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Nonequilibrium dynamics of adaptation in sensory systems

Daniele Conti

and Thierry Mora

Laboratoire de Physique, Ecole Normale Supérieure, CNRS, PSL Université, Sorbonne Université,
Université de Paris, 75005 Paris, France

M (Received 19 November 2020; revised 12 April 2021; accepted 11 October 2022; published 9 November 2022)

Adaptation is used by biological sensory systems to respond to a wide range of environmental signals, by
adapting their response properties to the statistics of the stimulus in order to maximize information transmission.
We derive rules of optimal adaptation to changes in the mean and variance of a continuous stimulus in terms of
Bayesian filters and map them onto stochastic equations that couple the state of the environment to an internal
variable controlling the response function. We calculate numerical and exact results for the speed and accuracy
of adaptation and its impact on information transmission. We find that, in the regime of efficient adaptation,
the speed of adaptation scales sublinearly with the rate of change of the environment. Finally, we exploit the
mathematical equivalence between adaptation and stochastic thermodynamics to quantitatively relate adaptation
to the irreversibility of the adaptation time course, defined by the rate of entropy production. Our results suggest
a means to empirically quantify adaptation in a model-free and nonparametric way.
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I. INTRODUCTION

To make informed decisions, biological organisms sense
and internally represent their environment using sensory sys-
tems, often with accuracy approaching physical limits [1,2].
The response function of a sensory system maps input stimuli
onto output signals, whose nature depends on the encoding
system. For example, cells respond to environmental stim-
uli through biochemical signaling [3-5]. The fate of cells
in development is controlled by patterns of gene expression
[6]. Neural systems encode information using spikes, voltage
differences, and ionic currents [7-9].

A common challenge posed to these sensory devices is
the breadth of variation of external stimuli, which is often
much larger than the response range of the sensory system.
The activity of photoreceptors in the retina saturate over two
orders of magnitude, yet they must cope with light intensities
spanning ten decades [10]. E. coli can navigate gradients of
chemoattractant concentrations over five orders of magnitude
using the binary response of its rotary motors [11]. This is
possible because over short timescales, stimuli are typically
restricted to a much narrower distribution which depends on
the immediate surrounding environment, e.g., ambient light
level in vision or local concentration in chemical sensing. To
produce efficient responses, sensory systems must adapt their
response properties, as changes in the environment modify the
statistical properties of the stimulus [9,12].

Theories have been developed to understand general prin-
ciples of sensory adaptation and predict response properties,
in particular in the context of sensory neuroscience [13]. One
central idea is Barlow’s efficient coding hypothesis [14,15],
which posits that neural systems maximize information trans-
mission under the constraints of metabolic costs, dynamic
range, and internal noise [16—19]. Efficient coding predicts
that the dynamic range of the response function should be
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matched to the distribution of inputs so as to make the
output distribution as balanced as possible, thus maximiz-
ing information [20,21]. As the distribution of input signals
changes with time, the response function should then adapt
accordingly. This argument rationalizes adaptation and makes
specific predictions about its properties, with successful ap-
plications in vision [13,22-24]. However, progress towards
a general theory is hindered by the multiplicity of systems
which differ in their constraints, costs, and relevant features
to be encoded [25,26].

A possible overarching principle of sensory adaptation lies
in its analogy to nonequilibrium statistical mechanics. When
a thermal system is driven out of equilibrium by an external
forcing, its energy landscape evolves and the system “adapts”
by following the new equilibrium with a delay, while losing
heat to the reservoir. The resulting dynamics is irreversible
and the dissipated work can be estimated using the measure
of entropy production, which quantifies irreversibility [27].
Similarly, sensory adaptation creates irreversible dynamics
that carries an intrinsic energetic cost, as was studied in the
case the E. coli chemotactic signaling network [28]. The main
result of this paper is to formalize the link between adaptation
and irreversibility by studying in detail analytically solvable
systems of sensory adaptation, where the mean or the variance
of the stimulus changes over time.

We first derive the dynamics of optimal adaptation from
principles of Bayesian inference (Sec. II). While previous
approaches have used Bayesian estimates to explain adap-
tation [24,26,29,30], their impact on the response function
either was not made explicit or was obtained by minimiz-
ing a loss function reflecting particular coding constraints.
By contrast, we derive the optimal response function from
the maximization of Shannon’s mutual information [19],
assuming a noiseless internal adaptation variable. A previ-
ous limitation of Bayesian update rules is that they usually
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assume discrete time, while both the stimulus and response are
continuous. We show that in the case of a varying mean, the
adaptation dynamics has a well-defined continuous-time limit,
which can be mapped onto a system of coupled Langevin
equations with nonlinear forces and position-dependent diffu-
sivities, allowing for an explicit analogy with nonequilibrium
statistical mechanics (Sec. III). We derive this mapping for
the classical case of a stimulus mean switching between two
values, but also for the case of a stimulus whose mean fol-
lows a random walk, which admits an analytical solution. In
that continuous limit, we obtain explicit expressions for two
quantities that characterize adaptation, accuracy and speed,
which are in a trade-off relationship (Sec. IV). To relax the
assumption of optimality, we also explore performance in the
case where the dynamical rules of the stimulus statistics are
not precisely known (Sec. V). The case of variance switch-
ing, which was treated in [29], is revisited with predictions
on how information transmission should drop and recover
following switching events (Sec. VI). Finally, we generalize
and formalize the analogy between sensory adaptation and
nonequilibrium statistical mechanism by proposing entropy
production (a nonparametric measure of temporal irreversibil-
ity) as a signature of adaptation (Sec. VI). We calculate it
explicitly in the case of adaptation to a changing mean and
discuss its general relevance to experimental recordings of
Sensory neurons.

II. ADAPTATION AS INFERENCE

The first requirement to do efficient coding is to build a
good estimate of the statistics of the environment, e.g., the
mean and variance of the stimulus. To do so, the sensory
system only has access to stimuli experienced in the past. It
must integrate stimulus information far enough into the past
to collect enough statistics, but not too far, since stimulus
statistics themselves may change over time. This trade-off
reflects the need to adapt fast, in order to track the stimulus
statistics reliably, but not too fast, in order to build enough
evidence that changes actually occurred and not be prone to
random fluctuations of the stimulus. This task can be naturally
framed as an ongoing inference problem [24,26,31,32]. Its
optimal solution is given by a Bayesian formulation, which es-
timates the distribution of possible stimulus parameters given
the stimulus history [24,25,33]. Our approach postulates that
the sensory system has access to the raw stimulus, rather
than just the sensory response, to implement its adaptation
mechanism. In this view, the sensory system “compresses”
information by transforming the input into a noisy response,
but can adapt this compression scheme based on the stimulus
statistics, which it has access to through (unaltered) past stim-
uli. This is particularly relevant for the early processing of
visual information, which mostly proceeds in a feedforward
way. For instance, adaptation to the mean light level occurs
directly at the level of photoreceptors, with no feedback from
the retinal ganglion cells (the output of the retinal), and simi-
larly for contrast adaptation at the level of signal transduction
between photoreceptors and bipolar cells [34], although some
biochemical feedback internal to each cell plays an impor-
tant role [35]. This view stands in contrast with adaptation
mechanisms through direct feedback, whereby the response

function is adapted based on the knowledge of past sensory
responses only, with the input and intermediates masked [26].
We also assume that the processing linked to the adaptation
module is noiseless, which is a simplification with respect to
realistic biological adaptation mechanisms. While inspired by
aspects of visual processing, our approach does not aim to
model the details of the circuitry or biochemical pathways,
but rather takes a global view of the system as an input-output
relationship.

The optimal Bayesian estimator [24,29,36], also called
Bayesian filter, is defined as follows. At each time step n,
the model estimates the state of the environment given the
stimulus history P(y,|sj<.), where y, represents the state of
the environment at time n and s, is the vector of past stimuli
up until time x. In general, y, parametrizes the distribution of
stimuli at each time P(s,|y,). In this paper this distribution
will be assumed to be Gaussian and y, will then simply denote
its mean or variance. Bayes’s rule states that

1
P(yn|sj§n) = §P(Sn|yn)P(yn|sj<n)’ (1)

where Q = P(s,|s;,) normalizes the distribution.
Assuming that the dynamics of the environment is Marko-
vian, one can write a recursive form

1
POulsj<n) = PGalyn) Y2 POulyn-DPGu-ilsjan). (2)

Yn—1

This formula combines the new observation s,, with the esti-
mate of y,_ at the previous time step [29], taking into account
the way y, may have evolved. Prior knowledge of P(y,|y,—1)
is essential as it sets the timescale over which past samples are
discarded. Ignoring it, as was done in [24], leads to assuming
an infinite memory timescale and everlasting dependence on
initial conditions.

Armed with an estimate of the environment statistics,
the sensory system may use this knowledge to adapt its
response r, to the stimulus. Following previous proposals
[15,21,22,37], one may assume that the stochastic encoding
P(r,|s,) is chosen to maximize information transmission

P(ralsn)

P(ry) )

161 = [ dsdrP) P35
where the form of the response function P(r,|s,) is set by
biophysical constraints. Alternative choices of objectives to
optimize include decoding accuracy, metabolic costs [38], or
the ability to infer the environmental variable y, itself [26].
The simplest assumption, which is equivalent to Laughlin’s
original argument [20], is to assume a constant Gaussian out-
put noise

In =g(sn)+6n’ @4

where ¢, is a uncorrelated Gaussian noise of zero mean and
variance 03 and g(s) is a function constrained between 0
and ryx so that P(r|s) o exp{—[r — g(s)]2/203}. In the small
noise limit o, < gmax, the response function g(s) maximizing
the mutual information is the one that maximizes the en-
tropy of the response [21], which is realized by the uniform
distribution P(7) = 1/rmax for 0 < 7 < rmax, Which in turns
gives P(r)dr ~ P(s)ds, hence dr/ds = g(s) = rmaxP(s), or
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FIG. 1. Sketch of the adaptation process. (a) Example of a stochastic stimulus s, whose mean varies according to two environmental states
vy, = + and —. After sufficient time in each state, the gain function of the sensory system is adapted to its statistics (phase A for state + and
phase B for state —). In addition, after each switch there is a transient phase during which the system adapts. (b) The sensory system combines
the raw stimulus s, with an internal estimate x, of the environmental variable y;, computed from the past of s, <,. (c) The sensory response r;,
which is optimized to maximize information transmission based on the internal variable x,, reacts to sudden changes of the mean stimulus, but
then relaxes back to a basal value as the gain function adapts to the new state. (d) Changes in the gain function can be rationalized based on
the internal representation of the expected stimulus statistics (distribution of inputs), encoded by x,. When deep in the adapted phases A and
B, the assumed distribution of inputs matches the true statistics in each state [x, & +1 matching P(s|y = +1) in blue and x, &~ —1 matching
P(s|ly = —1) in orange]. In the transient adaptation phase, new stimuli from the new state challenge the previous belief, which progresses to
the new adapted phase (intermediate colors). (e) Information theory dictates that the optimal gain function should be most sensitive where the
stimulus is expected [Eq. (5)], causing the system to shift its dynamic range around the new mean. This explains the form of the response in

©).
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so that the response function’s sensitivity follows the assumed
statistics P of the stimulus at time 7, derived from the belief
about the state of the environment y,

P(slsj<n) = / dy P(s[y)P(sj<n), (6)

where for the rest of this section we drop the n index to
simplify notation. The mutual information being actually
transmitted can be rewritten as

I(s,r) = S[r] = S[rls], (7

with S[r] = — [ dr P(r)InP(r) and S[r|s] = — [ dsP(s|y)
[ P(rls)In P(r|s), where P(r) = [ ds P(r|s)P(s|y). For Gaus-
sian output noise, the second term is just the entropy of the
noise S[r|s] = %1n(271ec7€2). In the same limit of small noise
that gave us the optimal encoding, the output is almost a
deterministic function of the input, so S[r] is approximately
obtained using P(r) =~ P(s|y)ds/dr = r;e}xP(sbz)/IS(s), pro-
portional to the ratio of the true to the assumed stimulus

distributions. This resulting information transmitted is

27rer§1ax P(sly)
Q2 —/dsP(s|y)1n ﬁ(s) , (8

€

1
I(s,r) = Eln

where in the second term we recognize a Kullback-Leibler
divergence or cross entropy, which is always non-negative.
The mutual information is maximized when the inferred
statistics of the environment exactly matches the true one,
P(s) = P(s|y). In that case, the Kullback-Leibler divergence
is zero and only the first term survives, the channel capacity,
which has an intuitive interpretation: It is the logarithm of the
number of distinct responses that can be resolved from each
other, given by the ratio of the output dynamic range rp,x to
the resolution of the response o. This number, which can also
be interpreted as a signal-to-noise ratio, encodes the resource
constraints of the sensory system and is the main determinant
of information transmission. However, an interesting feature
of (8) is that the information loss due to nonoptimal adaptation
encoded in the Kullback-Leibler divergence does not depend
on that resource parameter, making the analysis robust to that
choice.

The full adaptation scheme is summarized in Fig. 1 with
the example of a Gaussian stimulus whose mean switches be-
tween two values. Shortly after the mean changes [Fig. 1(a)],
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the system progressively updates its expected distribution of
stimuli as it accumulates more samples [Fig. 1(d)] and adapts
its response function [Fig. 1(b)] according to (5), as illus-
trated in Fig. 1(e). The resulting response dynamics [Fig. 1(c)]
shows epochs of strong upward and downward changes right
after each switching transition, followed by relaxation to in-
termediate values as the system adapts to its new response
function, closely mimicking experimental observations.

In the following we will study and solve particular cases
of adaptation to a Gaussian stimulus with varying mean or
variance.

III. ADAPTATION TO A VARYING MEAN

Let us start with the most intuitive and simple case: adap-
tation to changes in the mean of the stimulus. We will take
two very simple processes as case studies: a telegraph process,
in which the mean randomly switches between two values,
and an Ornstein-Uhlenbeck process, in which the mean varies
continuously around a fixed value. Discontinuous switches
such as those produced by the telegraph process are com-
monly studied in experiments on sensory adaptation, because
of the strong adaptive transient they trigger. The Ornstein-
Uhlenbeck process is interesting because of the analytical
insight it affords.

A. Two models of fluctuating mean
1. Telegraph process

We consider a system where the environmental parameter
v, switches between two values y_ and y, with probability k
at each time step. The sensory system has access only to the
s, which we assume to be Gaussian distributed with mean y,

and fixed variance o2,
Sp = Yn + O, (9)
with (n,) = 0 and (n,n,) = 8w, so that
1 (s —v )2 /202
P(salyn) = ==~ 27 (10)
To

We substitute this expression into (2) and use the fact that the
distribution of y, given the stimulus history s;<, is entirely
determined by its mean x, = (y,)l,., because of its binary
nature. Assuming y; = %1 without any loss of generality, by
averaging (2) we then obtain an update equation for x;,;:

. sinh (%) + (1 - 2k)xnfl COSh (%) (11)
7 cosh (2) + (1 — 2K, sinh (%)

S
a

For this estimator to be optimal, the variance o2 in (11) should
be equal to the true variance of the stimulus distribution.
This can be achieved, for instance, by a variance adaptation
mechanism, as we will see in Sec. VL. In Sec. V we will
also deal with the case where the system does not use optimal
parameters.

2. Autoregressive (Ornstein-Uhlenbeck) process

Another simple example of stochastic dynamics for the
mean is given by an autoregressive process, which we also
call Ornstein-Uhlenbeck process by abuse of language, as it

reduces to it in the continuous time limit (discussed later),

Yn+1 = ay, + 0/77;, (12)

where 1’ is a Gaussian white noise, (n,) = 0, (17,7,)) = 8w,
and a < 1. Again we assume that signals are distributed ac-
cording to a Gaussian of mean y, and variance o2, s, =
Yn + 0Ny, with <nn> = 0’ <nn77n’> = 81‘171/’ and <77;,77n’> =0.

Since the elements of the recursion are Gaussian, we as-
sume a Gaussian ansatz for the posterior:

P(yulsj<n) = ¢ Onm 2, (13)

1
V2mu?
Plugging it into (2) yields recursive equations for the mean

and variance of the posterior of y,, which are equivalent to a
Kalman filter [39]:
ac?x,_1 + [0/2 + azuﬁ_l]sn
o2+ 0?+a*u?

02[0’2 + azugfl]

; (14)

Xn =

2 _

u = .
" o240 +atud

15)

The dynamics of the variance (15) does not depend on the
mean or the stimulus, so it converges to a fixed point > at
steady state.

B. Continuous-time limit

Our adaptation dynamics was derived at discrete times,
using a Bayesian estimator and exploiting the Markovian
property of the system. We now take the limit of continuous
time to obtain stochastic differential equations. Denoting by §¢
the time step between two observations, the continuous time
is defined as ¢ = nét, with 8t — 0. As we take this limit, we
must scale the various parameters of the dynamics to ensure
that all the relevant quantities remain finite.

For both types of environmental dynamics, the stimulus
variance may scale with 8¢ as

2_ b
5t

This scaling allows us to write the stochastic term in (9)
as the discretization of a Gaussian white noise £(t): o1, =

(VB8 [ drE(r), with (£(1)) =0 and (E(0E() =

8(t —t'). In the continuous-time limit this gives

(16)

s(t) = y(1) + VOE®). (17)

In the telegraph process, the switching probability between
two infinitesimal time steps should scale with §z. We define
k = 8t /2t. The switching rate is (27) ™', so t is the correlation
timescale of the process.

Similarly, a continuous Ornstein-Uhlenbeck (OU) process
may be obtained from the autoregressive process (12) in the
8t — 0 limit with the scalings @ = 1 — 8¢/t and 0> = 2Dét,

DYy b, (18)
dt T
where £(t) is a Gaussian white noise, 7 is a relaxation time,
and D may be interpreted as a diffusion coefficient in stimulus
space. We set it to D = 1/7, so the variance of y is 1. With
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these choices, the first two moments of y(¢) are the same for
both the telegraph and OU processes,

G@O) =0, ) =e (19)

With these scalings, the adaptation dynamics are described
in the 6t — O limit by stochastic differential equations (with
Itd convention). For the telegraph process, Eq. (11) becomes

dx x+l—x2 )c_'_l—)CZ_’_l—x2
>~ __Z §=—= -
dt T 0 T 0 Y Vo

For the OU process, Eq. (14) becomes
dx V142776 u?
—=———x+ 3s

§. (20)

dt T
JT+2t/0 ? u?
=Y T Sy ¢, 21
. x+9y+\/§é (2D

where the posterior variance

u* = Var[y(®)|{s(t' < 1)}] = (22)

2
14+ 14+27/6
is obtained from the fixed-point condition (15). The adaptation
dynamics for the OU process thus follows an exactly solvable
Gaussian process described by the coupled equations (18) and
21).

Two timescales t and 6 govern the adaptation dynamics of
both processes (20) and (21); 7 is the timescale over which the
environment varies, while 6 gives the typical timescale over
which the state variable y and the fluctuations of the stimu-
lus \/55 have equal contributions: ([(1/7T) fOT \/gé(t)dt]z) =
0/T ~ (y*) =1 for T ~ 6. The adaptation dynamics is ex-
pected to depend crucially on the ratio between these two
timescales

o =

0
= (23)
T
which can be viewed as an inverse signal-to-noise ratio and is
the main control parameter of adaptation. A low o means low
stimulus fluctuations and thus precise adaptation, while high
o means high fluctuations and thus poor adaptation.

The information transmitted under the optimal scheme de-
scribed in the preceding section is given by (8) with

__t [_ﬂ
V2 (o? + u?) P 2(0% +u?)

for the OU process and

1 [1 +xe_(s_1)2/2dz n 1-— xe_(s+1)2/202:|

2re?2l 2 2
(25)

for the telegraph process. In the OU case the expression for
the information simplifies to

2 2_ 2

lm[l +u_} ey ow
2 o2 2 o2+4u?

(26)

Figure 2 shows numerical simulations of the optimal adap-

tation dynamics (20) and (21) for the two processes, as well

P(s) = } (24)

P(s) =

1 ower?
I(s,r)zzln%_

as the expected sensory response and information rate under
the assumption of optimal information transmission (3)—(6).
For the telegraph process, the response shows typical adaptive
behavior, with fast changes in the response following a switch,
followed by a slower relaxation to the baseline. The informa-
tion rate drops right after each switch and climbs back up to
its maximum as the system adapts its response function to the
new statistics.

IV. ACCURACY AND SPEED OF OPTIMAL ADAPTATION

To study the adaptation dynamics of (20) and (21), we
focus on two fundamental properties: the speed of adaptation,
measured by the typical time it takes for the system to adapt
to the changing environment, and the accuracy of adaptation,
measured by the discrepancy between x and y.

A. Adaptation time

We formally define the adaptation time as the time ¢ = #4
at which the cross-correlation function

C(t) = {y(to)x(to + 1)) (27)
reaches its maximum
t4 = argmax,C(t). (28)

This defines the time delay after which the adaptation variable
x is maximally aligned with the state variable y, i.e., the time
it takes for x to “catch up” with y.

We first compute this adaptation time numerically (Fig. 3)
for both processes and for different values of the control
parameter «, using the Euler-Maruyama method [40]. In gen-
eral, the adaptation timescale 4 grows with the timescale
of switching 7. This suggests that sensory systems should
modify their dynamics of adaptation as a function of what
their expected rate of change is. Such meta-adaptation of the
relaxation timescale has indeed been observed in the context
of mean adaptation to the mean [24].

Two broad regimes can be distinguished. In the low signal-
to-noise regime « 2, 1, z4 scales linearly with t: The optimal
adaptation timescale is proportional to the timescale of the
environment. However, in the well-adapted regime o < 1,
this scaling breaks down and adaptation happens much faster
than the rate of change of the environment would suggest. In
that regime, it is the reliability of the observed signals that
drives how fast the system adapts, so small values of 6 lead to
fast adaptation.

To gain analytical insight into these different scalings, we
first consider the OU process, for which the cross correlation
can be calculated analytically

2
C(t) = —t/t 1— («/1+2/O{1)I/‘L’i|’ 29
B)=e [ +Ti2/a. 29)
yielding
ta  a(l+/14+2/a) I < 2142/ ) (30)
— = n .
2 14+ JV142/a

For large «, this expression becomes at leading order 74 ~
7/2, confirming the linear scaling observed in that regime.
For small o, we get t4 ~ 4/t0/21In(2), meaning that the
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FIG. 2. Adaptation dynamics for two mean-varying processes: the telegraph process and the Ornstein-Uhlenbeck process. (a) and (b) The
state variable y(¢), the mean of the stimulus, varies over time with unit variance and correlation timescale 7. (¢) and (d) Perceived stimulus
s(t) =y@)+ VOE(1). (e) and (f) Mean value of the state variable x = f dyyP@y|{s(t’ < t)}) inferred by the system from past observations.
(g) and (h) Sensory response obtained with the optimal gain function r = g(s), derived by optimizing information transmission. (i) and (j)
Information (3) actually transmitted per time bin (8¢ = 10~ and o, = 0.01). Angular brackets denote averages over 500 repetitions of the

state variable evolution. The parameter is « = 0.1.

adaptation scale is the geometric mean of the environmental
timescale and the noise timescale. Such a scaling, which was
previous derived in the context of Bayesian filtering for con-
centration sensing [41], results from a trade-off between the
requirements to integrate information about the stimulus for as
long as possible (¢4 > 6), but not too long to avoid including
out-of-date information (£, < 7).

While the adaptation dynamics for the telegraph process
does not have an analytical solution, we may approximate #4
by the typical time x takes to cross 0 following a switch. This
allows us to cast the problem as a first-passage calculation.

We start by writing the Fokker-Planck equation describing the
density evolution of (20) as a function of time

bp 0 x_l_l—)c2 n 3% [ (1 —x?)?
ot ox|\U 1 o )P T2\ T2 P)
(31)

whose steady-state solution at constant y reads

N 1+x\ o
(1—x2)2(1—x> eXp(_ 1—x2)’ (32)

where N is a normalization constant.

peq(x|y) =
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FIG. 3. Time of adaptation to the mean stimulus #,. The adaptation time is defined as the time at which the cross correlation between the
true and inferred state variables is maximum (28). It is shown as a function of the environmental timescale 7 for (a) the telegraph process
and (b) the Ornstein-Uhlenbeck process. The results are obtained numerically for the telegraph process and analytically for the OU process
(30). The insets show the rescaled adaptation time #, /7 as a function of the control parameter « for both simulations (circles) and analytical
predictions [Eq. (35) for the telegraph process, valid for « < 1, and Eq. (30) for the OU process].

In the @ < 1 limit, x is typically close to y and its differ-
ence with it is of order «, 1 — yx = O(«), as can be checked
by solving dpeq/dx = 0. Suppose that at the time ¢t =0 of
a switch from y = 4+1 to y = —1, x = xp is drawn from the
steady-state distribution peq(x|y = +1) [Eq. (32)]. We define
T (x0) as the mean first-passage time of x from x; to 0, with
x = +1 acting as a reflecting boundary. This time is given by
[42]

O dx [, YY)
= | 55 [ e T @
where
1—x o
Yx) = <m) exp ( 1 _xz)' (34

The adaptation time is then 24 ~ (T (x0))x~peg (xly=+1)-

Examining Eq. (20) in the small-o regime, we see that
when x is close to +1, the 1 — x? terms scales with «, meaning
that x has sluggish dynamics dominated by the timescale 7.
When x finally gets away from +1, the dynamics accelerates
according to the fast timescale 6, quickly reaching zero. This
motivates us to use the change of variable x = 1 — «/2v and
expand in « to obtain (see the Appendix)

% ~ %{lnz(a) + 276 — 2In(2) + 1]In(@) + C} + o(a),

(35)

where y. is Euler’s constant and C &~ 7.59 is a numerical
constant. We checked the validity of this expression against
simulation results [Fig. 3(a)].

The leading order in « scales as

0 T
ta ~ —In? (—)

AT G
This sublinear scaling with T stands in contrast with the the-
oretical results of Wark er al. [24], which reported a linear
one. This difference is explained by the fact that in [24], the

(36)

inference system assumed a vanishing switching rate. This
leads to the absence of a well-defined steady state, requiring
one to evaluate the adaptation scale over simulations of finite
durations, with a dependence on initial conditions.

This scaling is also much more faster with 6 than the
square-root scaling obtained for the OU process. This is be-
cause the OU process assumes that the mean changes all the
time, instead of by discontinuous jumps, making adaptation
faster.

B. Accuracy

We introduce two definitions of accuracy adapted to each
case. For the telegraph process, which admits only two val-
ues for the state variable y = +1, we define the discrepancy
as the probability for the posterior to be wrong Pyrong =
(1 — (xy))/2, long after the adaptation transient. For the OU
process, whose state variable is continuous, it is more nat-
ural to define the discrepancy of adaptation as the standard
error between x and y: AZ = ((y — x)?) [although note that
Pyrong = (19 — y|?)/4, where $ is drawn from the posterior
PQlsy<t) = 1%8()7 -1+ 1%"8()7 + 1), can also be viewed
as a mean-square difference].

1. Ornstein-Uhlenbeck process

Since the OU process is Gaussian, all moments can be
calculated exactly. We can rewrite A2 = ((y — x)?) = (y?) +
(x?) — 2(yx). We already know (y?) = 1 and calculate (x?) =

(yx) =1 —a(y/1+2/a — 1), from which we get

A =a(/1+2/a—1)=1u’

(Note that this error is equal to the uncertainty computed by
the Bayesian inference system u” consistent with its optimal-
ity.) In Fig. 4(b) we plot this result and check its validity by
comparing it to numerical integration of (18) and (21). In the

(37
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FIG. 4. Accuracy of adaptation to the mean stimulus as a function of rescaled stimulus variance « = 6 /7. (a) Accuracy in the telegraph
process, defined as the value of the probability of being in the wrong state Py;one = (1 — (xy))/2. Circles are obtained by numerical simulation
and the line is the analytical approximation given by (41) for « < 1. (b) Accuracy in the Ornstein-Uhlenbeck process, defined as the posterior
mean-square error A> = ((y — x)?). Circles are from numerical simulations and the line is the analytical prediction given by (37). In both
panels the dashed line shows chance prediction (Pyrong = 1/2 and A% =1).

limit of perfect adaptation o« < 1 we get, at leading order,
A% ~ Q)2 (38)

The expression for the accuracy allows us to compute the

average information between stimulus and response (26),
1. 2mer? 1 u?

I(s, r) ~ (I(s, =—Ihh—= _ _hn|l+—]. 39

(s, r) = (I(s, 1)) 7 1n po 2n[+02} (39)
The comparison between numerics and this expression is
shown in Fig. 5(b). In the o <« 1 regime, information ap-
proaches channel capacity, i.e., the maximal value allowed by

grating (20) numerically [Fig. 4(a)]. For small «, adaptation
is very accurate, while for & 2 1 it is very poor, with Pyrong
quickly reaching chance level approximately equal to %

In the well-adapted phase o < 1 (r > 6), adaptation is
fast compared to the switching of the state variable. After
each transition, following an adaptation transient, the system
quickly reaches the steady state of (20) with fixed y, given
by (32). While the moments of peq(x|y) cannot be calculated
analytically, its expression simplifies in the small-o limit.
With the change of variable x = y(1 — ou), we obtain the
distribution of « at leading order in «,

the output noise, I(s, r) X Iy = %ln[Zyre(rmx/a6 )2]. N 1 i
Peq () ~ e (40)
2. Telegraph process :
Because Pyong 1s a steady-state property, it only depends from which we deduce () ~ ; and thus
on the control parameter . We computed it by simulating a 1 — (xy) alu) o
telegraph process y(t) with switching rate 1/2t and by inte- Pyrong = ) = ~ 4 4D
(@) (b)
6=10
6=100
o 6=1000
107 102
m
s
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g o
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) 10” 6=100
o _
10-5 o o 6-1090
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FIG. 5. Average information transmission as a function of the adaptation parameter « = 6 /t: difference A/ between the mutual in-
formation (8) averaged over time (/(s, r)) and the channel capacity Iy, = %ln[ZTre(rmaX /o.)?] for (a) the telegraph process and (b) the
Ornstein-Uhlenbeck process. Circles are from numerical simulations and the line is the analytical prediction given by (39).
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FIG. 6. Optimal adaptation vs OU adaptation in the telegraph process. (a) Example of adaptation of a telegraph process given by y (red
line), using an optimal estimator (blue line), and using a (nonoptimal) OU estimator (purple line). (b) Average response of the adaptive system
based on a gain function derived from an optimal estimator (blue) or from the OU estimator (purple). The parameter in (a) and (b) is o« = 0.1.
(c) Accuracy of adaptation measured by A = /{(y — x)?) using the optimal (blue) and OU (purple) estimators. (d) Information transmission
using the optimal (blue) or OU (purple) estimators. () Rescaled adaptation time as a function of the control parameter « using optimal (blue)
and OU (purple) estimators. Note the crossover between the OU and optimal estimators around o = 1073 as the fastest adapting estimator.

This analytic prediction agrees very well with the simulation
[see Fig. 4(a)]. This error is estimated assuming that the sys-
tem has adapted, so long after the adaptation transient # >> 4.
However, while Py;ong is the error long after the adaptation
transient, it is not equal to the average error including during
the adaptation transients. To get that average error, we can
approximate the error to 1 for 0 < ¢ < #4 and to Pyopg forz >
t4. Since the average time between switches is 27, we obtain

I I
1= 22 ) Parong + 5
2T WOg+21

~ Zlin’(@) + 2y = 2In(2) + DIn(@) +C +21.
42)

Pwrong,av ~ (

Note that this scaling of the error with « is smaller than
for the OU process (37). In the switching process, in the
o < 1 limit the system adapts almost perfectly to the value
of y after a transient lag. By contrast, in the OU process the
state variable changes constantly, causing a permanent lag in
the adaptation and thus a larger error. Figure 5(b) shows how
transmitted information depends on «, in particular how it
quickly converges to the maximal transmissible information
as « goes to 0.

V. NONOPTIMAL ADAPTATION

So far we have assumed that the sensory system knows per-
fectly the statistics of the environmental dynamics, including
its timescale 7, mean, and variance, and type of dynamics.
In realistic situations, however, the system may not know the
statistics of the environment precisely or may have evolved to

best respond to stimuli with particular statistics (e.g., natural
ones), while the experimental stimulus was designed using
artificial statistics (e.g., mean switching between two values).
In this section we explore the impact of maladapted (nonopti-
mal) adaptation dynamics, where the inference system makes
wrong assumptions about the environmental dynamics.

A. Misrepresented dynamics

We first consider adaptation when the sensory systems
misrepresents the nature of the dynamics. We assume that the
true dynamics follows a switching mean (telegraph process),
while the Bayesian system assumes an Ornstein-Uhlenbeck
dynamics. This leads to integrating the OU dynamics (21),
but with y switching between —1 and +1 with rate (27)~".

Such an adaptation scheme is illustrated Figs. 6(a) and
6(b). The error [in the sense of the OU process, A? = ((x —
y)?)] may be calculated analytically and is identical to the
case where y would actually follow an OU process with the
same time constant [Eq. (37)]. This is due to the fact that
in both cases the solution to (21) can be formally written as
y(t) = [Tdt'e= T (T 10)ls(t), with T = t//T+ 2/a,
and that both the telegraph and the OU process have the same
first two moments (19). However, it does much worse that the
optimal adaptation scheme (20), as can be seen from Fig. 6(c)
and confirmed by the scaling at small o of the adaptation
time [« In? o < «'/?; see (38)]. The impact of this nonoptimal
adaptation can also be seen, to a lesser extent, on mutual
information [Fig. 6(d)].

For the same reason cited above, the adaptation timescale
ta is identical to that of the OU process (30). We observe
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a broad range of parameters where adaptation with the OU
assumption is faster than the optimal adaptation scheme
[Fig. 6(e)]. We can understand this intuitively by noting that
the OU assumption assumes constant change and thus will be
quicker to react to sudden changes. The flip side is that even
when the mean is stable between switches, it overestimates
the uncertainty and tends to conservatively adapt less well
[Figs. 6(a) and 6(b)].

B. Wrong parameters

We next consider the case where the type of dynamics is
correctly assumed by the Bayesian system, but its parameters
are wrongly estimated. The assumed values of the two param-
eters are off by a factor r and [, respectively: Tassumed = #'T
and B,55umed = [0. The resulting adaptation dynamics for both
processes (20) and (21) are modified by substituting these
assumed values

dx_ x_i_l—x2 +1—x2€ 43)
T RN

d 1+2r/1 2 2
dx _ _Jiw2rjle w o u (44)
dt rT 10”16

for the telegraph and OU processes, respectively, with u? =
2/(1 + /14 2r/la). On the other hand, the dynamics of y
[Eq. (17)] [and switching with rate (2t)~' for the telegraph
process and Eq. (18) for the OU process] are unchanged, with
the true parameters T and 6.

For the OU process the problem is still solvable and the
accuracy can be calculated as

u21+lr+/3(lr+r+l—1)+/32(l—r)

A’ = . (45)
21(1 + Br)
with 8 = (1 + 2r/la)~ /2, which reduces to
1+1r
AP~ ——2a)'? > Qa)'/? (46)
2+/1r -

in the well-adapted regime o <« 1. The adaptation time can
similarly be computed as

N ,3}” 2
In
1+ Br

T 1—Br

, (47)

which scales as 14 ~ (;’1,'19/2)1/2 in the o < 1 regime, i.e.,
the geometric mean of the two assumed timescales, as in the
optimal case. In the o > 1 regime, the adaptation timescales
like 7 (also like the optimal case): 4 ~ t[r/(r — 1)]In[(1 +
r)/2]. These results indicate that while underestimating the
noise and switching period leads to faster adaptation, doing
so hurts the accuracy of the inference.

For the telegraph process, the equilibrium accuracy may be
computed using the same method as described earlier:

al

Pwrong = E 48)

For the adaptation time, we obtain

1A Ollz
4~ In(1 forl > 1 49
gy /) forl > (49)
Pra+1) 2\
~al T forl < 1 50
* 0= <2r> ort= (50)

~ %{lnz(a) £ 42y —2In(2)

+ In(r)]In(x) + O(1)} forl =1, ShH
where I'(x) is the Gamma function.

Underestimating the switching rate (r < 1) allows a
slightly faster adaptation, but at the cost of a lower equi-
librium accuracy. Likewise, overestimating the noise (I > 1)
also speeds up the response, but again at the expense of
accuracy.

VI. ADAPTATION TO VARYING VARIANCE
A. Optimal adaptation dynamics

We now turn to the case of variance switching, where the
sensory system tries to evaluate the variance of a random
stimulus of fixed mean. The variance follows a telegraph
process, alternating a between high-value oy, and a low-value
o;. There are many examples of this type of adaptation
[7,34,43,44] and it has been much studied experimentally
[18,22-24,29,45]. As in the case of adaptation to the mean,
we start with discrete time. At each time step, the variance
switches with probability k. This defines a correlation time
T = 1/In(1 — 2k) of the underlying telegraph process. The
stimulus is s, = So + Y»N,, Where y, is the varying variance
(equal to oy, or o;) and 7, is normally distributed ({n,) =0
and (9,ny) = 8ur). We set so = 0, o7 = 1, and o, = r with-
out loss of generality. The posterior probability of being in
the low-variance phase given previously observed stimuli,
P,i = P(y, = 0y1$24), is then given by the recursive relation
obtained from (2):

P,£=|:1+

A major difference with the case of adaptation to the mean
is that this equation does not admit a well-defined continuous-
time limit. Intuitively, this is because learning the amplitude
of white noise is much faster than learning its mean. During
any observation time Af, the observer has access to an infinite
number of independent samples. However, each sample is
infinitely noisy. For the mean, these two infinities compensate
exactly, but for the variance the high value of the noise is not
an issue since the goal is to estimate its magnitude. As a result,
in the continuous-time limit, the system can adapt instantly
to the variance, as it receives an infinite amount of signal. A
solution to this problem could be to replace the white noise
in the stimulus by a colored noise with a finite correlation
timescale 7, so that the number of independent samples during

-1

1kP L +=k)(1 - P_y) e—sﬁ(r2—l)/2i|
r(—kP_ +k(1-PL))
(52)
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FIG. 7. Example of the variance adaptation process. (a) Typical stimulus received by the sensory system, made of normally distributed
signals with switching variance. (b) True value of the variance (red) versus the assumed one (blue) based on past signals. (c) Mean response
obtained by optimizing the expected information transmission based on the posterior distribution of variances. Switching is hardly detectable
in that response, as it affects transiently the variance but not the mean of the response. (d) Average information transmitted per time bin, in bits

(o0 = 0.01). Note the asymmetry between the two types of switches.

time At scales as At/t;. However, keeping with discrete time
has a similar effect with 7, = §¢.

B. Speed and accuracy of variance adaptation

The dynamics of optimal adaptation can be studied by
simulating (52) numerically. Figure 7 shows an example of
input signal, inferred variance, optimal output response, and
information transmission as a function of time.

The dynamics is characterized by an asymmetry in the
adaptation to the two states [Fig. 7(b)]. This is due to the
fact that the high-variance state is able to produce signals of
low amplitude with high probability, while the low-variance
state is very unlikely to produce large amplitudes. When in
the low-variance state, the system receives few misleading sig-
nals, while in the high-variance state, frequent low-amplitude
signals confound the posterior. The flip side is that the
system adapts faster to switches towards the high-variance
state, as already noted [29], because that state produces
unlikely signals under the low-variance hypothesis. This
asymmetric behavior is reflected in the dynamics of infor-
mation transmission, which experiences a stronger drop after
a low-to-high transition than after a high-to-low transition
[Fig. 7(d)]. Notably, these predictions agree with experiments
in the fly visual system, where this asymmetry in the loss

of information transmission following variance switches was
observed [23].

As in the case of adaptation to the mean, we can define the
accuracy of adaptation as the probability that the posterior is
wrong and the adaptation time #4 as the delay n maximizing
(¥no Py 1n)- In Fig. 8 we plot these two quantities, as well as
the transmitted information, given by (8), as a function of
the two parameters of the model: the switching rate v and
the variance ratio r = o3,/0;. The error decreases with the
switching period t, as the system has more time to adapt, as
well as with the variance ratio r. The trend here depends also
on the value of r. The adaptation time varies sublinearly with
7. It is approximately linear at small t and levels off without
saturating at larger t. The larger the variance ratio r, the nar-
rower the linear region. The loss in information transmission
due to imperfect adaptation Al follows the same dependence
on t as the error. However, its dependence with respect to
the variance ratio r is reversed. The higher that ratio, the
easier it is to distinguish between the two stimulus statistics,
but errors are more costly in terms of information transmis-
sion because of the larger discrepancy between the assumed
and actual dynamic ranges. Conversely, smaller differences
between the two environments lead to less inefficiency
in their encoding, despite a higher error in distinguishing
them.
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FIG. 8. Accuracy and speed of adaptation to variance switching. (a) Accuracy of the optimal adaptation dynamics for three different values
of the variance ratio r = 03,/07, as a function of the inverse of the switching timescale t, which plays a similar role to « in mean switching.
The lower the r, the larger the estimation error. (b) Adaptation time as a function of the switching timescale . The dependence is linear for
very short times and then displays strong sublinear behavior. (c) Information transmission as a function of 1/t. Note that while a large ratio
between the two variances induces a lower error in (a) (because they are easier to distinguish), this error has a larger impact on information

transmission, so that information loss is overall larger.

Experiments in the fly [23] and vertebrate [24] visual sys-
tem suggest a linear relationship between the adaptation time
and the switching timescale, although this linear assumption
was not compared against alternative scalings. Our theory
predicts that such a linear regime is only expected when the
switching period is relatively short compared to the typical
time between independent samples, which is also the regime
where adaptation is poor.

VII. ENTROPY PRODUCTION AS A SIGNATURE
OF ADAPTATION

A. Motivation and definition

So far we have studied the adaptation dynamics of ide-
alized sensory systems, focusing on the trade-off between
precision and speed. However, these notions require prior
assumptions about what adaptation should look like and do.
In the example of switching between environmental states,
the adaptation time course is expected to look like relaxation
dynamics. By contrast, for a continuous change such as the
OU process, adaptation is much harder to see by eye. Can we
measure adaptation in a way that makes minimal assumptions
about what the response is adapting to or about the nature of
the environmental changes?

To define such a quantity, we exploit the connection
between adaptation and the dissipative dynamics of a thermo-
dynamic system under an external drive [28,46], as suggested
by the form of the adaptation dynamics (20) and (21), where
the adaptation variable x(7) is driven out of equilibrium by
an external stimulus y(#). In this type of dynamics, the im-
portance of nonequilibrium effects is commonly measured
by the rate of entropy production [47], which quantifies the
irreversibility of the observed joint time courses of x(¢) and
¥(t), and is defined formally as the relative entropy between
the forward and backward trajectories of the dynamics. Our
goal is to calculate that entropy production in the systems
studied so far and to relate this quantity to the degree of
adaptation.

If P(Q)) is the probability of a given trajectory Q =
{zo, ..., zn} in discrete time, where z = (x, y) is the variable
describing the state of the system, the entropy production of
the trajectory €2 is defined by [48]

P(%)

SN(Q)=In—2—,
lot( ) nP(R(QS’))

(53)

where R(€2) is the time reversal of 2. While in early work
entropy production was defined in terms of heat loss and dissi-
pation and shown to be equal to (53) in the case of Markovian
dynamics with local detailed balance [46,49], here we take
(53) as a definition, following the modern view of stochastic
thermodynamics. For a Markov system, one has P(Q2)) =
p(20) ]_[2:01 W, z,» Where w,, is the transition probability
from 7’ to z, so at steady state the average entropy production
per time step reads

1 -
S Su() 2% 55 = wypeln

77

(54)

Wz
b
"

Wy';

where p, is the steady-state distribution of z defined by
the implicit equation p, = ) w. p... Taking the continuous
limit, we can define an entropy production rate S = 85/t
as 6t — 0.

When the statistics of stimuli do not vary and are reversible
in time, no adaptation occurs in an optimal estimator and we
expect the temporal statistics of the response to be temporally
reversible. When the statistics of stimuli change (abruptly or
continuously), the response statistics are transiently poorly
adapted and require time to relax to their efficient encod-
ing state, similar to the relaxation of the equilibrium of a
thermodynamic system after a change in an external control
parameter (temperature, displacement, force, etc.), thus lead-
ing to the production of entropy.

The measure of adaptation through entropy production pro-
vides a means to detect and quantify adaptation in any sensory
system, in a parameter-free manner and without having to
know the fine details of the encoding strategy. In the following
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FIG. 9. Entropy production rate in mean adaptation processes: (a) telegraph and (b) Ornstein-Uhlenbeck models of mean adaptation. Points
are obtained by the numerical simulations, while the curves are analytical predictions given by (62) for the telegraph case and (59) for the OU
case. The lower the parameter «, the better the adaptation and the larger the entropy production, which diverges with o — 0.

we quantify the production of entropy in the models of mean
and variance adaptation studied above.

B. Adaptation to mean

We start with the OU process, for which entropy produc-
tion may be calculated analytically (see Fig. 9). We start with
the Gaussian transition probabilities, with 7/ = (x(¢), y(¢))
and z = (x(¢ + 6t), y(t 4 6t)),

Wey = PVrgsr [y )P K50 1%, Y1) (55)
5t\12
Yeyse — (1 — <
PO ) o exp— 22 4’§ L 6
T
St st 12
Xepsr — X (1 —5) — G
P(x,+a,|xf,y,>o<exp—[’+’ ’gD &) 0 ’], (57)

with D, = u*/26. Plugging these expressions into (54) gives
J14+2/a—1C36t) — C(—6t)
T 2D, ’

where we recall C(¢) = (y(f9)x(to +t)). Expanding at small
4t yields the entropy production rate

St=14+2/a—1,

172

8S =

(58)

(59)

which diverges as proportional to o~/ in the regime of
good adaptation (o < 1) and decays to zero when the signal
is too poor to allow for adaptation (« >> 1). We note that
S is nonzero in the stationary state, reflecting the fact that
the system is constantly trying to keep up with changes in
the stimulus statistics. It thus shares some features with A/
(Fig. 5), which quantifies the effect of the delay in keeping
up, with the difference that it can be computed without a priori
knowledge of the channel capacity Iax.

To calculate the entropy production during the period
of a switch in the well-adapted regime (¢ < 1), we may
exploit the analogy with statistical thermodynamics. After
each switch, the energy landscape changes from U, (x) =
—In peg(xly =1) to U_(x) = —In peq(x]y = —1) (and vice
versa), which are given by the steady-state distributions (32).

During the adaptation transient, the system relaxes to its new
equilibrium, lowering its energy by dissipation. The heat thus
dissipated is exactly equal to the total entropy produced dur-
ing this transient. Assuming that the system has completely
adapted to the previous epoch prior to each switch (which is
valid for @ <« 1), we may write the entropy production rate
as the mean entropy production per switch, divided by the
average time between switches:

. 1
S = 5= [{U- ()i~ pegy=+1) = (U= (X)) x~pig(y=—1) 15

2 (60)

1+x

Sr = <ln (61)

I—x >x~peq<~,y=+1>

In the small-o regime, we can compute this expression at
leading order

St =1-y.+2log(2) — log(x), (62)
which again diverges for @ — 0, but this time logarithmically.
In the o — oo limit, the system never adapts and the dynam-
ics is in effective equilibrium St — 0.

C. Variance switching

Since we have no analytical solution or continuous-time
limit for the case of a switching variance, we take recourse to
numerical estimates of (54). The results, shown in Fig. 10,
express a picture similar to that for the mean switching
case. When the switching period is large, the system is well
adapted, spending most of its time in the equilibrium state, but
dissipating heat during each adaptation transient. The average
amount of entropy production per switching cycle does not
generally saturate at large t and also grows with the variance
ratio r, as expected.

Taken together, these results suggest that entropy pro-
duction provides a good signature of adaptation. It is larger
when adaptation is more precise and when the environmental
changes causing adaptation are more important.
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FIG. 10. Entropy production in adaptation to variance switching.
The average entropy production rate §St is plotted as a function of
the inverse correlation time for three different values of the variance
ratio r = o0, /0;. Note that the entropy production is rescaled by 1/7.

VIII. DISCUSSION

We have studied a theoretical scheme in which sensory
adaptation is cast as an inference problem. As noted before
[24,26,29], the solution to this problem can be described in
terms of Bayesian filters. In this work we have focused on
simple solvable models of adaptation to sudden or continu-
ous changes to the stimulus statistics. The resulting Bayesian
adaptation dynamics couples the sensory response function to
the state of the environment in a noisy manner, allowing for
their study in terms of stochastic thermodynamics. This ex-
plicit analogy to nonequilibrium systems allowed us to relate
adaptation and dissipation (entropy production) in a precise
mathematical sense. This correspondence stems from the de-
lay between changes in the statistics of the stimulus and the
response of the adaptation mechanism, leading to irreversible
dynamics.

In the case of a switching stimulus mean, these dynamics
reduces in the continuous-time limit to coupled stochastic
differential equation, which we can solve analytically. We
computed the speed and accuracy of adaptation and showed
that they both depend on a single parameter « controlling
the ratio between the noise and the environmental timescale.
When « is small, the system has enough time to adapt rel-
ative to the environment’s speed of change. In this regime
adaptation is accurate, meaning that the response function
is optimally tuned to the current environment statistics. For
large o, however, the environment changes too quickly for the
system to garner information and the response does not adapt,
instead ignoring received signals and using an effectively con-
stant response function (x ~ 0).

We found that, in the fidelity regime, the timescale of
adaptation always scales sublinearly with the environmental
timescale. However, the precise scaling depends of the precise
model of the environment: logarithmic for abrupt changes in
the stimulus mean (telegraph process) and square root for
continuous ones (Ornstein-Uhlenbeck process). Since these
are two extremes of one-dimensional stochastic process, we
expect other types of environmental dynamics to have scalings
that fall within that range. Most experiments studying visual
adaptation have reported linear scalings in adaptation to both
the mean and variance [23,24], although alternative scaling

laws were not tested. In our model, a strict linear scaling is
approached only in the limit of low fidelity, where adaptation
is very poor. This suggests that these sensory systems are
actually not optimal for these simplified stimulus statistics,
but have instead evolved under other constraints, such as
metabolic or biophysical constraints, and for efficiency under
a broad range of complex stimulus contexts.

Our results on mean switching mostly hold true in the
case of variance switching, including the sublinear scaling of
adaptation time with environmental timescale. In that case, the
continuous-time limit is not straightforward. We thus focused
on the dynamics in discrete time using numerical simulations.
We found an asymmetry in the adaptation dynamics, with a
larger drop in information transmission following an increase
of variance than a decrease, consistent with experimental ob-
servations in the fly visual system [23].

Optimality is only a guiding principle and not an assump-
tion for what the system does. We also studied the effect of
optimizing response properties when stimulus statistics are
misrepresented. We found that while assuming continuous
change is more conservative, the corresponding adaptation
strategy fares just as well when the actual dynamics is
discontinuous. Mischaracterizing the parameters of the en-
vironmental statistics affects the precision and speed of
adaptation, tipping the balance between the two, but not their
scaling with «.

To explore the impact of adaptation on the coding strategy,
we assumed that the system changes its response function to
optimize the expected information transfer. This relies on the
implicit assumption that the sensory system also outputs the
adaptation variable x in addition to the response r. However,
realistic coding strategies may combine the two together into
a single response, as, for instance, in the case of variance
coding, where the response encodes both stimulus fluctuations
and its variance through the mean response [23]. How to
efficiently compress these different signals into a single noisy
response remains to be studied.

A main contribution of this paper is a mathematically pre-
cise link between adaptation and dissipation. This analogy
emerges from the form of the dynamical Bayesian equa-
tions (20) and (21), where adaptation resembles relaxation to
equilibrium. We showed that a high degree of adaptation, as
determined by its speed and accuracy, can be quantified by the
degree of deviation from equilibrium and reversibility. This
measure of adaptation through entropy production could give
a systematic way to detect and quantify adaptation in any sen-
sory system, in a parameter-free manner and without having
to know the fine details of the encoding strategy. In particular,
it could be applied to recordings of populations of neurons
in a variety of sensory systems in response to changes in the
stimulus statistics, using increasingly available multielectrode
recordings [50] or two-photon calcium imaging techniques
[51,52]. Adaptation has mostly been studied at the level of
single neurons, because of its evident manifestation in terms
of spiking rates of individual neurons. However, more subtle
adaptive changes could occur in the way multiple neurons
encode information collectively through their interactions or
shared variability, which would be missed by traditional meth-
ods. For instance, Hopfield networks [53] encode information
in the collective state of many neurons, and it has been argued
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that similar principles may govern the encoding of visual
information in the retina [54]. In that case both the output x
and the adaptation variable y could be implicitly encoded in
the collective activity. The signatures of entropy production
proposed here could be useful for detecting adaptation in such
combinatorial codes.

Other sources of irreversibility, including in the stimulus
statistics themselves or through the inherent irreversibility of
the biophysical processes that implement the response, may
confound this analysis and would have to be corrected for.
Still, the relation between adaptation, time, and accuracy pro-
vides a testable hypothesis that could be explored in future
experiments. It should also be emphasized that this dissipation
may not directly correspond to actual energy consumption in
the system, although it always provides a lower bound. In
neural systems, energy consumption from electrical activity
far outweighs dissipation estimated by the irreversibility of
measurable quantities. On the other hand, the two may be
surprisingly close for molecular systems. Previous work by
Lan et al. [28] used entropy production to estimate energy
consumption in the context of adaptation in E. coli chemo-
taxis, showing that the system realizes a near-optimal trade-off
between energy, speed, and accuracy. By contrast, our pro-
posal is to use entropy production as an intrinsic definition
of adaptation in sensory systems, independently of energetic
considerations.

Our framework could be expanded to account for meta-
adaptation [55], which describes the possibility that the
system dynamically learns the hyperparameters of the stim-
ulus statistics (e.g., 6, 7, and o) from the past stimulus. A
similar form of meta-adaptation has been proposed and ex-
plored in the context of evolutionary adaptation [56], where
microbial populations are assumed to adapt their composition
not only to environmental changes, but also to the statistics
with which that environment changes, using a strategy of
Bayesian filtering similar to that employed here. Combining
all hyperparameters into a collective variable ®, we could
write a recursive equation similar to (2) assuming a Markovian
dynamics for ®:

> PGulyn-1, 04 1)

Yn—1,On-1

1
Py, ®n|sj§n) = §P(Sn|yn)|:

X P(kn|®n—l)P(yn—lv ®n—l |sj<n)i|~ (63)

In this scheme the sensory system learns both the parameters
of the stimulus statistics and the hyperparameters that govern
their own dynamics. Such meta-adaptation is needed to ex-
plain how sensory systems dynamically adapt their adaptation
speed to the environmental timescale [23,24], on a longer
timescale than adaptation itself. This hypothesis is consis-
tent with the fact that changes in the world occur on many
timescales [57] and is also suggested by the wide range of
timescales in visual adaptation even at the level of the retina,
from seconds to hours. Future experimental and theoretical
work should determine the relevance of this theory in biolog-
ical sensory systems.
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APPENDIX: MEAN FIRST-PASSAGE TIME
AFTER A SWITCH

We start with (33) to operate the change of variables x =
1 —a/2w and X’ = 1 — «@/2v. In the limit ¢ < 1, we assume
that w and v are small for the dominating contribution of the
integral. Because of the 1 — x? prefactor in the attraction term
towards y, the dynamics of x is initially “stuck™ in the previous
belief, x ~ 1. Once it reaches a value 1 — O(1), it quickly (in
time approximately equal to 6) reaches 0, before continuing
on to its next state approximately equal to —1.

The change of variable gives

w) o

Too) ~ o [ dwerro—em® 3
2 w?
/2

+0o0 ) v2
y f du e /w-arh VT
o 3 ’
w (v—9)

where wy = («/2)/(1 —xp) is of O(1) in «. The internal
integral in (A1) can be rewritten as the sum of three parts
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~ + R(w)e v
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with R(v) = v?/(v — %)3 —1/v.

The first term on the right-hand side in (A2) is by defini-
tion equal to the special function £y (w) ~ w — y. — In(w) +
O(w) (related to exponential integral). Its contribution to (A1)
is dominated by the behavior at small w — «/2 where the in-
tegral diverges when o — 0. As we will see, it also dominates
the second and third terms, yielding

(AL)

w —

9 0 w o
T (x) ~ —/ dw In(1/w) — ye—5
2 a2 w

~ Z(0°(@) + 27~ 21n(2) + 1] In@) + O()).
(A3)

What remains to show is that the second and third terms in
(A2) contribute at most O(1) to the result. The second term’s
contribution to (A1) is bounded by

wo _a g2w _ 3 2w
QEZwO/ 0 w(w 4)[ o - +1n 5 o li|
o 2( 2

2 po W 22w _ ) o
=60(1). (A4)
As for the third term, it is approximately —%
fujroo (wfz)4e”” o o In( %) and will thus contribute
4

O@aIn(1/a)) = O(0) to the result.

054404-15



DANIELE CONTI AND THIERRY MORA

PHYSICAL REVIEW E 106, 054404 (2022)

[1] H. C. Berg and E. M. Purcell, Physics of chemoreception,
Biophys. J. 20, 193 (1977).

[2] F. Rieke and D. A. Baylor, Single-photon detection by rod cells
of the retina, Rev. Mod. Phys. 70, 1027 (1998).

[3] H. Berg, E. coli in Motion (Springer, New York, 2004).

[4] R. M. Macnab and D. E. Koshland, Jr., The gradient-sensing
mechanism in bacterial chemotaxis, Proc. Natl. Acad. Sci. USA
69, 2509 (1972).

[5] R. Cheong, A. Rhee, C. J. Wang, I. Nemenman, and A.
Levchenko, Information transduction capacity of noisy bio-
chemical signaling networks, Science 334, 354 (2011).

[6] G. Tkacik and A. M. Walczak, Information transmission in ge-
netic regulatory networks: A review, J. Phys.: Condens. Matter
23, 153102 (2011).

[7] R. A. Frazor and W. S. Geisler, Local luminance and contrast in
natural images, Vision Res. 46, 1585 (2006).

[8] B. Wark, B. N. Lundstrom, and A. Fairhall, Sensory adaptation,
Curr. Opin. Neurobiol. 17, 423 (2007).

[9] M. A. Webster, Visual adaptation, Annu. Rev. Vis. Sci. 1, 547
(2015).

[10] F. Rieke and M. E. Rudd, The challenges natural images pose
for visual adaptation, Neuron 64, 605 (2009).

[11] M. D. Lazova, T. Ahmed, D. Bellomo, R. Stocker, and T. S.
Shimizu, Response rescaling in bacterial chemotaxis, Proc.
Natl. Acad. Sci. USA 108, 13870 (2011).

[12] N. Barkai and S. Leibler, Robustness in simple biochemical
networks, Nature (London) 387, 913 (1997).

[13] A. I. Weber, K. Krishnamurthy, and A. L. Fairhall, Coding
principles in adaptation, Annu. Rev. Vis. Sci. 5, 427 (2019).

[14] E. Attneave, Some informational aspects of visual perception,
Psychol. Rev. 61, 183 (1954).

[15] H. B. Barlow, Possible principles underlying the transformation
of sensory messages, in Sensory Communication (The MIT
Press, 1961).

[16] J. J. Atick, Could information theory provide an ecological
theory of sensory processing?, Netw. Comput. Neural Syst. 3,
213 (1992).

[17] M. J. Wainwright, Visual adaptation as optimal information
transmission, Vision Res. 39, 3960 (1999).

[18] W. Bialek, R. R. de Ruyter van Steveninck, and N. Tishby,
Efficient Representation as a Design Principle for Neural Coding
and Computation (IEEE, Piscataway, 2006), pp. 659—-663.

[19] G. Tkacik and W. Bialek, Information processing in liv-
ing systems, Annu. Rev. Condens. Matter Phys. 7, 89
(2016).

[20] S. Laughlin, A simple coding procedure enhances a neuron’s
information capacity, Z. Naturforsch. C 36, 910 (1981).

[21] G. Tkacik, C. G. Callan, and W. Bialek, Information flow and
optimization in transcriptional regulation, Proc. Natl. Acad. Sci.
USA 105, 12265 (2008).

[22] N. Brenner, W. Bialek, and R. R. de Ruyter van Steveninck,
Adaptive rescaling maximizes information transmission,
Neuron 26, 695 (2000).

[23] A. L. Fairhall, G. D. Lewen, W. Bialek, and R. R. de Ruyter
van Steveninck, Efficiency and ambiguity in an adaptive neural
code, Nature (London) 412, 787 (2001).

[24] B. Wark, A. Fairhall, and F. Rieke, Timescales of inference in
visual adaptation, Neuron 61, 750 (2009).

[25] I. M. Park and J. W. Pillow, Bayesian efficient coding,
bioRxiv: https://doi.org/10.1101/178418.

[26] W. F. Mtynarski and A. M. Hermundstad, Adaptive coding for
dynamic sensory inference, eLife 7, 32055 (2018).

[27] G. E. Crooks, Nonequilibrium measurements of free energy
differences for microscopically reversible Markovian systems,
J. Stat. Phys. 90, 1481 (1998).

[28] G. Lan, P. Sartori, S. Neumann, V. Sourjik, and Y. Tu, The
energy-speed-accuracy trade-off in sensory adaptation, Nat.
Phys. 8, 422 (2012).

[29] M. DeWeese and A. Zador, Asymmetric dynamics in
optimal variance adaptation, Neural Comput. 10, 1179
(1998).

[30] W. Mlynarski and A. M. Hermundstad, Adaptability and effi-
ciency in neural coding, bioRxiv:669200.

[31] T. Lochmann and S. Deneve, Neural processing as causal infer-
ence, Curr. Opin. Neurobiol. 21, 774 (2011).

[32] T. Lochmann, U. A. Ernst, and S. Deneve, Perceptual infer-
ence predicts contextual modulations of sensory responses, J.
Neurosci. 32, 4179 (2012).

[33] A. Stocker and E. Simoncelli, A Bayesian model of conditioned
perception, Adv. Neural Inf. Process. Syst. 20, 1409 (2008).

[34] F. Rieke, Temporal contrast adaptation in salamander bipolar
cells, J. Neurosci. 21, 9445 (2001).

[35] Y. Ozuysal, and S. A. Baccus, Linking the computational struc-
ture of variance adaptation to biophysical mechanisms, Neuron
73, 1002 (2012).

[36] J. P. Pfister, P. Dayan, and M. Lengyel, Synapses with short-
term plasticity are optimal estimators of presynaptic membrane
potentials, Nat. Neurosci. 13, 1271 (2010).

[37] W. Bialek, R. de Ruyter van Steveninck, F. Rieke, and D.
Warland, Spikes: Exploring the Neural Code (MIT Press, Cam-
bridge, 1996).

[38] W. B. Levy and R. A. Baxter, Energy efficient neural codes,
Neural Comput. 8, 531 (1996).

[39] R. E. Kalman, A new approach to linear filtering and prediction
problems, J. Basic Eng. 82, 35 (1960).

[40] P. E. Kloeden and E. Platen, Numerical Solution of Stochastic
Differential Equations (Springer, Berlin, 1992).

[41] T. Mora and I. Nemenman, Physical Limit to Concentration
Sensing in a Changing Environment, Phys. Rev. Lett. 123,
198101 (2019).

[42] C. Gardiner, Stochastic Methods (Springer, Berlin, 2009),
Vol. 4.

[43] S. M. Smirnakis, M. J. Berry, D. K. Warland, W. Bialek,
and M. Meister, Adaptation of retinal processing to im-
age contrast and spatial scale, Nature (London) 386, 69
(1997).

[44] F.R. Fernandez and J. A. White, Gain control in CA1 pyramidal
cells using changes in somatic conductance, J. Neurosci. 30,
230 (2010).

[45] B. N. Lundstrom, M. H. Higgs, W. J. Spain, and A. L. Fairhall,
Fractional differentiation by neocortical pyramidal neurons,
Nat. Neurosci. 11, 1335 (2008).

[46] G. E. Crooks, Entropy production fluctuation theorem and the
nonequilibrium work relation for free energy differences, Phys.
Rev. E 60, 2721 (1999).

[47] J. L. Lebowitz and H. Spohn, A Gallavotti-Cohen-type symme-
try in the large deviation functional for stochastic dynamics, J.
Stat. Phys. 95, 333 (1999).

[48] U. Seifert, From stochastic thermodynamics to thermodynamic
inference, Annu. Rev. Condens. Matter Phys. 10, 171 (2019).

054404-16


https://doi.org/10.1016/S0006-3495(77)85544-6
https://doi.org/10.1103/RevModPhys.70.1027
https://doi.org/10.1073/pnas.69.9.2509
https://doi.org/10.1126/science.1204553
https://doi.org/10.1088/0953-8984/23/15/153102
https://doi.org/10.1016/j.visres.2005.06.038
https://doi.org/10.1016/j.conb.2007.07.001
https://doi.org/10.1146/annurev-vision-082114-035509
https://doi.org/10.1016/j.neuron.2009.11.028
https://doi.org/10.1073/pnas.1108608108
https://doi.org/10.1038/43199
https://doi.org/10.1146/annurev-vision-091718-014818
https://doi.org/10.1037/h0054663
https://doi.org/10.1088/0954-898X32009
https://doi.org/10.1016/S0042-6989(99)00101-7
https://doi.org/10.1146/annurev-conmatphys-031214-014803
https://doi.org/10.1515/znc-1981-9-1040
https://doi.org/10.1073/pnas.0806077105
https://doi.org/10.1016/S0896-6273(00)81205-2
https://doi.org/10.1038/35090500
https://doi.org/10.1016/j.neuron.2009.01.019
https://doi.org/10.1101/178418
https://doi.org/10.7554/eLife.32055
https://doi.org/10.1023/A:1023208217925
https://doi.org/10.1038/nphys2276
https://doi.org/10.1162/089976698300017403
https://doi.org/10.1016/j.conb.2011.05.018
https://doi.org/10.1523/JNEUROSCI.0817-11.2012
https://doi.org/10.1523/JNEUROSCI.21-23-09445.2001
https://doi.org/10.1016/j.neuron.2011.12.029
https://doi.org/10.1038/nn.2640
https://doi.org/10.1162/neco.1996.8.3.531
https://doi.org/10.1115/1.3662552
https://doi.org/10.1103/PhysRevLett.123.198101
https://doi.org/10.1038/386069a0
https://doi.org/10.1523/JNEUROSCI.3995-09.2010
https://doi.org/10.1038/nn.2212
https://doi.org/10.1103/PhysRevE.60.2721
https://doi.org/10.1023/A:1004589714161
https://doi.org/10.1146/annurev-conmatphys-031218-013554

NONEQUILIBRIUM DYNAMICS OF ADAPTATION ...

PHYSICAL REVIEW E 106, 054404 (2022)

[49] U. Seifert, Entropy Production along a Stochastic Trajectory
and an Integral Fluctuation Theorem, Phys. Rev. Lett. 95,
040602 (2005).

[50] O. Marre, D. Amodei, N. Deshmukh, K. Sadeghi, F. Soo, T. E.
Holy, and M. J. Berry 11, Mapping a complete neural population
in the retina, J. Neurosci. 32, 14859 (2012).

[51] C. Stringer, M. Pachitariu, N. Steinmetz, M. Carandini, and
K. D. Harris, High-dimensional geometry of population re-
sponses in visual cortex, Nature (London) 571, 361 (2019).

[52] M. Privat, S. A. Romano, T. Pietri, A. Jouary, J. Boulanger-
Weill, N. Elbaz, A. Duchemin, D. Soares, and G. Sumbre,
Sensorimotor transformations in the zebrafish auditory system,
Curr. Biol. 29, 4010 (2019).

[53] J.J. Hopfield, Neural networks and physical systems with emer-
gent collective computational abilities, Proc. Natl. Acad. Sci.
USA 79, 2554 (1982).

[54] E. Schneidman, M. J. Berry, R. Segev, and W. Bialek, Weak
pairwise correlations imply strongly correlated network states
in a neural population, Nature (London) 440, 1007 (2006).

[55] B. L. Robinson, N. S. Harper, and D. McAlpine, Meta-
adaptation in the auditory midbrain under cortical influence,
Nat. Commun. 7, 1 (2016).

[56] Y. Katz and M. Springer, Probabilistic adaptation in changing
microbial environments, Peer] 4, €2716 (2016).

[57] D. Dong and J. Atick, Statistics of natural time-varying images,
Netw. Comput. Neural Syst. 6, 345 (1995).

054404-17


https://doi.org/10.1103/PhysRevLett.95.040602
https://doi.org/10.1523/JNEUROSCI.0723-12.2012
https://doi.org/10.1038/s41586-019-1346-5
https://doi.org/10.1016/j.cub.2019.10.020
https://doi.org/10.1073/pnas.79.8.2554
https://doi.org/10.1038/nature04701
https://doi.org/10.1038/ncomms10512
https://doi.org/10.7717/peerj.2716
https://doi.org/10.1088/0954-898X_6_3_003

