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1 Introduction: attractive Fermi gases

These lecture notes are devoted to the physics of ultracold gases of fermionic atoms with
attractive interactions, and more specifically to the crossover between Bose-Einstein
condensation (BEC) of tightly bound molecules and Bardeen-Cooper-Schrieffer (BCS)
superfluidity of loosely bound Cooper pairs. They cover the part on ultracold Fermi
gases of the course Ultracold atoms of the Master 2 ICFP (Ecole Normale Supérieure,
Paris), taught together with Fabrice Gerbier, Raphaél Lopes and Aurélien Perrin. In this
introductory section, we formulate the central question addressed in the notes, namely
the nature of the many-body ground state of an attractive Fermi gas, we describe the
two limiting scenarios of weak and strong attraction, and we explain why ultracold atoms
are an ideal platform to explore the intermediate regime. We end with an outline of the
notes.

1.1 Attractive Fermi gases

We consider a gas of fermionic atoms of mass m, prepared in an equal mixture of two
internal states, that we label as two spin components 1 and | (in practice, they are
two hyperfine states of an alkali atom such as °Li or “°K). We assume that the atoms
interact via a short-range interaction, which is attractive between atoms of different spin
components. As we will see in section [2, atoms in the same spin state do not interact at
low temperature, as a consequence of the Pauli principle, so that the interaction only
takes place between opposite spins.

In the absence of interactions, the ground state of the gas is the Fermi sea, in which
each spin component fills all the plane-wave states of wave-vector k < kp. For a total
density n (i.e. a density n/2 per spin component), the Fermi wave-vector and the Fermi
energy read , -

n = k—F, Er = Pk

32 2m

where we also introduced the Fermi temperature Tp. The Fermi wave-vector sets

the typical inter-particle distance, of the order of kz'. In typical experiments, the

total density is of the order of n ~ 10'® em=3, which gives kz' ~ 150 nm and a Fermi

temperature Ty ~ 1.8 pK for °Li atoms (T ~ 0.27 pK for 1°K). Quantum degeneracy,
reached for temperatures T' < Ty, was first achieved with “°K atoms in 1999 [I].

= kpTy, (1.1)

Let us now switch on an attractive interaction between the 1 and | atoms. The
central question of these notes is:

What is the many-body ground state of an attractive Fermi gas?
In the following, we describe two limiting scenarios, for weak and strong attraction,

which lead to two a priori very different superfluid states.

1.2 Weak attraction: Cooper pairing

We first consider a weak attraction. Fermions being unable to condense in a single-particle
state, one may naively expect the attraction to give rise to small perturbative corrections
to the properties of the Fermi sea. This is not the case: as shown by Cooper [2], the



Fermi sea is unstable for an arbitrarily weak attraction. Two fermions of opposite spins
and opposite momenta close to the Fermi surface, (k 1, —k ) with & ~ kg, form a bound
state, called a Cooper pair, even when the attraction is too weak to bind two particles in
vacuum. The Pauli blocking of the states k < kp is essential for this pairing, which is a
genuine many-body effect. We will study this Cooper instability in section

The many-body ground state is then the BCS state [3], in which all particles close to
the Fermi surface are paired. It is a superfluid, characterized by an energy gap A in its
excitation spectrum. In the weak-coupling limit, the gap and the critical temperature are
exponentially small in the inverse of the interaction strength. An essential feature of
Cooper pairs is their large spatial extent, of the order of the coherence length § ~ hvg/A,
with vp = hkg/m the Fermi velocity. Since A < Er, we have kpé ~ Er/A > 1: the
pair size is much larger than the inter-particle distance, so that a given pair overlaps
with a large number of other pairs (see Fig., left). For instance, in conventional
superconductors, the coherence length ranges from tens of nanometers to about a
micrometer, while the distance between electrons is of the order of 0.1 nm. Cooper pairs
can thus by no means be considered as pointlike bosons.

1.3 Strong attraction: molecular BEC

In the opposite limit of a strong attraction, two atoms of opposite spins can bind into a
molecule, i.e. a two-body bound state, which exists even in vacuum. When the size of
the molecule is much smaller than the inter-particle distance, the gas can be described as
a gas of N/2 pointlike composite bosons of mass 2m and density n/2 (see Fig.[l] right).
The many-body ground state is then a Bose-Einstein condensate of molecules, which is
also a superfluid.

At finite temperature, the condensation of an ideal gas of molecules occurs below the
critical temperature

onh2 [ nj2 \**
kT, = — ~ 0.218 B, 1.2
B om <¢(3/2)> 0-218 Er (1.2)

obtained from the standard result for an ideal Bose gas of particles of mass 2m and
density n/2, with ((3/2) ~ 2.612, and expressed in terms of the Fermi energy (L.1).
The critical temperature is thus a sizeable fraction of the Fermi temperature, in strong
contrast with the exponentially small critical temperature of the weak-coupling BCS
regime. Note that this critical temperature has nothing to do with the energy required to
break a molecule, which can be much larger than Fp.

1.4 The BEC-BCS crossover in atomic gases

The two scenarios described above appear very different: the BCS state results from a
collective many-body instability of the Fermi sea, while the molecular BEC results from
the condensation of preformed bosonic molecules. However, both states share the same
broken symmetry (the U(1) symmetry associated with particle number conservation) and
both are superfluids. One can thus wonder whether they are continuously connected
when the interaction strength is varied. This question was raised by Eagles [4] and
Leggett [5], who showed that the BCS variational wave-function provides a description
of the ground state that continuously interpolates between the two limits, without
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Figure 1: Schematic view of the BEC-BCS crossover in a two-component Fermi
gas (red and blue disks represent the two spin states). Left: for a weak attraction
(1/kpa — —o0), atoms of opposite spins and momenta (arrows) form Cooper pairs
(gray lines), whose size is much larger than the inter-particle distance. Right: for a
strong attraction (1/kpa — +00), atoms bind into molecules much smaller than the
inter-particle distance, which form a Bose-Einstein condensate. Middle: in the unitary
regime (1/kpa ~ 0), the pair size is comparable to the inter-particle distance and the gas
is strongly correlated.

any phase transition, the extension to finite temperature being due to Noziéres and
Schmitt-Rink [6]. This continuous evolution is called the BEC-BCS crossover:

e On the BCS side, the pairs are loosely bound Cooper pairs, of size much larger
than the inter-particle distance.

o On the BEC side, the pairs are tightly bound molecules, of size much smaller than
the inter-particle distance.

 In the intermediate regime, the pair size is comparable to the inter-particle distance.
No small parameter is available and the system exhibits complex many-body
correlations.

Realization with ultracold atoms. Leggett’s discussion was based on an idealized
model of fermions interacting via a short-range attractive potential of tunable strength.
While such a tunability is out of reach in solid-state systems, it has been realized
with ultracold atomic gases. As we will see in section [2] in dilute ultracold gases the
interactions are characterized by a single parameter, the s-wave scattering length a,
which can be tuned over a wide range, from —oo to +00, using a magnetic Feshbach
resonance. The relevant dimensionless interaction parameter is then

1
— 1.3
o (1.3)
which compares the scattering length with the inter-particle distance. The BCS regime
corresponds to a small negative scattering length, 1/kpa — —oo, and the BEC regime to
a small positive scattering length, 1/kra — +o0, for which a weakly bound molecular
state exists, of binding energy E, = h?/ma®. The intermediate regime |1/kpa| < 1 is

b}



reached when the scattering length becomes larger than the inter-particle distance. Its
center 1/kpa = 0 defines the so-called unitary Fermi gas, whose properties are universal
since no length scale related to interactions remains.

Strongly interacting degenerate Fermi gases were first produced in 2002 [7], Bose-
Einstein condensates of Feshbach molecules in 2003 [8] 9] 10], and the condensation of
fermion pairs across the whole crossover was demonstrated in 2004 [11], 12]. Superfluidity
was unambiguously evidenced by the observation of quantized vortices throughout the
crossover [13]. The physics of the crossover is reviewed in Refs. [14], [15, [16].

The quantitative description of the strongly interacting regime remains a challenge
for many-body theories. Mean-field theory, which we will develop in section [3 captures
the qualitative features of the crossover, but it is not quantitatively accurate in the
unitary regime, which requires more advanced theoretical methods (e.g. quantum Monte
Carlo simulations). In this context, precise measurements performed with ultracold gases
provide benchmarks for many-body theories.

1.5 Motivations

Beyond the intrinsic interest of a continuous connection between two paradigmatic forms
of superfluidity, the study of strongly interacting Fermi gases is motivated by several
questions of broader interest.

o The basic understanding of superconductivity relies on the condensation of paired
electrons. In conventional superconductors, the pairs are Cooper pairs much larger
than the inter-particle distance, well described by BCS theory. The opposite limit
of a condensate of tightly bound pairs is also well understood. The crossover
provides a framework to discuss these two limits within a single theory.

o In unconventional superconductors, such as high-7;. cuprate superconductors, the
pair size is only a few times larger than the inter-particle distance, so that these
materials lie in a strongly-correlated regime that is not described by standard
BCS theory. Ultracold Fermi gases in the crossover regime realize a simpler
system sharing this feature, albeit with a different (short-range and s-wave) pairing
mechanism.

o Nuclear matter also involves strongly interacting fermions. For instance, the
neutron-neutron interaction has a scattering length a ~ —18.6 fm, much larger in
modulus than the range ~ 2 fm of nuclear forces. Dilute neutron matter, present in
the crust of neutron stars, thus lies close to the unitary regime, kp|a| > 1, and it
shares universal properties with unitary atomic gases.

In all these situations, the pair size is comparable to the inter-particle distance, which
defines a strongly correlated regime that challenges theories of quantum many-body
systems. Ultracold Fermi gases, with their tunable interactions, provide a clean and
controlled realization of this regime.

1.6 Outline of the notes

The notes are organized as follows.



 In section 2] we explain how the strongly interacting regime can be reached
with ultracold atoms. We recall the physics of low-energy collisions, which are
characterized by the scattering length a and can be modeled by a pseudo-potential.
We then describe the Feshbach resonance mechanism, which allows one to tune the
scattering length, and we explain why Fermi gases, contrary to Bose gases, remain
collisionally stable in the strongly interacting regime.

o In section [3] we develop the theory of the BEC-BCS crossover. We first discuss the
Cooper instability, and then develop the mean-field (BCS) theory of the crossover
at zero temperature. We discuss the critical temperature, Tan’s contact which
characterizes the short-distance pair correlations, and the universal properties of
the unitary Fermi gas.

e In section , we describe the experimental characterization of the crossover (pair
condensation, superfluidity, thermodynamics, pairing gap and contact), and we
conclude with a discussion of some open questions.

2 Reaching the strongly-interacting regime

In this section, we explain how ultracold atomic gases can be brought into the strongly
interacting regime required to explore the BEC-BCS crossover. We first recall the physics
of low-energy collisions between atoms: in the ultracold regime, the interactions are
characterized by a single parameter, the s-wave scattering length a, and they can be
modeled by a zero-range pseudo-potential. We then describe the Feshbach resonance
mechanism, which allows one to tune the scattering length to arbitrary values with
a magnetic field. We finally discuss the collisional stability of strongly interacting
gases: while Bose gases suffer from fast three-body losses when the scattering length
becomes large, two-component Fermi gases remain stable thanks to the Pauli principle.
This stability is the key ingredient that made the experimental study of the BEC-BCS
crossover possible.

The quantum theory of scattering is discussed in detail in the lecture notes of the
course Advanced quantum mechanics (chapter on quantum scattering). We use the same
conventions and notations, and we only recall here the main results, with an emphasis on
their application to ultracold atoms.

2.1 Cold collisions, scattering length, pseudo-potential

In this subsection, we show that low-energy collisions between neutral atoms are
dominated by the s-wave channel, and that they are entirely characterized by the
scattering length a. We then introduce the pseudo-potential, a zero-range model
interaction that reproduces the low-energy scattering properties, and that will be used
throughout the notes. We finally determine the bound state of the pseudo-potential,
which plays a central role on the BEC side of the crossover.

2.1.1 Two-body scattering: reminder

We consider two atoms of same mass m, interacting via a potential V (r) that depends
on their relative position r. We assume that the potential is
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o spherically symmetric, V(r) = V(r),

o decaying sufficiently fast at long distances (for neutral atoms, the potential decays
as the van der Waals potential —Cg/r%).

The center-of-mass motion being free, we focus on the relative motion, which is described

by the Schrodinger equation of a fictitious particle of reduced mass p = m/2 evolving in

the potential V. A stationary state of energy E is described by a wave-function v (r)
obeying

h? m

—p A Vo v - Bow, - 2.)

For a positive energy E = h?k?/2u = h2k?/m, a scattering state is the superposition of

« an incoming plane wave e**, propagating along the z axis,

o a scattered wave, behaving at large distances as an outgoing spherical wave

fe(0, 0) e /r,

ie.
eik’/‘

0(r) = e 4 0, 0) 22)

7—00

where (6, ¢) are the polar angles of r with respect to the incident direction. The
scattering amplitude fy(6, ¢) fully characterizes the collision. The flux scattered in a
given direction gives the differential cross-section do/dQ = |fx(0,¢)|?, and the total
cross-section o = [ | fi,|? d*2 for distinguishable particles.

2.1.2 Partial waves

The potential being spherically symmetric, the angular momentum of the relative motion
is conserved. It is then convenient to decompose the scattering problem into partial
waves of given angular momentum ¢, which behave independently. For this, we expand
the incoming plane wave on spherical harmonics, as

elfz _ iif 47T(2€ + 1)jg(l€7‘) YZO(Q) _ i(Qg + 1) jéjz(k;r) Pg(COS 9), (23)
(=0 (=0

where j, are the spherical Bessel functions and P, the Legendre polynomials. Only the
spherical harmonics with zero projection m, = 0 appear, since the incident direction is
along z.

A partial wave of angular momentum ¢ is written as ¢y(r) = u,(r) Y2 () /r, where
the radial function wu, (with u,(0) = 0) obeys the one-dimensional Schrodinger equation

00+ 1)h?

o (2.4)

r+%wﬂwm=Ewma Vear(r) =V (r) +

The effective potential Vg involves, for ¢ > 0, a repulsive centrifugal term which creates
a barrier at large distance, as shown in Fig.[2l At large distance, the radial function
behaves as u,(r) o sin(kr — ¢w/2 + 0;), which defines the scattering phase shift §, of
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Figure 2: (a) Effective radial potential Vog(r) for the partial wave £ = 0 (blue) and a
partial wave £ > 0 (red), for a schematic interatomic potential with a repulsive core and
an attractive well. (b) Same potentials at large distance. For £ > 0, the centrifugal term
creates a barrier. At low collision energy F (green line), the atoms are reflected by the
barrier at a distance much larger than the potential range, so that they do not feel the
short-distance potential: only s-wave (¢ = 0) collisions remain.

the partial wave ¢. The scattering amplitude, which only depends on 6, and the total
cross-section are then given by

1 o0

fk(‘9> 5 k (2€ + 1) ( 2i6p __ 1) P[(COS 0), i % 2€+ 1 SlIl (5@ (25)

Each partial wave thus contributes at most 47(2¢ + 1)/k? to the cross-section, a value
called the unitary limit, reached for §; = 7/2 (mod 7).

2.1.3 Restriction to s-wave scattering at low energy

At low collision energy, the centrifugal barrier prevents atoms with ¢ > 0 from approaching
each other. Classically, the atoms are reflected at the turning point rp defined by
0+ 1)R?*/(2ury) = E, ie. 7g = /{({+1)/k. When the collision energy is small
enough for rg to be much larger than the range b of the potential, i.e. for kb < 1, the
atoms only explore the region where the potential is negligible, and the partial wave ¢ is
not affected by the interaction (see Fig.). Quantum mechanically, the atoms can
tunnel through the barrier, but with a probability that vanishes at low energy. The
phase shifts follow the threshold laws

tan dy(k) oc K>t for k— 0 (2.6)

(valid for ¢ = 0 and ¢ = 1 for a van der Waals potential), so that the contribution
oy o< sin? §y/k? o< k* of a partial wave £ > 0 to the cross-section vanishes. Only the
s-wave contribution remains finite at zero energy: this defines the regime of cold collisions,
in which the scattering is isotropic.



2.1.4 Cold collisions between identical particles

For identical particles in the same internal state, the wave-function of the relative motion
must be symmetrized according to quantum statistics. Exchanging the two particles
amounts to changing r into —r, under which a partial wave ¢ acquires a factor (—1)*.
Consequently,

o for identical bosons, the wave-function is symmetric and only even-f partial waves
contribute,

« for identical fermions, the wave-function is antisymmetric and only odd-¢ partial
waves contribute.

In the cold collision regime, where only the s-wave contributes, identical fermions do not
interact. For identical bosons, the interference between the direct and exchange scattering
amplitudes doubles the s-wave cross-section, which becomes o = 8ra? at low energy
(with a the scattering length introduced below), instead of 4ma? for distinguishable
particles.

This has a major consequence for Fermi gases: in a spin-polarized Fermi gas, collisions
disappear at low temperature. This was observed with fermionic “°K atoms by DeMarco
et al. [17)], who measured the elastic cross-section as a function of temperature from the
rethermalization dynamics of the gas after a perturbation (see Fig.[3)). For a spin-polarized
gas, the cross-section strongly decreases at low temperature, according to the p-wave
threshold law o oc k* oc T2, while it remains of the order of 107! cm? for a mixture of
two spin states, for which s-wave collisions are allowed. Indeed, two fermions in different
internal states T and | behave as distinguishable particles: the antisymmetry of the total
wave-function can be ensured by an antisymmetric combination of the internal states,
associated with a symmetric relative wave-function, which allows for s-wave collisions. In
order to obtain interactions in a Fermi gas, one thus needs to prepare a mixture of (at
least) two spin states. Then, interactions only occur between atoms of different spin
states, and they are characterized by the s-wave scattering length of the 1| collisions.

2.1.5 Scattering length

In the cold collision regime, the scattering state ([2.2) reduces to its s-wave component,
with an isotropic scattering amplitude fx,

" elkr e2ido _ 1 1 -
~ e = = : 2.
Vi), 3 e+ r’ i 2ik k cot &g — ik (27)
The threshold law tan dy o< k& defines the scattering length
. tandy(k) _
i i 29
Using k cot dg ~ —1/a at low energy, we obtain the scattering amplitude
a
=—— 2.9
o= ka (29)
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Figure 3: Elastic scattering cross-section of fermionic “°K atoms as a function of
temperature, for a spin-polarized gas (filled circles) and for a mixture of two spin
states (open circles). For the polarized gas, only p-wave collisions are allowed, whose
cross-section vanishes at low temperature. Figure from Ref. [I7].

which is valid for kb < 1, the corrections being of order k?ab in the denominator (effective
range expansion). The corresponding cross-section for distinguishable particles is

Ara?

7= 14 k2a2’

It reaches the value 4ma?® for kla| < 1, and it saturates to the unitary limit 47 /k? when
la| — 0.

In the zero-energy limit & — 0, the scattering state takes the simple form, outside the
range of the potential,

(2.10)

b(r)=1— g (r>>b). (2.11)

The scattering length can thus be interpreted as the distance at which the extrapolation
of the zero-energy radial wave-function ug(r) = r¢(r) o< r — a vanishes. For a hard-sphere
potential of radius R, one finds a = R. More generally, a > 0 corresponds to an effective
repulsion and a < 0 to an effective attraction, but we will see that the sign of a is not
directly related to the sign of the potential.

Typical values. At long distance, the interaction between two neutral atoms in their
electronic ground state is dominated by the van der Waals interaction
Ce

r6’

V(r) ~ (2.12)

which results from the interaction between fluctuating electric dipoles. The only length
and energy scales that can be constructed from Cg, h and the reduced mass are

1 /2uCs\ Y4
Roaw = 3 ( 72 ) ~ 100 ag ~ 5 nm, (2.13)
FLZ
Boqw = ———— ~ kg x 1mK, 214
W 20 R 4w B ( )
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where ag is the Bohr radius. More precisely, one finds Ryqw =~ 31ag and E,gqw =~
kB x 30 mK for 6Li, RvdW ~ 65 ag and EvdW ~ k‘B x 1 mK for 40K, and RvdW ~ 83 ap,
Eyqw ~ kg x 0.3mK for 8"Rb. The van der Waals length plays the role of the potential
range b: it sets the typical value of the scattering length, |a| ~ Ryaw, as we will see in
the toy model below, while the van der Waals energy sets the energy scale below which
collisions with ¢ > 0 are suppressed. In ultracold gases, the temperature and the Fermi
energy lie in the micro-kelvin range or below, so that the cold collision regime is very
well satisfied. Moreover, the inter-particle distance, of the order of kz' ~ 150 nm, is
much larger than R,qw: the gas is dilute, in the sense that the details of the interaction
potential at short distance are not resolved.

2.1.6 Scattering length in a toy model

In order to understand the dependence of the scattering length on the short-distance
potential, we consider a toy model defined by a van der Waals potential truncated at
short distance by a hard core,

V(r)=+oo, r<re, (2.15)
Cs
Vi(r)= 5 "> Te (2.16)

For real atoms, the repulsive core lies at a distance r. << Ryqw, so that the potential well
is very deep compared to F,qw and supports many bound states.

Zero-energy solution. We look for the zero-energy s-wave solution u(r), obeying

2/1/06
h2r6

With the change of variables x = 2R?/r? and u(r) = /r w(x), this equation takes the
form of a Bessel equation of order 1/4, whose solutions are /r Ju1/4(2RZ.y/7?). At
large distance (z — 0), the two solutions behave as /r 2*/4 i.e. as r” and 7: they
correspond to the two terms of the asymptotic form u o< r — a. The scattering length is
thus determined by the ratio of the weights of the two Bessel functions, which is fixed
by the boundary condition u(r.) = 0. Using the asymptotic expansion of the Bessel
functions at large argument (since r. < Ryqw), one obtains [1§]

u”(r) +

u(r) =0, u(r.) = 0. (2.17)

_ 2R%w 3T _ 4r
a=a ll — tan ( 7'2 — 8)] s a = WRVdW ~ 0.956 RVdW. (218)

We checked this formula against a numerical integration of the radial equation, with a
relative accuracy better than 1072 for Ryqw Jre >~ 10.

Physical interpretation. The argument of the tangent is the semi-classical (WKB)
phase accumulated by the zero-energy wave-function in the potential well,

2pCs . 2% 4w
nero T rz

(2.19)
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Figure 4: (a) Scattering length of the truncated van der Waals potential as a function
of Ryaw/re, given by . The dashed line indicates the value a ~ 0.956 R.qw. A tiny
change of the potential leads to large variations of a, which diverges each time a new
bound state appears. (b) Truncated van der Waals potential (blue) and its s-wave bound
states (red lines, computed numerically for Ryqw/r. = 2.6; realistic potentials correspond
to much larger values of Ryqw /7. and host many more bound states). The shaded area
is the hard core.

corrected by a constant phase. Since ® > 1 for a deep potential, the scattering length
is extremely sensitive to the details of the short-distance potential: a tiny change of
r. changes ® by a large amount, and the scattering length then varies over all values
between —oo and 400 (see Fig.ldh). For real atoms, the short-distance potential is not
known with sufficient accuracy to predict the scattering length, which must be measured.
Nevertheless, for a random value of the phase ® (mod 7), the scattering length is of
order a ~ Ryqw in most cases: the typical value of |a| is the van der Waals length.
The number of s-wave bound states of the potential is given by N, ~ ® /7 (up to
rounding). The scattering length diverges each time ® — 37 /8 crosses /2 (mod ), i.e.
each time the potential becomes deep enough to host a new bound state, which appears
at the threshold £ = 0. This phenomenon is a shape resonance: close to the appearance
of a bound state, the scattering length is large and positive, while it is large and negative
just before the bound state appears. This connection between the divergence of a and
the threshold of a bound state is general, as we will see with the pseudo-potential.

2.1.7 The pseudo-potential

The zero-energy wave-function shows that, outside the range of the potential, the
low-energy scattering states only depend on the scattering length a. The scattering
length thus contains all the relevant information on the interactions, and we expect
to obtain the same low-energy physics with any potential leading to the same value
of a. In a dilute gas, where the inter-particle distance is much larger than R,qw, this
allows one to replace the true interatomic potential, which is complicated and hosts
many deep bound states, by a simple model potential. The simplest choice is a potential
of zero range. A Dirac potential g (r) is not adequate in three dimensions, since the
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wave-function (2.11]) diverges at the origin. The appropriate zero-range potential is the
pseudo-potential [19]

lry(r)] _ 4rh?a _ 2rha

Vool ()] = goe) TR, g = T =

(2.20)

The operator 0,(r-) evaluated at the origin extracts the regular part of the wave-
function: writing (r) = ¢/7 + Yreg(r), With 1y, regular at the origin, we have
Vopl¥] = 91reg(0) 0(r). On a regular wave-function, the pseudo-potential acts as a
simple Dirac potential g §(r). The pseudo-potential is convenient since it has a simple
expression, a single parameter, and an exactly zero range.

Zero-energy scattering state. Let us check that the wave-function (2.11)) is an exact
solution of the zero-energy Schrodinger equation with the pseudo-potential, for all r» > 0

including the origin,
hZ

We use the two properties

e Aty =4mad(r), which follows from the identity A(1/r) = —4wd(r), valid in the
sense of distributions;

o O0,(r) = 0,(r —a) =1, so that Vy,[¢)] = gd(r).

The Schrodinger equation then reads —%477@ d(r) + gd(r) = 0, which is satisfied for
g = 2nh?a/p = 47h*a/m. The singular term —a/r of the wave-function is precisely the
one that compensates the Dirac term produced by the pseudo-potential.

More generally, the pseudo-potential is equivalent to the free Schrodinger equation for
r > 0 supplemented by the Bethe-Peierls boundary condition ¢ (r) o< 1 — a/r for r — 0.
One can check that the full scattering state ¥(r) = e** + frel*" /r, with f; given by
(2.9), is an exact eigenstate of the pseudo-potential at all energies: the pseudo-potential
reproduces the low-energy scattering amplitude exactly. We now recover this result from
the momentum-space representation.

2.1.8 Scattering amplitude in momentum space

Many-body calculations (in particular the BCS theory of section |3]) are conveniently
performed in momentum space. We decompose a wave-function on plane waves, with the
conventions

0l) = [ G d00ERE ) = [ty (222

Since the pseudo-potential produces a term proportional to §(r), whose Fourier transform
is uniform, the Schrédinger equation ([2.1) reads in momentum space

A(K) h(K), (2.23)

8 R2k? - dmh?a [ APk
B =" S + = [

m m
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where we used A%k?/2u = h?k? /m, and where the function A(k) encodes the action of
the regularizing operator J,(r ) on a plane wave,

9 ikr) __
o) (re™r) = A(k) o(r). (2.24)
The function A(k) is a generalized distribution characterized by the two properties
Alk)=1 for k< oo, (2.25)
A (3]
/d?’k éf) - 47r/ A(k) dk = 0. (2.26)
0

The first property expresses that the pseudo-potential acts as a Dirac potential on regular
functions such as plane waves. The second one results from the action of the pseudo-
potential on the singular function ¢ (r) = 1/r, for which 9,(r¢) = 0: since the Fourier
transform of 1/r is 47 /k?, the integral in must vanish for ¢)(k) = 4 /k2. These two
properties are incompatible for an ordinary function: A(k) includes a singular contribution
at k = oo, which can be represented as the limit k. — oo of 0(k. — k) — k. d(k — k). In
practice, one never needs this explicit form: one uses to subtract a term that
makes the integrals convergent, and then sets A = 1.

A useful identity. For a > 0, we have
&k Ak
/ k) __va (2.27)
2P k2 + 4
Indeed, subtracting the vanishing integral (2.26)), we obtain a convergent integral in
which we can set A =1,

d*k 1 1 a o dk a T Va
A(k {—]:—/ = — =——-. 2.28
/ (2m)3 (k) k2 +a k2 22 Jo k2+a 2712 2/« 4 (228)

The identity extends by analytic continuation to complex values of «, with the determi-
nation of \/a of positive real part. In particular, for « = —k* — in (with n — 07), we
have /o = —ik.

Scattering amplitude. We look for a scattering state of energy E = h*k?/m,
with an incoming plane wave k = ke,. We write the integral in as 1 =
[ A(K)b(K') d®K'/(2m)?. The solution of @b containing the incoming plane wave and
an outgoing scattered wave reads

gl
E — k2 /m+in
Inserting this expression in the definition of Z and using with o = —k? —in, we get
31/ /

T=A(k)— 9T 5 ((;:)'3 = _A(:Q)_ L=loikaZ, de I=g +1ika.
The scattered wave is then gZ times the Fourier transform of 1/(E — k%K™ /m + in),
which is the outgoing Green function —(m/4wh?)el*” /r. We thus obtain

a e

— oikz
Y(r)=e 1+ika r '’

which is the expected scattering state, with the scattering amplitude (2.9), valid here at
all energies and for all » > 0.

D(K) = (2n)%6(K — k) + (2.29)

(2.30)

ikr

(2.31)
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Renormalized coupling constant. The pseudo-potential is equivalent to a contact
interaction with a bare coupling constant gy and a momentum cutoff k., provided that g
is adjusted so as to reproduce the scattering length,

1 4’k ke

t__m _/ mo__m_ M (2.32)
go Amh’a  Jk<k. (27)3 R2k% 4Amh?a 2mw2R2

The subtracted counterterm plays the same role as the property (2.26]). Physical results
only depend on a when k. — co. This form is commonly used in the BCS theory of the
CTOSSOVer.

2.1.9 Bound state of the pseudo-potential

We now look for a bound state of the pseudo-potential, i.e. a molecular state of negative

energy F, < 0. Its wave-function obeys the momentum-space Schrodinger equation
@-23).

3.1
-5y A [ AR AR, @)

Bt (k) = Unk)+4, A T

m m

where the constant A does not depend on k. This gives the momentum-space wave-
function
~ A mA 1 mE,,

k) = - = 2 , S 0.  (2.34
M) =~ —E, T R REia CT m (2:34)

Inserting this expression in the definition of A and using the identity (2.27]), we obtain
the self-consistency relation

Ath?*a mA Va —mE,
A= dramAf vay g . 2.
m ( 47r> N (2:35)

A non-trivial solution (A # 0) requires a/—m#F,,/h = 1, which is only possible for
a > 0. We thus obtain:

o for a < 0, the pseudo-potential has no bound state;
e for a > 0, it has a single bound state, of energy and wave-function

Boe By Xt ) = " (230
m— —Lp = — ) m m\I') = : )
' ma? = V2ra r

The real-space wave-function is obtained as the Fourier transform of the Lorentzian
(2.34)), and it is normalized, since [ 47r2|iy,|?dr = (2/a) [3° e ?/%dr = 1. The size of
the molecule is set by the scattering length, with a mean inter-atomic distance (r) = a/2.
The binding energy E, = h?*/ma?® coincides with the pole of the scattering amplitude
at k =i/a.

This bound state is the zero-range limit of the most weakly bound state of a real
potential, when the scattering length is much larger than the potential range, a > R,qw.
It is then called a halo or universal dimer, since its properties only depend on a: the
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Figure 5: Two-body spectrum of the pseudo-potential as a function of the inverse
scattering length, in units of an arbitrary length ¢. Above the threshold E = 0 lies the
continuum of scattering states. For a > 0, a bound state exists, of energy E,, = —h?*/ma?
(blue line), which merges into the continuum when a — +oc.

wave-function mostly lies outside the potential range, in the classically forbidden region.
The deeper bound states of the real potential, of size ~ R,qw or smaller, are not
described by the pseudo-potential; they will play a role in the inelastic losses discussed in
section 2.3

The variation of the bound-state energy with 1/a is shown in Fig.. The binding
energy vanishes when a — +oc0: as for the toy model, the divergence of the scattering
length coincides with the appearance of a bound state at threshold. When 1/a is varied
continuously from negative to positive values, through 1/a = 0, the two-body physics
evolves smoothly from a weak attraction without bound state to the existence of a deeper
and deeper molecular state. This is the two-body counterpart of the BEC-BCS crossover:
in a many-body system, the BCS regime corresponds to 1/kra — —oo, the BEC regime
of molecules to 1/kpa — +00, and the strongly interacting regime to |1/kpa| < 1, for
which the binding energy Ej, when it exists, is comparable to or smaller than the Fermi
energy (since Ey/Ep = 2/(kra)?).

2.2 Feshbach resonances

The toy model shows that the scattering length diverges when a bound state crosses
the collision threshold. In order to explore the BEC-BCS crossover, we need a way
to tune the scattering length in a controlled manner. Since the interatomic potential
cannot be modified directly, one uses the internal structure of the atoms: a scattering
resonance occurs when the energy of the colliding atoms is tuned close to a bound state
of a different internal state, called a Feshbach resonance. In this subsection, we describe
its principle, solve a simple two-channel model, and discuss experimental examples.

17



(a) (b) (c)

I I
closed channel 3 | )

| | .

— = ! ' continuum
0 2 | |
2 i i Q | > |
&0 open channel - i 00
g R I < l
) = 0 ! ] 5 !
& | |
+2 1 !
CG I I
2 | molecule |
| |
1 | I
interatomic distance r By By+ A By
magnetic field B magnetic field B

Figure 6: (a) Principle of a Feshbach resonance: two atoms collide in the open channel
(blue) and are coupled to a molecular state (orange) of the closed channel (red), whose
energy hé relative to the open-channel threshold is tuned with the magnetic field. (b)
Scattering length close to a Feshbach resonance, given by (here for apg > 0, A > 0).
(c) Two-body spectrum (schematic): a weakly bound molecular state exists on the side of
the resonance where a > 0, with the universal energy —h?/ma® close to resonance. Far
from resonance, it continuously connects to the bare closed-channel state (dashed line).

2.2.1 Principle of a Feshbach resonance

Alkali atoms have a hyperfine structure, and two colliding atoms can be in different
internal (spin) configurations, called collision channels, each of them associated with an
interatomic potential. We consider two atoms colliding at low energy in a given channel,
the open channel, whose asymptotic energy defines the threshold £ = 0. We assume
that the atoms are coupled, at short distance, to another channel, the closed channel,
whose asymptotic energy lies above the collision energy, so that two atoms cannot exit
the collision in this channel. The closed-channel potential nevertheless hosts molecular
bound states, and one of them may lie close to the open-channel threshold (see Fig.@a).

The coupling between the two channels results from the part of the interaction
that depends on the electron spins (exchange interaction, combined with the hyperfine
coupling). During the collision, the atoms are virtually transferred into the closed-channel
molecular state. This virtual population modifies the scattering phase shift in the open
channel, in a resonant manner when the energy of the molecular state approaches the
threshold. Since the two channels correspond to different spin configurations, they usually
have different magnetic moments, so that the energy difference between the closed and
open channels can be tuned with an external magnetic field B, via the Zeeman effect.
This allows one to tune the scattering length. Feshbach resonances were first observed
with ultracold atoms in a Bose-Einstein condensate of sodium atoms [20]; they are
reviewed in Ref. [21].

2.2.2 A solvable two-channel model

We consider a simplified model, which captures the essential physics and can be solved
exactly. The relative motion of the two atoms is described by a wave-function with two
components, in the open channel |o) and in the closed channel |c). We assume that:
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o there are no interactions in the open channel, whose Hamiltonian is H, = ;ZNA,

o the closed channel only contributes via a single molecular state, of normalized real

wave-function ¢y, (r) (of size rp, spherically symmetric), and of energy hd relative
to the open-channel threshold, i.e. H. = hd|¢dm){(dml;

« the two channels are coupled by a position-independent coupling A2, i.e. W =
8 ([e) (ol + |o)(c]).
We look for a scattering state of the form
[¥) = [ + Ye(r)][0) + @ P (1)c), (2.37)

of energy E = h?k?/m, where « is the amplitude in the closed channel. Projecting the
Schrodinger equation on the two channels, we obtain

<E + ;A) Use(r) = AQ v s (1), (2.38)

(E — ) a = hQ / 7 G (r) [ + ()] . (2.39)

The first equation shows that the open channel is fed by a source term proportional
to the molecular wave-function. Its outgoing solution reads, in terms of the Fourier
transform ¢ (q) = [ d®r qﬁm(r)e_iq‘r

m(q)elar _mQa D (k) e
=hQa / ~ 2.40

Yoe(r (2m)3 E — h2 q2/m + in r—= Amh r (240)
where the asymptotic form is obtained, as in the standard derivation of the Lippmann-
Schwinger equation, from the outgoing Green function —(m/4wh?)e**='l/|r — ¢/|.
Inserting the expression of 9. in (2.39)), we obtain a closed equation for a,
d’q Om(q)?
(2m)® E — h2¢?/m +in

(2.41)

(E — 16) o = hQ (k) + h2Q2a/

In the low-energy limit £ — 0, the integral reduces to —(m/27%h%) [5° dm(q)>dg, and
we obtain 0d ) QQ
m m
o= 5 — / (g (2.42)

The closed channel is populated resonantly, w1th a pole at 0 = dg. The resonance does
not occur when the bare molecular state crosses the threshold (6 = 0), but for a detuning
do > 0: the coupling to the continuum of open-channel states, which lie above the
molecular state, shifts it downwards, by an amount which is the second-order energy
shift —hdy due to the coupling to all open-channel states. Note that this shift scales as
[ @2dq ~ ¢ (0)2/rym and it would diverge for a pointlike molecule.

The scattered wave gives the scattering amplitude f = —mQadm(0)/(4nh), hence
the scattering length

m Q2 ¢ (0)2

4mh (5 - 50) )
The scattering length diverges at the resonance § = dy. It is positive for § < dy and
negative for 9 > &y, and it can thus be tuned to arbitrary values by varying the detuning
0. Far from resonance, a vanishes in this model, since we neglected interactions in the
open channel.

(2.43)
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Bound state. The same equations, written for a negative energy £ = —h*k?/m and
without incoming wave, give the bound states of the model. The closed-channel amplitude
obeys (E — hd)a = B2Q%a [ d3q/(27)? dm(q)?/(E — h2¢?/m). Close to resonance, we
expect a small binding energy, and we split the integral into its value at £ = 0
(giving —hdy) and a remainder dominated by small momenta ¢ ~ x < 1/ry,, for which

dm(q) =~ ¢ (0). Using the identity (2.27), we get

m2pm(0)?

E—h(é—do): 471'

Kk = h(d — 9) ar, (2.44)
where we used . Close enough to resonance, when the binding energy |E| is small
compared to 1§ — &l, this gives k = 1/a, i.e. the universal bound state E = —h?*/ma?
of the pseudo-potential, which exists for a > 0 only. This condition reads a > R*, with
R* = 471/ [m*Q2¢, (0)?] a length characterizing the strength of the resonance. In this
universal regime, the molecular state mostly lies in the open channel, as a halo dimer of
size ~ a. Far from resonance, the bound state energy instead follows the (shifted) energy
of the closed-channel molecular state, varying linearly with ¢, and the molecule mostly
lies in the closed channel (see Fig.[6k). Resonances for which R* is much smaller than the
inter-particle distance (called broad, or open-channel dominated, resonances) are well
described by the pseudo-potential over the whole strongly interacting regime.

2.2.3 Magnetic-field dependence of the scattering length

When the open and closed channels have different magnetic moments, with a difference
dp, the detuning varies linearly with the magnetic field, hd = du (B — B.), where B,
is the field at which the bare molecular state crosses the threshold. The resonance
occurs at the field By = B, + hdy/du, and the scattering length takes the form
a x —1/(B — By). Including a background scattering length ay,, due to the interactions
in the open channel, one obtains the generic form of the scattering length close to a
Feshbach resonance [21],

a(B) = ang (1 -5 _ABO> , (2.45)

where A is the width of the resonance, which corresponds to the distance between the
resonance position By and the zero crossing of the scattering length at B = By + A (see
Fig.@b). Comparing with ~, the resonance strength is related to the parameters
of the model as apgA dp = mQ?¢p, (0)? /4, and the length R* introduced above reads
R* = B?/(mawgA o).

On the side of the resonance where a > 0, a weakly bound molecular state exists, of
energy —h?%/ma? close to resonance, which disappears into the continuum at B = By (see
Fig.@c). Scanning the magnetic field across the resonance thus allows one to continuously
connect a gas of atoms with attractive interactions (a < 0) to a gas of weakly bound
molecules (a > 0): this is the experimental knob used to explore the BEC-BCS crossover.

2.2.4 Examples of Feshbach resonances

Two fermionic alkali atoms have been mostly used to study the BEC-BCS crossover, °K
and SLi, whose resonances are shown in Fig..
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Figure 7: Left: scattering length of “°K atoms in the states |9/2, —9/2) and [9/2, —7/2)
close to the Feshbach resonance at 224 G, measured from the mean-field interaction
energy, figure from Ref. [22]. The line is a fit with the form . Right: scattering
length of °Li atoms in the two lowest hyperfine states, from coupled-channel calculations,
showing the broad resonance at 832 G (dashed line) and the zero crossing at 527 G (solid
line), adapted from the work of Ref. [23].

« For K atoms prepared in the two lowest Zeeman states |F = 9/2, mp = —9/2)
and |F = 9/2,mp = —7/2), a resonance occurs at By ~ 224 G, with a width
A ~ 10G and a background scattering length an, >~ 174 ao [22]. The scattering
length was measured from the mean-field interaction energy, which shifts the
frequency of a radio-frequency transition towards a third, non-interacting spin
state. The measurements reproduce the dispersive shape , with values of |a|
up to a few thousand Bohr radii.

« For SLi atoms in the two lowest hyperfine states, a very broad resonance occurs at
By ~ 832 G. The background scattering length is large and negative (of the order
of —2000 ag at high field), and the scattering length crosses zero at B ~ 527 G.
The extremely large width of this resonance (several hundreds of gauss) makes it
particularly convenient to explore the whole crossover, since the scattering length
can be controlled with a very good relative accuracy. It is the resonance used in
most experiments on the BEC-BCS crossover.

Atoms with a richer electronic structure, such as the magnetic lanthanides erbium and
dysprosium, exhibit much denser spectra of Feshbach resonances, with several resonances
per gauss, as a consequence of their anisotropic interactions.

2.3 Collisional stability: bosons versus fermions

Feshbach resonances allow one to reach very large scattering lengths. However, the
pseudo-potential only describes elastic two-body collisions, and it ignores the deep
molecular states of the true interaction potential. In this subsection, we show that
inelastic processes towards these deep states, which involve three atoms, prevent the
study of strongly interacting Bose gases, while two-component Fermi gases are protected
by the Pauli principle. We first discuss what is meant by a strongly interacting regime.

21



2.3.1 Towards a strongly interacting regime

In most experiments, a Bose-Einstein condensate is well described by mean-field theory,
i.e. by a classical field obeying the Gross-Pitaevskii equation, with an interaction energy
density gn?/2 (with g = 4wh?a/m and n the density). The first quantum corrections to
mean-field theory are given by the Bogoliubov theory of the weakly interacting Bose gas,
which predicts:

o the Lee-Huang-Yang correction to the ground-state energy [24],

E  1l4nh%a , 128
22 1 Vna? 2.46
Vo2 m " (*_wv% ”a>’ (246)

where V' is the volume;

o the quantum depletion of the condensate at zero temperature, i.e. the fraction of
atoms that do not occupy the condensate mode,

Un 8
L =1- " Vnd® 2.47
. N (2.47)

where ng is the condensate density.

Both corrections involve the gas parameter na®, which compares the scattering length
to the inter-particle distance n~'/3. In standard conditions, with n = 10" cm—3
and a = 100ay, we have na® ~ 107, so that the corrections are of the order of
Vna3 ~ 3 x 1073 and the gas is weakly interacting. The strongly interacting regime
corresponds to na® ~ 1, where the Bogoliubov expansion breaks down. Using a Feshbach
resonance to increase the scattering length, the beyond-mean-field corrections could be
observed, as shown in Fig.[§} the equation of state of a strongly interacting "Li Bose gas
revealed the Lee-Huang-Yang correction [25], and the quantum depletion was measured
in a homogeneous 3°K condensate [26]. However, these experiments remained limited to
moderate values of the gas parameter (W < 0.04 in Fig., because of the inelastic
losses discussed below.

2.3.2 Three-body recombination in Bose gases

The atoms of an ultracold gas are not in the absolute ground state of the system: the
interatomic potential supports many deeply bound molecular states, of binding energies
of the order of F,qw or larger, i.e. much larger than the temperature and the trap
depth. The gas is thus a metastable state, which survives only because the formation
of molecules is slow. Indeed, the formation of a molecule in a two-body collision is
forbidden by energy and momentum conservation, and it requires a third body that
carries away the binding energy. In a three-body recombination event (see Fig.@, two
atoms form a deeply bound molecule, and the released binding energy is converted into
kinetic energy of the molecule and of the third atom, which both escape from the trap.
The resulting losses are described by the rate equation

N ~ —Lsn®N, (2.48)

where L3 is the three-body loss coefficient, expressed in cm®s™! (for an inhomogeneous
gas, n? is replaced by the average (n?)).
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Figure 8: Beyond-mean-field effects in Bose-Einstein condensates with large scattering
lengths. Left: dimensionless equation of state of a "Li Bose gas with a scattering length
a = 2150 ap, measured from in situ density profiles and compared with theoretical
predictions with and without the Lee-Huang-Yang correction, figure from Ref. [25] (see
this reference for the definition of the dimensionless variables). Right: condensed fraction
n of a homogeneous *K condensate as a function of vna®. Its linear decrease reveals the
quantum depletion , figure from Ref. [26].
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Figure 9: Three-body recombination: when three atoms come close to each other, two
of them can form a deeply bound molecule (red). The binding energy is released as
kinetic energy, and both the molecule and the third atom are lost from the trap.

23



Scaling with the scattering length. For a large scattering length, a > R.qw, the
three-body problem at low energy becomes universal, and the scattering length is the
only relevant length scale. The loss coefficient L3, which has the dimension of a length to
the power six divided by a time, can only be constructed from a and %/m (which has the
dimension of a length squared divided by a time), leading to

where C'is a dimensionless coefficient. In fact, C' is not strictly constant, but it exhibits
log-periodic oscillations in a, associated with the Efimov effect, i.e. the existence
of an infinite series of three-body bound states for |a] — oo [27]. The a* scaling
was observed with cesium atoms [28] (see Fig.[10). For instance, for a = 1500 ay,
we have fia*/m ~ 2 x 10726 cm%s™!, while the measured value is of the order of
Ly ~ 4 x 1072 cm®s™!, corresponding to C' ~ 200. For a density n = 103 cm ™3, this
gives a loss rate Lsn? ~ 400s7?, i.e. a lifetime of a few milliseconds.

Consequence for strongly interacting Bose gases. The losses become a severe
limitation for scattering lengths a = 1000 ag. The loss rate can be written as

2 b

Lsn* = C (na®) 5
ma

(2.50)
In the strongly interacting regime na® ~ 1, the lifetime of the gas becomes comparable
to ma?/h ~ mn~%?3/h, which is also the time scale associated with the interaction and
kinetic energies. The gas thus decays before reaching thermal equilibrium, and strongly
interacting Bose gases cannot be studied at equilibrium (they can only be probed with
dynamical protocols, faster than the losses).

2.3.3 Three-body recombination in Fermi gases

The situation is very different for a two-component Fermi gas. We recall that two-body
collisions between identical fermions are suppressed at low energy (see section [2.1.4)).
A three-body recombination event in a mixture of 1 and | atoms necessarily involves
two identical fermions, e.g. 11J. Since the deep molecular states have a size ~ R qw,
the recombination requires the three atoms to approach each other within a distance
~ Ryqw, and thus two identical fermions to be at a distance < R,qw from each other.
This is suppressed by the Pauli principle.

Pauli suppression argument. The argument was made quantitative by Petrov,
Salomon and Shlyapnikov [29], who considered a gas of weakly bound dimers on the
a > 0 side of a resonance, with a > R,qw. Since the atoms of a dimer are at a typical
distance a, the relative motion of the atoms involved in a collision between two dimers (or
between a dimer and an atom) is characterized by momenta of order 1/a. The relaxation
of a weakly bound dimer into a deep molecular state requires three atoms within a
distance R,qw, among which two identical fermions. The relative wave-function of two
identical fermions being antisymmetric, its amplitude at a short distance r vanishes
as kr ~ r/a (it involves odd partial waves only), so that the probability to find them
within R,qw is suppressed by a factor of order (Ryqw/a)?. A complete solution of the

24



8t 11800
6 1700
7.
4 11700
@ °| .-
© 2 =
£ 5} 11600 —
T 4 0 S
o 47 11500 =
- 1 o)
3 ]1400 5
2 ]
11200
. N A

0 . . : 0
10 25 50 75 100 125 150
B (G)

Figure 10: Three-body loss coefficient L3 of a cesium Bose gas as a function of the
magnetic field (data points, left axis). The solid line shows the scattering length (right
axis), which increases with the magnetic field (up to narrow resonances). The losses
strongly increase with the scattering length, consistently with the scaling Ls o< a*. Figure
from Ref. [28].

three-body (atom-dimer) and four-body (dimer-dimer) problems gives the scaling laws of
the relaxation rate constants

(2.51)

hRyaw ( Roaw > 333 hRyaw ( Ryaw ) 255
Qaq X ) Qdq X )
m

m a a

for atom-dimer and dimer-dimer collisions respectively. Contrary to the case of bosons,
the inelastic losses thus decrease when the scattering length increases. In the same work,
the dimer-dimer elastic scattering length was found to be aqq =~ 0.6 a: weakly bound
dimers interact repulsively, which ensures the stability of a Bose-Einstein condensate of
such molecules. The ratio between elastic and inelastic collision rates is thus very large
close to resonance, which allows the gas to reach thermal equilibrium in the strongly
interacting regime. A similar Pauli suppression of three-body recombination holds on the
a < 0 side of the resonance.

Experimental observation. The suppression of inelastic losses was observed in several
experiments with °Li and °K, which demonstrated the long lifetime of weakly bound
Feshbach molecules close to resonance [30, 31, [32], in agreement with the predictions
of Ref. [29]. As an example, Fig.[l1] shows the creation of molecules by sweeping the
magnetic field across the “°K resonance [33]: about half of the atoms are converted
into weakly bound molecules (which are not detected by the atom imaging), and these
molecules can then be dissociated back into atoms. This reversible conversion illustrates
the stability of Fermi gases close to a Feshbach resonance, which made the exploration of
the whole BEC-BCS crossover possible.

Summary. Two-component Fermi gases combine two essential features: the scattering
length between 1 and | atoms can be tuned to arbitrary values with a Feshbach resonance,
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Figure 11: Association of “°K atoms into weakly bound molecules close to the Feshbach
resonance at 224 G. (a) Number of atoms detected after a magnetic field sweep across the
resonance, ending at the field B: about half of the atoms are converted into molecules
when the final field lies on the a > 0 side of the resonance. (b) Scattering length across
the resonance (same data as Fig.[7)). Figure from Ref. [33].

and the gas remains collisionally stable for large scattering lengths. The strongly
interacting regime kr|a| 2 1 is thus accessible at thermal equilibrium, with all the
properties of the gas determined by the single parameter 1/kra (and the temperature),
since the range of the potential is negligible compared to the inter-particle distance. In
the following section, we develop the theory of this crossover.

3 Theory of the BEC-BCS crossover

In this section, we develop the theoretical description of a two-component Fermi gas with
attractive contact interactions, characterized by the scattering length a (see section .
We first show, by solving the Cooper problem, that the Fermi sea is unstable towards
pairing for an arbitrarily weak attraction. This instability motivates the BCS variational
ansatz, which we use to build a mean-field theory of the whole BEC-BCS crossover
at zero temperature, in the spirit of Eagles and Leggett [4, [5]. We then extend the
theory to finite temperature and discuss the superfluid critical temperature, for which
mean-field theory fails on the BEC side. We introduce Tan’s contact, which quantifies
the short-distance pair correlations, and we end with the universal properties of the
unitary Fermi gas, obtained when the scattering length diverges.

Throughout this section, we consider a homogeneous gas of total density n (density
n/2 per spin component), with the Fermi wave-vector kg = (37%n)/?, Fermi energy
Er = h?k%/2m and Fermi temperature Ty = Ep/kg. The interaction strength is

26



characterized by the dimensionless parameter 1/kpa. We use the notations of the AQM
lecture notes (chapter on BCS theory): €, = h*k?/2m is the free-particle kinetic energy,
& = €, — 1 the kinetic energy measured from the chemical potential, A the gap parameter

and Ej, = /& + A? the energy of Bogoliubov quasiparticles.

3.1 The Cooper instability

Before developing a full many-body theory, we discuss the possible fates of a Fermi sea
subjected to a weak attraction. We show, following Cooper [2], that a pair of fermions
above a frozen Fermi sea forms a bound state for an arbitrarily weak attraction, even
though no bound state exists in vacuum for a < 0. This instability of the Fermi sea is
the key to understanding superconductivity and fermionic superfluidity.

3.1.1 The attractive Fermi gas: possible scenarios

In the absence of interactions, the ground state is the Fermi sea, in which each spin
component occupies all plane-wave states of wave-vector k£ < kp. The momentum
distribution ny, = <&L0&kg> is a step function, equal to 1 for k£ < kr and O for k£ > kg
(see Fig.[12h). When a weak interaction is switched on, two scenarios can be considered.

Scenario 1: Fermi liquid. A natural guess is that the interactions only weakly perturb
the Fermi sea. According to Landau’s theory of Fermi liquids, the low-energy excitations
of the interacting system are then quasiparticles, which are in one-to-one correspondence
with the excitations of the ideal Fermi gas, but carry renormalized properties (effective
mass, interactions between quasiparticles). The momentum distribution is smoothened
by interactions, but it keeps a discontinuity at k = kg, of amplitude Z < 1, called the
quasiparticle residue (see Fig.). In this scenario, the ground-state energy can be
computed perturbatively in powers of kra. To second order, one obtains for a dilute
two-component Fermi gas [19, 34]

E 3 10 4(11 — 2In2)

— = —LF 1—|-ko0,—|—
N

~ = 5 s (kea) .. (3.1)

The first-order term is the mean-field (Hartree) energy gnyn;/n = gn/4 per particle,
with g = 47h%a/m, which can be checked using n = k. /372

Scenario 2: Cooper pairing and superfluidity. For an attractive interaction
(a < 0), the Fermi liquid is unstable: particles of opposite spins and momenta pair up
into Cooper pairs, and the ground state is a superfluid. We will show that this scenario
always wins at zero temperature, whatever the strength of the attraction. However, the
pairing energy scales and the superfluid critical temperature are non-analytic in the
interaction strength and exponentially small in the weak-coupling limit,

T. ~ Ty e~ ™/ (helal), (3.2)

This expression cannot be expanded in powers of kra, which explains why superfluidity
cannot be obtained at any finite order of the perturbative expansion . In practice,
for weak attractions, superfluidity only occurs at extremely low temperatures, and the
Fermi-liquid description remains relevant above 7.
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Figure 12: (a) Momentum distribution of an ideal Fermi gas at zero temperature
(blue) and schematic momentum distribution of a Fermi liquid (red), which exhibits a
discontinuity of amplitude Z < 1 at the Fermi momentum. (b) Cooper problem: two
particles of opposite spins and momenta k 1 and —k | interact above a frozen Fermi sea,
which blocks all momentum states k < kp.

3.1.2 The Cooper problem

In order to understand the pairing instability, Cooper considered a simplified problem:
two particles of opposite spins interact via an attractive potential, in the presence of a
Fermi sea of other particles that are assumed to be frozen [2]. The only role of the Fermi
sea is to block, via the Pauli principle, all momentum states k < kg (see Fig.). We
consider a pair of zero total momentum, with a relative wave-function (k) in momentum
space, the particle T having momentum hk and the particle | momentum —hk. The
two-body kinetic energy is 2¢;, = h?k*/m. We look for a bound state of energy

E =2FEp +¢, € <0, (3.3)

i.e. a state of energy lower than the minimal energy 2Fr of two non-interacting particles
above the Fermi sea.

We model the interaction by the pseudo-potential of section 2, whose matrix elements
between plane waves read (g/V)A(k), where V is the volume, g = 4wh%*a/m, and A(k) is
the regularizing distribution, such that A(k) = 1 for finite k£ and [;° A(k) dk = 0. In the
thermodynamic limit, the Schrodinger equation reads

R2k? - 4mth?a o dPE
P09+ A, A= [ AR G

m m

(2Er + €)p(k) = (3.4)

with the restriction k, k' > kp imposed by Pauli blocking. This is the same equation as
for the two-body bound state in vacuum (see section , except for this restriction.
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3.1.3 Binding energy of the Cooper pair
Since A does not depend on k, the Schrodinger equation (3.4)) can be solved for the

wave-function, using 2mFEr/h* = k3:

~ mA 1 N E

K) — — _ mie 3.5
vk RO _RrR2 R (35)

Inserting this expression in the definition of A, we obtain the self-consistency relation

Ak) APk

A= —4maA :
T Sk B2 — kE + k2 (2m)3

(3.6)

The integral is ultraviolet divergent if one sets A(k) = 1. As explained in section 2| the
divergence is removed by adding the vanishing term

0— /0 °° Aé? (;17:;3 _ 271T2 /0 ©A(K) dk, (3.7)

For a non-trivial solution (A # 0), we divide by —4maA and subtract this term, which
gives a convergent expression in which we can safely set A(k) = 1:

1 ke 1 dPk o (1 1 d*k
[T n / - s .. (3.8)
dra  Jo kK2 (2m)3  Jee \K®  K?2— ki 4+ k%) (2m)

The first integral equals kp/272. The second integral is computed by introducing
b?> = ki — k* (we anticipate a weak binding r < kp):

N (- Py . R
272 Jip k% — b2 T om? l{:z—b?_ A2 kg —b

k?F 0 I{ _ | |
- A4n? 4/{;1% 47r2 8EF

(3.9)

where we used kp — b ~ x%/2kp, kp + b ~ 2kp and k?/k& = |¢|/2Fr. Multiplying by
47% /kp, we obtain

7T €]
— =2+4+In—— 3.10
k?FCL tn 8EF ( )
leading to the binding energy of the Cooper pair
8 8 o/ (kela
€ = -5 Fr o™/ (kpa) _ _?EFe /(krlal) (3.11)

This result calls for several comments.

« A bound state exists for any negative scattering length, however small, while no
two-body bound state exists in vacuum for @ < 0. The origin of this difference lies
in the density of states: in vacuum, the density of pair states vanishes at zero
energy in three dimensions, while the pair states available above the Fermi sea
have a finite density of states at the Fermi surface. The problem is then similar to
a two-dimensional bound-state problem, for which an arbitrarily weak attraction
binds, and the logarithmic divergence at small |¢| of the integral above is the
signature of this effective dimensional reduction.
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o The binding energy is a non-analytic function of a, which cannot be obtained at
any order of perturbation theory.

 The pair is weakly bound, |¢| < Ep, and it is made of momentum states within a
shell of thickness 0k ~ x?/kp above the Fermi surface. Its spatial extent is thus of
the order of 1/dk ~ hvg/|e|, much larger than the inter-particle distance ~ 1/kg.

o The Cooper problem is not a consistent many-body calculation: the Fermi sea
is assumed to be frozen, while all particles close to the Fermi surface should be
allowed to pair. Since pairing lowers the energy of any pair close to the Fermi
surface, the Fermi sea itself is unstable, and a self-consistent treatment is required.
This is achieved by BCS theory, discussed in the next subsection. We will see
that the energy scale of pairing in the BCS state is the gap A oc e=™/(2krlal) which
involves half the exponent of the Cooper problem: in the self-consistent theory,
both particle states above the Fermi surface and hole states below it contribute to
pairing.

3.2 Mean-field theory of the BEC-BCS crossover at zero tem-
perature

We now develop the mean-field theory of the many-body problem, based on the variational
ansatz introduced by Bardeen, Cooper and Schrieffer [3]. Remarkably, this ansatz
describes not only the weak-coupling BCS regime, but also the opposite limit of a
Bose-Einstein condensate of tightly bound molecules, as first noticed by Eagles and
Leggett [4) [5]. It thus provides a qualitative description of the whole BEC-BCS crossover,
with a smooth evolution between the two limits. This derivation follows the BCS chapter
of the AQM notes, to which we refer for some technical details, with an emphasis on the
crossover physics.

3.2.1 BCS variational ansatz

We describe the gas in the grand-canonical ensemble, with a chemical potential  common
to both spin components. The many-body Hamiltonian reads

=S &l i+ % S AR alndl o dkogineg,  (3.12)
k,o="1, kk' K

where &, = €, — i, Gk, annihilates a fermion of spin ¢ in the plane wave of wave-vector
k (normalized in the volume V'), 2K is the total wave-vector of the colliding pair and k,
k' are the incoming and outgoing relative wave-vectors.

The Cooper problem suggests to look for a ground state in which all particles are
paired, with pairs of zero total momentum. The BCS variational ansatz is a ‘Glauber
coherent state’ of such pairs:

|¢BCS> X eXp(éT)|®>, éT = Z Fk &TkT&ik¢a (313)
k

where |g) is the vacuum and the operator Ct creates a pair of particles of opposite spins
and zero total momentum, with a relative wave-function of Fourier components I'y (to be
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determined variationally, with I'_, = I'y). The amplitude of the coherent state, which
fixes the mean number of pairs, has been absorbed in the I'y. The pair operators do not
satisfy bosonic commutation relations: one finds

(A1) et &Lﬁdim] =1 —fug — Ny, (3.14)

so that CT is not a bosonic creation operator, except when the occupation numbers of all
relevant momentum states are small. This is the case in the BEC regime, where the pair
wave-function is spread over a large momentum range ~ 1/a > kg, and the state (3.13))
then describes a genuine Bose-Einstein condensate of molecules.

The pair operators dLT&T_k , of different momenta commute, and their square vanishes
because of the Pauli principle. The exponential thus factorizes into a product over pairs
of modes (k 1, —k |), each factor reducing to 1 + Fk&L¢&T—k |- After normalization, we
obtain the canonical form

1 —I'x

_ ESRPS PN _ _
’wBCS> - 1;[ (Uk Uk akTa_ki) ‘¢>7 Ug = \/ﬁa Uk = ma

where we took Ty real, such that ui + v = 1. Each pair of modes (k 1, —k |) is empty
with probability uZ and doubly occupied with probability vZ. The sign convention —uy
is the one of the AQM notes.

The BCS state does not have a fixed number of particles. The relative fluctuations
of the particle number scale as 1/ V/N, as for a Glauber coherent state, and they are
irrelevant in the thermodynamic limit. This is why we work in the grand-canonical
ensemble, the mean particle number being fixed by the chemical potential .

(3.15)

3.2.2 The BCS mean-field Hamiltonian

The BCS state is a Gaussian state (it is the vacuum of quasiparticle operators, see
below), so that all expectation values can be computed using Wick’s theorem. The only
non-zero two-point averages are

(6 awe) = v2, (3.16)

(i liner) = —uvi, (3.17)

the second one being the ‘anomalous average’ that characterizes the pair condensate.
The expectation value of the quartic interaction term can then be decomposed into
products of these averages. Equivalently, one can replace the Hamiltonian by a quadratic
mean-field Hamiltonian, whose expectation value coincides with the one of H for all BCS
states. For the zero-momentum pairs &LTdT_k 14y Gyy, this decoupling contains

« Hartree terms, of the form <&LT&k¢)&ik 1@-x|, which describe the mean-field energy
shift gn_, = gn/2 felt by an atom of spin o in the presence of the atoms of
opposite spin;

« pairing terms, of the form (af,a" 1 )a w it + (@ Gwr)afgal ), which describe
the coherent conversion of pairs of particles into the condensate and vice versa.

Exchange (Fock) terms vanish since the interaction only couples opposite spins.
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Regularization and the fate of the Hartree term. The treatment of the ultraviolet
divergences is more transparent if we describe the interaction by a bare contact coupling
constant gg restricted to momenta k < k., which is equivalent to the pseudo-potential
gA(k) (see section [2)). The bare coupling is related to the scattering length by

1 1 1 1 m mk,

9% 9 V= 2¢r  Arh2a  2m2h?

(3.18)

and it tends to zero when k. — oo. In this limit, the Hartree term gon/2 vanishes. On
the contrary, the pairing term survives, since the anomalous average decays only
as 1/k?* at large momentum (see below), so that the sum Yy (G dxr) diverges linearly
with k., and compensates the vanishing of go. The standard mean-field theory of the
crossover, due to Eagles and Leggett, thus only retains the pairing term. We note that
the Hartree energy gn/2 is physical in the weak-coupling limit: it corresponds to the
first-order term of the expansion (3.1]), which is not captured by the mean-field theory
with a renormalized interaction. It cannot be consistently included in the crossover, since
it diverges at unitarity.

The BCS Hamiltonian. Keeping only the pairing terms, we obtain the BCS mean-field
Hamiltonian
VIAP

Hyos = Y & (algtier + ' gy + Adlgal ) + A ang] — o 319
k 0

where the sum now runs over all wave-vectors, and where we introduced the gap parameter

A= %? Z(d—ki&kT> = —% Zukvk. (320)
k k

The constant term avoids the double counting of the interaction energy in the mean-field
decoupling ATA ~ (ANA 4+ At(A) — (A1)(A), with A = S, a_1dxr. In the pseudo-
potential language, the gap reads A = g [ A(k)(G_x air) d°k/(27)3, as in the AQM notes.
The phase of A can be chosen arbitrarily, by redefining the phase of the operators ;.
This freedom reflects the U(1) symmetry associated with particle number conservation,
which is spontaneously broken by the choice of a given phase for the pair condensate. In
the following, we take A real and positive.

3.2.3 Ground state of the BCS Hamiltonian

The BCS Hamiltonian (3.19)) is quadratic and couples the modes k 1 and —k | only.
Introducing the Nambu spinor (axs, &iki) and using &ikﬁ—ki =1- &_kiaiki, we write

it as
P 2
Hpes = > l(&fﬁ &_k¢) <ik —A§k> <aakT> +§k‘| _ra . (3.21)

k Aiu 90

Each 2 x 2 matrix has eigenvalues £ FEj, with

By, = /& + A2, (3.22)
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It is diagonalized by the Bogoliubov transformation (see the AQM notes, section on the
diagonalization of quadratic Hamiltonians)

BkT = Uk akT + vk (Aliki, (323)
lA)_kJ, = Uk (Al_ki — Uk CALLT, (324)
which preserves the fermionic anticommutation relations for uf + v = 1, with the
coefficients
1 €k 1 €k A
2 2
— — 1 _ = — ]_ _ —_ . 3.25
i 2< +Ek>’ k 2( Ek> = 9 E, (3.25)
The BCS Hamiltonian then takes the diagonal form
Hyos = Eo+ Y B (Bbis + 00 bowt) . Bo=Y (& — Ex) — o (326)
k k 0

The ground state is the vacuum of all quasiparticle operators bk One checks that l;kT
and b_y, annihilate the state (uy, — vk&LTdT_k 1)|9), so that the ground state is precisely
the BCS state (3.15]), with the coefficients . Using the inverse transformation
Ayt = ukZA)kT — ngT_kw -y = uk(A),M + vklA)LT, we recover the averages (3.16)) and (3.17)).

The excitations of the system are Bogoliubov quasiparticles, of energy E}j, which are
coherent superpositions of a particle and a hole. Since the BCS state is a superposition
of states with even particle numbers, a single quasiparticle corresponds to an unpaired
fermion. Breaking a pair while conserving the total momentum creates two quasiparticles,
at a minimal cost 2miny Fy.

3.2.4 BCS equations

The quasiparticle spectrum depends on the parameters p and A, which are determined
self-consistently.

Gap equation. Inserting the expression (3.25) of uxvy in the definition (3.20]) of the
gap, we obtain A = —(go/V) Xk A/2Ey, i.e. for A #0
1 1 1

= = S 3.27
gO V k<kc 2Ek ( )

The right-hand side diverges linearly with the cutoff k., as 1/gy does. Using the
renormalization relation (3.18)) to eliminate gy in favor of the scattering length, we obtain
the gap equation, in which the limit k. — oo can be safely taken:

m 1 1\ &%k
- S — . 3.28
4mh2a /<2Ek 2ek) (2m)3 ( )

The same equation is obtained with the pseudo-potential formalism, by subtracting the
vanishing term [ A(k)/(2¢,) d°k (see the AQM notes).
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Number equation. The total density is obtained from the momentum distribution
(3.16)), summed over the two spin states:

Z / <1 - 5’“) e (3.29)

This integral is convergent, since vi ~ A?/4¢e; at large momentum, and it does not
involve the interaction.

Thermodynamlc potential. The ground-state energy - is the grand potential
Q= (H ) at zero temperature. Eliminating g, we obtain a cutoff-independent expression

2 2 3
@__ml +/<gk Ek+A>dk (330

Vv Amwh?a 2 (2m)3

One checks that the gap equation (3.28)) is equivalent to the stationarity condition
0Q/OA = 0, as expected for a variational calculation, and that the number equation
(3.29)) is recovered from n = —9(Q2/V)/0pu.

Dimensionless form. For given n and a, the two equations (3.28) and (3.29) determine
the chemical potential  and the gap A. Measuring wave- vectors in units of kr and
energies in units of Fg, i.e. introducing x = k/kp, i = pu/Er, A = A/Er and

E(zx) = \/(x2 — 1)2 + A2, the two equations become

2

. (E() - 1> e, (331)
Z _ /OOO 22 (1 xﬂ;)“) dz, (3.32)

where we used h?*/m = 2Fp/k and n = ki /372, The ratios u/Fr and A/Ey thus only
depend on the interaction parameter 1/kpa, as expected from dimensional analysis. We
first solve these equations analytically in the two limits 1/kpa — Foo, before discussing
the numerical solution for arbitrary interactions.

3.2.5 The BCS limit

The BCS limit corresponds to a weak attraction, kra — 07. The left-hand side of the
gap equation 1' then tends to 400, which requires a vanishing gap A — 0, for which
the integrand develops a logarithmic singularity at x = \/fi.

Chemical potential. For A < Ff, the factor 1 — &/ FE} in the number equation is
close to a step function 20(u — €), so that the number equation gives p ~ Fg, up to
small corrections of order A?/FEr. The momentum distribution v is close to the one of
the Fermi sea, smoothened over an energy range ~ A around the Fermi surface.
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Gap. We now evaluate the gap equation for i = 1 and A < 1. Introducing the variable
£ = 22 — 1, we write the integral as

1(8) = /0 <E N 1) dr=3 / (\/52 + A2 \/11+ é) i 339

For A — 0, the only singular contribution comes from the vicinity of the Fermi surface
£ =0, where /1 + £ ~ 1. We isolate it as

1 2
= arcsmh ~ In =. (3.34)

1
5/ «/§2+A2 A

In the remaining part of the integral, we can set A = 0, and elementary integrations give

5/ \/ﬂ_ldf w5 Nﬁ -/ \/ﬁ

We thus obtain I(A) ~ In(8/A) — 2, which we checked numerically. The gap equation
then gives

=Ind—2. (3.35)

8
p~EBp, A~ Ep e~/ (2krlal), (3.36)

Discussion. The gap is exponentially small and non-analytic in the interaction strength,
as anticipated from the Cooper problem. Compared with the Cooper binding energy
(3.11), the exponent is divided by two, so that |e| = (e?/8)A?/Er < A: the self-consistent
many-body pairing is much stronger than the pairing of a single pair above a frozen
Fermi sea.

The quasiparticle dispersion relation Ej = \/(ek — p)? + A? is shown in Fig..
It reaches its minimum A on the Fermi surface k = \/2mu/h ~ kg, and it coincides
away from the Fermi surface with the particle-hole excitation spectrum |e; — Eg| of the
ideal Fermi gas. The gap A is the minimal energy of a quasiparticle, so that breaking a
Cooper pair costs at least 2A. The pair size, estimated from the width dk ~ A/hvp of
the momentum shell involved in pairing, is the coherence length hvp/A > 1/kp.

Beyond mean field. Two corrections to the mean-field result are known
in the weak-coupling limit. First, the chemical potential includes the Hartree shift,
p =~ Ep + gn/2 = Eg[l + 4kpa/(37)], consistent with the expansion (3.1)), which is
missed by the mean-field theory, as explained above. Second, the induced interaction
mediated by density fluctuations of the medium (screening) reduces the gap by a factor
(4e)'/3 ~ 2.2, as shown by Gor’kov and Melik-Barkhudarov [35]. Since this correction is
of order 1, the mean-field theory only gives the correct exponent of the gap, not its
prefactor.

3.2.6 The BEC limit

The BEC limit corresponds to a strong attraction, kpa — 0", for which a two-body
bound state exists, of binding energy Fy, = h?/ma?® > Ep. We look for a solution with a
large negative chemical potential |u| > A, Ep.
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(a) BCS side, 1/(kpa) = —1

(b) BEC side, 1/(kpa) =2
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Figure 13: Quasiparticle dispersion relation Ej, in the mean-field theory (blue lines),
with g and A obtained by solving the BCS equations. (a) BCS side, 1/kpa = —1
(= 0.95FF, A = 0.21 Fg): the minimum A is reached close to the Fermi surface,
and the dispersion relation is close to the particle-hole spectrum |e;, — Er| of the ideal
Fermi gas (dashed red line) away from it. (b) BEC side, 1/kra = 2 (u = —3.89 EF,
A = 1.85 Eg): the minimum +/u? + A% ~ E},/2 is reached for k = 0, and the dispersion
relation is close to the energy €, + Ey,/2 of a free atom released by the dissociation of a
molecule (dash-dotted green line).

Chemical potential. To lowest order, we can neglect A in Ej ~ ¢, + |u|. The gap
equation (3.28)) then reads

_m M ! d?’k__wIl(%”L)Z/w d___mg
4rh2a 2 ) eplen+|u) 27)3 2 272 \ A2 o k2+q2  4Amh?’

(3.37)
with ¢? = 2m|u|/h*. We obtain ¢ = 1/a, i.e.
h? Ey
po = (3.38)

The gap equation thus reduces to the Schrodinger equation for the two-body bound state
(see section [2): the chemical potential of an atom is half the energy of a molecule.

Gap. In the number equation, we use vZ ~ A?/4(¢e;, + |u|)* < 1, which gives

_ mfaA?
Amh4

A2 1 >k A2 1 /2m\?2 o k2dk
(m> / ( (3.39)
0

"E ) et PR T 2 2 \me )2

where we used [;° k?/(k* + ¢*)*dk = 7 /4q. Using n = k3 /372, we obtain

16 2
A~ | —— Fp = —(kpa)*?E,,. 4
3rkra F \/3_7r( pa) b (3.40)
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Interpretation. In this limit, the BCS state describes a Bose-Einstein condensate of
molecules. Indeed, the pair wave-function in momentum space reads 'y = —vy /uy
1/(k? + 1/a?), which is the Fourier transform of the molecular wave-function e~/ /7.
All occupation numbers v ~ (kpa)® are small, so that the pair operator C' behaves as a
bosonic operator, and the coherent state is a condensate of molecules. The gap
A has a very different meaning than in the BCS limit: it scales as the square root of
the density, and it measures the amplitude of the molecular condensate, i.e. it plays
the role of the condensate wave-function. It is not the energy required to break a pair.
The quasiparticle dispersion relation (see Fig.) has its minimum at k£ = 0, with
miny By, = v/p? + A% ~ E}, /2, so that breaking a pair costs the molecular binding energy
B}, as expected.

Pushing the expansion to the next order, one finds u ~ —Fy,/2 + wh*an/m (we
checked this result numerically). This correction corresponds to the mean-field interaction
energy of a condensate of molecules of mass 2m and density n/2, with a molecule-molecule
scattering length aqq = 2a. The exact four-body calculation gives instead agqq ~ 0.6 a
[29], which illustrates the limitations of mean-field theory, even in the BEC limit.

3.2.7 Solution for all interaction strengths

For arbitrary interactions, we solve numerically the two equations and for p
and A. The results are shown in Fig. Both quantities evolve smoothly between the
BCS and BEC asymptotic behaviors, without any singularity: the BEC-BCS evolution
is a crossover, and not a phase transition. The chemical potential changes sign for
1/kpa ~ 0.55, which marks the point where the minimum of the quasiparticle dispersion
relation moves from a finite wave-vector to k = 0. At unitarity (1/kra = 0), we obtain

p~ 0591 Ep, A~ 0.686 Fp. (3.41)

These values are not quantitatively correct. The most accurate measurements and
numerical calculations give p ~ 0.37 Ep and A ~ 0.44 Ex at unitarity (see section .
The mean-field theory is not controlled in the strongly interacting regime, where no small
parameter is available, but it provides a qualitatively correct and physically transparent
picture of the crossover.
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Figure 14: Chemical potential p (a) and gap A (b) in the mean-field theory of the
BEC-BCS crossover at zero temperature as a function of the interaction parameter 1/kpa
(blue lines, numerical solution of Egs. (3.31]) and ( - The dashed red lines show
the BCS asymptotic behaviors p = Ep and A (8/e?) Epe™ (?kra) and the dash-dotted

green lines the BEC asymptotic behaviors y = —FE},/2 and A = /16/(37krpa) Er.

3.3 Superfluid critical temperature

We now discuss the superfluid transition at finite temperature. We first extend the
mean-field theory to finite temperature, which gives a critical temperature consistent with
the standard BCS result in the weak-coupling limit. We then show that this approach
fails on the BEC side, where it predicts the temperature of molecule formation instead of
the condensation temperature.

3.3.1 Finite-temperature BCS theory

At finite temperature, we treat the Bogoliubov quasiparticles of the mean-field Hamiltonian
as an ideal gas of fermions, with occupation numbers (bl b,) = f(Ey) =
1/(eBe/*eT 1 1), Using the inverse Bogoliubov transformation, the anomalous average
and the momentum distribution become

(a-wbig) = —woc [L = 2f (B, (Gplno) = uif(Ex) + o [L = f(ER]. (3.42)
Using 1 — 2f(F) = tanh(E/2kgT), the gap and number equations read
om / tanh(B,/2kgT) 1\ &’k | (3.43)
drha 2Ek 2¢;, ) (2m)3
E, \ &k
= 1—>E tan . 3.44

They can be equivalently obtained by minimizing the grand potential
2

3
92 ma +/<§k—Ek+2A—2kBTln<1+e Ek/kBT)) (d k

Vv 4mh2a 27)3 (345)
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with respect to A. These equations determine p and A as functions of T'/Tr and 1/kpa.
The gap decreases with temperature, and it vanishes at the critical temperature 7,
obtained by solving the two equations with A =0 (i.e. Ex = [&]).

3.3.2 The BCS limit

In the BCS limit, u ~ Er at all temperatures T' < T¢, and the critical temperature is
obtained by comparing the gap equation at A =0, T' = T, with the one at T'= 0. Both
equations only differ in a shell around the Fermi surface, where the density of states can
be taken as constant. Introducing an energy hw such that A, kgT, < hw < Ep, the
contributions of this shell read respectively

hw tanh(§/2kgT,) 2e7hw o dg 2hw
d¢ ~1 — ~In—— 3.46
/0 ¢ ST o VETAL A (3.46)

where v ~ 0.577 is Euler’s constant. Since the integrands coincide outside the shell, the
two expressions must be equal, which gives the celebrated BCS ratio

Y
knT. = %A(T = 0) ~ 0.567 A(T = 0), (3.47)

i.e. T. ~ 0.61Tpe ™/ krlal) ysing (3.36). Including the Gor’kov-Melik-Barkhudarov
correction [35], which reduces both the gap and the critical temperature by the factor
(4e)'/3, the critical temperature in the weak-coupling limit reads

T, ~ 0.28 Ty e~ ™/ (krlal), (3.48)

In the BCS limit, pair formation and pair condensation occur simultaneously at T:
above the critical temperature, there are no preformed pairs and the gas is a normal
Fermi liquid.

3.3.3 The BEC limit

In the BEC limit, the mean-field critical temperature becomes very large. At T =T, we

have A = 0 and p ~ —Ey,/2, as shown by the gap equation (3.43)) with |u| > kT, for

which tanh(|€x|/2kgT) ~ 1. The number equation then describes a non-degenerate

gas of free atoms, with n = 2e#/#87 /)3, where A\ = |/2wh2/mkgT is the thermal de
Broglie wavelength. We obtain

wr  En/2

kgT.™ ~ 2/ ()]’ (3.49)

which scales as F},, up to a logarithm, and diverges for kpa — 07. This temperature

T* = TMY has a clear physical meaning: it is the temperature below which the chemical

equilibrium between free atoms and molecules favors molecules, i.e. the dissociation

temperature of molecules, given by a Saha-like law. It is not related to superfluidity.

The actual superfluid transition, in the BEC limit, is the Bose-Einstein condensation

of an ideal gas of molecules of mass 2m and density n/2, which occurs at the temperature

pec 2R [ n/2 23 _wh? n 2/ B 27 N
w1 =50 (i)~ o)~ e =

(3.50)
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Figure 15: Superfluid critical temperature in the BEC-BCS crossover. Blue line:
mean-field (BCS) theory, obtained by solving numerically the finite-temperature BCS
equations with A = 0, which diverges on the BEC side as the molecule dissociation
temperature. Red line: self-consistent T-matrix theory of Ref. [39], including pair
fluctuations. Dash-dotted green line: condensation temperature 0.218 Ty of an ideal
gas of point-like molecules. Dashed orange line: weak-coupling result 0.28 Tpe™ (2kra)
including the Gor’kov-Melik-Barkhudarov correction.

with ¢(3/2) ~ 2.612. For T* > T > TBFC | the gas is a normal gas of preformed pairs.
The mean-field theory fails to capture this regime, because it only includes pairs of zero
total momentum, while the thermal excitations of a gas of molecules consist of molecules
of non-zero momentum. Describing the condensation of pairs requires to include pair
fluctuations, as done by Nozi¢res and Schmitt-Rink [6] and in subsequent works [36].

3.3.4 Critical temperature in the crossover

The mean-field critical temperature, obtained by solving numerically Eqgs. and
(13.44) with A = 0, is shown in Fig.. It is only correct in the BCS limit (up to the
Gor’kov correction). At unitarity, it gives 7. ~ 0.50 7%, about three times larger than
the accurate values T, ~ 0.15-0.17 TF obtained from quantum Monte Carlo simulations
[37] and measurements [38]. We also show the result of a self-consistent T-matrix theory
including pair fluctuations [39], which interpolates smoothly between the BCS and BEC
limits, with a weak maximum on the BEC side due to the interactions between molecules.
The determination of the critical temperature across the crossover is a notoriously
difficult problem, since no small parameter is available in the strongly interacting regime
and numerical simulations are challenging. To date, no theory provides a controlled
description of the critical temperature over the whole crossover.
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3.4 Short-range correlations: Tan’s contact

The zero-range character of the interaction has striking consequences on the short-
distance structure of the many-body wave-function. In this subsection, we show that all
short-distance (or large-momentum) properties of the gas are controlled by a single
quantity, the contact, introduced by S. Tan [40, 41}, 42]. The contact is related to several
observables by exact ‘Tan relations’, and it can be computed in the mean-field theory.

3.4.1 Short-range correlations

For a zero-range interaction, the many-body wave-function ¢ (ry, ..., ry) satisfies the
free Schrodinger equation whenever all particles are at different positions, supplemented
by the Bethe-Peierls boundary condition when two particles of opposite spins approach
cach other (see section [2)). Considering particles 1 (1) and 2 ({.), we have

r,+r 1 1
w(rl, ce ,I’N) ~ A12 ( ! 2,[‘3, Ce ,I‘N) ( > s (351)

ri—ra 2 |I'1 — I'2| B a

where the regular function A5 depends on the center of mass of the pair and on the
positions of the other particles. This short-distance behavior has a direct consequence on
the pair correlation function between opposite spins. Squaring the wave-function and
summing over all pairs of opposite spins, we obtain, for r — 0,

(D)D) =S (-2 o o

where we introduced the contact density

C(R) = 167 NTN¢/|A12(R, vy, orn) 2 dPrs . dPry, (3.53)

for a normalized wave-function. The total contact is C = [C(R)d*R. It has the
dimension of an inverse length, and it measures the number of pairs of opposite spins at
short distance: the probability to find such a pair within a small sphere of radius s scales
as [y 4mr?dr C/(167%r?) = C's/4w. The 1/r? divergence of the pair correlation function
is a direct consequence of the zero-range interaction, and it does not occur in a gas with
finite-range interactions at distances smaller than the range.

3.4.2 Tan relations

The contact is related to several other physical quantities by exact relations, valid for
any state (ground state or thermal equilibrium, homogeneous or trapped, superfluid or
normal) [40, 411, 42, 143 [44].

Tail of the momentum distribution. The singular part 1/r of the wave-function
has the Fourier transform 4 /k? which dominates the large-momentum behavior
of the relative wave-function. Squaring it, the momentum distribution of each spin
component, normalized such that [ n,(k)d*k/(27)® = N,, decays as

ne(k) o~ ¢ ie. C = lim k*n,(k), (3.54)

k—oo k‘4 ’ k—o0
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where the limit is taken for & much larger than the typical momenta kg, 1/|a| and
VmkgT /h. The kinetic energy [ e;ny(k)d®k is thus UV divergent for a zero-range

interaction, this divergence being compensated by the interaction energy.

Adiabatic relation. The contact also gives the variation of the energy with the

scattering length, ,

& __re (3.55)
d(1/a) 4dm
This relation can be derived by considering two eigenstates 11, 19 of energies E;, Fs,
corresponding to scattering lengths ay, as. Since both satisfy the free Schrodinger
equation away from the contact points, the quantity (E; — Es)(1s|1)1) reduces, using
Green’s theorem, to surface terms around the singularities r;; — 0. Close to a contact
point, the wave-functions behave as A®(1/r — 1/a;), and the relative motion has the
kinetic energy —(h?/m)A, (reduced mass m/2). The surface term on a small sphere of
radius 7 involves

U0 — a0 = APA (= ) (3.56)
a9 a/ r
which, multiplied by the area 4712, gives a finite contribution. Taking the limit ay — a;
and using the definition of the contact, one obtains the relation . At finite
temperature, it holds for the free energy at fixed entropy, and for the grand potential at
fixed p and T

Example: a single molecule. We check these relations for a single molecule (one
1 and one | particle, a > 0) of zero momentum in a volume V. Its relative wave-
function is ¢(r) = e"/?/(rv/2ma), normalized to unity, and the pair correlation function
is |¢(r)|?/V =~ (1/2maV)(1/r* — 2/ar), giving C' = 8n/a. The Fourier transform
o(k) = 47 /[V2ma(k? + 1/a?)] gives k*|¢(k)|> — 87 /a, in agreement with (3.54). Finally,
the energy F = —h?/ma?® gives dE/d(1/a) = —2h*/ma = —h*C/(47wm), in agreement
with (3.55).

Other relations. The contact also determines the tail of radio-frequency spectra
(which decay as w™3/2), the large-momentum part of the static structure factor, and it
enters the expression of the total energy as a sum of kinetic, interaction and trapping
contributions [40, 43, 44]. These relations provide several independent methods to
measure the contact (see section .

3.4.3 Contact in the BEC-BCS crossover

Limiting cases. In the BEC limit, the gas consists of N/2 molecules, each contributing
8m/a to the contact, so that C' ~ 47 N/a. In the BCS limit, the energy is given by
the expansion (3.1]), whose first-order term E ~ wh?an®V/m gives, using the adiabatic

relation (3.55) with da/d(1/a) = —a?,
C ~ 4r%a*n?V. (3.57)

In this limit, the short-range correlations between opposite spins are of second order in
kra, and they are not related to pairing.
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Figure 16: Contact per unit volume in the BEC-BCS crossover at zero temperature.
Blue line: mean-field theory, C/V = m?A?/h*. Dash-dotted green line: BEC limit
C/V =4nn/a, ie. C/(Vk}) =4/(3nkra). Dashed red line: BCS limit, at first order in
the interaction, C'/V = 4n%a®n?, i.e. C/(VkE) = 4(kpa)? /972, which is not captured by
the mean-field theory.

Mean-field contact. In the mean-field theory, the momentum distribution
decays at large momentum as vg ~ A? /42 = m?A? /h*k*] giving
2 A2

¢_ma’ (3.58)

Vv ht
The same result is obtained from the adiabatic relation applied to the grand potential
: since € is stationary with respect to A, only the explicit dependence on 1/a
contributes, (Q/V)/d(1/a) = —mA? /4xh*. In the BEC limit, the expression of
the gap gives C' = 47w N/a, in agreement with the exact result. On the contrary, in the
BCS limit, the mean-field contact is exponentially small, much smaller than the exact
result 472a?n2V: the mean-field theory misses the short-range correlations of the normal
Fermi liquid, which are related to the Hartree term that we neglected. At unitarity,
the mean-field theory gives C' ~ 0.118 3V, i.e. C' ~ 3.5 Nkg, of the same order as the
values obtained with more accurate methods. The variation of the contact across the
crossover is shown in Fig.[16}

3.5 The unitary Fermi gas

The center of the crossover, 1/krpa = 0, corresponds to a diverging scattering length.
In this unitary limit, the interaction does not introduce any length scale, and the gas
acquires universal properties, which we discuss in this subsection. These properties are
shared by any system of fermions with resonant short-range interactions, such as dilute
neutron matter.
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3.5.1 Scale invariance

We recall the s-wave scattering amplitude for a zero-range interaction, fr, = —a/(1+ika).
At unitarity (a = 00), it becomes
1 i
- = 3.59

which saturates the bound |fx| < 1/k imposed by the unitarity of the S-matrix, hence
the name ‘unitary gas’ The scattering amplitude no longer involves any length scale
other than the de Broglie wavelength.

Let us consider a spatial dilation by a factor A\, r — Ar. It changes the physical
quantities as follows:

» wave-vectors k — k/\ and kinetic energies Eyy, — Egin/ A2
o densities n — n/\3;

o the scattering amplitude at unitarity, fi — fi/» = Afx, which scales as a length, as
any length of the problem;

o the interaction energy, which scales as h?f /m times a density, Eiy — Ein/ A2

Kinetic and interaction energies thus have the same scaling. More rigorously, the unitary
gas is described by the free Hamiltonian, supplemented by the Bethe-Peierls boundary
condition ¢ o 1/7;; + O(r;;) (without constant term since 1/a = 0) when two particles of
opposite spins approach each other. This boundary condition is invariant under dilations.
If (ry,...,ry) is an eigenstate of energy F, then

w)\(rla"'er) = Ag}v/zw<1;\1”r>]\\[) (360)
is also a normalized eigenstate, of energy E/A?. The spectrum of the unitary gas in a
box thus scales as 1/L? with the box size L, as for an ideal gas. We note that this scale
invariance would be broken by a finite scattering length, or by a finite range of the
interaction potential. It also requires that no three-body bound states (Efimov states)
appear, which is the case for two-component fermions.

3.5.2 Universal thermodynamics

We write the free energy of a homogeneous unitary gas as F' = N f(n,T), where the free
energy per particle f only depends on the density n and temperature 7' (and on h, m,
kg). Scale invariance implies the relation

n T f(n,T)

f (X),,)\Q) EEBVEE (3.61)
Choosing A = (n/ng)"/? for an arbitrary reference density ng, we deduce that the free
energy is a universal function

kgT

f(n,T) =Er¢ <EF> , (3.62)

of a single variable. The thermodynamics of the unitary gas is thus fully determined by a
universal function of 7'/Tk, as for the ideal Fermi gas [45]. We discuss three consequences
of this result.
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Zero temperature. At T = 0, the energy per particle is proportional to the Fermi
energy, i.e. scales as n?/? as for an ideal Fermi gas. We write it as

3
E =¢NE, (3.63)

where ¢ is a universal number, called the Bertsch parameter. The equation of state is
that of an ideal Fermi gas with a renormalized Fermi energy. In particular, the chemical
potential reads y = OF/ON = {Er and the pressure P = (2/5)énEp. The determination
of & was proposed by G. Bertsch as a challenge for many-body theories in 1999. The
mean-field theory gives £ = u/Er ~ 0.59, while the best experimental and numerical
determinations give £ ~ 0.37 (see section .

Finite temperature. All thermodynamic quantities are universal functions of T7'/TF.
For instance, the critical temperature for superfluidity is a universal fraction 7. /T of
the Fermi temperature, and the entropy per particle S/Nkp is a universal function
of T/Tr. Equivalently, in the grand-canonical ensemble, the density can be written
as nA*> = h(u/kgT), where h is a universal function and A\ the thermal de Broglie
wavelength.

Virial theorem. At fixed entropy S and particle number N, a dilation of the box by a
factor A maps each eigenstate to an eigenstate of energy divided by A2, without changing
the occupation probabilities. The energy thus satisfies E(A*V, S, N) = E(V, S, N) /A2
Differentiating with respect to A at A = 1, we obtain 3VOFE/JV = —2FE, i.e., using

P = —(9E/0V)sx,
PV = ?)E (3.64)

This relation, which holds for the ideal gas, remains true at unitarity in spite of the
strong interactions. It does not hold for a finite scattering length, for which the correction
can be expressed in terms of the contact, PV = 2E/3 + h*C/(127ma) [42].

4 Experimental characterization of the BEC-BCS
crossover

In this section, we describe a selection of experiments that characterized the properties of
strongly interacting Fermi gases across the BEC-BCS crossover. Since the mean-field
theory of section |3|is only qualitatively correct, these measurements provide benchmarks
for many-body theories. We first discuss the thermodynamics of the unitary Fermi
gas, whose universality allows for precise tests. We then describe measurements of the
ground-state properties across the crossover, of Tan’s contact, of the superfluid gap, and
of superfluidity itself. We then consider spin-imbalanced gases, which have no equivalent
in conventional superconductors. We end with a discussion of some open questions in the
field.

In all experiments discussed below, the gas is held in a smooth trapping potential
U(r), usually harmonic, and the interactions are tuned with a magnetic Feshbach
resonance (see section . Most experiments use 5Li atoms, the others using *°K atoms.
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4.1 Thermodynamics of the unitary Fermi gas

At unitarity, the thermodynamics of the gas is described by universal functions of T'/T
(see section . We describe how this universality was tested, how the equation of state
was measured, and what was learned on the normal and superfluid phases.

4.1.1 Testing the scale invariance

The scale invariance of the unitary gas implies the virial theorem , PV =2E/3,
which can be tested in a harmonic trap. We describe the trapped gas in the local density
approximation (LDA), in which the gas behaves locally as a homogeneous system, with a
local pressure P(r) and energy density e(r) (kinetic and interaction energy) related by
P = 2¢/3. The mechanical equilibrium of a fluid element reads

VP(r)+n(r)VU(r) = 0. (4.1)

We multiply this relation by r and integrate over space. For a harmonic potential
Ulr) = im(w?z? + way® + w?2?), we have r - VU = 2U, so that the second term gives
2N (U). Integrating the first term by parts, we obtain [r-VP d*r = —3 [ Pd®r = —2Fy,,
where Fyy = [ e d®r is the internal (kinetic and interaction) energy. We thus obtain
Eiw = N(U), i.e. the total energy E = Ey,, + N(U) satisfies

N{U) = (4.2)

R
exactly as for an ideal gas. The total energy of the gas can thus be measured from
its mean-square size, £ = 2N(U) = 3Nmw?(z?), where the last equality uses the
equipartition of (U) between the three axes which holds within LDA.

This prediction was tested by the group of J. Thomas at Duke University [46]. A
unitary gas of °Li was prepared with a variable energy E, by applying a controlled
energy input from the ground state of energy Ej, and its mean-square size () was
measured. The results, shown in Fig.[L7, exhibit a linear relation between (z?) and E,
with a unit slope in normalized variables, confirming the virial theorem, and hence the
scale invariance of the unitary gas, over the whole explored temperature range, including
the superfluid regime.

4.1.2 Ground-state energy at unitarity: history

The Bertsch parameter &, which gives the ground-state energy E = & gN Er of the
unitary gas, has been the subject of an intense theoretical and experimental activity. Its
history is summarized in Fig.. Analytical approaches (such as the mean-field theory,
which gives £ ~ 0.59, or various resummations of diagrammatic expansions) gave widely
scattered values. The first quantum Monte Carlo simulations gave & ~ 0.44 [47]. Since
these calculations are variational (the fixed-node approximation gives an upper bound
to the energy), they progressively decreased with improved trial wave-functions, and
various lattice Monte Carlo methods were developed. The first experimental values,
deduced from the size of trapped clouds, had large uncertainties, mostly due to the
uncertainty on the position of the Feshbach resonance and on the temperature of the
gas. The determination of £ eventually converged around & ~ 0.37. The most precise
measurement, based on the thermodynamic method described below, gives & = 0.376(4)
[38], in agreement with the most recent numerical results [48].
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4.1.3 Equation of state measurement

The trapping potential U(r) varies slowly at the scale of the inter-particle distance, so
that the gas can be described within LDA, i.e. as a collection of homogeneous systems in
local equilibrium. The thermodynamic equilibrium conditions read

VT =0, VP =nVu=-nVU, (4.3)

where we used the Gibbs-Duhem relation dP = ndu + sd7T" (with s the entropy density)
at uniform temperature, and the mechanical equilibrium (4.1)). The temperature is thus
uniform, and the local chemical potential reads

pu(r) = o — U(r). (4.4)

A single trapped cloud thus samples the equation of state n(u,T') of the homogeneous
gas for all chemical potentials below i, at a fixed temperature: the density profile along
the potential U directly maps the density as a function of . In practice, the local
density can be reconstructed from absorption images by an inverse Abel transform,
exploiting the symmetry of the trap.

The pressure is obtained by integrating the density over the chemical potential,
P, T) = ["° n(u, T)dp. Remarkably, it can be measured directly from absorption
images [49]. For a harmonic trapping potential in the transverse plane, the doubly
integrated density profile reads

2

MU Wy

[l =y du= TP T), (45)

MU Wy

n(z) = //n(x,y,z) dedy =

where 1, = pg — U(0,0, 2), and where we used the change of variable u = m(w?z? +
wiy?)/2, with dz dy = 2rdu/(mwew,). The doubly integrated profile, obtained from an
absorption image integrated along one more axis, thus directly gives the pressure along
the z axis.

An example of measurement is shown in Fig.[19 [50]. The density of a unitary gas,
measured as a function of the trapping potential, gives the equation of state nA® as
a function of p/kgT, where A = (/2wh?/mkgT is the thermal de Broglie wavelength.
Thanks to scale invariance, all measurements, at different temperatures and densities,
collapse on a single universal curve. The measurement was compared with a numerical
calculation based on bold diagrammatic Monte Carlo, which sums the diagrammatic
expansion of the many-body problem to high orders. The excellent agreement in the
normal phase validated this new numerical approach.

4.1.4 Equation of state in the normal phase

The equation of state can be expressed in terms of the pressure normalized to the one of
an ideal two-component Fermi gas at the same chemical potential and temperature,
P/ Pigeal, as a function of the inverse fugacity ¢ = exp(—u/kgT’). This universal function
was measured using the pressure method described above, at temperatures down to the
superfluid transition [5I] (see Fig.[20). This measurement had two main outcomes.
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Figure 19: Measurement of the equation of state of the unitary Fermi gas in the
normal phase. Left: density n of a trapped gas as a function of the trapping potential U
(denoted V in the figure), deduced from absorption images (red line). Right: the same
data expressed as the universal equation of state nA® as a function of u/kgT. The blue
line is the bold diagrammatic Monte Carlo calculation, and the green dashed line the
virial expansion valid at high temperature. From Ref. [50].

Discriminating between theories. At the time of the measurement, the theoretical
predictions for the unitary gas in the normal phase were scattered, and the measured
equation of state allowed one to discriminate between them (see Fig.20). At low
temperature, the normal phase was found to be well described by a Fermi liquid, in spite
of the strong interactions.

Virial coefficients. At high temperature (¢ > 1), the pressure can be expanded in
powers of the fugacity z = e*/*7 = 1/(, as

2kgT
23

The virial coefficient b,, is determined by the solution of the n-body problem. At unitarity,
the second-order coefficient is known exactly, by = 31/2/8, and the third-order coefficient
was computed from the solution of the three-body problem, b3 ~ —0.29 [52]. The
measurement of the equation of state allowed one to check the value of b3, and to obtain
the first determination of the fourth-order coefficient b, [51], which is related to the
four-body problem. The measurement of a macroscopic quantity thus gives access to the
solution of few-body problems.

pP—

(z + bo2® + b3z + byt + . ) : (4.6)

4.1.5 Superfluid ) transition

The thermodynamics of the unitary gas across the superfluid transition was measured
at MIT, by combining measurements of the density and of the compressibility, both
obtained from the density profiles [38]. These quantities give access to the pressure, the
energy, the entropy and the specific heat, as functions of T'/Tf, without any calibration
of the temperature. The specific heat at constant volume, shown in Fig.[21] exhibits a
sharp peak at the superfluid transition, at the critical temperature

T, = 0.167(13) Tp. (4.7)

49



25| Few Virial 4

L ., * % ,{{
k L ]
*
°
5.0 * J *

P / Pideal

1i0p === === ==
|deal Fermi gas

0.05 0.10 ~ 050 1.00 5.00

¢ = exp(—p/kpT)

Figure 20: Equation of state of the unitary Fermi gas in the normal phase, expressed
as the pressure P normalized to the pressure Pige, of an ideal Fermi gas at the same p
and 7', as a function of the inverse fugacity ¢ = exp(—u/kgT’). Black dots: measurement
of Ref. [5I]. The other symbols correspond to other theoretical and experimental
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Figure 21: Specific heat per particle Cy/Nkg of a homogeneous unitary Fermi gas as
a function of T//Tr (red points), deduced from the measured equation of state. The
sharp peak signals the superfluid transition at T, = 0.167(13) T (vertical dotted line).
The black line is the specific heat of an ideal Fermi gas, which tends to the classical value
3/2 at high temperature; the other lines are theoretical models. From Ref. [3§].

This A-shaped anomaly is reminiscent of the superfluid transition of liquid *He. Below
the transition, the specific heat drops rapidly, as expected for a gapped superfluid whose
low-energy excitations are phonons. The same measurement gave the Bertsch parameter
¢ =0.376(4), from the low-temperature limit of the equation of state. At the time of the
measurement, no theory was able to quantitatively reproduce the full behavior of the
specific heat across the transition.

4.2 Ground state in the BEC-BCS crossover

Away from unitarity, the equation of state also depends on the interaction parameter
1/kpa. We first discuss the ground-state energy across the crossover, which was computed
with quantum Monte Carlo methods, and then explain how the collective modes of a
trapped gas probe this equation of state.

4.2.1 Ground-state energy in the BEC-BCS crossover

By dimensional analysis, the ground-state energy of a homogeneous gas can be written as

3 1
F = SNE g( kFa) , (4.8)
where £(1/kra) is a universal function of the interaction parameter, with £(0) the Bertsch
parameter and £ — 1 in the BCS limit. On the BEC side, the energy is dominated by
the molecular binding energy —N F}, /2. Fig. shows the energy per particle, from
which the molecular binding energy has been subtracted, calculated with the fixed-node
diffusion Monte Carlo method [53]. This method is variational in nature: it gives the
lowest energy compatible with the nodal structure of a trial wave-function, which was
taken of the BCS form. In the BCS regime, the results are close to the perturbative
expansion , while in the BEC regime they are well described by a weakly interacting
gas of bosonic molecules with the molecule-molecule scattering length agqq >~ 0.6 a.
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Figure 22: Ground-state energy per particle in the BEC-BCS crossover, calculated
with fixed-node diffusion Monte Carlo, as a function of the interaction parameter —1/kpa
(BEC side on the left, BCS side on the right). The molecular binding energy contribution
er/2 per particle is subtracted (e, = —FE}, on the BEC side, ¢, = 0 on the BCS side),
and the energy is normalized to the energy epq = 3Er/5 per particle of the ideal Fermi
gas. The dashed lines are the asymptotic expansions of a weakly interacting Bose gas of
molecules (left) and of the perturbative expansion of a Fermi gas (right). The inset is a
zoom on the BEC side. From Ref. [53].

The mean-field theory of section [3|is only qualitatively correct: it gives the correct
asymptotic behaviors (except for the Hartree term on the BCS side and the molecular
interactions on the BEC side), but it overestimates the energy in the strongly interacting
regime (€ ~ 0.59 instead of 0.37 at unitarity). On the contrary, the Monte Carlo results
are quantitatively accurate, as confirmed by the measurement of the equation of state
across the crossover [54].

4.2.2 Collective mode measurements

The frequencies of the collective modes of a trapped gas are sensitive to its equation of
state, and they can be measured with high precision. We consider a superfluid gas at
zero temperature, described by the equations of superfluid hydrodynamics,

o+ V- (nv) =0, moyv + V (;va + fhioc(n) + U(r)) =0, (4.9)
where poc(n) is the chemical potential of a homogeneous gas of density n. We assume a
polytropic equation of state po. &< n?, which describes the BEC limit (v = 1, mean-field
interactions between molecules), the unitary gas and the BCS limit (y = 2/3, as for an
ideal Fermi gas).

We consider a very elongated trap, U = smw? p? in the transverse plane, and
the radial breathing mode. We look for a solution of the hydrodynamic equations in
the form of a scaling of the equilibrium density profile ng in the transverse direction,
n(p, z,t) = no(p/b(t), ) /b(t)?, with the velocity field v = (b/b)p, which satisfies the
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Figure 23: (a) Oscillation of the radial width of an elongated °Li cloud after the
excitation of the radial breathing mode, with a fit by a damped sinusoid (red line). (b)
Frequency of the radial breathing mode, normalized to the transverse trap frequency, as
a function of 1/kpa. The dashed lines indicate the hydrodynamic values 2 (BEC limit)
and 1/10/3 ~ 1.826 (unitarity). The red and black lines are the predictions obtained
from the Monte Carlo and mean-field equations of state, respectively. From Ref. [55].

continuity equation. The equilibrium profile satisfies uoc(no(p)) = po — 2mw? p?, so

that, for a polytropic equation of state,

1 mw? p?
foc(n) = b2 (Mo - 2;5 ) . (4.10)

Inserting this expression in the Euler equation, and using 0,v + V(v2/2) = (b/b)p, we
obtain the scaling equation

b= —w?b+ . (4.11)
Linearizing around b = 1, we obtain the frequency of the radial breathing mode
we =1/2(v+ 1) wy, (4.12)

which equals 2w, in the BEC limit and /10/3w, ~ 1.826w, at unitarity and in the
BCS limit (for a superfluid in the hydrodynamic regime).

The radial breathing mode was studied in Innsbruck with a gas of °Li atoms [55].
The mode was excited by a rapid change of the transverse confinement, and the radial
width of the cloud was measured as a function of time (see Fig.23p). The measured
frequency is shown as a function of the interaction parameter in Fig.[23p. It reaches the
value 1.826 w, at unitarity, confirming the hydrodynamic behavior. On the BEC side, it
exceeds the mean-field value 2w, : this upward shift is due to the beyond-mean-field
(Lee-Huang-Yang) correction to the equation of state of the molecular condensate, which
increases the effective polytropic index. The measurement is in excellent agreement with
the frequency calculated with the Monte Carlo equation of state (red line), while the
mean-field BCS theory (black line) predicts a downward shift, which is ruled out.

4.3 Measurement of the contact

Tan’s relations (see section [3|) provide several independent methods to measure the
contact. The first measurements were performed at JILA with a *°K Fermi gas [56].
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Figure 24: (a) Momentum distribution of a strongly interacting °K gas multiplied by
k*, as a function of k in units of kp; the plateau at large momentum gives the contact
(dashed line). (b) Contact (in units of Nkr) measured as a function of the interaction
parameter 1/kpa, from the momentum distribution (filled circles), from the tail of
radio-frequency spectra (stars) and from photoemission spectroscopy (open circles). The
line is a theoretical prediction for the trapped gas at zero temperature. From Ref. [56].

Momentum distribution. The momentum distribution of the gas was measured by
ballistic expansion, after a fast magnetic field ramp to the zero of the scattering length,
which suppresses the interaction energy release during expansion. As shown in Fig.24h,
the quantity k*n(k) reaches a plateau at large momentum, as expected from the relation
, whose height gives the contact.

Other observables. The contact was also measured from the large-frequency tails
of radio-frequency spectra, from momentum-resolved radio-frequency spectroscopy
(photoemission spectroscopy) [56], from the variation of the equation of state with the
scattering length using the adiabatic relation [54], and from the pair correlations
measured by Bragg spectroscopy at large momentum [57].

Results. The values of the contact obtained with the different methods, shown in
Fig.[24p, agree with each other, which confirms the universal relations. They also
agree with the theoretical prediction for the trapped gas at low temperature. At finite
temperature, the evolution of the contact, in particular across the superfluid transition,
remained less well understood theoretically at the time of these measurements.

4.4 Excitations and superfluid gap

The superfluid gap A can be measured by radio-frequency spectroscopy, which consists in
transferring atoms from one of the two spin states to an initially empty third internal
state, weakly interacting with the other two. The energy required to remove an atom
from the gas depends on its environment: removing an atom from a pair requires to
break it, which shifts the resonance frequency with respect to the bare atomic transition.
The spectrum of a superfluid thus provides information on the pairing energy, but
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Figure 25: Radio-frequency spectrum of the unpaired majority atoms in a spin-
imbalanced unitary superfluid, as a function of the excitation energy (horizontal axis).
The spectral peak corresponds to the transfer of quasiparticles close to the minimum of
the dispersion relation. From Ref. [5§].

its interpretation is complicated by final-state interactions and by the pair-breaking
continuum.

A cleaner determination of the gap was obtained at MIT with a slightly spin-
imbalanced unitary gas [58]. The excess atoms of the majority component cannot be
paired, and they occupy quasiparticle states of the superfluid, at the minimum of the
dispersion relation. The radio-frequency spectrum of these unpaired atoms (see Fig.
differs from the spectrum of paired atoms, and the comparison of the two spectra gives
the quasiparticle dispersion relation close to its minimum. At unitarity, this measurement
gives

A = 0.44(3) Ep, (4.13)

significantly smaller than the mean-field prediction 0.69 Fr, consistent with the reduction
of the gap by the induced interactions already discussed in the BCS limit (see section .

4.5 Superfluidity

The pair condensate is expected to be superfluid across the whole crossover. Superfluidity,
i.e. the ability to flow without friction, was demonstrated in two ways: by the existence
of a critical velocity below which a moving obstacle does not create excitations, and by
the observation of quantized vortices in a rotating gas.

4.5.1 Ciritical velocity

According to Landau’s criterion, an obstacle moving at a velocity v can only create
excitations of momentum ik and energy €(k) if v > e(k)/hk. The superfluid flow is thus
dissipationless below the critical velocity

Ve = mkin 67(;]? (4.14)

In the BEC-BCS crossover, two types of excitations compete:
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Figure 26: Critical velocity of a fermionic superfluid. Left: number of condensed pairs
after the passage of a moving optical lattice (inset), as a function of the lattice velocity.
Right: critical velocity as a function of the interaction parameter 1/kpa (bottom axis)
and of the magnetic field (top axis). From Ref. [59].

 The phonons (Bogoliubov-Anderson mode), which propagate at the sound velocity
¢ = y/(n/m)0ou/On. In the BEC limit, the sound velocity is the Bogoliubov
sound velocity of the molecular condensate, which vanishes when the molecular
interactions vanish (kpa — 07). At unitarity, using u = £¢Ep o< n?/3, we obtain
c=4/&/3vp ~ 0.35vF.

o The pair-breaking excitations, which create two quasiparticles. The corresponding
critical velocity is vy, = miny Ey/hk = \/(\/MQ + A? — p)/m, as shown in the
AQM notes. In the BCS limit, it reads vy, &~ A/hky, which is exponentially small.
At unitarity, using p >~ 0.37 Ep and A ~ 0.44 Ep, we obtain v, ~ 0.32 vp.

The critical velocity is thus limited by phonon emission on the BEC side and by pair
breaking on the BCS side, and it reaches a maximum in the strongly interacting regime,
where both mechanisms have similar critical velocities.

This behavior was observed at MIT [59]. A one-dimensional optical lattice, formed
by two laser beams of slightly different frequencies, was moved through the center of the
superfluid at an adjustable velocity v. After the perturbation, the number of condensed
pairs was measured. As shown in Fig.[26] the condensate is unaffected below a critical
velocity v., and it rapidly decays above v.. The critical velocity, measured across the
crossover, reaches a maximum close to unitarity, as expected. The measured values are
smaller than the predictions for a homogeneous gas, since the critical velocity is reduced
in the low-density regions of the trapped cloud.

4.5.2 Quantized vortices

The pair condensate is described by a complex order parameter, proportional to the
gap A(r) = |A(r)]e®™), which plays the role of a macroscopic wave-function for the
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Figure 27: Vortex lattices in a rotating strongly interacting Fermi gas of °Li, observed
across the BEC-BCS crossover, for interaction parameters 1/kpa = 0.7 (BEC side), 0
(unitarity) and —0.25 (BCS side). From Ref. [13].

center-of-mass motion of the pairs. As for a Bose-Einstein condensate of particles of
mass M described by a classical field 1) = y/ne?; the superfluid velocity is given by the

gradient of the phase,

h
vV = MVG, M = 2m, (4.15)

where the relevant mass is the mass 2m of a pair. The flow is thus irrotational, V x v = 0,
wherever the order parameter does not vanish. Since the order parameter is single-valued,
its phase can only change by a multiple of 27 along a closed contour C, so that the
circulation of the velocity is quantized:

h h
ﬁv-dl—%ﬁve-dl—p%, pe . (4.16)

A superfluid can thus only rotate through the nucleation of vortex lines, around which
the phase winds by 27 and on which the order parameter vanishes. The vorticity is
concentrated on these singular lines. For a superfluid rotating at an angular frequency §2,
the vortices arrange in a regular (Abrikosov) lattice, whose density 2Q/(h/2m) = 4mQ/h
is such that the superfluid mimics on average a solid-body rotation (Feynman’s relation).

Vortex lattices were observed at MIT across the whole BEC-BCS crossover [13],
providing an unambiguous proof of superfluidity (see Fig.. The superfluid was set in
rotation by a rotating laser beam, and imaged after time-of-flight expansion. In order to
make the vortex cores visible, the magnetic field was rapidly ramped to the BEC side at
the beginning of the expansion, converting the pairs into tightly bound molecules, whose
condensate has smaller vortex cores and a larger density contrast.

4.6 Spin-imbalanced Fermi gases

Since the numbers of atoms in the two spin states are separately conserved (in the
absence of spin-changing collisions), one can prepare gases with unequal populations
Ny # N;. The spin imbalance frustrates pairing, and it gives rise to a rich phase diagram.
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Zeeman field and Chandrasekhar-Clogston limit. In the grand-canonical ensemble,
a spin imbalance corresponds to different chemical potentials p # p). We write
pr,, = £ h, where h = (pp — p1)/2 plays the role of a Zeeman field acting on the
spin. In the BCS limit, the BCS state is unaffected by a small field h < A, since all
quasiparticle states are gapped and remain empty: the superfluid remains unpolarized.
For large fields, the normal state gains a Zeeman energy by polarizing, i.e. —v(FEr)h? per
unit volume, where v(EF) is the density of states per spin state and per unit volume
at the Fermi surface. The superfluid has a lower energy than the normal state by the
condensation energy v(Er)A?/2 per unit volume. Equating these two energies, we obtain
the critical field for the first-order transition to the polarized normal state, called the
Chandrasekhar-Clogston limit [60, [61]:

A

ﬁ.
In superconductors, this pair-breaking mechanism is usually not accessible, since a
magnetic field is expelled from the superconductor by the Meissner effect, and its orbital
effect destroys superconductivity before the Zeeman effect becomes relevant. With

neutral atoms, the population imbalance can be controlled independently of any orbital
effect.

he = (4.17)

Phase diagram at unitarity. At unitarity and zero temperature, the phase of the
homogeneous gas only depends on the ratio u/ps (for gy > py), as a consequence of
scale invariance. The phase diagram, shown in Fig.[28] contains three phases:

« For p/pr < —0.615, the minority atoms are absent and the gas is a fully polarized
ideal Fermi gas of 1 atoms. The critical value corresponds to the energy —0.615 pi4
of a single | atom immersed in the Fermi sea of 1 atoms, dressed by the interactions
(Fermi polaron).

o For —0.615 < ) /ps < 0.02, the gas is a partially polarized normal mixture, well
described by a Fermi liquid of polarons.

o For p /e > 0.02, the gas is an unpolarized superfluid, with ny = n;. The
transition between the normal and superfluid phases is of first order, with a jump
of the polarization.

Trapped gas: phase separation. In a harmonic trap, the local chemical potentials
po(r) = p2 — U(r) decrease from the center to the edges of the cloud, so that the ratio
i (r)/ps(r) decreases outwards. Within LDA, the cloud thus exhibits a shell structure,
with an unpolarized superfluid core, surrounded by a partially polarized normal shell,
and an outer shell of fully polarized majority atoms. This phase separation was observed
by directly imaging the in-situ density profiles of both spin components, first at Rice
and MIT [62] 63]. Fig. shows the reconstructed three-dimensional density profiles:
the densities of the two components are equal in the superfluid core, up to a radius
R, at which the minority density jumps, signaling the first-order phase transition. By
varying the polarization and the temperature, the phase diagram of the imbalanced gas
at unitarity was mapped out [64] (see Fig.29p). The first-order transition between the
superfluid and the normal phase at low temperature turns into a second-order transition
at high temperature, the two lines meeting at a tricritical point.
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Figure 29: (a) Normalized in-situ density profiles of the majority (red) and minority
(blue) components of a spin-imbalanced unitary gas, as a function of the radius normalized
to the cloud size. The densities are equal in the superfluid core, up to the radius R, of
the first-order transition. (b) Phase diagram of the imbalanced unitary gas as a function
of the spin polarization and of the temperature normalized to the Fermi temperature of
the majority component, showing the superfluid phase, the normal phase and the region
of phase separation (unstable for a homogeneous system), separated by first-order (solid)
and second-order (dashed) transition lines meeting at a tricritical point. From Ref. [64].
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4.7 Open questions

We conclude this section with a few research directions that were open at the time of
these lectures, and in which ultracold Fermi gases offer unique possibilities.

Exotic superfluidity in weakly imbalanced gases. For a spin imbalance just above
the Chandrasekhar-Clogston limit, Fulde and Ferrell [65], and Larkin and Ovchinnikov
[66], proposed that pairing can occur at a finite center-of-mass momentum fq. When the
two Fermi spheres have different radii kg > kg, pairing between k 4+ q/2 and —k + q/2
with ¢ ~ kpy — kp) allows one to match the two Fermi surfaces in a region of momentum
space (see Fig.. The resulting FFLO superfluid has an order parameter modulated in
space, A(r) o< €97 or cos(q - r), which spontaneously breaks translation symmetry. In
three dimensions, this phase is expected in a narrow region of the phase diagram, and it
has not been observed with ultracold atoms. It is expected to be more robust in one
dimension, where indirect evidence was reported [67].

Mixtures of different species. Mixtures of fermionic atoms of different elements
(such as °Li-*°K or '6'Dy-19K) give rise to Fermi superfluids with mass imbalance, whose
pairing properties differ from the equal-mass case. For a large mass ratio, three-body
bound states (Efimov trimers) can form, made of two heavy fermions and one light atom.
For identical fermions, the Efimov effect only occurs for a mass ratio larger than 13.6; at
smaller mass ratios, non-Efimovian trimers can exist. The occurrence of three-body
bound states breaks the universality of the two-component problem, and it could lead to
new many-body phases. Efimov trimers, predicted in 1970 [68], were first observed with
bosonic caesium atoms [27].

Low dimensions. In two dimensions, thermal fluctuations destroy long-range order at
any finite temperature, but a superfluid transition still occurs, of Berezinskii-Kosterlitz-
Thouless (BKT) type, driven by the unbinding of vortex-antivortex pairs. The BKT
transition and the condensation of fermion pairs in the two-dimensional BEC-BCS
crossover were observed with °Li [69] [70]. In one dimension, interacting fermions form a
Luttinger liquid, whose low-energy excitations are collective density and spin waves,
propagating at different velocities (spin-charge separation).

Artificial gauge fields. Neutral atoms do not experience the Lorentz force, but they
can be subjected to artificial gauge fields, created by rotation or by laser-induced couplings
between internal states [71]. This would allow the realization of the quantum Hall effect,
the hallmark of which is the quantization of the Hall resistance of a two-dimensional
electron gas in a strong magnetic field [72], as well as topological insulators and topological
superfluids with ultracold atoms.
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