Quantization and Fock spaces

Examen de théorie des champs, M1 2009-2010
Vendredi 29 janvier 2010

The exam is made of three parts, A, B and C.

Part A is a series of questions that were explicitly covered during
the lectures.

Parts B and C need some results given in section A.I, and which
can be used and the sequel even without proof.

Part B is a warm-up for part C, which can however be dealt with
almost independently.

Questions marked with a ° are independent of the rest of the
problem and should preferably be covered only after the other ones
have been solved (or at least tried).

Apart from the very last question, units are chosen so that h =
c=1.






Introduction

In Quantum Field Theory, operator products at coinciding points
are singular, divergent. Normal ordering (also called Wick ordering)
is a recipe to quantize classical products while avoiding these di-
vergences, at least as far as normal ordered products have finite
matrix elements between Fock states of finite excitation number.

The purpose of the problem is to analyze more deeply in a simple
situation the pros and contras of normal ordering. The general
setting is the following : one adds to the Hamiltonian of a free
field acting on usual Fock space a perturbation quadratic in the
fields and one studies whether or not the perturbed system can
be studied in the original Fock space. The result depends on the
dimension of space-time.

Even if the study that follows does not go that far, a concrete
case in which the proposed computations are relevant is the com-
putation of the response (for instance the S matrix) of a free field
perturbed by a time dependent (but constant in space) external
source coupled not to the field itself, but to its square. Electron-
positron pair creation by a classical electromagnetic field is a typi-
cal example.



Partie A : Basic questions.

A.I Wick’s theorem

Let ¢ and d be two operators such that [¢,d] = h where [h,¢&] =
[h, d] = 0. The letters A and p stand for commuting parameters (say
complex numbers for instance).

A.1 : Prove that ) )
e’de ¢ =d+Ah.
Show without further computation that
e PdcePd = ¢ 4 ph.
Conclude that éd™ = d"é + nhd™ !, n=2,3, ---. s,
A.2 : ° Use the previous question to show that
e PdAe pd _ JAphoAe

e €

It is suggested to take the derivative with respect to A. o
A.3 : ’ Consider the function F(t) = e trdet(Pd+Acle—tA¢  Check that
F'(t) _ e—tpa(_pa)et(pa+?\é)e—t7\é
+ e—tpdet(pa+)\é)(pa+Aé)e—t?\é
+ e—tpaet(paJr)\é)(_}\é)e—t)\é
Use [A¢é + pd,d] = Ah to infer from the preceding questions that
F/(t) = tAphF(t). e
A.4 : ’ Conclude that
epa+7\é _ ep)\h/2epa

e™e,

A.Il Fock space of an oscillator

Let F be the Fock space associated to the pair of operators a, af
such that [a, af] = 1. We remind you that this space comes with
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an orthonormal basis {{n);n=0,1, .-} such that a|0) =0, an) =
vnln—1)forn=1,2,--- and d'ln) =vn+1n+1)fora=0,1,---.

The symbols a* and a stand for commuting variables and the
normal order of a function f of a* et a with a series expansion
f=2 nnor. fmn(a®)™a™ is defined to be

fi= ) fpa(ah)man

= 1 (a* + a) =:q: = gi(a*—a) D=:p:
q_m =:q: p_w/z pP=:p:,

q
where w is a constant > O.
A.5 : Compute [q, pl. &
Let Ho =:1(p? + w?q?):.
A.6 : Write Hy as a function of a et a'. Give an orthonormal basis

of eigenstates of Ho and the corresponding energy levels. Compare
Ho and 3 (p? + w?q?). &

A.III Fock space for the real free field

We work in generic dimension d !.

A function f(x;,---,xq) defined in R¢ is said to be periodic of
period L if f is periodic of period L independently along the d com-
ponents xp,---,Xxi, -+ ,Xq, i.€. if f is invariant under the action
of translations by all vectors in I* = (LZ)4.We remind you that
I = (ZT"Z)d is the set of vectors that contribute to the Fourier se-

ries expansion of functions of period L in R4, and that for k € I,

do ikKx _14d
J[O L]dd X e =1L 612,6‘

Let F ort be the Fock space associated to pairs of operators
ag, dfz, k € I such that

la all =dz¢  [ag.ag =lal.all=0

! Apart from this slight generalization, the definitions and notations that follow
are those used during the lectures and as such should be familiar. For the
record, d ~ 3 in the real world.



for k,T € I. We remind you that this space has an orthonormal
basis {|)} where T = (ng)g.; € N' runs over the maps from I to N
such that } ;_,ng < +oo. The state |0) is the vacuum, annihilated

by all the a;’s, k € I and

The symbols a* and aj; for k € I denote commuting variables
and we define the normal order of a function of the a}’s and a;’s
with a series expansion f =} - - fiw [ [zoi(az) ™ (ag)™ by

o] [(a™
ke

m,

Let m > 0. For k € I set w; = Vk2 + m2. Define

—» —1]_(’7_(: 1]27_(‘ () — V4
D (X) ]_d/zz \/2_% + age™) DX)=:D(X):,
- 1 Wi —ikx 1kx T(2 o
M(x) = X zkl(a]ze N qpet™) M(X) = : TI(X)
Kel

These functions, together with the associated operators, are peri-
odic of period L on R4.

A.7 : What is the value of [®(%X), TT(i)]? (Don’t do the computation)e,

Let

~ 1 .
H, =: J dix = (1% + (V@)% + m2d?) .
[0.L]d 2

A.8 : Write Ho in terms of the operators dp an dfz. Give an or-

thonormal basis of eigenstates of H, and the corresponding energy

levels. -
Without computations, explain the difference between H, and

Ji0.13449% (12 + (V®)? + m2d?) and why the first one if preferable.,



Partie B : Harmonic oscillator.

We use again the notations of section A.Il.

Let H=:1(p%+ Q2%q?):, where Q is a constant > 0.

B.1 : Write H in terms of da and a'. Explain, without computation
if possible, why (O[H|0) = 0. &

Define operators b et b’ acting on F via

16:(Q—l—w)d—l—(Q—w)c‘ﬁ BT:(Q—l—w)fﬂ-|—(Q—w)c‘1
B 2V/wQ B 2VwQ
B.2 : Check (using that a and a' are adjoints of each other) that b
and b' are adjoints of each other and compute [b, b']. o,

B.3 : Show that X o

H=0bb—Ex(Q, w)
and give the formula for Eo(Q, w). Deduce the formal spectrum of
H. By “formal” we mean “the spectrum in the usual Fock space of
b and b’” (whose relationship with JF is not totally obvious). a,

B.4 : We observe that Eq(Q, w) is always positive, and we want to
understand that. Starting from questions B.1 and B.3, show that
Eo(Q, w) = Q[b]0)IP?
&
To go beyond the formal spectrum, we look for a basis of eigenspaces
of H on ¥. We remind you that, for [u| < 1,

= . = (2n—1)!
( V2= Z 4“1’1'2 Z 2nn1

B.5 : Show that there is in ¥ a unique normalized state, denote it
by |0),, annihilated by b and whose component along |0) is real
and positive. What is the energy (for H) of this state ?

We suggest you to look for this state as a sum ) __,cnn), give
a recursion relation for the c,’s, solve it, and then compute the
normalization.

Check that |0), can be written compactly as:

4 4w 1liah)? +Q
10), = mez |10).
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Define .
_ (b
’Tl>Q: m|0>g’ T'L:O,l,~~
B.6 : Explain without further computations why the states {{n),}n-o.1...
are an orthonormal basis of . ey

The computations from question B.5 show in particular that
the expansion of [0), on the states [n) involves only even n's. To
interpret that, we define linear operator U on ¥ by U|n) = (—1)"n)

B.7 : Check that U = Uf = U~!, and then that, as operators on 7,
Uall ™' =—a ua't!=-a.

Infer that L o X
bl ' =-b Ub'U ! =-b'.

and then that U commutes with Ho et H. What can you conclude
for the eigenstates of H and in particular for |0), . e



Partie C : Quantum Field Theory.

We use again the notations of section A.III.

Let

- 1 o ~ )
H :J A% = (T2 (VD)24+M202) : = Ho+: J dix M—m®2:.
0.1]4 (0.4 2

[\D

where M is a constant > 0. For k € I set Q; = k2 + M2,

C.1 : Write H in terms of the dy’s and d]‘;’s. Express the result as a
sum over K € I of Hamiltonians H®) such that H®) = A(-*) depends
only on ag, a, a_r and a' . Justify that [H(’z), ﬂ(ﬁ} =0fork,Tel,

Define operators b;: and B]Tz acting on F QFT by

(QE—I—(UE)CALE—F (QE—(UE)@T o (QE—I—LUE)QE—{- (QE—(DE)CAlilz
2«/&)]-('(1]2 2 wEQE '

C.2 : Show that the transformation is such that by et b’. are ad-
joints of each other and satisfy

o
&
Il

|

=

o

Foy il
Il

&
You shall take for granted in the sequel that [b, byl = [6]2, B%] =0
K. lel

C.3: Sets; = ©e—2%  Show that (for k # 0 fixed) the state

(’UE_'_le

eselpd! 0)
is normalizable with squared norm

a a < ((U-’ + Q")z
o< 57 0|2 = ~—E =T
wi Ly
and is annihilated by b; and b_;
It is suggested to expand the exponential in powers of s; and to

observe that b is proportional to a; — s dT_E. &



C.4 : Show that O (blbg +b' b ) = HF + FF) 4 2E0(Qg, wp)
where Ey is given by the same formula as in question B.3.

Infer, by use of the previous question, the spectrum of AR 4
A acting on Fqpr. &

In the rest of the problem, one can use without justification 2
the following fact. If (ug)y.; is a family of reals indexed by I such
that ug ~ C [K|=® for [k| — oo the the sum > ie1 Ui is convergent if and
only if 6 > d.The notation k| stands for the Euclidean norm of k.

C.5 : Show that the infinite product [ [, “Z‘j—%)z converges if and
k=7k

only if d < 4. You can reduce the question to the consideration of a
sum by taking the logarithm. ey

C.6 : Conclude using question C.3 that for d < 4 the state

is normalizable and annihilated by all by's. Give its norm. The
corresponding normalized state will be denoted by |0 )pm.
What happens for d > 4 ? Are the usual Fock representation of

the by’s and B%’s, and their representation in J; oFT equivalent?

C.7 : Show that } ¢, Qe 0ol oonverges if and only if d < 3.

4(,012 SN
C.8 : Give, for d < 3, the value of H acting on |0 ), and infer that

H is diagonalizable on F. orr. Give its spectrum without further
computations.

Show that H is not bounded below if d > 3. Y
C.9 : For d < 3, write the energy density (i.e. the energy per unit

volume) of the ground state of H acting on foFT in the limit L — ooe,

C.10 : Compute this integral explicitly for d = 2. Restore the pow-
ers of c and h. &,

2But preferably with some understanding of why it is true!
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