interaction is screened by the ionic
lattice. Its Fourier representation is given by a Lorentzian

2 2
k) _ 47T04R/ _ 47‘(‘0&6 i ’ (4.30)
1+ k—K|?2R? 1+ 4k?R?sin*(0/2)

hence the differential cross section

2 2 ?
do _ (2am R - : (4.31)
dQ2 h? 1+ 4k?R?sin*(0/2)

In the limit R — oo, the potential becomes the Coulomb potential. For av = ¢Q/(4mey),
we recover the Rutherford formula given in (4.8)).

V(K —

Example 2: Bragg scattering from periodic potential. The scattering from
a periodic potential plays a prominent role in the study of crystalline structure. The
Fourier transform of a periodic potential is constituted of discrete momenta, which can
be decomposed as

8ninans = N1 81 + N2 8o + N3 B3, (4.32)

where (g,,8,,83) are the primitive vectors of the reciprocal lattice and the n;’s are
integers.
The scattering of an incoming plane wave of momentum k gives rise to discrete Bragg
diffraction peaks at
K/ =K+ 8, nyns (4.33)

ni,nz,n3
provided that the outgoing wave-vector satisfies the energy conservation condition
K'| = |k| of elastic scattering, i.e.

2k ) gnl,nz,ns + ’gnl,nz,n3‘2 = O (434)

This Laue condition is equivalent to Bragg’s law. For a generic incoming wave-vector,
it is not fulfilled by any non-zero reciprocal lattice vector, and diffraction peaks are
observed only for specific orientations of the crystal or by using a polychromatic beam or
a powder sample.

Note that this Bragg diffraction solely relies on the fact that the Fourier transform of
the potential is restricted to discrete momenta. It also applies to quasi-crystals, which
are precisely defined by a Fourier transform restricted to

p
Sy = D i, (4.35)
=1

where the number p of incommensurate vectors g, exceeds the spatial dimension.
In general, the potential V' (r) is not spatially periodic, but it exhibits a so-called
quasi-crystalline order [63].

4.3.2 Extending the Born expansion

The Born expansion can also be performed systematically to higher orders. For this, a
formulation of the Lippmann-Schwinger equation in terms of operators is more adapted.
The starting point of its derivation, given by (4.16]), can be formulated as

(E = Hy)ltr) = V), (4.36)
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where Hy = p?/(2u) is the free particle Hamiltonian. It is tempting to define the inverse
of the operator (E — I:IO), but this operator is not invertible for £ > 0. We regularize it
by adding an infinitesimal imaginary part in before taking the inverse (with n > 0 an
infinitesimal positive real number). By adding the incoming plane wave as an obvious
solution of the homogeneous equation, we obtain the formal expression for the scattering
state

) = k) + Go” V). (4.37)

where we introduce the Green operator (also called the resolvent operator, already

introduced in section [1.3.2))

A 1

In order to express the matrix elements of the Green operator, we write
(E+in— Hy)Go =1 (4.39)

and take the matrix elements between (r’| and |r), which gives

2

5 [(k + i) + A] ('|GE[r) = o(r — 1), (4.40)
0

where we write FE + in = R*(k + if)?/(2u), with ' = un/(h*k) another positive

infinitesimal, that we rename 7 hereafter. The matrix element (r’ |G’é+) |r) is nothing but

a Green function Gy(|r — r’|) solution of (4.17)), which can be expanded over incoming
and outgoing spherical waves

e—i(k+in)r ei(k+i77)T

Because of the imaginary term in, the incoming wave diverges for r — oo, so that
A_ = 0. We eventually find that the matrix elements (r’ \G(()+)\r> are given by the Green

function Q(()Jr)(\r — 1'|) representing an outgoing spherical wave. This justifies a posteriori
the choice of the infinitesimal term in.

The formal expression for the scattering state allows for a systematic Born
expansion in powers of V', as

[¥a) = k) + GSPVIK) + (GSPV)? k) + ... (4.42)
We introduce the transition operator
T=V+VEIV+V@GHIV?+ .. (4.43)
such that the scattering state writes
i) = [k) + GEV T k). (4.44)
CAompariAng this expression with the Lippmann-Schwinger equation (4.37)), we identif;
T'|k) = V|1¢x), which corresponds to the definition of the 7" matrix introduced in

Based on the expansion (4.43]) of the 7" matrix, we can decompose the scattering
amplitude between two states k and k' as a sum of contributions involving several

128



elementary scattering events. For instance, at order 2 in V', we account for two scattering

events involving an intermediate momentum state k”, leading to the expression
(K'[V]K") (K" |V]K)

E— 12k (2p1) + in

(K'|T]k) = (K'|V[k) + >

k//

(4.45)

In terms of the box-independent quantities (4.24), and in the continuum limit, it writes

V(k/ . k”)‘?(k// o k) dSk,// N
E—Rmk2/2u) +in (2m)2

T(K k) =V(K —k)+ (4.46)

The relevance of the Born expansion relies on the convergence of the series, whose
study can be quite complex [64]. It can be shown that, if the scattering potential decays
sufficiently fast with distance, there exists an energy FE, above which the Born series
converges. Moreover, the series is convergent at all energies if the attractive potential
—|V(r)| is sufficiently shallow to exhibit no bound state. Conversely, when the potential
V supports a bound state, the Born series necessarily diverges at low energy, since a
finite-order expansion cannot reproduce the pole of the scattering amplitude associated
with the bound state (see section [4.4.2).

However, there exists situations for which the Born expansion is not useful, for
instance when the scattering occurs at low energy and for an interaction potential
sufficiently strong to allow for bound states. This is the case for the van der Waals
interaction between neutral atoms in the ultracold regime, for which the interaction
potential typically hosts dozens of bound states.

4.4 Partial wave decomposition

When the Born approximation is not useful, the determination of the scattering amplitude
requires solving directly the Schrodinger equation, which may be difficult. The problem
is significantly simplified in the case of a spherically symmetric potential V' (r). Thanks
to the rotational symmetry of the problem, it is convenient to decompose the incoming
plane wave into spherical harmonics, so that the scattering problem can be decomposed
into scattering between spherical waves of given angular momentum.

4.4.1 Definition of the partial wave decomposition

We remind that we use the convention of an incoming plane wave directed along e,. The
so-called partial wave decomposition of the plane wave writes (formula 10.60.7 of the
NIST Digital Library of Mathematical Functions)

e}

e =320+ 1)i%e(kr)Pr(cos 0), (4.47)
=0
where j, are the spherical Bessel functions and Py(cosf) = 1/%%0(9) denote the
Legendre polynomials. Using the asymptotic behavior j,(kr) ~ sin(kr — ¢ /2)/(kr) for
kr > 1, we obtain at large distance

ikz ~ ) 1 -1 041 —ikr ikr| p . 4.4
e Sk ;:0( (+1) {( ) e te } 2(cos 6) (4.48)
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The plane wave is thus decomposed into a series of incoming and outgoing spherical
waves of different angular momentum ¢. We note that the projection of the angular
momentum m is equal to m = 0 for all terms, because we have aligned the propagation
axis of the plane wave with the z axis.

Rotational symmetry of the potential V' (r) ensures that an incoming spherical wave
of angular momentum /¢ can only be scattered towards the outgoing spherical wave
with the same value of /. Consequently, the scattering state can be expressed, at large
distance from the scattering center, as

o)

S0+ 1) [(—1) e 4+ Spetr] Py(cos6), (4.49)
/=0

Y (1) =~ Sikr

where Sy characterizes the scattering within a given partial wave £. The conservation of
particle flux imposes that S, is of modulus 1, hence we write it as

Sy = e, (4.50)

Elastic scattering can then be fully characterized by the values of scattering phase shifts
dg. Akin to atomic orbital notations, the successive partial waves £ = 0,1,2,... are
usually referred to as s, p,d...-wave channels.

The scattering amplitude, which only depends on the polar scattering angle 6, is
given by

o0

= — 37(20 4 1)(e* — 1) Py(cosb). (4.51)
2ik =

f(0)
The scattering cross-section ¢ is obtained by integrating the modulus square of the
scattering amplitude over the scattering angles (6,¢). The orthogonality between
Legendre polynomials allows one to separate the contribution from each partial wave, as

4m

% (20 + 1) sin® &,. (4.52)

o0
o= Zag, where o, =

=0
We note that each partial wave exhibits a maximal value for the scattering cross-section,
known as the unitary limit. It is reached when the phase shift is equal to 6, = 7/2 (mod =),

and is given by
max __ 41

X —
L2

The total cross section can be directly linked with the amplitude f(6 = 0) in the
forward direction. Using P(1) = 1 for all partial waves ¢, we can easily check the relation

(20 +1). (4.53)

k

Im f(6 =0) = et (4.54)
known as the optical theorem. This identity simply reflects the conservation of probability:
one can check that the forward scattering amplitude gives rise to a reduction of the
probability current in the forward direction, precisely by the amount scattered in all

other directions.
The computation of scattering phase shifts requires solving the Schrodinger equation
for a wave-function of given angular momentum ¢. Decomposing the wave-function
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as Y/ (0, ¢)ue(r)/r, the problem can be reduced to a 1D Schrodinger equation for the
radial wave-function

(e+1)  2uV(r)

g (r) + | = = 7

ug(r) =0, (4.55)

with uy(r = 0) = 0. The large-r expansion of the solution, which can be expressed as

ué(,,,,) x (_1)é+1e—ikr + e2i§geik7” (456)
o sin(kr — 0w /2 + &) (4.57)
o sin(kr — ¢m/2) + tan o, cos(kr — (m/2), (4.58)

then provides the value of the phase shift ;.

4.4.2 Bound states and poles of the scattering amplitude

Let us consider a given scattering channel £. A bound state of energy E = —h*q*/(2u)
(with ¢ > 0) decays at large distances as Y™ (0, ¢)e9" /r (up to power-law corrections for
¢ > 0), which can be seen as a spherical outgoing wave Y,;*(6, ¢)e*” /r with an imaginary
wave-vector k = ig. One can then formally characterize the discrete spectrum of bound
states as the values of ¢ for which the scattering amplitude diverges, so that the relative
weight of the incoming plane wave vanishes, leaving solely the spherical wave of imaginary
wave-vector as the bound-state wave-function.

In other words, the spectrum of bound states can be obtained as the poles of the
scattering amplitude (or equivalently of Sy(k), analytically continued to complex k) on
the imaginary semi-axis iR .

4.4.3 Low-energy limit and scattering length

Except for s-wave (¢ = 0) scattering, the radial equation given in involves a
centrifugal barrier that suppresses the density probability in the classically forbidden
region
R20(0+ 1)
2ull
Let us consider the case of a potential whose range is limited to a finite range r < b.
When the collision energy FE is small enough for the radius rgp to exceed the range b, the
interaction potential ceases to affect the radial wave-function, leading to a vanishing of
the scattering phase shift d,.
A more precise understanding of the low-energy regime k < 1/b can be studied by
solving the radial equation

r<<rgp=

(4.59)

Wt”] u(r) =0 (4.60)

r

uy (r) + [kQ -
for r > b, for which the potential can be neglected. This differential equation admits two

linearly independent solutions as Bessel functions of the first and second kind, leading to
the generic solution

up(r) = AVErJo1 o (ki) + BVErYey jo(kr). (4.61)
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At long distance r > 1/k, one uses the asymptotic expansion of Bessel functions to ﬁndﬁ

ug(r) = /2/x[Asin(kr — £r/2) — Bcos(kr — fm/2)]. (4.62)

Comparing with (4.58), we obtain B/A = —tand,. In the regime b < r < 1/k, we use
the small-argument behavior of Bessel functions to obtain the asymptotic form

B _
ug(r) ~ k1 [cl Arttt 4 ey el o, (4.63)
where ¢; and ¢y are numerical constants. Since this functional form is valid over distances
smaller than the inverse momentum 1/k, it is determined by the zero-energy solution of
the radial equation, and we expect it to be independent from the value of k& (up to a
global factor). This requires that the scattering phase shifts follow the scaling

tan &, (k) oc k> (4.64)

as k — OE| This confirms that the suppression of scattering phase shifts at low energy is
more and more pronounced as ¢ increases. This behavior justifies the interest of the
partial wave decomposition when studying collisions at low energy, where we expect that
only a few partial waves need to be involved.

Let us consider the cold collision regime, for which the interaction is dominated
by the s-wave channel. Quantum scattering then becomes isotropic, and it can be
characterized in a very simple manner by the proportionality constant between tan dq (k)
and k, given by the so-called scattering length

(4.65)

The scattering amplitude, given in the s-wave channel by f = (e?% — 1)/(2ik), takes the

asymptotic form
a

/= 1 +ika
upon the approximation tan dy >~ —ak. Note that the scattering length can be positive,
negative, and even infinite (this simply corresponds to a scattering phase shift d; —
/2 (mod ) in the limit k& — 0).

The expression of the scattering amplitude can also be used to look for bound
states. The scattering amplitude exhibits a single pole for k = i/a, which is on the
semi-axis iR, for @ > 0. The corresponding energy writes

(4.66)

h2q2 h2
20 T 2ua?

(4.67)

Note that this prediction is only relevant at low energy since the expression (4.66) of
the scattering amplitude was derived in the low-k limit. It is thus meaningful only

4Note that for s-wave scattering, for which there is no centrifugal potential, the Bessel functions
reduce to harmonic functions, so that the functional forms given in (4.56)), (4.57) and (4.58)) are exact for
¢=0.

5This argument assumes that the potential decays sufficiently fast at large distances, namely faster
than 1/72+3. For the van der Waals potential V(1) oc 1/7%, the scaling tan &y o< k2*1 holds for £ =0
and ¢ = 1, while tan d, oc k* for all £ > 2.
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when the pole lies in the low-momentum region ¢ < 1/b, i.e. for a scattering length
large compared to the potential range, a > b. For a ~ b, the pole is an artefact of the
low-energy expansion: for example, the hard-sphere potential discussed below has a
positive scattering length a = R, but no bound state. One also cannot exclude the
existence of additional strongly-bound states, outside the range of validity of (4.66).

We see that the binding energy of this weakly bound state vanishes when a — +oc.
This behavior is generic: when the depth of an attractive potential is increased, each new
bound state appears at the threshold £ = 0, and the scattering length diverges at this
point. This is related to Levinson’s theorem, which states that the zero-energy phase
shift is given by d¢(0) — dp(00) = Np7, where Ny, is the number of s-wave bound states:
each time a new bound state appears, do(0) increases by 7, passing through the value
7/2 at which a diverges.

The cold collision regime is typically encountered in the following situations:

o The nuclear interaction between neutrons involves a potential of range b ~ 2 fm,
which defines a cold-collision regime for £ < E, = h?/(2ub*) = h?/(m,b*) ~
10 MeV. This energy exceeds the typical energy of ‘slow’ neutron beam experiments.
The low-energy regime is also relevant for the ultra-dense matter that constitute
neutron stars. Since free neutron targets are not available, the neutron-neutron
scattering length is determined indirectly, from nuclear reactions producing two
neutrons in the final state, such as the radiative capture 7= +d — n +n + 7,
leading to the value a ~ —18.6 fm [65].

o The interaction between atoms is dominated, at long distance, by the van der
Waals interaction potential V (r) = —Cg/r®. The characteristic energy E, below
which collisions dominantly occur in s-wave can be obtained by dimensional
analysis. One first forms the van der Waals length Ryqw = (2uCs/h?)'/4, and
then the energy E, = h?/(2uR24w) = h3/[(2p)*/?+/C§), which takes typical values
E, ~ kg x 100 pK for alkali atoms. Dilute atomic gases can be cooled down to
very low temperatures, well below the micro-kelvin. In such conditions, van der
Waals interactions are very well in the cold collision regime and, except in exotic
situations, they can be fully characterized by the s-wave scattering length a.

4.5 Scattering between identical particles

Up to now, we have not paid attention to the exchange symmetry of the wave-function,
implicitly assuming that the two particles are distinguishable. We now consider scattering
between identical particles, and restrict the discussion to the case where they share the
same internal state.

We remind that we have separated the center-of-mass motion from the relative one.
The center-of-mass motion being always symmetric upon exchange, the effect of particle
exchange statistics is only relevant for the relative motion, which should be written in
the (anti-)symmetrized form

De(r) = \}5 <eik-r et 4 [F(kK) + £ f(k, —K)] S ) , (4.68)

r

where k' = kr/r is the outgoing wave-vector and where ¢ = 1 for bosons and —1 for
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Figure 27: Scheme of the two scattering processes that cannot be distinguished for
identical particles, leading to an interference.

fermions. The scattering cross-section then writes

d
R R Ie (1.69)

This expression reflects the interference between the two scattering processes shown
in Fig.27 For scattering at 90°, i.e. k" L k, the two amplitudes f(k, k) and f(k, —k)
are equal, and the interference is constructive for bosons and destructive for fermions.
Such interferences have been observed in collisions between carbon nuclei, with the
isotopes 12C (bosons) and *3C (fermions) [66], see Fig.[28] In this experiment, a beam of
carbon nuclei is sent onto a target at rest. For equal masses, a scattering angle of 90° in
the center-of-mass frame corresponds to an angle of 45° in the laboratory frame.

The '3C nucleus carries a spin 1/2, and the nuclei used in the experiment are not
spin-polarized, so that the restriction to identical internal states does not hold. The
two-nucleus spin state is a statistical mixture of the singlet state (probability 1/4), whose
antisymmetric spin wave-function imposes a symmetric spatial wave-function, and of the
triplet states (probability 3/4), associated with an antisymmetric spatial wave-function.
The interference term is thus weighted by 1/4 — 3/4 = —1/2, leading to

d 1
10 = 5 (FOIOP + 17, —1)? = Relf (ke K)f*(k, ~K)]) . (4.70)
i.e. a destructive interference with a contrast reduced by a factor 2 compared to
spin-polarized fermions.

Indistinguishability plays a fundamental role in describing scattering in different
partial waves. Notably, a wave-function with angular momentum ¢ exhibits spatial
parity (—1)’. Consequently, symmetric wave-functions for identical bosons can only
be constructed using even values of ¢, whereas identical fermions are restricted to odd
partial waves. This constraint has significant implications in the cold collision regime:
for identical fermions, the scattering wave-function is limited to higher (odd) partial
waves ¢ > 1, where the centrifugal barrier suppresses scattering, resulting in minimal
interactions. This behavior has been observed by comparing the scattering cross-section
for spin-polarized fermions and for a spin mixture as a function of temperature [67] (see

Fig..
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Figure 28: Differential scattering cross-section measured for the collision between
different isotopes of carbon nuclei. The collision between two different isotopes (left
panel) is well described by the Rutherford formula (4.8). Interferences are observed for
collisions between identical isotopes. At 90° in the center-of-mass frame (45° in the
laboratory frame used in the figure), the interference is constructive for bosons and
destructive for fermions. The lower interference contrast for fermions results from the
spin 1/2 of the 3C nuclei: for unpolarized nuclei, the spatial wave-function is symmetric
in the singlet spin state and antisymmetric in the triplet states, which reduces the
interference contrast by a factor 2.
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Figure 29: Elastic scattering cross-section measured as a function of temperature for a
spin-polarized Fermi gas (filled circles) and for a mixture of spin states (open circles) [67].
Spin-polarized fermions, whose pairwise relative motion only involves odd partial wave,
exhibit a strong reduction of scattering at low temperature.
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4.6 Examples

We consider several examples of scattering potentials that allow for a complete analytic
treatment.

4.6.1 Hard-sphere potential

We first consider the hard-sphere potential, defined by the expressions

V(r) =400 for r <R, (4.71)
=0 for r>R. (4.72)

The hard-sphere constraint is equivalent to imposing the boundary condition ¢y (R) =0
on the wave-function of the scattering state. We look separately for the stationary states
in different partial waves ¢. We write the radial part of the wave-function as wu,(r)/r,
where u,(7) is solution of

uy (r) + [k’z — 6@; 1)] ug(r) = 0. (4.73)

We have already shown that the solutions to this equation can be expressed in terms of
Bessel functions as

ug(r) = Aglcos ag\/EJgH/g(kr) — sin agmn+1/g(kr)]. (4.74)
The large-r expansion in terms of spherical wave is given by
ue(r) o< cos agsin(kr — 0w /2) 4+ sin oy cos(kr — €n/2) = sin(kr — (w2 + ay).  (4.75)

By comparing with (4.57)), we can identify the angle a, with the scattering phase shift d,.
Its value is determined by the hard-sphere constraint uy(R) = 0, which gives

COS 5g<]g+1/2(kiR) = sin (54Yg+1/2(/{2R), (476)
which can be written as
Jig12(kR)
Yii1/2(kR)
For ¢ = 0, the spherical Bessel functions can be expressed in terms of standard

harmonic functions, and we get the exact expression g = —kR. At low energy k — 0,
this gives the value of the scattering length

tan 0, = (4.77)

a=R. (4.78)
We note that this value is necessarily positive. More generally, one can show that any

potential V' (r) which is everywhere positive with respect to its asymptotic value gives
rise to a positive scattering length.
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4.6.2 Square-well potential

The square-well potential is slightly more complex than the hard sphere, but we will see
that it allows for richer behavior, such as the possibility to have positive or negative
scattering lengths depending on the potential parameters. It is defined by the expressions

V(r)=-U for r <R, (4.79)
=0 for r>R. (4.80)

We focus here on the determination of the s-wave scattering length. For this, we look for
the expression of the zero-energy scattering state ug(r), which is solution of the system

ug(r) + kjup(r) =0 for r < R, (4.81)
ug(r)=0 for r >R, (4.82)

where we define kg from the relation U = h?k3/(2u). We write the solution as

up(r) = A sin(kor) for r <R, (4.83)
=ar+p for r>R. (4.84)

We remind the expression of the asymptotic behavior expected for large r,

up(r) o sin(kr) + tan oy cos(kr) (4.85)
xr—a for k—D0. (4.86)

The scattering length is thus given by the ratio « = —//a. By imposing the continuity
of the wave-function and of its derivative, we obtain the formula

(4.87)

We show in Fig.[30] the variation of the scattering length with the depth U of the
potential.
We can compare it with the prediction of the Born approximation

2 3
a=—f(k=0)= Q:hQ /V(r)d3r - —kOf . (4.88)
It is consistent with the exact result in the limit of small depth U < h?/(2uR?),
but it does not provide a useful estimate for larger depths.

For larger values of U, one finds a series of resonances, given by koR = (n + 1/2)m,
ie. ko= (2n+ 1)7/(2R), with n € N, at which the scattering length diverges a — occ.
Those resonances are also characterized by a zero-energy phase shift 6y = (n + 1/2),
and the cross-section saturates to the unitary limit oy = 47 /k?. As discussed earlier,
each divergence occurring when increasing U coincides with the appearance of a bound
state in the square well. Such zero-energy resonances are discussed in a more general
context in section [L.7]
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Figure 30: Evolution of the scattering length and bound state energies for the
square-well potential as a function of its depth U. The blue lines are the exact results
and the dashed red line is the Born approximation. The dashed black lines indicate two
resonances at which the scattering length diverges and a bound state emerges from the
continuum.
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4.7 Scattering resonances

The square-well example shows that the scattering length diverges each time a bound
state crosses the collision threshold E = 0. More generally, a scattering resonance
corresponds to a strong enhancement of the scattering cross-section, possibly restricted to
a narrow energy range, which is associated with the existence of a bound or quasi-bound
state at an energy close to the collision energy. These features can be understood
in a unified manner from the analytic structure of the scattering matrix elements
Se(k) = e¥9k) " extended to complex values of k.

4.7.1 Bound states, virtual states and resonances

We first consider the low-energy s-wave scattering amplitude (4.66)), which corresponds to

1 —ika
1+ ika

So(k) =14 2ikf = (4.89)
It exhibits a single pole at k = i/a, whose interpretation depends on the sign of the
scattering length:

o For a > 0, the pole lies on the positive imaginary axis, and it corresponds to the
bound state of energy E = —h?/(2ua?) discussed in section [4.4.2]

o For a < 0, the pole lies on the negative imaginary axis, k = —i/|a]. The
corresponding wave-function " /r = e’/19l /r diverges at large distance, so that it
does not describe a physical state. It is called a virtual state. Although it does
not belong to the spectrum of the Hamiltonian, a virtual state close to threshold
(i.e. for |a] > b) strongly enhances low-energy scattering, with a cross-section
oo = 4ma?/(1 + k?*a?) largely exceeding the geometric cross-section ~ b?.

The neutron-neutron interaction discussed above provides an example of virtual state:
with a ~ —18.6 fm, there is no bound state of two neutrons (the dineutron does not
exist), but the virtual state lies at an energy h?/(m,a*) ~ 0.1 MeV only, much smaller
than the energy scale E, ~ 10 MeV associated with the potential range.

A third type of pole can occur in the lower half of the complex plane, close to the
positive real axis, at k = k, — iy with 0 < v < k,.. The corresponding complex energy
writes

R2(k, — iy)? ihD h2k2

~ B, — -, with B, = 2Rk

, T = : 4.90
2 . (4.90)

Such a pole describes a quasi-bound state, i.e. a state of positive energy F, that remains
localized in the potential region for a finite lifetime 1/I", before decaying towards the
continuum of scattering states. For real energies E close to E,., the scattering matrix
element can be approximated as

E — E, —ihl'/2
E— E, +ihl/2’

Sy(E) o~ e (4.91)

where the phase shift dy, describes the slowly-varying background scattering. This
expression is compatible with the unitarity constraint |Sy| = 1 for real energies, and it
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Figure 31: Effective radial potential V(r) + h?4(¢ + 1)/(2ur?) (blue line) for a
Lennard-Jones potential V(r) = 4e[(o/r)'? — (o/r)%], with a centrifugal strength
R*(¢ 4+ 1)/(2uc?) = e. The dashed green line is the bare Lennard-Jones potential,
and the dotted red line the centrifugal potential alone. The centrifugal barrier traps a
quasi-bound state of positive energy F, (orange line, schematic), which decays towards
the continuum by tunneling through the barrier, with a rate I'.

exhibits the expected pole at F' = E,. — ihI'/2. The scattering phase shift is then given
by 07 = Opg + Ores, With
hI'/2

E,—E’
The resonant contribution 9, increases by @ when the energy is scanned across the
resonance, over an energy range of width Al', and it crosses the value 7/2 at £ = E,.
For negligible background scattering (d,, = 0), the partial cross-section takes the
Breit-Wigner form

tan Syes = (4.92)

o(E) = g(?f +1)

(RI'/2)?
(E— E,)* + (AI'/2)*’

(4.93)

i.e. a Lorentzian peak of width AI', reaching the unitary limit at £ = E,. This line
shape is reminiscent of the Lorentzian profile associated with the decay of a discrete
state coupled to a continuum, discussed in section the quasi-bound state plays the
role of the discrete state, and the continuum of scattering states the role of the reservoir.

A typical mechanism leading to quasi-bound states is provided by the centrifugal
barrier in partial waves ¢ > 1. An attractive potential at short distance, surrounded by
the centrifugal barrier, can host a state of positive energy, which is trapped behind the
barrier and decays by tunneling (see Fig.. Such shape resonances become narrower
as F,. decreases, since the tunneling probability through the barrier vanishes in the
low-energy limit (one can show that ' oc £2¢+1).

4.7.2 Feshbach resonances

In atomic physics, scattering resonances can also be induced by the coupling between
different internal states of the colliding atoms. We consider two atoms colliding in a
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given internal state, which defines the so-called open channel, of energy threshold £ = 0.
We assume that the atoms can be coupled, via the interaction potential, to another
internal state, the closed channel, whose threshold lies at a higher energy, so that two
atoms in the closed channel cannot propagate to infinity at the considered collision
energy. The closed-channel potential can nevertheless host a molecular bound state |b),
whose energy Fj lies close to the open channel threshold. When the magnetic moments
of the open and closed channels differ by du, the bound-state energy can be tuned with
an external magnetic field B, as

Ey(B) ~ 6u (B — B.), (4.94)

where B, is the field at which the bound state crosses the open-channel threshold.
The coupling W between the open and closed channels gives rise to an effective

interaction in the open channel. Eliminating the closed channel at second order in W (see

section , the open-channel collisions at energy E experience the effective potential

WY (bW

V(F) = 4.
Veg(E) = Vipg + E_E, (4.95)

where ng is the open-channel potential, characterized by a background scattering length
ang. Treating the resonant term within the Born approximation at zero energy, we obtain
its contribution to the scattering length

po [Wol?
27Th2 _Eb’

(4.96)

a — Apg =

where Wy = L¥2(b|W|k = 0) is the coupling between the normalized molecular state |b)
and the zero-energy open-channel wave of unit amplitude, independent of the box size.
The resonant contribution is negative when the bound state lies above threshold (£, > 0),
and positive when it lies below. It diverges when E, — 0. This heuristic argument
captures the generic form of the scattering length close to a Feshbach resonance,

a(B) = ang (1 -5 _ABO> : (4.97)

where A is the width of the resonance (see Fig.. A complete treatment, beyond the
Born approximation, shows that this form remains valid, with a resonance position By
shifted from B, by the coupling to the open channel [6§].

On the side of the resonance where a > 0 and a > b, the closed-channel bound
state is dressed by the coupling to the open channel into a weakly bound molecular
state of energy £ = —h?/(2ua?), whose wave-function mostly lies in the open channel,
in agreement with the universal behavior discussed in section [4.4.2] Such Feshbach
molecules play a central role in the BEC-BCS crossover discussed in section [7}

Feshbach resonances were first observed with ultracold atoms in a Bose-Einstein
condensate of sodium atoms [69]. They have since become the main tool to tune
the interaction strength in ultracold atomic gases, from strongly repulsive to strongly
attractive. A well-known example is the broad resonance of fermionic 5Li atoms around
By ~ 832 G, used in most studies of the BEC-BCS crossover.
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Figure 32: (a) Scheme of a Feshbach resonance. Two atoms collide at low energy in
the open channel (blue), and are coupled by W to a molecular state |b) of the closed
channel (red), whose energy Fj, relative to the open-channel threshold is tuned with the
magnetic field. (b) Variation of the scattering length with the magnetic field, according
to , for a positive background scattering length ay,. The scattering length diverges
at B = By and vanishes at B = By + A.

4.8 Zero-range model: the Fermi-Huang pseudopotential

In the low-energy regime where s-wave interaction dominates, the scattering is fully
determined by a single parameter, the scattering length a. The irrelevance of the details
of the interaction potential calls for the introduction of a model interaction potential
which can be used to describe low-energy collisions in a simplified manner.

The square-well potential introduced earlier is already a very simple potential, solely
characterized by two quantities, its range R and depth U. However, the expression
shows that there are plenty of choices of R and U leading to the same value of a. This
motivates the introduction of an even simpler potential parametrized by a single quantity.

4.8.1 Definition of the pseudopotential

Our objective is to introduce a potential whose range is shrunk to zero, so that the
low-energy form of the scattering eigenstates
a eikr

— ikr 4.
Yilr) = e 1 +ika r (4.98)

is an exact solution for all » > 0. Rather than postulating its expression, we reverse-
engineer the potential from this requirement.

What the potential must compensate. For r > 0, the wave-function (4.98) solves
the free Schrodinger equation (A + k?)iy = 0. This is not the case at the origin: using
the identity (A + k?) e*" /r = —47d(r), valid in the sense of distributions over R?, we
obtain

h? 2wh’a 1
<_2NA_E> y(r) = — 11k i(r), (4.99)
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with E = h?k?/(2u). The scattering state is thus an eigenstate of —%A + V provided
that the potential compensates this term, i.e.
_ 27mh*a

Vi = 1+gik:a5(r)’ with g === (4.100)

The potential must therefore act as V[i)]| = g o(r) L[¢], where L is a linear functional
depending only on the behavior of 1 close to the origin. A simple delta potential g d(r),
for which L[] = (0), is not acceptable: the scattering state diverges at the origin, and
the required weight 1/(1 4 ika) depends on k.

The Fermi-Huang pseudopotential. The functional L can be read from the
short-distance expansion of the scattering state

a 1
Y B= .
1 +ika’ 1+ika

c
Pi(r) = . + B+ O(r), c= (4.101)
The regular part B coincides with the required weight for all values of k. We are thus led
to the s-wave (also called Fermi-Huang) pseudopotential [70], which extracts the regular
part of the wave-function at the origin:

Voplt(r)] = 95(I‘)a<rgr(r))a g= QWS ¢ (4.102)

Indeed, for a wave-function that can be decomposed as

c
V() = 4 Yreg(r), (4.103)
where the regular part has a well-defined limit at r = 0, we have

Vop[th(r)] = g threg(0)0(x). (4.104)

For a regular wave-function (¢ = 0), such as a plane wave, the pseudopotential acts as a
simple delta potential g d(r).

Interpretation as a boundary condition. The coefficients of the short-distance
expansion satisfy ¢ = —aB for all k, i.e.

1
() o 1= %, or equivalently a(0) = for wu(r)=ry(r). (4.105)

This is the Bethe-Peierls boundary condition. It states that the radial wave-function
behaves as the zero-energy solution ug(r) o< r — a found above. The zero-range model is
thus fully specified by the free Schrodinger equation for r» > 0, supplemented by this
boundary condition, and the pseudopotential is a way to encode it in the Hamiltonian.
This also clarifies in which sense the pseudopotential is unique [71]. Any other local
functional L[y| = ac + B would reduce to (8 — aa) B on wave-functions satisfying
([4.105), so that it defines the same operator once its normalization is fixed by (4.100).
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Bound state. Bound states of the pseudopotential are solutions of the free Schrodinger
equation for r > 0 that decay at infinity, ¥(r) = e~ /r with F = —h?*¢*/(2u). Their
short-distance expansion ) = 1/r — g + O(r) satisfies the boundary condition for
q = 1/a. A single bound state thus exists for a > 0, of wave-function

e—r/a

Y(r) = (4.106)

r

and energy E = —h?/(2ua®), while no bound state exists for a < 0. This result coincides
with the pole of the scattering amplitude f = —a/(1 + ika) at k = i/a. We check
again that the bound state disappears in the continuum (£ — 0) simultaneously to the
divergence of the scattering length.

4.8.2 Momentum-space representation

The pseudopotential is not a multiplicative potential V'(r)i(r), so that it does not admit
a Fourier transform V(k’ — k) in the usual sense. It is a separable operator, of the form
Vopl®] = g 0(r) L[], where the linear functional L[1)] = 1)ye4(0) extracts the regular part
of the wave-function at the origin. Its momentum-space representation is thus obtained
by expressing this functional in terms of the Fourier transform ¢ (k) = [ 1(r)e **d%r.
We write it as

LY] = /A(k;) b(K) Ak (4.107)
] = o |

and determine the weight A(k) from two requirements:
o For a regular wave-function, we need L[¢)] = 9(0) = [ (k) d*k/(27)?, hence

A(k) = 1 for any finite k. If one stops here, the pseudopotential cannot be
distinguished from a delta potential g d(r).

« The two potentials differ by their action on the singular function 1/7: we need
L[1/r] = 0. Using the Fourier transform 47 /k* of 1/r, this condition reads

/ Aéf) Bk = 4r /Ooo A(k) dk = 0. (4.108)

These two requirements are incompatible for an ordinary function, and A(k) must involve
a singular contribution at k£ = oco. In practice, one introduces a momentum cutoff k. and
defines

A (k) = 0(k, — k) — ko 0(k — k), (4.109)

where 6 is the Heaviside function, and where the second term ensures that [ Ay, (k) dk =
0. Calculations are performed at finite k., and the limit k. — +oc is taken at the end.
Formally, this limit defines the generalized distribution [72]

AGK) = lim [6(k. — ) — k. o(k — k) (4.110)
= Jim_[6(k— K) — 3 5(1/k — 1/k) (4.111)
—1- 5(1k/k). (4.112)
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Since the action of the pseudopotential on any wave-function is proportional to d(r),
whose Fourier transform is uniform, the matrix elements between box-normalized plane
waves read

(K| Vyplk) = 25 AGh). (4.113)

They do not depend on the outgoing momentum k’, and the factor A only involves the
incoming momentum k. This is the form used in the second-quantized Hamiltonians of
Bogoliubov and BCS theories (sections @ and @, where the box volume L? is denoted V/
and k is the incoming relative momentum of the colliding pair.

We note that these matrix elements are not symmetric under the exchange of
k and k’: the pseudopotential is not Hermitian on the whole Hilbert space. The
Hamiltonian is nevertheless Hermitian on the physical domain of wave-functions satisfying
the Bethe-Peierls boundary condition (4.105). In practice, the factor A(k) is never
manipulated directly: one only uses A(k) = 1 at finite k together with the relation
Jo° A(k)dk = 0.

In the following we discuss two examples of calculations involving the momentum-space
representation of the pseudo-potential, namely the calculations of the bound state energy
and the Born expansion of the scattering amplitude. These examples illustrate how
to handle the momentum space representation of the pseudo-potential, which will be
used later when discussing interacting Bose-Einstein condensates and BCS fermionic
superfluids. We then show that this approach is equivalent to the renormalization of the
coupling constant, commonly used in the literature.

4.8.3 Bound state of the pseudo-potential

We first discuss how to determine the bound states of the contact potential from the
momentum representation, as a check of the formalism (the result was already obtained
in position space). We look for a stationary state of the Schrodinger equation

2

Ey(r) = —;Awr) Vi [(2)] (4.114)

with a negative energy £ = —|E|. Since V,[¢)] = gd(r)Z, with Z = L[¢] given by
(4.107)), the Schrodinger equation reads in momentum space

|Euﬁ%2¢mw-z—o I—/M@mmd% (4.115)
Q,M g - - (271’)3 . .
It allows us to formally write the momentum-space wave-function as

~ —gZ

D(k) J (4.116)

B+ 12k ()

which is the Fourier transform of e~ /r with |E| = h*¢?/(2). We then compute the
integral Z as

A(k) d’k
-/ . 4117
9L ] BT+ ek o) (o L
For a non-trivial solution (Z # 0), we obtain the equation
—27? A(k)K?
= dk. 4.118
o = e —
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We note that the integral is divergent if one simply sets A(k) = 1, which shows the
importance of the diverging term at k£ = co. In order to calculate the integral, we use
the fact that [ A(k)dk = 0 to transform the integral so that it can be safely integrated
when setting A(k) = 1. More precisely, we write

2= [0 e~ ) i
2u|E|/|E| +%§Zl/(2u)dk (4.120)
2u’E’/|E\+h21k2/(2u)dk (4.121)

_ (2‘;)3/2 IE]. (4.122)

This solution is only possible for a positive scattering length a > 0, and we recover the
bound state energy E = —h?*/(2ua?) given above.

4.8.4 Born expansion of the scattering amplitude

The simplicity of the pseudopotential allows for an analytic calculation of all orders of
the Born expansion of the scattering amplitude (or equivalently the T-matrix). We focus
here on the two first orders 7; and 73, for which we already gave explicit expressions
for a generic potential in , replacing V (k' — k) by the box-independent matrix
elements L3(k'|V,,|k) = gA(k).

The first-order term is simply given by the matrix element of the potential, hence

Ti(K', k) = gA(k) = g, (4.123)

since the incoming momentum £ is finite.
The second-order term involves the intermediate momenta k” as incoming momenta
of the second collision, hence

/ gA (") gA () d*k” (4.124)
h2 — k")/(2p) + in (2m)3 '
( /) 3.
= d°k 4.12
27T 3 hZ k? k./l?)/(2lu) + 177 ( 5)
]{5//2 2#
= A(K") — 4.12
~ o / [m(z@ Y CE R (4.126)
9°pk? / A(K") "
dk 4.127
m2h? J k2 — k”2 +in ( )
2,,1.2
g ik / "
= dk”. 4.12
22 ) k2 — k.//2 +in ( 8)
This integral can be computed using the residue theorem, yielding the result
_ o k.
T2(K' k) = 5T = —igka. (4.129)
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These results are consistent with the series expansion of the exact scattering amplitude

T (k' k) ~ g —igka+... (4.130)

_ g

~ 1+ika
In fact, the pseudopotential being separable, each order of the Born series involves the
same integral over intermediate momenta, so that 7,11 = 71(—ika)™, and the series sums
up to the exact result. We note that the first-order (Born) amplitude 7; = g is real.
According to the optical theorem, the imaginary part of the forward scattering amplitude
is proportional to the total cross-section, which is non-zero. The Born approximation
thus violates the conservation of probability, and this inconsistency is cured at second
order: the term 7, provides precisely the imaginary part Im f(0) = ka® = ko/(4r)
required by the optical theorem, with o = 47a? the low-energy cross-section.

4.8.5 Equivalence with a renormalized coupling constant

The use of the generalized distribution A(k) is equivalent to a more common procedure,
which consists in describing the interaction by a contact potential gy d(r) regularized by
a momentum cutoff k., i.e. with a Fourier transform V (k' — k) = g, for k, k' < k., and
in adjusting the bare coupling constant gy so as to reproduce the scattering length a.

For such a separable potential, the Born series can be summed exactly. Each
term involves the same integral over the intermediate momenta, so that

90

k' k) = ’TI(E SI(E? +... = ——F 4.131
where 5
1 3k

(E :/ . 4132

(E) kr<ke B — h2k"2)(2p) + in (2m)3 ( )

The integral TI(F) diverges linearly with the cutoff k.. We fix the bare coupling by
imposing the zero-energy value T = g = 2wh%a/p, i.e. f(k =0) = —a, which gives
11 1 2 d*k L k.

= 11 = — — = — .
go g +110) g Jk<k. R2K% (27)3  27h%a w2h2

(4.133)

The bare coupling constant thus depends on the cutoff, and it tends to zero (from
negative values) when k. — oo, whatever the sign of the scattering length. The T-matrix
at finite energy then reads

1 1
TR K g [II(E) — T1(0)]. (4.134)
The difference II(E) — II(0) is convergent, and its value for k. — oo, computed as for the
term Ty above, is —iuk/(27h?). We thus recover the exact result 7(k', k) = g/(1 + ika),
at all orders.

This calculation shows that the physical quantities depend on the bare coupling g
and on the cutoff k. only through the scattering length a. The relation plays the
same role as the prescription [;° A(k)dk = 0: in both cases, the ultraviolet divergence
of the integrals is compensated by the subtraction of the counterterm [ d*k/k%. In
practice, a calculation performed with the coupling gA(k) can be translated into the
renormalized-coupling language by replacing g by g and using to eliminate gg in
favor of a.

147



A Density matrix of a quantum system

In this appendix we introduce the density matrix and the reduced density matrix of a
quantum subsystem. These notions are particularly useful when a quantum system is
coupled to additional degrees of freedom, such as an electromagnetic field, a thermal
reservoir, or a many-body environment. The main point is that even when the total
system is in a pure quantum state, a subsystem generally cannot be described by a pure
state. The appropriate description is instead given by a density operator.

A.1 Density matrix of a quantum system

Consider first an isolated quantum system described by a Hilbert space H. A pure state
is represented by a normalized vector ) € H. It is often convenient to associate with
this state the density operator

p =) (l. (A.1)
The expectation value of an observable O can then be written as
(0) = ($|Ol) = Tr(pO). (A.2)

The density-operator formulation is more general than the description in terms of a
state vector, since it also allows us to describe statistical mixtures. Consider a collection
of pure states |¢,,) occurring with probabilities I1,,, with

I, >0, d oI, =1. (A.3)

The corresponding density operator is
p= ST t) (] (A4)
The expectation value of any observable is then

(0) = Te(pO) = >~ T (10| Oltbn). (A.5)

Thus, the density matrix provides a unified description of both pure states and statistical
mixtures.
The density operator satisfies three important algebraic properties:

pr=p, p>0, Trp=1. (A.6)
A state is pure if and only if
p* = b (A7)
or, equivalently,
Tr(p?) = 1. (A.8)
The quantity
v(p) = Tr(p?) (A.9)

is called the purity. It satisfies 0 < v < 1, with v = 1 for pure states.
Another measure of mixedness is the von Neumann entropy,

S(p) = —Tr(plog p). (A.10)

It vanishes for pure states and is positive for mixed states.
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A.2 Subsystems and the reduced density matrix

We now consider a composite system made of a subsystem S and an environment or
reservoir £. The total Hilbert space has the tensor-product structure

H=HsdHE. (A.11)
An observable acting only on the subsystem has the form
Os®1g. (A.12)
For a total density matrix p describing S + £, its expectation value is therefore
(Os) = Troip |p(0s @ 1)) (A.13)

We would like to describe all measurements performed on S without explicitly keeping
track of the degrees of freedom of £. This is achieved by introducing the reduced density
matric

ps = Trg p. (A.14)

The expectation value of any observable acting on & can then be written solely in terms
of ﬁg:

<Os> = TI‘S (ﬁSOS) . <A15)
Thus, ps contains precisely the information required to predict all measurements

performed on the subsystem.
The partial trace can be defined by choosing any orthonormal basis {|¢,)} of Hg:

n

where the matrix elements on the right-hand side are operators acting on Hg. Although
this expression uses a particular basis, the resulting reduced density matrix is independent
of the choice of basis.

A.3 Reduced state of an entangled pure state

The physical meaning of the reduced density matrix becomes particularly clear when the
total system is in a pure state. Let

V) € Hs @ HEp (A.17)
be a normalized state of the composite system. Its density matrix is
p=[¥) (], (A.18)
and the reduced state of the subsystem is
ps = Trp| W) (0], (A.19)

To illustrate this construction, choose an orthonormal basis {|£,)} of the reservoir
and write

W) = calthn) ® [€0), (A.20)

215



where the states [1,,) need not be orthogonal. Taking the partial trace gives
ps =2 lenl*[¢m) (Wnl. (A.21)

Consequently, A R
(Os) = D _ leal* (Wl Osthn).- (A.22)

From the point of view of the subsystem, the state therefore has the same measurement
statistics as an incoherent mixture of the states |1,).

This does not mean that the total state is itself an incoherent mixture. The distinction
is important: the total system can be in a perfectly well-defined pure state, while the
subsystem is described by a mixed state because information about correlations with the
environment has been discarded.

A particularly simple case is a product state,

) = [¥s) ® |xE)- (A.23)

The reduced density matrix is then

ps = |s) (sl (A.24)

which is pure. By contrast, if |¥) is entangled, the reduced state is generally mixed.
For example, consider the entangled state

) = ;5 (10)510V + [1)s]1)) (A.25)

The total state is pure, but tracing over the reservoir gives

ps = 5 (0)0] + [1){1]) (4,20

which is maximally mixed for a two-level subsystem. The loss of purity is therefore a
direct consequence of entanglement with degrees of freedom that are not observed.

A.4 Populations, coherences, and entropy

In a chosen orthonormal basis {|n)} of the subsystem, the density matrix can be written
as

ps = anm|n><m|7 Prm = (n|ps|m). (A.27)

n,m

The diagonal elements
Pnn (A.28)

are called populations, while the off-diagonal elements

Prms n #m, (A.29)

are called coherences.
The reduced density matrix is therefore particularly useful for describing the loss
of coherence and the redistribution of populations that can occur when a subsystem

216



interacts with an environment. These effects will be central in the discussion of open
quantum systems.
The von Neumann entropy of the subsystem,

S(ps) = —Tr(pslog ps) , (A.30)

provides a quantitative measure of its mixedness. For a bipartite pure state, the entropies
of the two subsystems are equal,

S(ps) = S(pe). (A31)

and quantify the entanglement between them.
More generally, the von Neumann entropy obeys the subadditivity inequality

S(pse) < S(ps) + S(pr), (A.32)
and, for a product state,
PsE = ps @ PE, (A.33)
it is additive:
S(ps @ pr) = S(ps) + S(p). (A.34)

The reduced density matrix thus provides the natural language for describing a
subsystem independently of the detailed state of its environment. In the main text, we
will use it to formulate the effective dynamics of open quantum systems, where the
evolution of pg is generally no longer described by a unitary Schrédinger equation.
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