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The ground state of an elastic interface in a disordered medium undergoes collective jumps upon variation of
external parameters. These mesoscopic jumps are called shocks, or static avalanches. Submitting the interface
to a parabolic potential centered at w, we study the avalanches which occur as w is varied. We are interested in
the correlations between the avalanche sizes S} and S, occurring at positions w; and w,. Using the functional
renormalization group (FRG), we show that correlations exist for realistic interface models below their upper
critical dimension. Notably, the connected moment (S;.5,)¢ is up to a prefactor exactly the renormalized disorder
correlator, itself a function of [w, — w |. The latter is the universal function at the center of the FRG; hence, corre-
lations between shocks are universal as well. All moments and the full joint probability distribution are computed

to first nontrivial order in an € expansion below the upper critical dimension. To quantify the local nature of the
coupling between avalanches, we calculate the correlations of their local jumps. We finally test our predictions
against simulations of a particle in random-bond and random-force disorder, with surprisingly good agreement.
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I. INTRODUCTION

The model of an elastic interface in a disordered medium
has been put forward as a relevant description for a large
number of systems [1-4]. Examples include domain walls in
soft magnets [5,6], fluid contact lines on a rough surface [7,8],
strike-slip faults in geophysics [9,10], fracture in brittle
materials [11-13], and imbibition fronts [14]. An important
common property of these systems is that their response to
an applied field is not smooth but rather proceeds via jumps
extending over a broad range of space and time scales. As a
consequence, understanding the properties and the universality
of avalanche processes has received a lot of attention in the
past years [15-17].

A problem of outstanding interest is to quantify the
correlations between successive avalanches. In the context
of earthquakes those are linked to the notion of aftershocks,
whose statistics is characterized through phenomenological
laws such as the Omori law [18]. Several mechanisms
have been advanced to explain these strong correlations, all
involving an additional dynamical variable [19,20]. For elastic
interfaces, correlations between avalanches were yet only
studied as a result of such additional degrees of freedom in the
interface dynamics, as relaxation processes [21,22] or memory
effects [23]. In this work, we show that, even in the absence
of such mechanisms, avalanches in elastic interfaces are
generically correlated below their upper critical dimension.
These correlations are universal.

Let us emphasize that the goal of this paper is not to
understand or explain the aftershock statistics observed in
earthquakes, for which additional mechanisms such as those
discussed above are necessary. Rather, it is to emphasize
that for disordered elastic systems, except for mean-field
models, correlations between avalanches always exist. A
precise quantitative understanding of these correlations is
necessary to correctly quantify correlations induced by ad-
ditional mechanisms. In systems where the description by the
standard elastic-interface model is accurate (without additional
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mechanisms) our results quantify the correlations between
avalanches. It would thus be interesting to quantify them
better, in order to access universality, or lack thereof, in various
avalanche processes.

In this article we study the correlations between the sizes
and locations of shocks in the ground state (also called
“static avalanches”) of elastic interfaces in disordered media.
These static avalanches are close cousins of the (dynamic)
avalanches observed in the interface dynamics at depinning.
As we discuss below, we expect most of our results to hold
for both classes. Our study is conducted using the functional
renormalization group (FRG). Originally introduced as a
powerful tool to study the universal properties of the statics
and dynamics (at the depinning transition) of elastic interfaces
in disordered media [24-30], the FRG has been recently
adapted to the study of avalanches [31-36]. It has notably
led to a rigorous identification of the relevant mean-field
theory for the statistics of single avalanches: the Brownian-
force model (BFM), a multidimensional generalization of the
celebrated Alessandro-Beatrice-Bertotti-Montorsi (ABBM)
model [37,38]. Interestingly, the FRG makes it possible to
go beyond mean-field theory and to compute in a controlled
way avalanche observables in an expansion in € = dy. — d,
where d is the interface dimension and d,. the upper critical
dimension of the problem. The latter depends on the range
of the elastic interactions, with d,. = 4 for short-ranged (SR)
elasticity and dy. = 2 for the usual long-ranged (LR) elasticity.

The outline of this article is as follows. In Sec. II we
summarize our results, preceded by a definition of the relevant
observables. In Sec. III we introduce the model and the
observables we are interested in. Section IV contains the
derivation of the main results presented above. Section V gives
an analysis of the correlations between the local shock sizes.
Section VI presents the results of our numerical analysis of
these correlations for a toy model with a single degree of
freedom, i.e., d = 0. Finally, a series of appendices contains
technical derivations.
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II. MAIN RESULTS

Let us now state our main results for interfaces with
a short-ranged elastic kernel (a more general case will be
treated in the paper, with little changes to the formulas). To
this aim, we parametrize the position of the interface by the
(real, one-component) displacement field u(x), where x € R¢
is the internal coordinate of the interface. For notational
convenience we denote u(x) = u,. The interface is submitted
to a quenched random potential V (u,,x) and to an external
parabolic confining field %(ux — w)? centered at w. In a
given disorder realization V, upon variation of the external
field w, the ground-state (i.e., lowest-energy) configuration of
the interface, denoted u, (w), changes discontinuously at a set
of discrete locations w;, according to

uy(w;) = u(w) = u,(w;) + Y. (1)

The event (w;,S®) is the ith shock of the interface, w; is the
location of the shock, SU is its local size at x, and S¥) =
[ d?x S its total size. The statistical properties associated to
one shock were thoroughly analyzed using FRG in [31,32].
Such properties are encoded in the shock density py, defined
as

po =Y 8w — w), (2)

and in the avalanche-size density,

p(S) = 25(10 — w;)3(S — SO). 3)

The shock-size density p(S) is linked to po through py =
JdS p(S). Note that these quantities do not depend on w
due to the statistical translational invariance (STS) of the
disorder. Considering two points w < w’ and sizes S; < Sy,
fU'j” dw |, s dSp(S) is the mean number of shocks occurring
between w and w’ with size S € [S;,S,], while (w’ — w)pg is
the mean number of shocks (irrespective of their size). Note
that throughout the rest of this section we discuss our results
in terms of densities but they can be translated into results for
normalized probabilities as we discuss in Sec. III E.

These observables alone do not determine the statistical
properties of the sequence {(w;,S®)};cz of shocks experi-
enced by the interface in a given environment. In particular,
they do not contain any information about the correlations
between the shocks. For a given distance W > 0, let us
therefore introduce the two-shock density at distance W,

pa(W) = " 8w — w)S(w + W — w). 4)
i#]

This observable scales as the square of a density. Thus,
fulf]; dw /:)22 dw’ pr(w' — w) counts the mean number of pairs
of shocks such that the first shock occurs between w; and w
and the second one occurs between w, and wj. Equivalently,
P(W) = % is the density of shocks at a distance W from a
given shock. These observables contain information about the
correlations between shocks. Indeed, an uncorrelated sequence
of shocks implies p2(W) = p3 [and thus 5(W) = pol. A
central question addressed in this work is whether the presence
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of ashock at a given point decreases [p,(W) < pg] or increases
[02(W) > ,03] the density of shocks at a distance W.

To measure the correlations between the size of the shocks
(and not only their positions), we introduce the two-shock size
density at distance W,

Ppw(S1,52)
= 8w —w)S(St — SS(w + W —w;)8(S, — SO).
i#]j
Q)
It is linked to p,(W) via
p(W) = /dsldszpw(sl,szl (6)

Here f:il dw fu'j;z dw' SSli ds fSSZé dS' pu—u(S,S") counts the
mean number of pairs of shocks such that the first shock
occurred between w; and w; and the second occurred between
w, and wj, with sizes between S; and S] (respectively, S,
and S5). For this observable, an absence of correlations in
the sequence of shocks implies pw(S1,52) = p(S1)p(S2). To
investigate the presence of correlations, we thus study the
connected two-shock size density py,(S1,S>), defined as

Pw(S1.82) 1= pw(S1,82) — p(S1)p(S2). (N

At the level of mean-field theory, i.e., in the BFM model,
it is known [32,35] that the shocks are independent and the
process w — u,(w)isaLevy jump process. As a consequence,
O (S1,82) =0. On the other hand, for realistic interface
models below their upper critical dimension, the shocks are
correlated, demanding to go beyond the BFM. This can be
seen from the second moment for which we show below the
exact relation

(8182) 5,
[(S),]?

On the left-hand-side, (- - - ) ¢, denotes the average with respect
to py, as defined in Eq. (7). On the right-hand-side, L is the
lateral extension of the system, and m? the curvature of the
confining potential, which sets the correlation length L, :=
1/m for avalanches in the lateral direction. Finally, A(W) is
the renormalized disorder-force correlator, the central object
in the FRG treatment of disordered elastic systems: Denoting
u(w) the center-of-mass position of the interface, given well
position w, the correlator A(W) is defined as the connected
correlation function of the center-of-mass fluctuations of the
interface position [39],

A//(W)
=" Ldm4 .

®)

AW) == Lim*Tu(w) — wilu(w + W) — (w + W)]'. (9)

Up to a universal scaling factor and a single nonuniversal
scale, the function A(W) only depends on the universality
class of the problem. It was computed up to two-loop accuracy
in Ref. [30] and measured numerically in Ref. [40]. For our
purpose it is important that the function A(W) is uniformly
of order € and that its second derivative is nonzero. Thus,
the correlations (8) increase when going away from the upper
critical dimension, where mean-field theory, or equivalently
the BFM, is relevant. Indeed, for the BFM A”(W) =0,
and the effective disorder force is distributed as a Brownian
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FIG. 1. Illustrations of the typical shape of the renormalized
disorder correlator A(W) (black dashed line) and of its second-order
derivative A”(W) (red line) for the random-field (left) and random-
bond (right) universality classes (not to scale). Our results predict
that the shock sizes are always negatively correlated in the random-
field universality class, whereas the random-bond universality class
exhibits a richer structure with negatively (positively) correlated
shock sizes at small (large) distances.

motion. Beyond mean-field theory, the sequence of shocks
is correlated, thus the effective disorder force at large scales
has a different statistics than Brownian motion. The sign of
these correlations depends on the sign of A”(W), which,
in turn, depends on the universality class of the problem.
As detailed in Sec. IIIC, our results predict qualitatively
different correlations depending on the universality class.
The most important static universality classes of nonperiodic,
short-ranged disorder are the random-bond (RB) universal-
ity class, which at the microscopic level has short-ranged
potential-potential correlations, and the random-field (RF)
universality class, for which the force-force correlations, but
not the potential-potential correlations, are short-ranged at the
microscopic level. As is summarized in Fig. 1, for RF disorder
A"(W) > 0, and thus avalanches are always anticorrelated. On
the other hand, for RB disorder, avalanches are anticorrelated
at short distances W, but positively correlated at larger ones.

To obtain results for higher avalanche-size moments, we
use the FRG and the € = (d,. — d) expansion to show that, to
lowest nontrivial order in the expansion,

. A"(W) 5,8
PV(S1.8) = ——5 ﬁgjmsl)p(sm 0.  (10)
Here
(5),
S 1= , 11
25), o

where (- - -), denotes the average with respect to p as defined
in Eq. (3), is the characteristic size of avalanches, which acts
as a large-scale cutoff for the avalanche-size density p(S), and
A"(W) introduced above is O(¢). Integrating Eq. (10) times
S18, over S; and S>, we recover Eq. (8). Contrary to the latter
equation which is exact, relation (10) is correct only to order €.

As a consequence of Eq. (10) and its generalizations
to higher order, the correlations between avalanches are
universal. To make this more transparent, we rewrite Eq. (10) as

1 L™ w S S
0 (81,8) = ———Fyl —,—,— ). 12
Pw(81,82) Lmy 52 d(Wm S Sm) (12)
The function F; is universal and, apart from its three
arguments, depends only on the spatial dimension. To first
order in d = dy. — €, and in the limit of large L and small m,
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it is given by

AdA*”(w) e*($1+$2)/4

167t4 /5182

Here A, is an explicit constant, with Ay—4 = 872 for SR
elasticity; the scale W,, ~ m~¢, with ¢ the roughness exponent
contains a nonuniversal amplitude. The range of validity of
this result is discussed in the main text. The presence of the
factor of 1/(Lm)? highlights the fact that the correlations
between shocks are local [indeed, N := (Lm)? counts the
number of elastically independent regions of the interface].
We analyze this local structure by studying the correlations
between the local sizes of the shocks.

To summarize, let us emphasize again our main message,
namely that for realistic models (beyond mean field) the
sequence of shocks is always correlated.

Fw,s1,8) = + 0(e?). (13)

III. MODEL, SHOCK OBSERVABLES, AND METHOD
A. Model

Consider the Hamiltonian for a d-dimensional elastic
interface with position u(x) = u, € R (x € R?), elastic kernel
gx_xl,, subjected to a harmonic well centered at w, and to a
disorder potential V (u,x):

Hlu; w] = %/ gx_xl,(ux —w)(uy —w) + / V(uy,x).

X

(14)

Here fx =/ d“x and we assume everywhere that the system
is confined in a box of length L with, e.g., periodic boundary
conditions (the boundary conditions will not play a role in
the following). We also assume the existence of a short-scale
length cutoff a. The elastic kernel is translationally invariant
(g0 = &' .) and defines a convex elastic-energy functional

(i.e., g} > 0 for x # x’). We denote g, ' = 1/g4 its Fourier

transform defined as g, ' = /, e g1 where L=/ (zd;l),,. A
possible choice is the standard short-ranged elasticity defined

by
g =S (=Vo tm). gl =g +m’(15)

Here 8, is the Dirac § distribution, and the elastic coefficient
has been set to one using an appropriate choice of units.
Another kernel we consider is

g, =" +uHe, (16)

where y = 2 corresponds to the previous case and y =1 is
relevant for long-ranged elasticity, as encountered in fracture
and contact-line experiments. For a kernel of the form (16) we
define the mass term as

m* = gq_zlo =u’. (17)

It is the strength of the harmonic well. For short-ranged
elasticity we have

1
Heilu; w] := E/ gy — w)u, —w)

- %/(quxf +m?u, —w)’.  (18)
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Thus, L,, :== m~" defines a length scale beyond which differ-
ent parts of the interface are elastically independent. It also
provides a large-scale cutoff in loop integrals encountered in
the field theory. For more general kernels (16) this length
scale is L, := u~', and we suppose L, < L, ensuring that
boundary conditions do not play a role. The number of
elastically independent parts of the interface is N = (L/L,)".
The disordered potential V (u,x) is assumed to be short ranged
in internal space x and statistically translationally invariant,
with a second cumulant

V@, )V, x) =80 Ro(u —u). (19)

The overline (---) denotes the average over the disorder,
and superscript ¢ stands for connected averages. The detailed
form of Ry is, apart from global features that determine the
universality class of the problem (see Sec. III C), unimportant.
We also consider the force-force cumulant Ay(u) = —Rg (u)
such that 9, V(u,x)au/V(u/,x’)c = 8y Ag(u — u'). Introducing
a (finite) temperature 7', disorder and thermal averages in this
model can efficiently be computed using a replicated field
theory. Introducing n replicated fields u,,, a = 1, ... ,n, the
replicated action reads

1 —1
S[u] = ﬁ ; /;X, g,”'(uax - w)(uax’ - w)

1
o O [ Rultas =) 20)
a,b X

where - - - indicates eventual higher cumulants of the disorder.

B. The ground state and the scaling limit

As discussed in the Introduction, we are interested in the
minimal energy configuration of the interface for a given
parabolic well position w and disorder realization V (i.e., the
T = Oproblem). Itis defined as the configuration u, (w), which
minimizes the energy,

uy(w) := argminH[u; w]. 21

Uy

‘We denote
1
u(w) = ﬁ/xMX(w) (22)

the center of mass of the ground state of the interface. The
statistical properties of u,(w) have been extensively studied
in the literature. In particular, it is known that the interface
is self-affine with a (static) roughness exponent ¢, defined by
[ (W) — up(w)]? ~ |x — x'|*. This scaling form generally
holds in the scaling regime L. < |x —x'| < L,, where L.
is the Larkin length. The scaling limit is thus obtained for
L, — ooorequivalently for u — 0, alsoequivalenttom — 0
[see (17)], a regime which is implicit throughout this work. In
the FRG treatment of this problem, the ground-state statistics
is studied using the replicated field theory (20). The mass
term m (or i = m?/¥) can be conveniently used as a control
parameter to study the flow of the effective action. Asm — 0
and through a proper rescaling, the effective action approaches
a RG fixed point. This fixed point is perturbative in € = dy —
d > 0, where d, is the upper critical dimension of the model
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(for kernels of the form (16) it is given by dy. = 2y; thus,
dy. = 4 for short-ranged elasticity and d,,. = 2 for long-ranged
elasticity). The central object of the theory is the effective
disorder correlator R(u), a renormalized version of Ry(u). It
appears in the effective action of the theory I'[u], as Ro(u)
appears in the bare action S[u] of Eq. (20) [see the action (57)
below]. Remarkably, as shown in Ref. [41], it is related to
a physical observable, the renormalized disorder force-force
correlator A(u) defined as

Aw —w') = Lim* Tu(w) — wilu(w) — w'], (23)

through the relation A”(u) = —R(u). This is the function that
appears in the results (8) and (10) of the introduction. The
RG flow can be equivalently studied on R or A. For m — oo,
the correlator A(w) is equal to the bare force-force correlator:
A(W) = w00 Ao(w). In the limit m — 0 it admits a scaling
form

Aw) = Agu* A(pfw), (24)

where A, is a dimensionless constant, and we recall yu =
m?'7 . For kernels of the form (16), a convenient choice is

to take Ay as Ay = i with the dimensionless loop integral

~ e 1 . . I~4 .
L = fq T Note that the combination €/, stays finite as
€ — 0. In general,

L .2 To+1-dp)
A T T

and, for example, eh =,=0,d—=4 1/(8712) and el, =,=1,d=2
1/(27). As m — 0, the rescaled disorder correlator A con-
verges to the fixed point of the FRG flow equation A*(u),
which depends only on the universality class.

Let us now recall some important properties of these fixed-
point functions.

; (25)

C. Properties of A*(u) and static universality classes

Depending on the properties of the bare disorder correlator
Ro(u), the FRG predicts that Aw) converges as m — 0 to
one of the fixed points of the FRG equation. A property of
the (zero-temperature) FRG equation is that, for nonperiodic
disorder, if A*(u) is a fixed point, k> A*(u/«) also is a fixed
point. Hence, the fixed point towards which the system flows
contains one nonuniversal scale whose value depends on
microscopic properties of the disorder. The known fixed points
can be regrouped into four main classes.! Analytic properties
of these fixed-point functions are known up to two-loop order,
i.e., O(e?); see Ref. [30], to which we refer the reader for
quantitative results. An important property is that all fixed
points exhibit a cusp around 0, A(u) =~ A(0) + A'(0M)|u| +
O(u?), related to the presence of avalanches [31,33]. For our
analysis the sign of (A*)”(u) is crucial as it determines the sign
of the correlations. From the exact result (8) (shown below)
we see that for (A*)”(W) > 0 shock sizes at distance W are
anticorrelated, whereas for (A*)"(W) < 0 they are positively
correlated.

There are other classes with different long-range correlations, but
we do not study them.
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Random bond. This class has a bare disorder potential
V(x,u) distributed with short-ranged correlations in the u
direction: The bare disorder correlator Ry(u) decays quickly
to 0 as u — oo. The most important property for our analysis
of the fixed-point function A}y (u) (its typical form is plotted
on the right of Fig. 1) is that (A;B)”(u) > 0 at small u and
(A%g)'(u) < 0 at large u.

Random field. This class has the bare disorder force
F(x,u) = -9,V (x,u) distributed with short-ranged correla-
tions. Then the bare force-force correlator Ag(u) is short-
ranged and Ro(u) ~,s1 —o|u|, where o is called the ampli-
tude of the random field. The most important property for our
analysis of the fixed-point function AT{F(”) (its typical form is
plotted on the left of Fig. 1) is that (A;;F)”(u) > 0 for all x.

Random periodic. This class corresponds to periodic
disorder V(u + 1) = V(u). As a consequence, A*(u) is also
periodic and (A*)"(u) = (A*)"(0) > Ois constant. Though our
analysis still applies to this universality class and our results are
correct to O(€), we do not discuss it here. As the shock process
is periodic in any dimension, correlations naturally arise from
this periodicity (in particular in d = 0 in the m — 0 limit only
one shock survives per interval).

The Brownian-force-model universality class. Finally, the
Brownian-force model defined as Ag(u) = —o|u| is also a
fixed point of the FRG flow equation and attracts all bare
disorder such that Ag(u) >~ —o’'|u| at large u. It models
avalanches at the mean-field level. (It resums tree diagrams.)
In this model shocks are uncorrelated.

Hence, from the perspective of practical applications, the
qualitative behavior of the correlations between shocks as a
function of the distance strongly depends on the universality
class of the model (see Fig. 1).

D. Shocks observables: Densities

As recalled in the Introduction, it is well known that in the
limit of small m the (rescaled) ground state u, (w) is piecewise
constant as a function of w. In terms of the sequence of shocks
{(w;,8%)};cz one can write u, (w) and u(w) as

we(w) =Y 0w — w)SY,
u(w) = Ta Z@(w — w;)SV,

where 0(x) is the Heaviside 6 function. We recall the definition
of the one- and two-shock size density:

P(S) =D 8w — w)d(S — SV), 27)
pw(S1,52)
= 8w — w)d(Sy — SOSw + W — w)8(S, — §U).
i#]
(28)

These distributions possess a large-scale cutoff which we
denote S,,; the latter diverges for m to O as S, ~ m~a-¢,
Additionally, we suppose that they have a small-scale cutoff
So. In the scaling regime, p(S) behaves as a power law with a
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characteristic exponent t: p(S) ~ S77 for §) « S < S,,. We
us also define the connected density

P (S1,52) = pw(S1,82) — p(S1)p(S2).

In the first part of this work our goal is to compute oy, (Sy,52)
up to first order in € using the FRG.

(29)

E. Shocks observables: Probabilities

One can normalize the above densities to define proper
probability distributions as follows:

po 1= fp(S)dS, (30)
P2W) := /pW(Sl,Sz)dSldSz, (31)
P(S) := @, (32)

Po
Pw(S81,5) == % (33)

With this definition, ppdw is the mean number of avalanches
occurring in an interval dw and [,* dw [ dw’py(w’ — w)
counts the number of pairs of shocks where the first one
occurs between w; and w, and the second between wj;
and wy, irrespective of their sizes. Given these definitions,
P(S) and Pwy(S) are normalized probability distribution
functions (PDFs). |, SS/ dSP(S) is the probability, given that
a §hock has occurred, that its size is between S and S'.

5 dS [;*dS'Py(S.S') is the probability, given that two
shocks occurred at a distance W, that their sizes are between
Si and §f, and S, and S}. Note that a priori the marginal
distribution f dS, Pw(S1,S>) is different from P(S;) since it
contains the additional information that a shock occurred at
a distance W. At the level of these PDFs, the absence of
correlations would imply Py (S;,S5) = P(S1,S,) and, though
in the remaining of the text we favor the use of densities, our
results can be translated to probabilities using Eq. (33). As
discussed in Ref. [31], for an avalanche-size distribution p(S)
with exponent T > 1 (which is relevant here), the value of pg
is dominated by the small-scale cutoff Sy for avalanche sizes
and diverges as Sy — 0,

o0
po = / P(S)S ~5,0 S
S

0

(34)

Hence, p is nonuniversal. In the same way p,(W) is nonuni-
versal, even though its relation with pyp has some universal
features as we show below. We denote by (---),, {(---),,>
(--- >P6v’ (---)p,and (---)p, the averages with respect to p,
ow, Py, P, and Py.

F. Relation between avalanche-size moments and renormalized
force cumulants: First moment

The nth cumulant of the renormalized pinning force is
defined as

m> Tu(wy) — wi]- - - [w(w,) — w,]

= (=1)'L™DIED o wy). (35)
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By definition, CO(wy,wr) = A(w; — wy) as introduced
above. By parity invariance of the disorder m?[u(w) — w] = 0,
and thus CV(w) = 0.

First cumulant. One immediately gets by inserting Eq. (26)
into m*[u(w) — w] = 0 the exact relation

(S), = po(S)p = L. (36)

Second cumulant. Differentiating with respect to w; and w, the
definition L™ ?A(w; — wy) = m*[u(w,) — wi[u(w,) — w]
with Eq. (26) inserted, one obtains the relation (33) of [31]
(with a corrected misprint 1 — —1). It can be written in the
form

A"(w; — wy) _
—# = L7285 ,8(w; — w2)

+ L7285, 55) -1 @37

Puny—w;

Hence, as pointed out in Ref. [31], the singular part of the
second derivative of A”(w; — w;) around w, = w; gives an
exact relation between the cusp in the renormalized disorder
correlator,

o :=—A(0") = R"0O"), (38)
and the second avalanche-size moment,

(8%,
2(8),

_($Hp o
T 2S),  m* %9

Sy 1=

The avalanche size S, plays the role of a large-scale cutoff for
0(S). On the other hand, the regular part of Eq. (37) gives the
exact relation

_ A"(W)
L72(818) py = 1 — Tt (40)
For uncorrelated shocks we would have obtained

L7285, 8,) ow = 1. The correlations thus come from the
nonzero value of A”(W) # 0, a property which is generally
expected from the FRG. It is a simple signature of the fact
that the effective disordered force felt by the interface at large
scale is not Brownian. Note that in terms of the moments of
the connected density, the exact relation (40) reads

A//(W)

L™2(8185) e, = T

(41)

Let us also write the exact relation (40) in terms of the
probabilities defined in Sec. III E:

P2 (W) (8182) py, _
ot (S)p)?

A”(W)
Lim*~

(42)

G. Generating functions

We now introduce the generating functions which encode
all the moments of the density pw(S],S5,). Let us first recall
the generating functions used in the one-shock case:

Z() = L™ - 1),
ZW) =L —AS— 1), =Z(\) — A (43)
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They are related to observables associated with the position as

ZO) = L™ lim 95el/bwd)—utw),
§—07F

200 = L~ lim 9yel lawro—aw], 4
§—0*

where #(w) := u(w) — w is the translated position field. Note
that due to STS they are independent of w. These relations
were proven in Ref. [32]. For two shocks we introduce

Zw(hiho) == L7245 = 1D = D),,.  (45)
We show in Appendix A that it can be computed as
Zw(hi.h2) = Zw(Or.h2) + M Z(M) + Ay hat Z(h) + hihs
= Zw(A1,02) + A Z(h) + M Z(ho) — Aiha. (46)
‘We used the definition
Zyw,(A1,h2) := L7 lim 85, 5,

81,8,—>0%

x e LM la(wi+81)—i(wi)] g LI Ao [@(wr+8)—i(w2)]
(47)

In the following we compute Zw(ki,A;) using the FRG
through formula (47). Let us also define the connected
generating functions

Zjy0a.hg) i= LTS = D@ = 1))y,
= Zw(A1,A2) — Z(A1)Z(Xp),
Z5,(M,02) 1= Zw(hi,ha) — Z()Z(A). (48)

These functions are actually equal: Zj,(A(,A2) = Zﬁv(kl,kz),
as is easily seen using (46).

H. Relation between avalanche-size moments and renormalized
force cumulants: Kolmogorov cumulants and chain rule
Using Eq. (47) and the fact that i(w) = 0, the generating
function Zw (A1,A,) can be written as

00
R )Lrll)\'gn L(n+m—2)d
Zw(A1,h2) = Zl il s M
n,m=

x [a(8;) — aO)]"[a(W + &) — a(W)]™. (49)

In the limit of §; — 0 we encounter for each (n,m) two types
of terms:

[a(8) — a(O)I"[a(W + 8) — a(W)I"
=[a@) — a1 x [a(W + &) — a(W)""
+Ta@) — a1 [a(W + &) — a(W)I"™ + 0(s7).
(50)

The term in the second line of Eq. (50) produces the
disconnected part of the avalanche moment (S7)(S5') and thus
the disconnected part of the generating function ZW(AI JA2),
that is, Z(11)Z(A»). The last term on the other hand contributes
to (8787, and to the connected part of the generating
function, ny (A1,A2) = Z3,(A1,A2), which is the true unknown.
Introducing the Kolmogorov cumulants

K{™(81,82)
= LTG5 — a0 [a(W + 82) — a(0)1™, (51)
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we can write

o0

Zy0ah) =y

n,m=1

APAY L m)
—K"™(8,.8,), (52
nim! 5,60 8,8, W (31.82), (52)

or, equivalently,

. 1 n,m
(S7sy) . = lim —Kiy"(81,8).

53
W 8,860t 818, (53)

The Kolmogorov cumulants (51) can be generally extracted
from the renormalized force cumulants (35), as we now
explain. Let us introduce?

n,m
C! )(wl, Wy Wit 1y - v e s Wi )

= Lo 20w - AW A Was) - W) - (54)
They are trivially linked to the renormalized force
cumulants (35): Crmwy, ... S Wiy, Wil s v v v s Wy ) =
ﬁ(—l/mz)”mé(”m)(wl, ... Wpem). Explicit expressions
for the lowest cumulants with n 4 m < 4 are displayed in
Ref. [31]; see, e.g., Eq. (61) there. In the notation for com,
though the expression is symmetric in w;, we have highlighted
the facts that in the end the n first w; will be taken around
w = 0, whereas the last m will be around W. Indeed, to obtain
K(W""")(Sl ,82) from the moments C™, we must successively
evaluate C™™ with w; — 8; minus C™ with w; — 0
for each i = 1, ...,n, then set w; — W + &, minus C®™™
with w; — W for each i =n +1,...,n + m. Ambiguities
associated with the possible presence of terms such as A’(0%)
are lifted by taking the limit of coinciding points with a given
specific ordering of the w;. Consistency requires that the end
result does not depend on the chosen ordering, a property
linked to the assumption that all singularities of the field #i(w)
can be modeled by a finite density of dilute shocks (which
guarantees, e.g., the continuity of €). This iterative procedure
was called the K operation in [31].

1. Strategy of the calculation and validity of the results

In order to compute Z w(X1,A2), we must be able to perform
disorder averages of moments of the position field at various
positions w; fori =1, ...,r. For example r = 4 is sufficient
in the formulation (47) and used in Appendix D . In the main
part of this work we report a calculation of ZW(M,M) from
the study of the moments (54) and we thus need to keep r
arbitrary. We therefore consider the theory for r position fields
u' coupled to different parabolic wells centered at positions
w; in the same disordered environment. The Hamiltonian of
the problem is

Hitu) )l = Y- Halud w1+ Y [ Vil (59
i=1 i=1°%

2Note that those differ from C introduced in [31] by an additional
factor of L9,
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This leads to a replicated action of the form
1 L i
Slul = > / gl —w)ul, — wp)
a,i xx!

1 A .
—57 > /Ro(u;x —ul )+, (56)

ie X
a,ish,j

The effective action of the theory is [31,32,41]
1 —1(,i i
Plu] = —— Z/ gxxl’ (uax - wi)(uax’ - wi)
2T — Jax

1 , ,
“ 2 / Rty = up) + 0. (5T)

a,izh,j "

Here R(u) = O(¢) is the renormalized disorder correlator
already introduced in the previous section, while the neglected
terms are higher-order terms in € that can be expressed as
loop integrals with higher powers of R. The calculation of
observables using the effective action (57) has been called
the improved-tree approximation [31,32]. Here we do not
specify the number of replicas a = 1, ...,n,. As is usual in
replica calculations, the n, — 0 limit will be implicit in the
following. Since (57) is the effective action, observables will
be computed using a saddle-point calculation or, equivalently
in a diagrammatic language, by resuming all tree diagrams
generated by the action (57). This calculation makes it possible
to get the lowest order in € for any observable. Let us recall
the known results at the improved-tree level for po(S) and Z(A)
as obtained in Refs. [31,32]:

pS) = —————e 7, (58)
ZO) = A+ S, Z(0W) = %(1 — 1 —4rS,). (59)

J. Connected versus nonconnected averages and the € expansion

Before going further, let us now mention a subtle point. As
becomes clear in the following, the improved-tree calculation
leads to a result of order O(e) for py,, in contrast to p(S)
for which it leads to a result of order O(1).> Hence, if one
computes pw(S1,52) = p(S1)p(S2) + p},(S1,52) to O(€), one
must pay attention to the fact that oy, (S, S) can be computed
using the improved-tree theory, but p(S) has then to be
computed to one-loop accuracy. In the same way, the connected
generating function

Zy(A,h0) = Zw(hi,h) — Z(M)Z(A2) (60)

can be computed exactly up to order O(¢) using the improved-
tree theory, but to compute Zy (11,A;) up to order € one must
add one-loop corrections to Z(A). The same remark holds for
the moments (S} $3%) e = (S7"85%) p, — (S11)(S57) -

3To be rigorous, this is only true of the dimensionless density 5(S) =
S2 p(S,,8) since S,, = O(¢); we neglect this subtlety in the following.
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IV. CORRELATIONS BETWEEN TOTAL SHOCK SIZES

A. Reminder of the diagrammatic rules and extraction
of shock moments

Let us now explain how the moments

C(n,m)(w] yoe s Why Wity oo awn+m)
— L(n+m—2)d ~ ~ ~ =
- a(wy). .. u(wn)u(wnJrl) v u(wner)
=L 7 i 61
= Uy, (wy)... uy,,Jr,,,(wner) (61)
Yiseees Yn+m

are obtained using the diagrammatic rules developed in
Ref. [31], which can also be read off from the action (57). In
the calculation of the correlator (54), the terms of the form
Léi(w;) = f) \ iy, (w;) are diagrammatically represented as
external legs at the top of the diagrams. Fields at different
position w; and w; can be contracted through an interaction
vertex fz %R[ﬁz(w[) — . (w;)+w; —w;], represented
as a dashed line (each contraction bringing an additional
derivative to R with the appropriate sign). The propagators
are represented as plain lines. When forming tree diagrams,
one produces n+m — 1 interaction vertices %R and
2(n + m — 1) propagators, which each carries a factor of T.
For trees, all factors of T cancel, and the diagrams survive in
the O temperature limit. The factors of T can thus be omitted in
the diagrammatic rules. As for the integrals over the positions
of the external legs vi, i =1,...,n+m and the disorder
vertices z;, k =1, .. n + m — 1, since the interaction is local
in space and fx g = mz , all 2(n + m — 1) propagators can be
taken as static propagators and thus this integration produces an
additional factor of L¢. This procedure results in expressions
for the CY™(wy,..., Wy, Wytls.-. ,Wpem) as sums of
products of terms involving derivatives AP (w; — w;).* In
calculating the Kolmogorov cumulants K ™) (8,,8,) to order
0(618,) one must use the even but nonanalytic form of A(u)
around the origin,

Au) =

A0) + A'(0)]ul +

2() 2row?). (62

We checked that if one takes all limits of coinciding
points with a fixed order of the w; in the calculation,

J

0(2‘]) (wl y W2, 103)

wy 0 W10 W

= 2SyM,, oy ( L ||= == | +

wy ~ W

SyInu )W [

2
= i

In doing the K operation to go from C?V to K 5‘%’1), these
diagrams are not equivalent. At order §,6,, which we are

“Each R vertex must be contracted at least twice or there would be
one free-replica sum left in the replicated theory, leading to O in the
limit of a vanishing number of replicas.

w; ~ 0

L L)

A(wl — wz)A'(wl — wg) + A(wl — wg)A’(wl — ’LUQ) -+ A(U)g — ’LUQ)A’(’LUg — wl)]_
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one obtains a nonambiguous result, independent of the
ordering.

B. Lowest moments

First moment. We fist consider the computation of (S152)
To this aim we compute C""V(w;,w,), which is given by a
single diagram:

wy ~ 0 wo ~ W
COD(wy,we) = 72 L e
A(wy — wa)
= LA(wl — ws)
Ldm4

(63)

We have introduced a new diagrammatic notation: A double-
dashed line represents an interaction vertex between position
fields at a finite distance ~W; we reserve the single dashed line
for interaction vertices between nearby position fields. Hence,

K" (51,82) [A(=8; + W + &) — AW + &)

Lim*
—A(=51 + W)+ AW)]
A//
=— L( )5152+0(3 )- (64)
Using (53) we conclude that
_ A"(W)
L7US182) gy, = = (65)

This is the exact result (40), here retrieved diagrammatically
within the improved-tree approximation. A priori there could
be higher-order corrections O(e?) on the right-hand side
of (65), coming from loop diagrams. However, the defini-
tion (23) of A(u) as a physical observable effectively resums
an infinite number of loop diagrams. The same diagrams then
arise on both sides of Eq. (65), and the result (40) is exact.

Second moment. Let us now consider the computation
of (8752),c. We first need to compute CD(wy,w;,w3).
Diagrammatically, it is given by

wy ~ W

I

we ~ 0 wae ~ 0 w1 ~ 0

(66)

(

interested in, the first term leads to 4A(T) AW) 162, the

Lim*
second to 2A (0+) AL(,(W?SISZ, whereas the third one is of order

0(8%82) and does not contribute. Using Eq. (53) we conclude
that

(A0 A"(W)

O— T +0().  (67)

L*Zd(sfsz)pw =
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General rules for diagrams. The last example is rather
instructive for the following three general rules.

(i) The only diagrams that contribute to the Kolmogorov
cumulant K 3}"") (61,67) at order 8, contain a single double-
dashed vertex (that is a single disorder interaction vertex
connecting the two disjoint sets of points at w ~ 0 and
w~x W).

(i) This vertex becomes a A”(W) at order §;65.

(iii) The other interaction vertices are between (almost)
coinciding points and produce a factor of A’(0") at order §,8,.

These rules are discussed in Appendix B. As a result,
diagrams contributing to the two-shock moments consist of
diagrams reminiscent of the one-shock case [i.e., they contain

only A’(0%) vertices] linked together by an interaction vertex
AW
- L‘{(l7l4) .

C. Generating function for all moments

Let us now use the above rules and give a diagrammatic
computation of Zj,(A1,Ay) = Z;V()q ,A2) defined in Eq. (48).
To this aim, let us ﬁrst introduce a diagrammatic notation for
Z()) defined in Eq. (43):

(68)

We have emphasized using dots that there is an arbitrary
number of external legs at the top of the diagrams summed
in Eq. (68). Using the expansion (49) and following the rules
explained in the previous section, the diagrams entering in
Z;’V(k] ,A2) are made of two trees linked by a single doubled
dashed line. It is the sum of all tree diagrams for avalanches
at w = 0, times all tree diagrams for avalanches at w = W,
linked together by a single — i’:,(n?i) inserted between any pair
of points belonging to each tree. This can be represented as

w0 w~ W

Z5,(A,h2) = 28 (A1,22)

(69)

The diagrams above the point of insertion of A”(W) on the
left are given by Z(X;). The terms below are all the diagrams
in Z(X;) with an arbitrary external leg selected, that is, %ﬁ‘).
A similar contribution arises on the right-hand side. Hence, we
arrive at the result

A'(W dzZ(. dZ(:

zmmxg=—Lf32@o (”ﬂm> (”+0<%
(70)

In terms of Zy (X1,),) this result reads

// W
Zw(Ai,02) = Z(A)Z(A2) — ( )Z()\l)
dZ(\) dZ()»z)

X 2 Z(\) P 71)
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It is correct to Of(¢) if one takes into account the O(e)
corrections to Z(A). Expanding the result (70), one obtains
the moments (S7S5") e, :

o ,,(W) n—1 m—1
<S1 S2 >p§/v 3dm4 m! Z Z
p=0 ¢=0

(S"7P) o (SPH1) o (8" =) (S771),

=i =gt O

(72)

The diagrammatic interpretation of this result is straight-
forward: To construct an arbitrary diagram contributing to

(8183") pi,» one must first choose p < n — 1 external legs on

the left that will be below the point of insertion of —%

(there must be at least one leg above this point of insertion). In
the KC operation, all those points lead to a term that contributes
to (S”),. The combinatorial term accounts for the C » possible
choices. Note that this result was derived using the heuristic
diagrammatic rules developed in the preceding section. We
observe the following.

(1) It correctly reproduces the results for the small-order
moments (65) and (67). We checked that it leads to (Sq 82)p5, =

—6027W) 62 g (S283) 0 = —274° W) 62 which can also be

Lam? Lam?® Pm>
derived from the expression for C®(w,w,, w3, ws) given, e.g.,
in formula (61) of Ref. [31].

(i) We give in Appendix C an alternative derivation of
Eq. (71) that uses the Carraro-Duchon formalism [32,42].

(iii) We give in Appendix D a derivation using a saddle-
point calculation within the effective action (57). This also
yields the local structure of correlations studied in Sec. V.

D. Results for the densities

To infer pw from Eq (71), we first note the
identity Z()»)dzm = 2s d}\[Z()\.) A], derived from the
self-consistent equation (58) for Z(X). Differentiating
L= [dS(e*S — 1)p(S) = Z()) with respect to A and using
(S), = L9 yields

—d f dseS — 1)Sp(S) = %[zm -l (73)

Finally, using Eqs. (45) and (71), we obtain

A"(W) 8,5,
Lim* 482 |

pw(S1,82) = p(Sl)p(Sz)[l - (714)
This is our main result for the two-shock density, already
announced in Eq. (10) of the Introduction. It can be used to
extract a variety of physical observables.

Mean number of pairs of shocks. Integrating over S; and
S,, we obtain two equivalent formulas for p,(W):

AH(W) L2d
W) =06 = [ 352
_ ol AN ((S)e)
= p0|:1 A (ZSm ) } (75)

Hence, although both py and p,(W) are nonuniversal and
dominated by the nonuniversal small avalanche size cutoff
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So discussed in Sec. III E, the connected density p,(W) — pg
does not depend on Sy and is universal.

Normalized probability distribution. The above results
allow us to express the probability distribution Py (S;,S2) =

Pw(S1.52)
) (0 O(€) accuracy as

Py (S1,82)
AH(W)
482 Lim*
Conditional probability distribution. Another PDF of inter-
estis the conditional probability to have a shock with amplitude

S,, given that there was a shock of amplitude S; at a distance
W before. To O(e) accuracy,

= P(SoP(Sz)[l - (5152 — <S>i)]. (76)

Pw(S$1,52)
Py($|S) = ————
wS2|51) S dS:Py(S1,$,)
A'(W)S;
= P($2) 1_W(S2_<S)P) - (77
Its mean value, normalized by (S) p, is

(82181) A"(W)S,
=1—-—— 028, — (S)p). 78
5 452 Lim' ($)p). (T8

Second shock marginal. The probability for the size S, of a
second shock at W, given that there was a shock at 0, is

Pw(S2) = /dSIPW(S17S2)

A (WH(S
=P<S2>[1— (WX >’J<Sz—<S>P>]. (79)

482 Lém*
The normalized mean value of the second shock is

(S2)w . A"W)(S)p B
S, 1— IS Limt (28 = (S)p). (80)

E. Analysis of the results

Sign of the correlations. As discussed in Sec. III C, the sign
of the correlations (positively or negatively correlated shock
sizes) solely depends on the sign of A”(W), which depends on
the distance W and on the universality class of the problem.
The above results thus unveil a rich phenomenology for the
correlations as pictured in Fig. 1.

Range of validity. The result (70) was obtained in the
framework of the € expansion. The results for the connected
part of the correlations are by definition the first nonzero
terms in this expansion, since they were obtained within the
improved-tree approximation, and they appear at O(e). As a
perturbative result, it is by definition controlled for € — 0.
For finite €, the predictions should be accurate as long as
the corrections to the mean-field behavior are small. This is
worth emphasizing, since the moments (S} S3') ,,, predicted by
the formula (72) become negative for large (n,m), signaling
a breakdown of the improved-tree approximation. This is
also the case of the two-shock density computed at the
improved-tree level in Eq. (74), which becomes negative at
large S;. There the approximation is not controlled anymore
since O(¢) corrections are larger than the mean-field result.
Let us see when this occurs: Using the simple estimate
A"(W) ~ |A'(07)|/ W, where W,, is the length of order ;1 ~¢

PHYSICAL REVIEW E 94, 012110 (2016)

on which A(W) decays (see below), and |A'(07)| = m*S,,,
the bound p(S;,S2) > 0 is violated if
1< S X : xSlSZ.
~ W/Lﬂid (nLy? 4S31

The first factor is a dimensionless number of order O(¢) near
d = dy.. The second vanishes in the thermodynamic limit of
L — oo. Thus, the bound can only be violated if S5,/ S,%,
compensates for this factor. This can only be achieved if at
least one of the avalanches is either system spanning or far out
in the tail of the distribution, i.e., the bound is only violated
for very unlikely events.

Note, however, that the exact result (40) is protected from
being negative since

81

A”(W)
Lim*

L72(8185)py = 1 = = 3,u(w)d,u(W +w), (82)
and J,u(w) is always positive since u(w) is monotonically
increasing as a function of w. The latter can be shown
rigorously using a stability argument: Writing that u, (w) is a
stable minimum of the Hamiltonian (14) implies for all x two

. 2 ep .
equations, namely 57(;5‘&‘)”] =0 and %(% > 0. Specifying

the second equation to x = y, we obtain

m[u,(w) — w] + 8,V (u,(w),x) =0, (83)

m* 4+ 32V (uy(w),x) > 0. (84)

Taking a derivative of Eq. (83) with respect to w, solving for
dywiy(w), and using Eq. (84) implies

1 >0
1 +m=292V (u,(w),x)

Comparison with experiments and numerics. Though our
predictions rely on the analysis of the model (14), they were
obtained using FRG and thus we expect Egs. (70) and (72)
to be valid for all models in the same universality class. All
our results, namely Eq. (72) and Egs. (74)—(80), contain the
combination AL’;%) . On one hand, it can be used to give a result
to order O(¢) in the form of a universal function (see below).
On the other hand, all quantities entering the right-hand side
of these equations can be measured directly in an experiment
or in a numerical simulation. Indeed, we recall that

(e _ (87

awux(w) =

(85)

Sy =

(86)

and the combination
A" (W)
Lim*
can both be measured and do not require to know the mass
m, which might be hard to identify. The computation of this
second derivative then gives a precise characterization of the
amplitude of the correlations through the exact formula (41).
The accuracy of the € expansion and universality can then be
tested against the formulas given in the previous section.
Universal function. Using rescaled quantities we can
rewrite our main result as [see Eq. (24) and Sec. III C]

1 LX w 5 $
Tl ). (88
(L)l S% ”’(Wu S Sm) (88)

=02 Tu(w) — wlluww + W) —w — W]l (87)

P (S1,82) =

012110-10



UNIVERSAL CORRELATIONS BETWEEN SHOCKS IN THE ...

where the function F, is universal and depends only on the
space dimension. To first order in d = d,,. — €, it is given by

AdA*//(w)
167 /5152

in the limit of large L and small x and A; was given in
Eq. (25). Here A*’(w) is the universal fixed point of the FRG
equation, normalized to A*(0) = €. Indeed, for small m the
rescaled renormalized disorder correlator of the system Aw),
appearing in Eq. (24), is close to one of the fixed points of
the FRG equation: A(w) ~ A*(w). For nonperiodic disorder,
the latter can be expressed using one constant x as A*(w) =
KZA*(w /k) (see Sec. III C). The parameter « is thus the single
nonuniversal constant in our formula. The scales in Eq. (88)
are then given by

F(w,s1,57) =~ e~ L 0?2 (89)

W, ~ k™8, S Agk AT (0@, (90)
for small ;. We remind that m = p”/?. We have defined all
quantities such that their expressions are the most simple ones,
independent of y. With the above normalization, to order e,
AY(0%) = J/e(e —27) and A™'(0) = .

Locality. Note that in the result (88) the amplitude of the
correlation is inversely proportional to N = (L)%, the number
of elastically independent degrees of freedom of the interface.
This is a signature of the local nature of the correlations.
For two shocks a distance W apart, there is a probability of
order 1/N that they occur in the same region of space. To
go further into this locality property and to remove this bias,
we investigate in the next section the correlations between the
local shock sizes.

V. LOCAL STRUCTURE OF CORRELATIONS

In this section we analyze the correlations between the
local shock sizes. We start by deriving a general formula for
the correlations between the local shock sizes measured on an
arbitrary subset of the internal space of the interface. To this
aim we define

ﬁ=/%m,$=/%m,
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where ¢ and ¢, are two arbitrary test functions. Two extreme
cases are ¢, = 1, in which S?' = § and the observable is the
total size studied in the precedent section, and ¢, = 8 x —
x1), for which Sf' = Siy, is the local size at x = x;.

A. Reminder: One-shock case

Here we briefly recall the essential definitions and results
given in Refs. [31,32] on the density and generating function
associated with the local one-shock size statistics. For a general
test function ¢ we introduce

pP(8?) 1= ) 8(SD¢ — 59)8(w; — w),

1

1
Ji ¢
2% = Z2%(\) — A,
where (---),+ denotes the average with respect to p?. Note
that Z¢ has no linear term, since the first moment of p? is due

to STS,
(S¢>p¢’ =f¢x

The generating function Z?(1) is obtained from the replica
field theory using the exact relation

Z%() = (€5 = 1), (92)

(93)

Z‘P(A) — 356-[»' Exluc W)= () =81 (94)
It was shown in Refs. [31,32] that Z?(%) can be written as
440N
70 = u, (95)
[ &x

where, at the improved-tree-theory level, Zf(k) satisfies the
following self-consistent equation:

P (57.88) o= > 8w — w)s(sy!

The generating functions are

P'P” .

A bl 2
Zf)z(gwl()\’lv)"z) =

where (- - - >p¢"¢2 denotes the average with respect to ,03,1  The following relation holds:
w

ZI(\) =y + o0 f ey 8y Z2MWZ0().  (96)
vy
The quantity 0 = —A’(0") was defined in Eq. (38).
B. Two-shock case: Notation and diagrammatic result
(C2)) Densities and generating functions. Consider
J
— SO YS(w + W —w))8(ST — SU!4?).
i#]
209 = L@ 1)@ 1)) e, 97)
NN S i
1 ~ — - -
— lim 9§ efx ¢)1)V][Mx(w]+61)_ux(w])]ej;{ ¢3A2[ux(w2+82)_ut(w2)]’ 98
/-x 4’; fx ¢3 51,8750+ 81,62 ( )
142 A AL £2 1 2

Z57 0ah2) = 257 (.a) + Z° (dda + 2% (0) — Mida (99)
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(These relations are a consequence of Appendix A.) The con-

nected equivalents of the previous definitions are constructed

as in the previous section for the correlations between the total

sizes; for example,
el gt (o' o) _ (52" (5%

py O (ST.8) = p? (S7)p” (83).

(100)

! ¢

(st s7) -

and we note (- - - >p“” 42 the average with respect to py,

Simplified notation for averages. In order that these some-
what complicated notations do not obscure our results, we
introduce simplified notations for averages. We first note that

Pl (57.597) = pa(WYP(S7.59).

where p,(W) is as before the density of a pair of shocks

(101)

and 73(S¢l ,Sf 2) denotes the probability, given that two shocks
occurred at a distance W, that their local sizes measured with
respect to ¢! and ¢? are S;ﬁl and Sg’ *. We have dropped the
dependence of P on ¢! and ¢? to alleviate our notations. We
also note arbitrary moments as

(CORCHRINE
()" (s3)"),, =

w

(102)

(52 (58)")
<(S‘1M)n (ng)m)p‘rvw‘rpz-

We indicate the dependence on the choice of ¢! and ¢? only
inside the average and not in the measure. A moment of the

form (((S;pl)”(S;pz)’”))pW is thus equal to the product of p,(W)

and of the mean value of (S‘f’l )”(Sg’ 2)’" for shocks at a distance
W, given that two such shocks occurred.

Diagrammatic result. In Appendix D we compute these
generating functions by a direct evaluation of Eq. (97),
using a saddle-point calculation on the effective action (57).
Alternatively, from a diagrammatic point of view, the result
can be adapted from the reasoning that led to Zy (11,1;) by
keeping track of the space dependence in the different vertices,
propagators, and sources in the diagram (69). Following
Eq. (68), we represent Zf(k) as

(103)

(104)

The same diagram without the marked point x is also used
to represent | Z2(1), itself equal to [ ¢ x Z®(1). Then,
as before, Z‘{)’V]qﬁz(kl,kz) is the sum of a connected and a
disconnected part:

Apl 22 Al A 2 A 142
207 . ha) = 2% 0.2 ) + 230 (o).

(is? 7).

feerfoot

(105)
|

A//(W)

AR

/ 8imv, 8 by, B, + O(€7).
ZX1X2
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The connected part Zi{,‘ﬁ]‘pz(kl Ay is
Z59 9" (A, ha)
1

TTe e

P1;w R~

p1;w =0

p2sw =W

(106)
It can be written as
~c dld? A”(W) 1
2y ) = ——f 8en Z8 (A1)
v fx¢)£fx¢)% IX1X2y1y2 o :
1
8Z) (1) g, 820 () >
—_— g 0(e9).
gl S Zh 0S5 4+ 0
(107)

We note that it is possible to obtain a more explicit formula
for avalanches measured on parallel hyperplanes; see Ap-
pendix D 2. In the next section we focus on the first moments,
which already contain valuable information.

C. First moments: Arbitrary sources and kernels

The first moments of ,oa;,q)]‘pz are obtained from the com-
bination of Egs. (97), (99), (105), and (107). One first needs
the series expansion for Zf (1). It is obtained from Eq. (96) at
arbitrary order in A; here we give it up to order 3:

Z,q:()\) = Ay + )MZO—/ 8x—y8x—yOydy + 22707
»y'

X / 8x—y&8x—y 8y—:8y—z PP by + 0()‘4)-
yy'zz'
(108)

Hence,

=6(x —u)+2r0 —y&x—u®
Yy yg v y

+2k202<2f 8x—y8x—y 8y—28y—ub: Py
'z

+/ gx—ygx—ugy—zgy—z’(bz(f’z’) + 0()\3)- (109)
yz7

We then obtain from Eq. (107) the local version of the exact
result (8), namely’

(110)

5The result (110) can simply be turned into an exact one if one introduces the bilocal part of the renormalized disorder correlator A, _, (w; —
wy) = m4[ux] (w1) — wy][uy,(w2) — w,] (see also [41]) and proceeds as in Sec. III F. The result (110) can then be understood as the lowest-order

approximation of A,,_, (w) in terms of A(w).
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Let us also give the result for the third-order moment:

(s st
[ol ). ¢2

A”(W)

D. First moment: Correlations between the local shock sizes
for short-ranged elasticity

Let us now give the precise form of the first connected
moment for an interface with the short-ranged elasticity (15)
and for correlations between the local avalanche sizes at two
points, x; and x;. We choose q’)i =8%x — x;) and ¢f =
89(x — x») and note x = |x; — x| the distance between the
two points. Thus, Sf’l = Six, and sz = S2,. We obtain

((Slxl SZX2>>

c

Pw
— —A”(W)/‘eiqu‘*”)gqg_q
q

- —A”(W)md_42_%_17r_%(mx)z_%Kz_%(mx)

d
=0 — A//(W)Z_dn_;md_4r<2 _ 5)
Sesim — AW i i T x5 (112)

where K, (x) denotes a modified Bessel function of the second
kind. Note that integrating this formula yields an exact result,

A”(W)
| S = iy = -1 00,
X1,X2 m

(113)

This is equivalent to Eq. (41), which is exact. We thus expect
Eq. (112) to be quite accurate even for large values of €.

As expected, we observe that the amplitude of the correla-
tions decays exponentially beyond the length L,, = 1/m. For
smaller distances they decay algebraically with an exponent
that depends on the dimension:

((Slxl S2x|+x>>p€” - <<S1XISZX‘»,0§V
A”(W) )

a=1 2+ 0ou?)

8m

A”(W) 2
g= — 2y — 1 + 21In(mx/2)]x

167
A'(W

=3 W, + 0(x?). (114)

8w

Finally, to emphasize the universal nature of Eq. (112), we
note that it can be rewritten, using the notations of Sec. IVE
and introducing a new universal scaling function F ;l(w,x), as

w
((Six, Szxz))pfv = fjl(W,mlm - X2|>, (115)

"
Filw.x) = —2—%—171—%AdA*”(w)xz—%Kz,g(x) 1+ 0(Y).

(116)
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= 14142
= —fx ¢} fx ¢%O' (4 /;xmwh 8z—x18z—x28y1—11 8 —z¢x1¢zl ¢x2

+2 / 821 82851 -1 8xi—1; D, ¢>};¢§2) +0().
ZX[XzI]tl/

(111)

(

E. First moment: Correlations between the local shock sizes
for long-ranged elasticity

Let us now study the correlations between local avalanche
sizes [we choose again ¢! = §%(x — x1) and ¢? = §9(x — x»)
with |x; — x| = x] for the case of long-ranged elasticity
using the kernel (16) with y = 1. Then the result for the first
connected moment is

d-2
123 _d
(<S1X1 Szxz»pﬁ;, = _A//(W)(zn-)% (Mx)] Z’Kl,g(xu)
e Hr
=,_ . 117
a=t 5o (117)

As the previous formula for short-ranged elasticity, this
formula should be rather accurate for the experimentally
relevant case of d = 1 (in this case € = 1). We again observe
an exponential decay of the correlations beyond the length
L, = 1/pn.However, here the correlations are constant at small
distances, a signature of the long-range nature of the elasticity.
As before, the universal nature of this result can be emphasized
by introducing a universal scaling function ft},lLR(w, ¥),

w
((Six, Sle))pw =Fir (Wu,ulxl — le) ,

d

Filw.x) = — Q) 1 AgA* (w)x' 1
x Ky_a(x) + O(e?),

(118)

where we used the same notations as in Sec. IV E.

A(u)
0.00003 A”"(u)
6 x 10
0.00002
2 x107°

0.00001 0
100 300 500

u
300 400 500

FIG. 2. Renormalized disorder A(u) measured in the d = 0 RB
toy model. (Inset) Its second derivative A”(u), computed using a
numerical fit of the measured A(u).
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<Sl SZ)c
2
o

w
0 300 400 500
-0.2

-0.4

-0.6

FIG. 3. Comparison between the measurement of the normalized

(S152) ¢ e
TZW (blue dots) and the prediction from the exact

result (40) us{ng the measurement of A(u) (red curve) in the RB
toy model. The agreement is perfect, as expected.

moment

VI. MEASUREMENT OF CORRELATIONS IN
SIMULATIONS OF d = 0 TOY MODELS

A. Models and goals

In this section we compare our results with numerical
simulations of toy models of a particle in a discrete random
potential. The position of the particle can only take integer
values # € N and its Hamiltonian is

Hylu;w] = V@) + im*u — w)?, (119)

where V is a random potential. We consider two distributions
for the random potential mimicking the two nonperiodic static
universality classes of interfaces models.

RB model. The first model is a toy model for the random-
bond universality class with short-ranged correlated disorder
where the random potentials V (i) at each site i € N are chosen
as independent, centered, and normalized Gaussian random
variables.

RF model. The second model is a toy model for the
random-field universality class where V(0) = O and fori > 1,
V@)= — Z}:l F(j); the random forces F(i) at each site
i € N are chosen as independent, centered, and normalized

w
100 200 300 400 500

FIG. 4. Comparison between the measurement of p (W) (blue
dots) and the prediction from the O(e) result (75) using the
measurement of A(u) (red curve) in the RB toy model. We obtain a
surprisingly good agreement.
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(8% S2).

($(S°)
L A S r—— ||/
100 0 300 400 500

-0.5
-1.0
-1.5
-2.0

FIG. 5. Comparison between the measurement of the normalized

(5285) ¢

ﬁ (blue dots) and the prediction from the exact
pSlp

result (40) using the measurement of A(u) (red curve) in the RB

toy model.

moment

random variables. Thus, V (i) is a random walk with Gaussian
increments.

In the RB model we choose the mass as mgg = 0.01
and in the RF model as mgr = 0.02. With these parameters,
the probability py to trigger a shock when moving w —
w~+ 1is pfF = (6.959 £0.001) x 1072 and pi® = (9.471 £
0.001) x 1073. These small values of the masses ensure that
the models efficiently approximate our continuum model in
d = 0 and that the particle optimizes its energy over a large
number of random variables. We perform averages over ten
simulations of environments of size N =5 x 10% sites. We
obtain excellent statistics for various observables studied in
this work, including po(W), A(W) measured using Eq. (23),
(8182) pyy» and (S253) -

Let us emphasize that these simulations are more a proof
of principle to motivate simulations on higher-dimensional
models and measurements in experiments than a full test of
the results obtained in this article. This said, our simulations
allow us to verify the exact result (40) to a very high accuracy.
Second, althoughd = Oisatalarge valueof e inthed =4 — €
expansion, the FRG equation and the associated fixed-point
functions for random-field disorder are known to behave quite
similarly [30,43]. For random-bond disorder we expect less
universality since A(u) is nonuniversal in d = 0; nevertheless,
the relations between the correlation and A(u) are interesting
to investigate, in particular the sign of the correlations.

A(u)
A" (u)
0.003 8 x 10-8
0.002
2 x1078
u
0.001 100 400 700

L

u
100 200 300 400 500 600 700

FIG. 6. Renormalized disorder A(u) measured in the d = 0 RF
toy model. (Inset) Its second derivative A”(u), computed using a
numerical fit of the measured A(u).
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(81 $2).
(S)?
100 200 300 40

F 44
00 700

-0.2
-0.3
-0.4
-0.5
-0.6

FIG. 7. Comparison between the measurement of the normalized

(8182) )¢ L.
T;W (blue dots) and the prediction from the exact

result (40) usfng the measurement of A(u) (red curve) in the RF
toy model. The agreement is perfect, as expected.

moment

B. Numerical results: RB model

Using the definition (23), we measure the renormalized
disorder correlator. The result is shown in Fig. 2. Using an
interpolation of the result with a polynomial of degree 10,
we obtain a smooth version that is later used to compute its
second derivative A”(u), which appears in our analysis as the
central object controlling the amplitude of the correlations.
Some measured properties are A(0) ~ 3.34 x 107, A”(0) ~
6.78 x 107; A(76.2) ~ 0, A”(215) ~ 0; and the position of
the minimum and the value at the minimum, A(148.2) ~
—7.3 x 107° and A”(274,4) ~ —5.1 x 10~'°. This is com-
pared with the measurement of (SS5,),, using the exact
result (40); see Fig. 3. We obtain a perfect agreement.

From a qualitative perspective, we note the following.

(i) We observe the predicted crossover from anticorrelated
shocks at small distances (W < 215) to positively correlated
shocks at large distances.

(i) The correlations are far from being negligible: By
(S152) o, ($182)p5, o ~ —0.6

), 572 -0
an indication that the shocks in this toy model are strongly
correlated.

definition, > —1, while we observe

p2(W)

w
100 200 300 400 500 600 700

FIG. 8. Comparison between the measurement of p (W) (blue
dots) and the prediction from the O(e) result (75) using the
measurement of A(u) (red curve) in the RF toy model. The agreement
is surprisingly good.
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(8% S2).

((5)

FIG. 9. Comparison between the measurement of the normalized

(8285) ¢

ﬁ (blue dots) and the prediction from the O(e)
pSlp

result (40) using the measurement of A(u) (red curve) in the RF

toy model.
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We now check the predictions obtained using the €
expansion. We first measure po(W) and compare it with the
result (75); see Fig. 4. We obtain a surprisingly good agreement
between the two curves, considering that € = 4. We also
measure (Slez) ow and compare it with the result (67); see

Fig. 5. Here the discrepancy is large for smaller values of W, a

. . L (SIS

fact that can be anticipated since our result predicts ﬁ
p\0/p

—1 at small W, which is unphysical. This discrepancy keeps

increasing with higher-order moments. However, the sign of

the correlation and its value for large W is quite well predicted.

C. Numerical results: RF model

In Figs. 6 to 9 we show the corresponding results for the
RF toy model. They are similar, except that, as predicted in
this type of model, the shocks are always anticorrelated. The
value at the origin of the renormalized disorder correlator
and of its second derivative are measured as A(0) ~ 3.4 x

1073, A”(0) ~ 9.4 x 1078, Once again we observe that these
5182) ¢

% ~ —0.6. We obtain a perfect
agreement for the exact result (S15,),,; see Fig. 7. The
agreement for the O(¢) result for p,(W) (75) is surprisingly
good (see Fig. 8), whereas the O(€) approximation breaks
down for higher moments at small W such as (S75,) ¢ ; see

Fig. 9.

correlations are large,

VII. CONCLUSION

In this paper we shed light on the fact that, for realistic mod-
els of elastic interfaces in a random medium below their upper
critical dimension, correlations between (static) avalanches
should always be expected. To do so we have studied the
correlations between the size and location of shocks in the
ground state of elastic interfaces in a random potential. We
found the exact relation (8) for the first connected moment that
characterizes these correlations in terms of the renormalized
disorder correlator, a universal quantity at the center of the
FRG treatment of disordered elastic systems. Beyond the first
cumulant, higher-order moments (70) and (72) and the full
joint density of shocks (74) were computed using the FRG at
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first nontrivial order in the € expansion. The local structure
of these correlations was made precise through a study of
local shock sizes. The qualitative phenomenology associated
with these correlations clearly distinguishes between the bond
and random-field universality classes. This was highlighted
through a numerical simulation of d = 0 toy models.

We expect our results to broadly apply to models in the
universality class of the statics of disordered elastic systems.
Concerning the dynamics, and avalanches at the depinning
transition of elastic interfaces, we expect our results to be
equivalently applicable and accurate. The derivation of the
exact relation (8) can easily be adapted to the dynamics by
considering the quasistatic steady-state process of the position
field of the interface instead of the position of its ground state,
as was done in Ref. [33]. For the results at the improved-
tree level, it is expected that both theories are equivalent for
those observables [33]. The most important difference is that in
the dynamics the random-bond universality class is unstable,
and thus the observed correlations should always be of the
random-field type (at least as long as the microscopic disorder
is short-ranged).

For physical systems where the usual model of elastic
interfaces is accurate, our results give a precise description

|
(35 + )\.Ld)e)\Ld(u(w+5)7w78) — Z(eksi _ l)e)LLd[u(wF)fwfﬁ](S(w +8— wi)~
i

By definition, u(w; ) = L™* ", _; S;. Let us consider

PHYSICAL REVIEW E 94, 012110 (2016)

of the correlations. Even if additional mechanisms generating
correlations are present, such as in earthquake problems,
correlations due to the short-ranged nature of the disorder
as described in this work should be included in order to gain
a quantitative understanding of the correlations due to these
additional mechanisms.
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APPENDIX A: PROOF OF THE IDENTITY
ON GENERATING FUNCTIONS

As in the case of one shock (Appendix A of [31]), the
important identity is

(A)

a _ _ a - -
Gy, (81,82) = (35, + )"lLd)(ath + )uzLd)e)”L Lu(wi+81)—u(w) =81 1422 L [u(wr+82) —u(w2)—82]

— Z(EA]S,- _ 1)(6)@5,- _ 1)E}L]Ld[u(w[7)7u(w1)751]e)»z[}l[u(w;)_u(wz)—lsz]8(w1 + 81 — wi)(S(wz + 82 — wj) (Az)
i

Taking advantage of the Dirac é function, we can replace the u(w;) inside the exponential by u(w; — §;), which unambiguously

gives u(w; ) when one takes the limit of §; — 0*. We thus obtain

lim G, w,(81,82) = D (@S = (e — Ds(wy — wy)s(wy — w).

81,60—>0% =
i

(A3)

Taking the average over disorder, we obtain by definition of Z,,,_, (A1,A2)

Zuyw (1, 22) = lim LGy, 0, (81,62).

(A4)

1,6,—0%

On the other hand, developing (95, + A;LY) (35, + AaL?) = 95,05, + L1105, + LIA23s, + LA 11y in the expression of

G y,.w,(81,62), one arrives at Eqs. (46) and (47).

APPENDIX B: DIAGRAMMATIC RULES FOR
TWO-SHOCKS MOMENTS

In this appendix we explain the rules (i), (ii), and (iii) that
were stated and used in Sec. IV to obtain diagrammatically the
result (70).

These rules come from the fact that in the /C operation each
external leg produces an additional factor of §; (for the n legs at
wi, ...,w, =~ 0)ord, (for the m legs at wy 11, ... Wyiym = W)
and thus tend to be of higher order in §; and 8,. However, from
the study of the one-shock case (see Sec. V C of [31]), we know
the general mechanism to escape this apparent trivialization
and to allow that each part of the diagram that connects
only coinciding points together brings a single §;. In this

(

case, starting from the top of a diagram, the §; attached to
an external leg can be brought to the bottom of the diagram as
long as the disorder vertex encountered along the way leads to
a A’(0") when taking the limit of coinciding points. In such
diagrams each vertex linking coinciding points must have two
upgoing propagators and one entering from below (effectively
corresponding to the A’(0") cubic vertex of the BFM [33]),
except for the vertex at the bottom of the diagram, which has
only two upgoing propagators (see Sec. V D of [31]). This last
vertex is the one carrying the remaining factor of §;: Being
differentiated in the end, it also leads to an additional factor of
A’(0). This explains why the disorder only enters as A’(0")
in the one-shock improved-tree-theory result (58). Rule (iii)
stated above is a generalization of that property.
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In the two-shock case the same mechanism occurs and rule
(i) is obvious: A diagram cannot have more than two sets of
points separated by a double-dashed line (one around w = 0
and one around w ~ W) since each set contributes a factor of
;. For example, in the last diagram of Eq. (66), each leg is
such a set of points, and the diagram is O(818,). To explain rule
(ii), let us consider one end point of a double-dashed line and
distinguish three cases. First, if there is no propagator entering
from below this point, such as the points at w &~ W in the first
and second diagrams of Eq. (66) and the two points in Eq. (63),
then the §; originating from the set of connected points above it
end at this vertex, and the vertex is differentiated during the K
operation. Second, if there is a propagator entering from below
that point, such as the point at w; = 0 in the first diagram of
Eq. (66), then the §; originating from above the vertex con-
tinues down the diagram without modifying the vertex. Third,
if there is more than one propagator entering from below the
point, then the diagram will necessarily be of higher order in §;.
Combining these three cases, one concludes that the double-
dashed-line vertex necessarily corresponds to a A”(W).

APPENDIX C: A DERIVATION FROM THE
CARRARO-DUCHON FORMULA

Let us recall the results obtained in Ref. [32], generalizing
to arbitrary dimension the result from Ref. [42]. Consider

5 —1d
eLr/Z,[wi~wi} = T ,P:lw[[u(wi)_wi],

(C1)
wheret := # Then, in the improved-tree theory, 7, solves the
differential equation

14
02w wi) =—)

i=1

0 A 0 4
Li{w;  wi}—7Z{w;,w;},
Ba)i 8’11),‘

. 1 &
Liolwpwi} = 5 3 i) Aw; — wy). (C2)

ij=1
It further satisfies the STS symmetry relation,
d

3 Z.{wi,w;}=0. (C3)
w;

Lo wi+sw)=Z o, w}, Y
1
In order to extract the needed information for the
two-shock statistics, we choose p =4 and the quad-
ruplets (w;,w;,w3,w4) = (—w| — ®,w1, — Wy + &,w;) and
(wy,wy, w3, wyg) = (0,6, W,W + §,). We then consider (with
a slight abuse of notations)

Z[(C{)l 781 ’d)v W’w2782)

= Z,(~o1 — &,0,01,81, — w2 + @, W,02,W + ). (C4)
Because of the STS the p = 4 function, Z, depends only on
six variables (and not eight) and satisfies a closed equation.

Indeed, using Eqgs. (C2) and (C3), one proves that 7, satisfies
the following evolution equation:

3 3 -~ 0~ 0~ 0~ 0~ 0 -

2= —2,—72,+ —2,—7,+—7,—17, ).

e <8w1 IR A T A PR, ’)
(C5)
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We are only interested in a perturbative resolution. Define the
expansion

7, = szr’l"(t,a)l,a)z,W)(S;"S;wp.

mnp

(Co)

Indeed, this is sufficient to retrieve the generating function

Zw(hi,h2) = Z9C(h,h2) + Z§,(A1,A2) as [compare with the
small-§; expansion of (C1) and (47)]

29 (hy,h2) = 200(@1,02, W)Z0, (1,02, W),

Zyy (A1) = L7 (01,00, W). (C7)

On the right-hand side the arguments are w; = —tA; and w, =
—tX;. Inserting the expansion (C6) inside Eq. (C5), we obtain
the initial conditions:

200(t = 0,01,02, W) = 0,

5t = 0,010, W) = —A'(0")w?,
20,(t = 0,01,07,W) = —A'(0Mw?,
2, = 0,01,0,W) = —A'(W)w0,,
Zoo(t = 0,01,02,W) = 0. (C8)

Obviously we have zgo(t,a)l ,wr,W) =0,V t. We also obtain
the evolution equation:

afz(l)o = _(aimz(l)o>z?o - (810)21(1)())181 - 260%2?07
atzgl = _<aiw]Z81>Z?O - (%181)181 — 200 8({;‘,2017
alz(l)l = _(310)11(1)0)2(1)1 - (8ia)1281>2Z80 - (aiwlz?l)z?o
(ai (1)0)2282 - (aiszgl)Z?l (aa Z(1)1>Zgl
2oz — 2oz — s,
atz(l)o = _(aiwlz(l)o)Z(l)o - (810)21(1)())181 - Z(IJO%Z(IJ()-

(C9)

As a consequence of the initial conditions (C8), one can look
for a solution of Eq. (C9) such that

3 o d o _ 0 o _ 0

0
2 = 20 = 20 = z
10 . 01 10 Py % 0

™ W | =200 = 0. (C10)

den
Each term has an interpretation in the notations of the main
text. z%, corresponds to Z(1;) and z{; corresponds to Z(,),
which in the present notations reads [see Egs. (43) and (58)
and recall S,, = (f/m4 = 01?]

1420wt — /1 +4ow;t

2012

This is the solution of Eq. (C9) using Eq. (C10). Note that
z(l)o = 0 can be seen as the signature that diagrams contributing
to the avalanche at w = 0 and at w = W can be linked only
by one vertex A”(W), as observed in the diagrammatics; see
Eq. (69). This is already present in the initial condition (CS8).

Nolw) = Z(n) = (C11)
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The equation for 2(1)1 becomes
9 0.0 ( 9 o) 0
—N\7—200)z11 —\ 7211 )z
<8w1 10) 11 Jeoy )10

9 0.0 ( I o ) 0
=\ =20 )z11 — \ 5211 )Z01-
<8w2 01) 11 da, 11)701
One can check that the result (70) obtained diagrammatically
in the main text, and which in the present notations reads

0
gz =

(C12)

0 AN'W)1l =1 +4owit 1 —/1+dowt
) =-
1 46212 T+ dowit 1+ downt

solves this equation with the initial condition (C8). This
demonstrates the equivalence of the two methods and results.

APPENDIX D: SADDLE-POINT CALCULATION FOR
THE LOCAL STRUCTURE

1. Algebraic derivation of Eq. (107)

In this appendix we prove formula (107) “from first
principles” using a saddle-point calculation on the improved
action (57). This computation is similar to the one presented
in Ref. [32] for the calculation of the one-shock density. Here
the observable of interest is

A AL 42
209 (M,h) = , Jim 95,.5,Gw (51,82),

f¢f¢

Gw(81,8,) = el Oimli(wi+8n—ic(wi)l [, ¢:~—)\2[‘2x(w2+82)7ﬁx(w2)1,

(D1)

where wy = w; + W. This observable can be expressed using
the improved action I'[u] of the replicated field theory (57)
withi =1, ... ,4setsofa = 1, ... ,nreplicated position fields
i feeling a parabolic well at position w; with ¥, = wy,
Wy =w; 46, w3 =w; + W, 04 =w; + W+ 8¢

Gu(d1.82) = [ Dlulel Emivhm T (o)
Here and for the rest of this appendix, the n — 0 limit is
implicit. To compute the disorder average, we have singled out
replicaa = 1. In order to write the formulas in a compact form,
we introduced new Variables Vo = A1, V] = —Ay, Vs = Ay,
vy = —ho, ¥l =y = ¢l ¥ = y? = ¢2. At the improved-
tree level, the functional integral is evaluated through a
saddle-point calculation as

Gy (81,62) = el Xim ¥iGh—m0 Tl (3)

where the position fields uéx solve the saddle-point equation

/ gx_xl’ (uizx’ —Wi) T = Z R Uge — uj
(D4)

We are interested in the solution of Eq. (D4) in the T — 0
limit. As in Ref. [32], we look for a solution that isolates the
firstreplica (a = 1)ineachset (i = 1, ...,4) of position fields
as

Tv,-w)’;(ﬁal.

w, =u' —(1—8,)TU.. (D5)
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Inserting the ansatz (D5) into (D4) leads to

/ gxx

/gxx’Ul +ZR/// i

J#i

o = W +ZR” Lo—ul Ul =0,
—ul, JULUL = vy

Being ultimately interested in the computation of (D1), we
solve this equation in an expansion in §; and &, as

ul = @ —ul'8; +u'?s,,
uz = M —i—u%lSl +u§282,
u = M +ul's) — uPs,,
ut = M +ul's; +uls,,

Ul =UP+ U8, +U?s,. (D6)
Using now the definition (D1) we need to perform the
following derivatives of (D3), 95,95, = 03,0, . Since the fields
u! are evaluated at the saddle point, we can differentiate only
with respect to the explicit dependence in the ;. Using the
form (57) for I'[u], these derivatives can be calculated by

repeating the identity
11)1-):| Gy.

aw,GW — |:_Vt/1/f + Z/ gxx
— ;) = TU! we obtain the de-

Using that lim,_o Y, (',

composition
A bl 42 A A Ac 1.2
257 0n2) = 27 02 02) + 25" 0 k), (D)
with the explicit forms
-1
29y = L (Tt [ 8 US)
[z 8)
-1
Z¢2()\2) — j;c (_ 41&4 + f 8xx' U;‘O)
Jovd ’

and

2599 0 hg) = flﬂsz4// 1y
= fyrres ) st o

Although not obvious, these definitions are in agreement with
those of the main text. Despite their complexity, the equations
satisfied by the u and U variables obey several symmetries.

The importantones are U!® = —UX and U® = —UN; U!! =
—U?' and U32 = —U;‘2; U= —U22 and U31 U41
ull = 2! and u?? = u??; and u!> = u?* and 3! = We

also have U? = U‘”.
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Using these symmetries, one finds that U2° and U satisfy
_ 2
[ et = o)+
o

/ g”,U“,0 = O'(U4O) + vuﬁf,

x’

(D10)

where o = R"(0™"). Note that these are related to the function
Z Q) deﬁned in the main text in Eq. (96) through the

relation 2% (A;) = . 8 UZ. Hence, Eq. (D8) leading to the

disconnected part of the result for Z 3, ¢ (A1,X2) is in agreement
with the main text. Let us now introduce two important
UZO

kernels defined as the functional derivatives K>(x,z) = 577

and K4(x,z) = They satisfy

v, 310“

/ 8 Ka(x'2) = 20U Ky(x,2) = 8(x — 2),

X’

/ 8w Ka(x',2) = 20U Ku(x,2) = 8(x — 2),
"
and are important building blocks in our calculation. These
kernels are symmetric: the kernel of the operator K, Uis given
by K{l(x,x/) = g;xl, — 20Uy, 8(x — x’). In particular, it is a
symmetric function of its arguments, and thus K,(x,z) alsois a
symmetric function. The analytic expressions of the functions
U2 and U are hard to obtain in generality. In Ref. [31] they
were obtained for avalanches measured on hyperplanes for SR
elasticity: I//)% = &(x1), where x; denotes the first coordinate of
the d-dimensional variable x. We recall this explicit solution
in Appendix D 2.

a. Solutions for the u variables

Let us first consider the solution for the u variables. The
equations read

1
-1 - _ 1
‘/X, gxx’(z Uy

/ gobudt = 2u'TUOR" (W),

1
/./ ger (5 - u3/2) — 20U 3 =0,

/ goiul? = 2PUPR"(W).
.

,1) — 20U u!t =0,

(D11)

The solutions are expressed in terms of the two kernels as

l 1
= = Tt s = T
X X R///(W) R///(W)
= —/Kz(x 2), (D12)
1
i 12 + _ o 22
X X R///(W) RH/(W)
m
= —/K4(x,z). (D13)
2 z
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b. Solutions for the U variables

For the U variables, the equations read

/ g U —20U2U - 2RD(O)! (UX)? =0,

X

—1y42
/gxx,Ux, -
o

—17722
/gxx,Ux, -
o

—17741
/gxx,Ux,
o

Its solutions are

26 UPUP - 2RD0)2(UX)* =0,

20U°U? - 2RYWW2UXUl =0,
—20UPUHN —2RYW)u!'UPU? = 0.
(D14)

ul'=-Ul = —2R<4>(0)/Kz(x,z)uil(ufo)z,
Z

U? = —U»? = 22R™(0) / Ko, u(UX)?,

U;Z — _U,?Z R(4)(W)/K2(x Z)M32U20U40

Ul =-—ut = _2R<4>(W)/IQ(x,z)u}UZZOUjO.
Zz

(D15)

c. Final result

Using Eq. (D9) we obtain

2y " 0 h) = ROW)m*

1
Tvilvi
X/ Ka(x' DUUP K 2).

e

(D16)
= [, 8w Z0 () and UL =
= fx 8xx' Si 5;?1') and

52% 2 :
Kay(x,2) = [ 8w H;ZZ), remembering that ¥? = ¢! and

V4 = ¢2, one shows that this formula is equivalent to
Eq. (107).

Using the above results, U2

[ gxerf?(Az), as well as Ky(x,2)

d. Simplified form of the final result

The equivalent results (D16) and (107) both involve a
functional derivative, which is in general a rather complicated
object. We can, however, obtain a simplified formulation.
From Eq. (D16) it is clear that it is sufficient to compute,
fori = 1,2,

Xi(x):/Ki(Z’x):/Ki(x’Z)s (D17)
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rather than the full kernel K;, and using the symmetry of K;.
Integrating Eq. (D11) over z, one shows that x;(x) solves the
equations

f gooxa(x) = 20U  xo(x) = 1,

/ g Xa(x) = 20U L xu(x) = 1.

Solving these equations (a task a priori simpler than the
computation of the functional derivative) then leads to,
following (D16),

2y P 0nh2) = A"(Wym*

1
[l [

X f x0@QUPUL (z).  (DIB)

Z

2. More explicit solution for avalanches measured
on parallel hyperplanes

a. Setting

We now obtain more explicit formulas in the case where
avalanches are measured on two parallel hyperplanes at a
distance y > 0 from one another and where the elasticity is
short-ranged with kernel (15). That is, noting for definiteness
x1 the first coordinate of the d-dimensional vector x,

¢y =8(x1), ¢ =8(x; —y).

In this case the problem becomes effectively unidimensional
and the functions U and y entering into Eq. (D18) only depend
on x, abbreviated as x in the following. Furthermore, by
translational invariance we can write

UX =Y(hx), xa(x) = x(A1,%),
UL =Y(0a.x —y),

(D19)

xa(x) = x(A2,x —y). (D20)

These quantities obey the equations

d2
——— +m* )Y (,x) = o[Y (L,2)F = A8(x),
dx?
d2
<—ﬁ + mz)x(k,x) —20Y(h,x)x(r,x) = 1. (D21)
x
Solving these equations then leads to

A e 1
Z;¢1,¢2(A1’A2) — FR(4)(W)m4/)(()\.I,JC)

XY (A1,0)Y (A2,x — y)x (A2, x — y). (D22)
b. Solution for Y

The solution Y (A,x) of Eq. (D21) is already known in the
literature; see Ref. [34] for details. It admits a scaling form

(D23)
|

m?.[ o
Y()»,x)z?Y ﬁ)\,mx ,
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where ¥ (X, %) solves

d? -~ .- -
—— + 1Y% — [Y.D)] = 18(%). (D24)
dx?
An explicit solution is
.- 6(1 — z%)e M
YA, %) = — D25
(%) [1+4z+ 1 —z)e¥2 (D25)
where z(1) is one of the solutions of
X =3z(1-22). (D26)

The right solution is uniquely defined from the following
properties: It is defined for A €] — 0o, A. = 2/+/3[, decreases
from z(—o0) = 00 to z. = z(A.) = 1/+/3, and approaches 1
as A approaches 0.

c. Solution for x

From the coupled equations (D21), it is seen that y(,x)
can be deduced from Y (A,x) as

1 20 Y

x(,x)=— e (D27)

Using the scaling form (D23) we obtain

1 /- o
XOox) = —2X<’\ — R =mx), (D28)
m m
where

X =1-=2Y +3%0;Y —2%0;Y. (D29)

d. Final scaling form

Combining Eqgs. (D22), (D23), and (D28) we can express our
result in terms of a universal scaling function Zy as (we scale

~ m’ 7 = .
y=3/m, A = =i, W= w/ W)

1 A o~ o~
———Zy(A1,A2,¥).

~ Lmy T (S, .

The quantities W,, and S,, are as in Eq. (90), with here u = m
(SR elasticity) and

Zp(hi,h2,3) = AdA*//(w)/:X(il»i)Y(Xlai)

x ¥ (A% — (2. — §), (D31)
where ¥ and j are explicit functions given in Eqgs. (D25)
and (D29). This is our final result; its explicit evaluation is left
for the future.

APPENDIX E: FIRST MOMENT TO ONE-LOOP ORDER

In this appendix we give the result for (512 $2) pe, to one-loop accuracy for short-ranged elasticity. Note that since the formula (40)
is exact, it does not receive higher-loop contributions and the first improvement brought to moments of oy, is for (S]2 $2) e, - The
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latter can be obtained from the known formulas (61) and (118) of Ref. [31],

N 6 , ,
CO®wy,wy,w3) = —ﬁsymm{A (W12) A(wy3)} — 613 symyps{A'(wi2)* A'(wi3) + [A(wia) — A(0)]

X[A(wi3) A" (wi2) + A'(wi2) A" (wi3) + A'(waz) A" (wi3)]}. (ED)

The first line corresponds to the improved-tree approximation, symj,3 denotes the symmetrization over the w; variables,
I = f f m, and we have used the shorthand notation w;; := w; — w;. As explained in the text, this formula is sufficient to

obtain (S75,) . using the K operation. The final result reads

S
—2d [ g2 m
L7($1Sy),. = —68, — 4l Ti3

[A"(0)A" (W) + 3A"(W)? 4+ 3A (W)A"(W)] 4+ O(e?). (E2)
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