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We review several number-conserving stochastic field nustlior equilibrium

and time dependent Bose gases; these range from classiddbfiexact meth-
ods, and include truncated Wigner (with an explicitly numbenserving imple-
mentation), and, only for equilibrium, a semiclassicaldigiethod. Stochastic
elements in the initial state mimic thermal fluctuationshe tlassical field, or
thermal and quantum fluctuations in the Wigner, semiclassind exact meth-
ods. Time evolution is deterministic with the nonlinear @chinger equation
for the classical field and Wigner methods while it is stoticaf®r the exact
method. We illustrate each method by relevant applicattonhe physics of

guantum gases.

1.1. Introduction

In classical physics we can study the dynamics and equilibproperties of a
system with the phase space probability density. The degesitum equivalents
to this are the quasi-probability distributions widely d$e quantum optics. Two
important examples are the Wigner distribution and the BdalP distribution.
Unfortunately their evolution equations are not alwayssjiae to implement in
practice in an exact way because they involve terms that areimply map-
pable to a classical deterministic or stochastic procassh as difusive terms
with a non-positive difusion tensor or terms involving cubic derivatives of the
distribution function. One is then led naturally to approgie them in dferent
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ways, each of which has its strengths and weaknesses, aid omignight not
be adapted to the particular physical situation. In thisptdrawe describe sev-
eral such approaches for equilibrium and non-equilibriussdsystems (see also
Chapters??, ?? - ??, ??). The first approach is based on the Wigner distribution.
The others are based on the Glauber-P distribution or iesnsiins, presenting
different degrees of approximation: from the simplest clakfisdd approach to
exact methods. The methodology is quite similar for all thpraaches and the
unifying thread is that they are based on theories with a figtd number of par-
ticles (also called “number conserving”). In other wordslti{1) symmetry is not
broken. Number conservation can be important in some palysituations, for
example the coherence time of a condensate depends oyumidluctuations in
the number of particles [1, 2]. From a formal point of view #ygproaches allow
for a detailed quantitative comparison with perturbativedries in order to un-
derstand their limits of validity, such as with the Bogoliwtnumber conserving
theory [3, 4] (see also Chapt@?). We now give a very short description of each
method.

The Wigner methodallows us to include not only thermal but also quantum
fluctuations [5-7] that are important to describe spontaag@oocesses [8], quan-
tum dynamics, squeezing [9-11], etc. (see also Chafer For a system in
equilibrium, the method we present is equivalent to the remtilonserving Bo-
goliubov theory of [4] valid for low enough non-condensedction. The real-
time evolution is approximated (truncated Wigner) whicads to the principal
limitations of this method. Indeed the thermal equilibristate is not stationary
under the approximated real time evolution and tends tarthise to a classical
distribution at a higher temperature. The method can nleskss be very useful
either (i) in the perturbative regime where it allows for nple implementation
of the time-dependent Bogoliubov number conserving approa(ii) beyond the
perturbative regime to include all the nonlinear procegsesvided that the ther-
malization timescale is longer than the one of interests i§imore often the case
in one dimension where the thermalization times are longréftated treatments
in one-dimensional systems see Chap®s?? and??). In three spatial dimen-
sions, for an ergodic system, the thermalization to a dasslistribution may in
some cases be too fast for the Wigner approach to be useful.

If one is mainly interested in thermal fluctuations and nmudtde défects, it
might therefore be preferable to give up quantum fluctuatfomm the beginning
and sample directly a classical field distribution that &ishary under real time
evolution. This is theclassical fieldmodel (see also Chapte??®, ?? and ??)
which can be solved exactly on a computer. From our viewpbistthus very
useful to test some analytical approximations e.g. peativ® or linearized ap-
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proaches asin[1, 2]. Its main problem s that it is a classicalel while reality is
guantum. Furthermore it requires an energy dtiaad the results aii@ general
cut-off dependent (for a discussion of possible ways of dealing thighcut-dt
see Chapter®?, ?? and??). It is useful when the interesting physics is given by
low-energy highly populated modes [12—-14] which requirepriacticekgT > u
for an interacting system. Among its successes, the cll$@td model has been
used to study the formation dynamics of a condensate [15,té&tudy phase
coherence in Bose-Einstein condensates [1, 2], to get ifatare predictions for
the transition temperature in 3d and in 2d thanks to a cleveitien to the cut-
off dependence issue [17-19], to study thermal vortices in adda §as [20], to
study analytically correlation functions in 1d [21], andstidy the formation of
solitons during evaporative cooling via the Kibble-Zurekahanism [22].

When restricted to thermal equilibrium, the cuf-dependence can be elimi-
nated by constructing semiclassical field theorf23] which is intermediate be-
tween the full quantum theory and the classical field modé.dxact for the ideal
gas. For the interacting gas it becomes increasingly atzasahe temperature in-
creases. It smoothly interpolates between a classicatigéea of the low-energy
modes and the Bose-Einstein distribution for the weaklgrantting high-energy
modes. We have also developedict schemdsoth for equilibrium [24] and non-
equilibrium [25] systems. Unlike other exact methods e.gthpntegral Monte
Carlo [26-28] they do not privilege position space obsele@bTheir limitation
is that the computationatiert grows exponentially with the system size.

1.2. Methodology

For all the methods in this chapter, we start with the sameaiiddmiltonian,
where position space is discretized on a cubic grid withclattonstanb, with
periodic boundary conditions of peridg = n,b along directionv = x,y, z, andn,
even integer (for definiteness, here we discuss the 3d dAajenoteV = [, n,
the number of points on the gri¥l,= [], L, the quantization volume aratV = b®
the volume of the grid unit cell. In the case of a trapped gas,quantization
volume is large enough so that the atomic density is small theaboundaries.
The Hamiltonian reads

n h2kZ . . e m g e M mAa
H= Ek: ﬁa‘Lak + de Vex(N) ¥ (N ¥(r) + ?OdVZ B () ()PP .

(1.1)
The field operator obeys the discrete bosonic commutatiolations
[P(r),P'(r')] = (1/dV)s;,, where the single-particle operatay annihilates a
particle of momenturk, with k, € (27/L,){-n,/2,...,n,/2 — 1}. The successive
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terms in (1.1) represent the kinetic energy, the trappirtgii@l energy, and the
atomic interactions modeled by a purely on-site interactwith a bare coupling
constanpy related to the fective coupling constamt = 4x7a/m (wherea is the
s-wave scattering length - see Chap?gy by

1 1 d*k m
o W f[] e (12

To recover the continuous space physlzss taken to be smaller than both the
healing length¢ and the thermal de Broglie wavelengith In the degenerate
and weakly interacting regim¢gl < &, A, one can further takb > |a so that
OJo = g [29, 30]. In the approximate methods (Secs. 1.2.1, 1.2.2)neglect
the diference betweegy andg, while gy is kept inH in the exact method (Sec.
1.2.3).

1.2.1. Number-Conserving Wigner Method

As is well known in quantum optics [31], the Wigner quasifpability distribu-
tion W(®) of the complex classical field(r) is a representation of the system
density operator, such that its moments give the totallyragtnized expectation
values of the quantum fielf. For example, for the mean densitfr) in r, one
has(@*(N)@(r))e = 2(PT)¥(r) + P()¥(r)) = p(r) + 1/(2dV). It is generally
expected that the classical field approximation, that ctsgn replacing field op-
erators by complex fields in the equations of motion, is thetraccurate within
the Wigner representation. For the simple case of an irtiagathermal mode
with initial large thermal occupatiom, the usual argument is that, in the equation
of motion for the Wigner distribution, the classical fieldoapximation amounts to
neglecting terms that are cubic derivative®father than quadratic for Glauber-
P or Husimi-Q, wich is a factor/h smaller approximation [32]. Furthermoi,
remains positive for states with interesting quantum dati@ns, such as squeezed
states of the field, whereas e.g. the Glauber P distribusitimen singular.
Sampling of W at thermal equilibriunin general\W is not positive for alld
for non-Gaussian states of the field. Here we are restriotad approximate sam-
pling in the Bogoliubov approximation (see also Chap®#s??), for a temper-
atureT much smaller than the critical temperature and for the weimkéracting
regime. A further approximation is introduced in the samglof the component
of ® on the condensate mode, valid when a large number of modéisearsally
populated (e.gkgT > 7w in @ harmonic trap), that enforces the positivity of the
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Wigner distribution. Finally, the field is written as

(2)
o(r) = é"[\/ﬁc(gb(r) 4 (r)) + A(r)], (1.3)

N

where ¢ solves the time-independent Gross-Pitaevskii equatigpy =
%zn + Vexi(r, t = 0) + Nglg|? —/JGP]¢ = 0, the chemical potential in the Gross-

Pitaevskii approximation is denoted jygp andq)(f) is the first correction to the
condensate wavefunction beyond Gross-Pitaevskii andti®gonal tog. The
equation forq)(f) is given in [4]. The phasé is chosen uniformly in the interval
[0, 27]. The non-condensed field is orthogonal tap. It is generated according
to the Gaussian probability distribution

P(A, A) exp{—dV(A*,A) M ( 1’\\ )} (1.4)
1 0 . .
whereM = ( 0 -1 )tanh(L/ZkBT) is expressed in terms of
s ( Hop + NoQysl4°Qy NgQ,4°Q;, ] (1.5)
-NOQ#2Q,  —Hgp— NoQylePQ; ) '

Here the v x 2N matrix £ is the discretised version of the number conserving
Bogoliubov operator and thi’ x N’ matrix Q, projects orthogonally to the con-
densate wavefunctio, (Qy)rr- = i — dVe(r)¢*(r’). We developed methods
to sample (1.4) based on a Brownian motionAof29, 33]. If the eigenvectors
(uk, vi) of L with eigenvalueg are known, we can directly use the modal expan-
sionA(r) = Zulaxuk(r) + ayVi(r)] and sample the probability distribution of the
complex amplitude,

Px(ak) = ; tanh(%) exp[—Zlakl2 tanh( 2;;1_ )] . (1.6)
Finally, the condensate atom numid&rin (1.3) is expressed in terms of the non-
condensed field\ as

1 . (A
NC=C—§dV(A,A).[Id—M ](A) (1.7)
whereC = N - 3TrM + 3(N — 1) andN the number of points on the grid.
Time evolution:Once a stochastic field is generated, one evolves it deter-
ministically with the usual time dependent Gross-Pitaé\esjuation,
oo(r,t) [ p?

in T (?n + Vexd(r, t) + g|<1>(r,t)|2)<1>. (1.8)
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This corresponds to the truncated Wigner approximatiomre/lcubic derivatives
of W with respect tab or ®* are neglected in the exact equation of motioMbf
Expectation values of (symetrically ordered) observahtesobtained by averag-
ing over many independent realisationsdaf As mentioned in the introduction,
the initial Wigner distribution is not stationary for them@pximate evolution (1.8).
This can be a limitation of the method especially in ergogigtams [29].

1.2.2. Giving Up Quantum Fluctuations: A Classical Field Model

The classical field model is defined by a Hamiltonkmwhich is formally iden-
tical to Eq. (1.1) but for a classical field, so that one hasttange¥ — @
and¥' — ®@*. The Poisson brackets arg{®(ry), ®*(rp)} = %—V'Z so that
df/dt = {f, H} for a time-independent functionélof the field®.

Generation of the fields in the canonical ensemblée classical fields are
generated by sampling the classical distributly(®) = 5(||(I)||2 - N) etz
where H is the classical HamiltonianZ a normalisation factor anf®|?> =
3 dV|®(r)[2. The approximate sampling scheme that we described for iyeal/
method in the Bogoliubov limit is readily adapted to the slaal field case as fol-
lows: one still uses Eq. (1.3)\ is obtained from the probability distribution (1.4)
by linearizing the hyperbolic tangent appearing in the ma¥t, andN. is adjusted
to have||®||2 = N.

Moreover, contrarily to the Wigner quasi-distributid?y, is always positive
and can be sampled exactly using well developed classidhlads. For example,
a Brownian motion simulation scheme (see p. 125 in [34]) =& evolvingd
in the long imaginary time limit — +oco with the Ito stochastic process
d

1/2 B
TQ¢HN5LE<I>+(kB—T) Qcpdw—(N—l)kBTd@ (1.9)

o =-= av 2N

whereHys g = zp—:n+vext(r,t = 0)+9g|®|?, Qo projects orthogonally td anddW(r)
is a Gaussian noise with zero mean and a covariance midingr )dW(r’)) = 0
and{(dW(r)dW(r")) = 6, ,.dr.

Time evolution Each of the generated fields is then evolved in real time with
Eq. (1.8), which is exact within the classical field model.

1.2.3. Exact and Semiclassical Methods

One can show that the thermal equilibrium density operatothe canonical
ensemble may be written as a stochastic average of dyaditedbrmp =

(IN: ®1)N : Dol)siochr Where|N : @) is a Fock state withN particles in the non-
necessarily normalized stade The distribution of theb,-1 5 is sampled by the
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Ito stochastic process for=0 — g = 1/kgT:

dr

2
40,(r) = - P

N-1

m + Vex(r,t = 0) + go(m

_(N=1) 5. dVio, ()
%[ 2 D,

) Do (r)?

] Do (r) + dWL(r), (1.10)

starting from the common valu®,(r = 0) uniformly distributed on the unit
spherg|®,|| = 1. The statistically independent noigBa/,(r) satisfy

_Godr

<dWa(r)dVVw(r/)> = 2dV

> Qo) Qo) @), (1.11)

where we recall that the project@y projects orthogonally td [24].

A similar procedure can be used for real time evolution, inchitase the Ito
stochastic process is the same but for the replacertn? — dt/iz [25, 35]. It
is interesting to note that in contrast to the Positive-Resgntation [36], the Ito
equations of the present exact method fulfill the hypothafsésstheorem ensuring
that the stochastic trajectories cannot escape to infinttyima finite time [25].

Related stochastic schemes were developed in [37] stdronga Gutzwiller
ansatz instead of the Fock stdte: ®@). A different perspective on these methods
is reviewed in P. Drummond’s chapter (Chapey. Interestingly, similar methods
also apply to Fermi gases [38—40] (see also Ch&ier

An approximate semiclassical scheme to sample the thequoditeium state
can be obtained by simply dropping the stochastic noise ber&ys. (1.10) and
replacing the bare coupling constaytwith the dfective oneg. As discussed in
detail in [23], this is exact for the ideal gas and, for theeratting gas, it is one
order more accurate in the high temperature expansion ligaclassical field.

1.3. Validity Issues

We summarize in Table 1.1 the validity conditions for the Inoets we present,
whered is the dimension of spacés,o andtnerm represent real evolution and
thermalisation times) is the number of modes ardis the healing length. As
shown in [29], the Wigner method and the time-dependent Balgav theory
lead to the same one-body density operator up to ddgiir'/?) excluded. The
semiclassical method is for equilibrium only. The exactimethas no restrictions
but the computationalffort grows exponentially wittN andteyo|.
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Table 1.1. Summary of the validity conditions for all the hrazds.

Method N T 3 tevol

Wigner N>Z4 T<Te p&f>1  tevol < tierm
Classical field N>1 kT u p&d>1 -
Semiclassical N1  ksT >yl p&d>1 tevol = 0
Exact - - - -

1.3.1. Relevanceto other (non U(1)-symmetry preserving) theories

A key advantage of our approaches for finite size systemsighky do not break
theU (1) symmetry. While the substitution of the condensate numkrator by a
c-number was rigorously justified in the thermodynamic lifdit, 42], there is no
spontaneous symmetry breaking in finite size systems. esetfinite size sys-
tems the most natural and flexible approach is to work in tim@c&al ensemble
where the total atom number is fixed. The initial quantumestdtthe system is
then completely characterized by the density operater Z~ exp(SH) which

is directly sampled. If necessary, fluctuations in the tatam number can be ac-
counted for by further averaging. In practice, there aresja situations that are
strongly dfected by fluctuations in the total particle number, suchreigtéracting
Bose-Einstein condensates, the condensate phase spydgadinondensate num-
ber fluctuations, and the dynamical creation of Schrodicgé states. For these
situations, which may require an experimental control efttital atom number, a
number-conserving theory has crucial advantages.

1.4. Applications

1.4.1. Number Conserving Wigner Method

Applications of the number-conserving Wigner method arewshin Fig. 1.1.
Fig. 1.1(a), from [29], is an equilibrium result : it showsagbagreement of the
probability distribution of the number of condensate m#e8 N, in the canon-
ical ensemble for a 1d harmonically trapped interactingeBgas with Bogoli-
ubov theory. Fig. 1.1(b), from [43], is a dynamical applioatof the Wigner
method in the perturbative regime. The correlation patbéistensity fluctuations
gd(x, X) = 1 = (FT(X) PT(X) P(X) P(X)/ (o(X) p(X)) — 1 across a sonic hori-
zon is shown in a flowing 1d condensate: in the< 0 (x > 0) regions, the
flow is respectively subsonic (supersonic). The three abkdd features are as
follows: (i) is the anti-bunching due to repulsive inteians; (ii) stems from a
dynamical Casimir emission of phonons at the horizon foiongtme; (iii) corre-
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(a) Histogram of N_ (b) Density correlations in a flowing BEC
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Fig. 1.1. (a) Probability of the number of condensate pagidor a 1d trapped interacting Bose
gas withN = 10%, keT = 30w, ucp = 141hw (see text). Dashed line: Bogoliubov. Full line:
Wigner. (Image from [29]). (b) Wigner method in the pertuiba regime: Correlation pattern of
density fluctuationgf@(x, ') — 1 across a sonic horizon in a flowing one-dimensional Bosistin
condensate. Inthe< 0 (x > 0) regions, the flow is subsonic (supersonic). The greysoate dark to
bright is [-5, 5] x 10°3. Features (i), (ii) and (iii) are explained in the texis the healing length in the
subsonic region. (Image from [43]). (c) Collapse of the lteidns of the mean density in the center
of a 1d condensed cloud in a harmonic trap after an abruptgehahthe trap frequency — 0.8w
(keT = 30%iw, ucp = 31w andN = 10°). Gray line: Bogoliubov. Black line: Wigner. (Image
from [6]).

sponds to the continuous emission of correlated pairs of@h® by the horizon
and can be interpreted as an acoustic analog of Hawkingti@di@4, 45]. Fi-
nally Fig. 1.1(c), from [6], is a non-equilibrium applicati showing the superior-
ity of Wigner to Bogoliubov in the nonperturbative regimee\8how a collapse
in the oscillations of theneandensity in the center of a 1d harmonically trapped
cloud after an abrupt reduction of the trap frequency. WBibgoliubov theory
(gray line) correctly predicts the collapse at short tinitegiyes unphysically large
oscillations at longer times due to an unlimited growth @& ttumber of noncon-
densed particles, a sidéfect of the linearized treatment of the non-condensed
field. This artifact of unlimited growth oN — N, may be eliminated by self-
consistent number-conserving theories [46], which isipaldarly crucial in the
case of a dynamic instability [47].



October 3, 2011 14:4 World Scientific Review Volume - 9in x 6in sinatra

10 A. Sinatra, Y. Castin, |. Carusotto, C. Lobo, E. Witkowska

(a) Time correlation function of N, (c) Vortex lattice formation in a rotating BEC

T=0 T = 8hw
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Fig. 1.2. (a) Correlation function of the condensate plartitumber(Nc(t)Nc(0)) — (N¢)? for a
3d homogeneous gas, or equivalently of the non-condenseiti@anumberN — N since the to-
tal numberN is conserved. Time is in units ofmV?3/a. (N = 4 x 1%, gN/V = 700/ mV?/3,
ksT = 3077/mV2/3 = 0.1711T, whereT, the critical temperature of the ideal gas). (Image from.[1])
(b) Long time limit of the correlation function, as a functi@f T/T;. Dashed lines: Bogoliubov.
Dash-dotted line rapidly dropping to zero in (a): Gaussiadeh that includes the damping of the
non-condensed field coherence foncti@x (r,t)A(r’, 0)) due to Beliaev-Landau processes and that
predicts a damping to zero of the correlation function\of N; = dV Y, A*(r)A(r) using Wick’s
theorem. Dash-dot-dotted lines: Ergodic theory. Solié lim (a) and squares in (b): Classical field
simulations withN = 4x10°, gN/V = 700:/mV2/3. (Image from [1]). We find quantitative agreement
between the classical field simulations and the ergodiayhsat predicts aion-zerdong time limit

of the correlation function for the system prepared in theocécal ensemble (see text). (c) Vortex
lattice formation in a 3d Bose gas for a trap rotation freqyesiowly ramped from 0 t&: Spatial
density in the plane = 0 at diterent times. Crosses (circles) indicate positions of gestiof pos-
itive (negative) charge. Left columi (= 0), top to bottom: Initial state; near instability; turbote
behaviour; end of simulation. Right columks{[ = 8hw), top to bottom: Initial state; entry of first
vortex; entry of second vortex; end of simulation with a 3tem lattice. (Image from [14]).

1.4.2. Classical Field Method

Two applications of the classical field method in 3d are shawfig. 1.2 In
Fig. 1.2(a), from [1], we show the temporal correlation ftiic of the conden-
sate atom numbe\. in a homogeneous gas prepared at T, with a fixed total
number of particles. The classical field results (blackiim@) and squares in (b))
are used as an exact model to testadtent analytic theories. These simulations
show that, for a Bose condensed gas prepared at time zem® dattonical ensem-
ble and totally isolated in its further evolution, the temgd@orrelation function of
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N, between times 0 arntddoes not tend to zero in the lomgmit, contrarily to the
intuition and to thea priorireasonable assumption that the non-condensed fields
A(r,0) andA(r’, t), that experience decoherence due to the Beliaev-Landel-me
anism, obey Gaussian statistics. The explanation givefilimyolves three key
ingredients, energy fluctuations in the initially prepaséate, energy conservation
in the later time evolution (hence the failure of the Gaussmdel in Fig. 1.2(a)),
and ergodicity due to interactions among the Bogoliubovd@saat the origin of
the Beliaev-Landau processes (hence the failure of thel Bagmoliubov theory
in Fig. 1.2(a) and (b), that neglects such interactions)is Tounterintuitive re-
sult of an infinite correlation time for the condensate g&thumbem, indicates
that the non-condensed modes cannot always be correatgdras a simple heat
bath for the condensate [48-50]. The classical field methaslalso used to test
a kinetic theory calculation of the microcanonical con@ggeghase diusion co-
efficient [2]. In Fig. 1.2(c), from [14], the classical field methis applied to
the problem of vortex lattice formation in a rotating conset gas initially at
zero (left column) and finite temperature (right column).eThll nonlinearity
contained in the classical field allows the transfer of epéigm collective to mi-
croscopic degrees of freedom, which tEeetive purely Hamiltonian dissipation,
and the consequent crystallization of the vortex latticdisTvalidates the sce-
nario of vortex lattice formation by dynamic instability bdrodynamic modes
proposed in [51] and experimentally tested in [52]. Simdkassical field results
were obtained in 2d, with a quantitative study of the indutethulence [53].
More recently we have used a mixed classical field and Wigrethad to deter-
mine the limit to spin squeezing in a finite temperature eténg Bose-Einstein
condensate [11].

1.4.3. Exact and Semiclassical Methods

We show two equilibrium applications of the exact and theiskssical methods
in Fig. 1.3. Fig. 1.3(a), from [54], shows the exact probi&pdistribution P(N.)
of the number of condensate atoms for decreasing tempesdfira 1d system
of N = 125 atoms in a harmonic trap:

N!
Ng!(N = Ng)!
where the stochastic fields of the exact method are split inpoments parallel
and orthogonal to the exact condensate mageé;) = Codexac(r) + P=(r). Pexacs
normalized to unity, is obtained as the most populated sigém of the exact one-
body density operatgr = (|®1){(D2|((D2]P1))NVsoch In Fig. 1.3(b), from [23],
the semiclassical method is applied to Berezinskii-KdisteT houless physics in

P(Nc) = ()N (@5 1D )N NeYgtoch (1.12)
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Fig. 1.3. (a) Exact probability distributioR(N¢) of the number of condensate atoms in a 1d Bose
gas withN = 125 for temperatureksT /7iw = 50 (i), 33 (ii), 20 (iii), 10 (iv), 5 (v). The 1d coupling
constant isgp = 0.08%(hw/m)Y2. Dashed lines in curves (iii,iv,v): Bogoliubov. Diamondsdurve

(i): ideal gas. (Image from [54]). (b) Temperature depeédenf the mean density of positive charge
vortices in a homogeneous 2d Bose gas, denoted, bywvith N = 1000. The degeneracy temperature
is Tq = 277%p/m. (The surface density is calledn in the figure). Symbols from top to bottom:
semiclassical simulations for coupling constagts: 0, g = 0.14%/m, g = 0.34%/m. Solid lines:
exact canonical result fay = 0; analytical prediction of an activation lamy . /n = CeA(T/k8T for

g # 0. A(T) is the minimal energy to create a node in the fiéldor a temperature dependent semi-
classical energy functional, hence a (in 2d logarithmigesrelence oA onT. Dot-dashed line (barely
distinguishable from thg = 0 solid line): Bogoliubov foig = 0. Dashed line: grand canonical result
for g = 0, which totally difers from theg = 0 canonical result, due to large unphysical fluctuations of
the condensate particle number in the grand canonical diedfb, 56]. (Image from [23]).

a 2d homogeneous Bose gas. The mean density of positiveechartices is
calculated as a function of temperature for various inteacstrengths and com-
pared with analytical predictions (see the caption of therég

Keywords

bosons; canonical ensemble; classical field; exact methoaber conserving;
semiclassical field method; truncated Wigner.
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