. PSL* UPMC

de Physique RESEARCH UNIVERSITY PARIS 1881 SORBONNE

@ h{d Ecole normale PARI S '''''' P PARIS

supérieure N
P :DIDEROT T

Lecture 4 :

Ideal gases of bosons and fermions

Fabrice Gerbier (fabrice.gerbier@lkb.ens.fr)
Sylvain Nascimbeéne (nascimbene®@lkb.ens.fr)

Aurélien Perrin (aperrin@Ipl.u-paris13.fr)

MASTER ICFP, ULTRACOLD ATOMS

February 2, 2021



@ Ideal quantum gases in statistical mechanics

® Bosons
Bose-Einstein condensation
Trapped gases and semi-classical approximation
BEC in real and momentum space
A few experimental results with bosons

© Fermions



Reminder on equilibrium statistical mechanics : grand canonical ensemble

® non-interacting particles of mass M in a potential U(r), characterized by a
single-particle states ¢ with energy ;.

® contact with a heat bath fixes the mean energy E.
® contact with a particle reservoir fixes the mean number of particles N.

® microstate : a configuration {IN;n;} of occupation numbers for each energy
level, with total energy E; = > , ni€i such that >ini=Nand 0 <N < +oo.

n

Grand partition function: B o
Maximization of entropy under the fixed E and N constraints implemented by two
Lagrange multipliers 3 = k:B%T and p (chemical potential). This leads to a statistical

density operator p = %e*mﬁj‘ﬁ) in equilibrium, with the grand partition function
0 ="Tr [e_ﬁ(ﬁ_“N)]

Grand potential :

QT p,--) = —kgTn® = E — TS — uN

® For uniform systems (U =cst), equivalence between all statistical ensembles in
the thermodynamic limit:
number of particles N — oo, volume V — oo, density % — cst

® What about non-uniform systems ?



Grand partition function for ideal gases

Factorization into a product of individual partition functions (; for each energy level,

0= HCzw ¢ = i e Bleimmni

n;=0

€;: energy of state ¢, u = %‘T: chemical potential
Grand potential : Particle number :
Q — 1 6ln®‘ 1 OlIn¢;
In® = In¢; = ——— N=— = - = n(e;)
26 =7 B ou b 2B ou by 2"
n(e;) : average occupation number
Bosons : 0 < n; < oo Fermions: n; = 0,1
In¢; = —In (1 - e_ﬁ(e'z'_ﬂ')) In¢; = 1+ ePlei=m
1 ) = 71
= npg(&) = = nrp(ei) = eBlei—m) 41

Blei—m — 1

. L B
Classical limit : LT P~
nBE/FD(€) & ze B¢ (Boltzmann)

with z = eB# the fugacity.
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Bose-Einstein condensation

Single out the lowest energy state, with energy €nin and population Np:

1
N = E ) = E — = Nyg+ N’
- npe() - eBlei—p) — 1 o+
z 1
Ny = _ B(p—€min) N’ = -
0=1C 2’ z=¢ Z z—1leB(€i—€min) — 1

€i>€min

Saturation of excited states when = e (2 =1) :

1
/ / _
N < Naax) = 3 Fememm =1

€i>€min

Low temperature : BEC

® 2~ 1 (u— €min z—kﬁoT)
® No =N — N/, Macroscopic accumulation of particles in the lowest energy
state
Increasing N at fixed T: BEC when N > N, = N}

Decreasing T at fixed N: BEC when T' < Tt such that N} . (T.) = N



Bose-Einstein condensation in a uniform system

Large box of size L with periodic boundary conditions.

2,2
Single particle states: plane waves k with energy % (€min = 0).

- (Aith)sgs/z (2)

Excited states population:
5 (ﬁ2k2) / d3k 1
= NBE
= ( h2k2 “)

® 2 = ePH: fugacity

-1

1
® ga(2) =% %+ Bose-Einstein functions
® Aen = Aﬁ:hT thermal De Broglie wavelength

Saturation of excited states:

L 3
lenax - (T) g3/2(1)
th N——

~2.612

Fixing n = N/V:

Tc,box ~

2mh? ( n ) 2/3
M \2.612 00 02z 04 06 08 1.0 12
t=T/T.pox

NB: Tc,box — 27rh Y N2/3 > 27rh



Derivation

Excited states population:

N = 3k 1
- 3 212
() Ut —n) 4
3 +oo
— (£ epﬁll« /‘d3k671’(kkth)
2 o1
3 +oo 3
— (i) Z ePBu 2 )
2w = PAth
L \3
= ()\Th) 9372 (2)
We used
1




Polylogarithm functions

The statistical mechanics of ideal quantum gases involves integrals of the form

[e 5} ta—l
————dt = £I'(a)Lia (=
|- o (@)Lia (2)
Lin is @ member of a family of special functions known as polylogarithm functions.

We prefer to define separately (not a universal convention) the

Bose-Einstein functions : Fermi-Dirac functions :
+oo 2 +oo (—z)l
gal(2) = 7o = D(@)Lia(2), fa(z) = o = ~T(@)Lia(=2),
=1 =1
3.0 . : :
250
20t | .
T sl g <
S 7. 3
104 = !
05} === !

0.0
0.0 0.2 0.4 0.6 0.8 1.0

Useful limits :

+z . “ .
et @ (Boltzmann gas), Lia(—€®#) ﬁjoo —% (T = 0 Fermi gas)

Lig(+z) —



Bosons in a harmonic trap

Energy levels : e, = hw (nz +ny +n.+ %) = (n + %) hw

Degeneracy gn, = %

Excited states population :

1.0 . -
In !
N = " 0.8} K
zn: z7le—Bnhw 1 = 06} K
1 oo n2 = 04f
~ 7/ — dn 0.2+
2 )1 z7leBnhw _1 0.0
_ (kpT\? ) L0 , :
e ) ®B 0.8}
z 06}
Discrete sum replaced by an integral, valid = o.4|
if kpT > hw. 0.2}
Saturation of excited states: 0.0
10
kT 3 0.9} '
Npax = <H> g3(1) o8t
~1.202 o 00}
~1. 051
04}
03}
02} ‘ ‘ ‘ j
Too~ hw N \3 043 05 10 15 2.0
0~ 1.202 t=T/Teo
NB: Tc0 > hw

NB2: thermodynamic limit in a harmonic trap : N — oo, w— 0, Nw?3 —scst.



Semi-classical approximation - |

2
® Consider the particles as classical, with energy (7, p) = ;’—M +U(r).

® However include their statistics in the determination of the phase-space density f.

1

f(r,p) = npe(e(r,p)) = i T 1

Excited states population :

; dB3rd3p
= @y f(r,p)

/ / - h)g n(B) 5[ — e(r,p)] :/dE‘p(E)nBE(E)

Semi-classical density of states:

f 5[E — e(r,p)]



Semi-classical approximation - |l

2
® Consider the particles as classical, with energy (7, p) = 2”—M +U(r).

® However include their statistics in the determination of the phase-space density f.

1

fr,p) = alehe(rp) 7 1

Excited states population :

dBrd®p
(27h)3

(r,p)

® Same result as before for bosons in harmonic trap in the limit kT > fw

® Simpler to derive certain physical observables, e.g. the spatial density of thermal
bosons is given by

, d’p 1 —BU(r
n'(r) = / Wf(ﬂp) = )\Ta,hgs/z (2’6 pU( ))

BEC occurs when the phase space density in the center is

D(0) = n(0)A%, = gs/2 (1)



Semi-classical approximation = Local density approximation

Another point of view on the semi-classical approximation:

Local density approximation: Treat the non-uniform system (with smoothly varying
density) locally as a uniform one, with “cells” of size d.c; large compared to some
microscopic length [ but small compared to the cloud size R,

< dcell <R

Within each cell, the system is considered as uniform with a local chemical potential

Moc(r) = p—U(r),

offset by the trap potential. Here u : global chemical potential fixed by constraining
the total atom number to .

The density in each cell (or other thermodynamic quantities) is then given by the
same function as for the uniform gas n[ujec(r)].

Very useful approximation for interacting systems
Validity of the LDA: |V pioc|deenl < |pt10c]
Check for the Bose gas:

2mh?2 kT R kT
I=An = ] — =4/Z L>>1
MkBT w2 >‘th




Bose-Einstein condensation in coordinate space

Back to the Bose gas and to the harmonic trap, which we take now to be anisotropic
as most experiments (w, > wgz),

1 1
U(r) = EngxQ + EMwi(yQ +22).

Spatial density : n(r) = no(r) +n/(r)

Condensate density ng: Non-condensate density n’:

_ 2 2 2, .2
no(r) = Nolgo(r)[* ) e e
with ¢o the single-particle ground state  n’/(r) = EQS/Q ze z,th 1,th
th

wavefunction given by

. _ kpT
1 _ @2 2422 with R/, = Mo -
. o 20T 2a2 1/e
0 3/4 1/2
U / a| Qg 3.0

2.5
Here a, ;, = /ﬁl/z are the respective 20

oscillator lengths. 5

3
A}

1.0 i
0.5 —
LN _ kT > 1 0.0 s
1
a| hw |

/R

The condensate shows up as a narrow peak in the density in the trap center.



First obseration of BEC

First observation at JILA 1995 (Wieman/Cornell group, M. Anderson et al., Science 269, 198
(1995)).

Observed not in position space but in “momentum space”, i.e. after a time of flight.



Time-of-flight experiment (quantum mechanical version)

Time-of-flight experiment : suddenly switch off the trap potential at ¢ = 0 and let the

cloud expand for a time t¢.

General formulation for a single particle: The wave-function ¥ (r,t) is proportional (for
long times) to the initial momentum space wavefunction 1o(k) evaluated at k =

M\3/? . MrY\ an
)~ — k=" hE TIX
wir,t) (ﬁt) wo < At ) ¢

with x a uniform phase.

Proof using stationary phase approximation :

3 .
Vlr.0) = / (2dh)k3/2 Po(k)e™ ",

A3k hk2t
o= ] 5 e

(2mh)*/?
M2 3 . 2
~ Jo (k: %) M—/ﬂf—M(m T
ht (2mh)3/? ht
hAkOt

® Analogous to Fraunhofer regime of optical diffraction, requires
with Azg, Akg the spread of g in real and in momentum space.

® for a condensate : N atoms behaving identically, density profile
p(r,t) = N|(r,t)|? with ¥ the condensate wavefunction.

> Axg



Bose-Einstein condensation in momentum space

Momentum distribution (accessible after a time-of-flight) also features a condensed
and an uncondensed component :

P(p) = Noldo(p)|* + P'(p)

A pie?

do(r) cce 28%% 2Ar1 Apy e = \/m,
_ pi+p%+pg

ORIV EE Apen = /MkpT.

® the condensate expands much more slowly than the thermal component (by a

factor \/hw;/kpT for direction %),

® the thermal component expands isotropically,
® the condensate expands anisotropically and undergoes an inversion of ellipticity :

Y Py h/ay
-

- o

x Pz




Experiments with bosons : observation and condensate fraction

Ytterbium BEC, LKB :

Rb BEC, Institut
d’optique & Y 0 )

200 pim

position position position position

Fit of the thermal component by a Bose function g2
[figure from A. Dareau’s PhD thesis]

Critical temperature :

® ideal gas theory
(dashed)

® small but
measurable shift
due to
interactions

‘Température critique (nK)

3 4 5 67809 2

Nombre datomes critique (10°) F. Gerbier et al., PRL
2003.



Experiments with bosons: “pure BEC" in real space

“Almost pure” condensates : no discernible thermal pedestal (No/N > 80 %)
Unlike for thermal bosons, the ideal gas theory fails to describe the condensate
properties.

in-situ density profile: Dashed line shows the expected Gaussian density profile of the
harmonic oscillator ground state.
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Hau et al., PRA 1998



Experiments with bosons: “pure BEC” in momentum space

R
> X

Anisotropic expansion in a cigar-shaped ik e

trap (w > wz) For an ideal gas:
< Yy

® inthe trap, Ry = a; < Ry = ag Sms  10ms 16ms 18ms 24ms
Ry _  [Wy
== RZ - wg > 1,

® for long time of flights,

Ry o [wa
Ry ~ wy<<1.

Tailles (um)

0 12 14 16 18 20 22 24 2
temps de vol (ms)

® Expect Gaussian distribution : not the case = M
72‘ a" /‘PE z

® BEC size depend on atom number

Ideal gas theory describes reasonably well a gas
bosons above T¢, or the thermal component
below T¢, but fails to describe the condensate 5 _ _ d

. 0 5000 10000 15000 20000 25000
properties. Mo

[figure from A. Dareau’s PhD thesis]
Essential to include interactions between the condensed atoms.
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Ideal Fermi gases in a trap : zero temperature limit

i f3/2 (ze—ﬂU(T))

Semi-classical description : n(r) =
Ath

At zero temperature, the Fermi-Dirac distribution becomes a Heaviside step function
Step, centered at the Fermi energy uy = Ep

1
r Ste — -U
) = [P sten (B - 2 - U(r) e
3/2
B .
= on2 — R—F nergy €
Fermi wavevector : kp = 2%”, with 1.0 ‘
Er = p the Fermi energy — T=0
LTy =1
L C T/Te =06
Fermi radius : Rp = ifﬁ E= 051 - - 1T/ =03
- T/Tp = 0.1
From N = [ d3rn(r)?, one finds
Fermi energy : Ep = p = hw (6]\/)1/6 00 = 2 3

afol z2(1 — 12)3/2dz =35



Low temperature limit : the “Fermi lake"

Fugacity z (chemical potential u) for given N, T,w found from

N = (’“B—T)st (-2)

hw
Density: Dimensionless form : 7 = RLF’ t= %
1 - 3 3/2 2
n(r) = —fa/2 (2e7PVM n(r)Ry _ 6t 2
A3, / ( ) N = 2 fajo | ze” 1
1.0 . :
— T-0
..... T/Tr =1
T/Tr = 0.6
&= 0.5 -~ T/Tp =03}
N e T/Tr =0.1

0.0




Experiments with Fermi gases

DeMarco and Jin, Science 1999

. first evidence for quantum degeneracy

1.0
0.5}
R
Internal energy : M0
T 05
(kpT)*
E=3—F"5 z -1.0
(h)? fa(2)
_ 3NkBTf4 (2)
f3(2)
E . .
Eyin = Epot = 5 (harmonic potential)
0
0.0
Observation in a two-component gas of Potassium : _
Measurement of “release energy” Eyin = % after E
time of flight w
%)

Extra energy when cooling down when compared to
a classical gas

0.2 0.4 0.6 0.8 1.0
/Ty

0.15—

o10f s

0.05 e
%

0.00+ ‘:'..r—,s . E,e 0

00 05 1.0 15 20 25 3.0

T/T,



Experiments with Bose-Fermi mixtures : case of Lithium

Spatial profiles of coexisting BEC and Fermi sea after forced evaporation in a
magnetic trap :

Li

T=810nK

T=510nK

1.0geegee e

Normalized Absorption

T=240nK TMe =025

25 T T T T

20r

Evidence for Fermi pressure keeping the cloud size =~ $f
from shrinking further down once 7T is substantially £ | |
below T v

05 g

Truscott et al., Science 2001; see also Schreck et al., PRL 2001
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