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Abstract
In the theory of extreme values of Gaussian processes, many results are
expressed in terms of the Pickands constant H,. This constant depends
on the local self-similarity exponent « of the process, i.e. locally it is a
fractional Brownian motion (fBm) of Hurst index H = /2. Despite its
importance, only two values of the Pickands constant are known: H; = 1
and H, = 1/J7. Here, we extend the recent perturbative approach to fBm
to include drift terms. This allows us to investigate the Pickands constant H,,
around standard Brownian motion (o« = 1) and to derive the new exact result
Ho=1—(a— )y + O(a— 1)~

Keywords: fractional Brownian motion, Pickands constant, extreme-value
statistics

(Some figures may appear in colour only in the online journal)

1. Introduction: maximum of a Gaussian process

The extreme-value statistics of strongly correlated variables is an active research field.
However, only few general theorems for the maximum of a set of such variables are known.
Notable exceptions are random walks [1, 2], the free energy of a directed polymer on a
tree [3], the eigenvalues of a random matrix [4], or the extreme-values of specific Gaussian
processes [5-8].

For generic Gaussian random processes, the tail of the distribution for large values of the
maximum has been studied notably by Pickands and Piterbarg, and led to the definition of
what is now known as the Pickands constant. The concepts continue to be studied and applied
[9-13].

To appreciate the high degree of universality of the theorems involved, we first state the
original theorem of Pickands [14], formulated for stationary processes: consider a stationary
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Gaussian process X; with mean E(X;) = 0, and normalized squared variance E(X,z) = 1. By
assumption, the covariance function

(1) := B(XiXiy+1) ey
is independent of 7. Suppose that it satisfies

r(t) <1 V>0, (2

r(t) ~ 1—|¢|* fort—0. 3)

Condition (2) excludes that the process is periodic, while condition (3) sets the scales for X;
and ¢ and defines the exponent «, which can take values in the range 0 < < 2. Under these
circumstances, one has [14]

Theorem 1 (Pickands 1969).

P(max X, > u) ~ Vu)Tu**H, as u— oo (4)
1€[0,T]
with U(u) 1= —— fm exp B N )
) N2 Ju 2
.1
and H, := lim —E(exp( max Yx,)). (6)
T-oo T 0<t<T

The first term on the rhs of equation (4), ¥(u), is an integrated Gaussian as expected from
intuition, or more rigorously from the Borel inequality [15]. The rare events which contribute
most to equation (6) are localized in time. They thus appear with a probability proportional
to 7, and the limit necessitates the factor of 1/7. The non-trivial statements are that the limit
(6) exists, and that the amplitude can be calculated from a specific process x, depending only
on a.

To define y,, we first recall the definition [16] of a fractional Brownian motion (fBm) with
Hurst exponent H = a/2, (0 < H < 1), denoted B;: it is a Gaussian process starting at the ori-
gin, By = 0, with mean zero, E(B;) = 0, and covariance function

E(B,By) =|t* +|s|* — |t — s[*. (N
The process Y, is then defined as a fBm with drift,

1
X, =B — 5E<B?) = B~ |1, 8)

constructed to have expectation E(eX') = 1.

Let us stress the power of this result: apart from the Gaussian tail encoded in ¥(u), Pickands’
theorem predicts not only the subleading power-law behavior %, but even (as physicists
would call it) its universal amplitude H,,.

A major challenge remains, namely evaluation of Pickands’ constant. Only the cases where
fBm reduces to standard Brownian motion (o = 1), and where fBm is an affine process (o = 2,
i.e. a straight line) are known,

Hi=1 and Hy = )

L
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Figure 1. Comparison of the numerical data of [17] (red dots), interpolation (green solid
line), tentatively continued to o = 0 (green dashed line) and our order-¢ result (blue,
dot-dashed). The gray-blue data points with error bars are our numerical estimates for
‘H.. based on equation (14), see appendix D for details.

There is yet no analytical result for other values of a. In this letter, we use a path integral for-
mulation, evaluated perturbatively around Brownian motion, to show that

Ho=1—yg(a—1)+ O(a — 17, (10)

where g is Euler’s constant.

For other values of o, only numerical estimations exist, see figure 1. These are difficult: e.g.
for a Brownian Pickands’ finite-7 estimator, i.e. the expression inside the limit (6), converges
as 1/~/T [17]. A representation with a much better convergence has been given by Dieker and
Yakir [17]:

Theorem 2 (Dieker and Yakir, 2014).

max_rorer Xi
H, = lim B[ =——— | (11)
T—o0 fT eXidr
-T

Thus effectively the inverse of 27 = E( f TT eXt dt) can be moved inside the expectation value

E(e™m#*-r<i<r Xr), The estimator (11) converges much better than Pickands original one, leading
to the results presented on figure 1 (red dots [17]).

Let us conclude this introduction by another remarkable theorem due to Piterbarg [7, 8],
which extends Pickands’ theorem by relaxing the stationarity hypothesis. Suppose that a
random process X, with zero mean is defined on the interval [0, T'], and has a unique time
to € (0, T) of maximal variance, normalized to 1. Further suppose that for some positive a, c,
« and [ the variance and covariance functions satisfy

o(t) := yEXD =1—alt— 1t for 1 — tq, (12)
r(t,s) = B(X,X;) =1 —clt —s|* for t— 1y and s — 1. (13)
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Figure 2. Plot of F(u) := P(max, [ ;;X; = wu!~%e"’22q ¢==, and its convergence

to ‘H, for u — oco. The constants a and ¢ are given in equation (D.1). The symbols
are simulations for « = 0.4 to a = 1.5, see legend, with numerical parameters
T/dt = N =2'® and 10° samples. Plain lines of the same color are the estimated
asymptotics at large u, i.e. the Pickands constant, leading to the gray-blue results
presented in figure 1.

One finally needs a weak regularity condition, namely that for some + and G positive,
EX, — X,)* < G|t — s[. The theorem D.3 of Piterbarg [7] (see also [8]) then distinguishes
several cases. We only state the one which is relevant below.

Theorem 3 (Piterbarg 1978). If 3> a, then

2H (1 + 1UB)ca 22
1

u® BU(u) as u— oo,

P(max X; >u) =

t€[0,T] (14)

aB
with H,, and Y(u) as defined in equations (5) and (6).

This beautiful theorem applies to a fractional Brownian bridge defined on [0,1] and repro-
duces the Pickands constant of equation (10), see appendix D. Figure 2 shows convergence to
the asymptotic behavior implied by equation (14).

To simplify the discussion in the next sections, we introduce a process z; with an arbitrary
drift strength p

z =B+ plt*. (15)
Setting 1+ = —1allows us to recover z, = ,, as defined in equation (8). Pickands’ constant can
also be computed by setting i = 1, using
1 .
Ho = lim =E(e™ ™™eon), 16
T—-oo T ( ) ( )

2. Brownian with drift, and its Pickands constant (« = 1)

We recall some results about Brownian motion with drift which are useful to expand Pickands’
constant around v = 1.
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For aw =1, the fBm process B, is a standard Brownian motion, with covariance
E(B;B;) = 2D min(t, s), and diffusion constant D. The propagator P;: of the process z; defined
in equation (15), with positivity constraint is'

P;(xo, x,T):= P (zr <x, min z,>0]z0 = x0)
t€[0,T]

. 2
ez‘,;(xxo)fnT( _ (—xo)? (x+x0)2)
————| €

4DT — ¢ 4DT
N4rDT
s /12
= e "4 P(x,x, T). (17)

Here P} is the propagator for the process without drift, i.e. 1 = 0. To compute Pickands’ con-
stant we choose u = D = 1, see equation (16). We can recover a generic diffusion constant D
(with u = D), by setting T — DT as can be checked on equation (17). The survival probability
Q of this process, which is defined as the probability to remain positive up to time 7 while

starting at xo > 0, can be computed from PZ as

Qu—i(x0, T) = j; “dx P (0., T) = %[erf(x;:/%T) - emerfc(x;JTT) + 1]. (18)

Using translation invariance, Q,—1(xg,7) can also be interpreted as the probability that,
when starting at x = 0, the process never becomes smaller than —x, i.e. the probability that
its minimum is larger than —x,. From this we can extract the distribution of the minimum
m = —min,c o 712 itself,

(m+T1)?
1 m—T e
PL_((m) = 0pQu—i(m,T) = —e "erfc : (19)
a—1(m) Qa=1(m,T) 5 (2ﬁ) —
The result (19) allows us to compute Pickands’ constant via its definition (16):
o0 T
fdme’”’P(Tl:l(m):(Z—i—l) erf ﬂ + 1|+ Ze 4
0 2 2 T
T—oo T
Sy N O(e’Z). (20)

The Pickands constant is the coefficient of the linear term in the large-7 asymptotics of
equation (20). We thus recover the known result for the Brownian, H; = 1.

3. Perturbative expansion around Brownian motion: o« = 1 + 2¢

3.1. Action

The action of a stochastic process is defined as minus the log of the probability to find a real-
ization z,, i.e. S[z;] := — InP[z,]. Since the process (15) we consider is Gaussian, the action
is quadratic in z;. For

a=1+2 1)

! This result, obtained by the method of images, is easily checked to satisfy the diffusion equation with the appropri-
ate boundary conditions.



L I
J. Phys. A: Math. Theor. 50 (2017) 16LT04 W Letters

with € a small parameter, we follow the ideas of [18-21] to construct in appendix A the action
to order e, setting ;4 = 1:

Slzi] = Solzi] + € Silz/] + O(e?), (22)
with
T 2 (zr —z0) D:- T
Solz] = | dr —=— — + = 23
olzi] j; e . y (23)
1 T . t 1 T—7 T Z'zlz'zz
S = —— dt z;In| —— | — — dr dy, ——=.
I[Zt] B -f() Lt (T — t) B j(; 1 b 2 P (24)

We recognise Sy as the standard Brownian action with a diffusion constant [21]
D.. =1+ 2¢[l +In(7)] + O(?), (25)

and a linear drift 4 = D, ;. The time 7 is a regularization cutoff for coinciding times (an UV
cutoff), necessary to define perturbation theory. It has no impact on the distribution of observ-
ables which can be extracted from the path integral [19, 21].

3.2. Pickands’ constant

To investigate Pickands’ constant, we start with a path-integral representation for the survival
probability of the process z;, an idea introduced in [22, 23], and developed for the situation at
hand in [18-21]:

1 00 r=x
am,T:—f dxf D[z,] O[z;]e 5],
Qa(m,T) XD Jo . [2:]Olz] (26)
where ©[z,] constrains the path z; to remain positive; the normalisation constant ZN(T') is the
sum over all paths without the constraint zyp = m (and thus independent of m). Computing the
path integral in equation (26) within the e-expansion of the action (22) allows us to write

ZN(TYQu(m, T) = Z§(m, T) + eZ (m, T) + O(e?)
= (Olz/])y + e[—(Olz1Silz:1)y + 2(1 + InT)TOrZ{(m, T)] + O(e?).  (27)

The symbol (...), denotes averages over paths z; with the standard Brownian action with drift
(u = D = 1), initial conditon zop = m and a free end-point z7. Thus, the zeroth-order term

Z§(m, T)=(Olz])g = Qu—1(m, T) (28)

is the survival distribution of the Brownian as given in equation (18). For the order-¢ term Z;,
there is a contribution due to the non-local correction of the action Sy, see equation (24), and a
contribution due to the rescaling of the diffusive constant (and the drift) in So, D = 1 - D. ...
Before expliciting these terms, we show how this leads to the Pickands constant. Using
Zn(T) = lim Zn(T)Qq(m, T), (note that Q,, is the cumulative distribution), we arrive at

m—00

Qu(m, T) = Z{(m, T)[1 — € lim Z{(m, T)] + eZ{(m, T) + O (). (29)

m—00

As for o = 1in equation (20), the Pickands constant is obtained from the large-7" asymptotics
of
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f ~ dm "0, 0u(m, T) = f  dm M9, ZE(m, T)
0 0

+e [ L“ dm e"9,,Z{ (m,T) — lim Z(m, T) j(;oo dm e"8,,Z (m, T)] T O@ED). (30)

m—0o0

The first term was already computed in equation (20). For the order-¢ term, the function
Z(m, T) can be expressed from the bare propagator P,le, given in equation (17), and its
cumbersome Laplace transform ZT(m, s) derived in appendix B. The asymptotics

00 2
f dm e"0,Z; (m, T) ' =~ T—[ln (Z) - 1] + T[ln(z) —1- 2%:] + O(In(T)) (31)
0 2 T T
and
lim Z(m,T) = T [m (Z) — 1], (32)
m— oo 2 T

allows us to compute Pickands’ constant at order . Combining these contributions according
to equation (30) cancels the 7 dependence, as it should, and finally gives

Hisae =1 =267+ O =1 (a— Dy + Ofa — 12, (33)

where ~y;, is the Euler-Mascheroni constant, whose numerical value is g ~ 0.577.

This result, which gives the derivative of the Pickands constant at & = 1, compares favour-
ably to the extensive numerical simulations of [17] plotted on figure 1. Though much less
precise, it is also in agreement with our results obtained by numerical simulations of the
maximum of a fBm bridge, using equations (14) and (D.1).

3.3. Distribution of m at large T

For standard Brownian motion, o = 1, the distribution P’ _,(m) given in equation (19) has the
interesting property to converge to a non-trivial limit when 7'— oo, namely

,P?)/,O:I(m) = lim 8mQa:l(m’ T) =e " (34)

T— o0
Using the same expansion as in equation (30), we can express this distribution for o = 1 + 2¢,
Plm) = 0,Z{(m, T) + ¢ [amzf(m, T)— ( lim Z{(m, T))ang(m, T)] + 0. (35)

The expression of Z;L(m, s) given in appendix B encodes Pg(m) for a generic 7, but we restrict
ourselves to the large-7 limit for simplicity. Using the asymptotics

OnZ(m,T) fzee —Zem{l + vg + In(m) + %[1 + ln(%)]} — 2Fi(—m) + 0(%],
(36)

and the one given in equation (32), we see that Pg(m) converges at large 7 to a non-trivial
distribution,

Po 1 y0(m) = e ™1 — 2e[1 + g + €"Ei(—m) + In(m)]} + O (). (37)
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Figure 3. Test on the asymptotic behavior of P (m), fora = 1.(blue), « = 1.2 (green) and
« = 1.5 (red). Plain lines represent the conjectured limits for large m, using the numerical
value of H,, from [17]. Simulation parameters are 7= 8, dr = 2%, with 10° samples.

This is in agreement with the following conjecture: For all « € (0, 2), the distribution Pg(m)
converges to a distribution P.’(m) which has the large-m asymptotics

m=oo H,, 1_,

PX(m) ~ Fma e " (38)

This conjecture is numerically tested on figure 3. It can be motivated heuristically, see appendix C.

4. Conclusions

In this letter, we derived the linear term in the expansion of the Pickands constant around
Brownian motion. Apart from the Pickands constant at « = 1 and o = 2, this is the only ana-
Iytically available information we have today.

It would be interesting to continue this approach to higher orders. While the quadratic term
seems feasible, it is rather difficult to evaluate, and has to be left for future research.

As our methods allow us to obtain the full distribution of the maximum, and not only its
limiting behavior for large arguments, other questions can be posed. A particularly interesting
one is the probability distribution of the maximum of a fBm with an unconstraint endpoint.
From [7, 8] we know that at o = 1 this behavior changes. For a < 11it is non-trivial as in equa-
tion (14), while for a > 1 the tail is simply given by the distribution at the endpoint. For a
close to 1 both terms will contribute in a non-trivial way yet to be determined.
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Appendix A. Derivation of the action in presence of a drift

Here we derive the action for the process z; = B, + p t*, where X; is a fractional Brownain
motion, close to standard Brownian motion, i.e. with parameter a = 1 + 2¢, and € small. As
the process B, is Gaussian, its action is given by its covariance function G (1) = E(B,B:,),

1 . .
S[B] = = Bth(tl’ IZ)Btz' (A 1)
2 n,n

While it is not possible to derive a simple closed expression for a generic value of o, we can
express the action S in an e-expansion. This was done in [19] for the process without drift;
the result reads

SI[B] =

Tdetl dn, BuByy + O(e2). (A.2)
4D., 2 Jo n+r  h—f

The first term involves a rescaled diffusion constant D.,=1+42¢(l +1InT) + OED).
From this, it is possible to obtain the action for z; by changing variables B, =z, — u[1 +
In#)] + O?). Expanding each term of the action, we get
2
zr—zo , WT
z X

+
2D., 4D,

—eu fo dt 2(1 + In) + e2TIn(T) + O (), (A3)

and
T—7 T B.B T—7 T
f dy | dp =22 f dy | dn ndn LAT [ln(i) + 1]
0 f+7 h—1h 0 n+r b — 14 T

RARKORIS

—! )] +O®E). (A4)

There are some simplifications:

5 2T T1+2€ 5
+ e TIn(T +5— ln( )+1 + O(e .
1w 4Dw pTIn(T) > [ T ] 2 (e9) (A.5)

T (HT—1) T T (T
Ldtz,ln( - )—2Ldrz,(l+lnt):£dtztln(

After recombining these terms, we obtain the rather compact expression

T ;2 _
S[z,]:f d - Z’ —MZTZZ°+u2 ;

t) —2(zr —zo)(1 +1In7)  (A.6)

Tl +2e

T—1 T Z le H )
_uE f di zIn | ——f ay [ dn 1 O@E2).(AT)
2 Jo n+r  hHh—1h
The last term of the first line does not depend on z,, thus acts as a global normalisation which
has no impact on the observables we compute from this action. We choose to change it to
wTD. /4 for simplicity and fix u = 1, which finally gives the expressions (22) and (23) of
the main text.
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Appendix B. Details of the calculations

In this appendix, we give the details of the computation for the order-€ correction in the path
integral (26). The difficult contribution in equation (27) is Z?L,AB = (Si[z10[z]), which we
now decompose into two terms Z?:AB = Z, + Z{5 using the expression of S; given in the
action (23):

. T30 _T
Zim ) =~ [ Ty [ gl = (B.1)
2 Jo H+7 h—1
and
" 1 t . ar—2 T t
Zim, T) = — f dt<z,@[z]eT 4> In . (B.2)
2 Jo 0 T—1

The averages (...), denote averages with respect to the standard Brownian action, with no drift,
as the drift is now enforced by the exponential factors. We can express these averages in terms
of the drift-free bare propagator with positivity constraint, Pg. Following the diagrammatic
rules defined in [21], the first correction can be written after a Laplace transform 7'— s as

=+ B~y _ s+ _ o _

Zip(m,s) =2 Oe 2 Py(m, x1, )04, Po(x1, 2,5 + ¥)0r,Po(, X3, 5). (B.3)

Xiy >

We introduced § := s + 1/4, a shifted Laplace variable due to the term e 174 As explained
in [19], each z; in (B.1) corresponds to a factor of 29,, acting to the following propagator
in equation (B.3). To account for the factor of (, — #;)~!, we use the identity (b — )" =
j; >0e*y(’2*’1) which produces a shift in the second propagator by a new variable y wkich we
need to integrate over. We recall the expression of the propagator in Laplace variables,

e—x/ﬂxl—xz\ — e VStitr)

5t
Po(x1,x,8) = . B4
0 (a1, X%, ) N (B.4)
The second correction, due to the non linearity in the drift, is given by
+ T xom . n t _T
Ziym, T) = f f dre”2" Pjlm. 1,00 Py a3 T~ ln = Je .
x>0 0 —!
(B.5)
In order to compute its Laplace transform, we use the integral representation
t oo dy
In = f —(e7T=D — g,
() [ e
Inserting this into equation (B.5) and taking the Laplace transform gives
~ o d XN—m _ . -
Z\am, ) = f o f ¢ 2 [Pymxi,5)0,Py(x,%,5 +y)
0 y x>0
~f _ ~ _
— Po(mxi,5+3) 0Py, 9] (B.T)

For both Z; and Z;LB, the integrals over the space variables x; can be computed quite easily,
as the Laplace-transformed propagator 130+ is exponential in these variables (contrary to the
time-dependent propagators, where the dependence is Gaussian). For the integral over y, ZNE
has a logarithmic divergence at large y which corresponds to the UV divergence when #, — 1

10
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in equation (B.1). The necessary large-y cutoff A (such that the integration over y is performed
in the interval [0, A]) equivalent to the UV cutoff 7 is given by A = e &/7.2

Combining these two terms finally gives (remind § = s + i)

5% [Zia(m, 5) + Zig(m, 5)]

NE—g)m
- fu[ss-m(m + 1) + 8sm + 45 — 23/5 (m — 1) — 1]Ei(—2/5m)
85
e (St _ _ _ _ _
+ [(&c + 855m + 45 + 25 — D(In (457) + 1 + 7)) — 83
16V5

2
+ (8532 — 855m + 45 — 6/ — 1)(111('"—) —1+ yEJ]
T

T %I:El (—% - mﬁ) i e""Ei(% - mﬁ) ~In(sT) — WE]. (B.8)

From this expression, and denoting Z; 3 := Z,4 + Z,5., it is possible to compute the asymptot-
ics used in the main text, first in terms of the Laplace variable:

Ziap(m, s) s;() (e — DIIn(s7) + gl

252
e~"1n(m) + — (m+ DEi(—m
& MInGm + gl = On A DECM) | 600 (B9)
s

. m—oo In(sT) +

Zisim,s) "= _T’m_i_o(efm), (B.10)
and
N . 0 INGT) 95—~ In(st) + 3 2

fdmemamZ;;B(m,s) 20 i E > n(ST)Jr2 Ve + +(’)(l)
0 § g ’

(B.11)

Note that for the last term it is important to compute the integral over m before expanding in s.

The remaining order-e correction in equation (26) is due to a change of the diffusive con-
stant in the Brownian action, from D =1 to D, = 1 + 2e(1 + In 1) 4+ O (¢), with the corre-
sponding change in the drift such that the term linear in z, in Sy, see equation (23), remains
unchanged. This change is equivalent to setting 7 — D, ;T in the result for the Brownian,
which, as stated in the main text, gives an order-¢ correction of the form

Zip(m, T) = 2(1 + InT)TOrZ{(m,T) (B.12)
in equation (27), for a total first-order contribution
Z\(m, T) = Zjap(m,T) + Zip(m, T). (B.13)

The rescaling term Z,D (m, T) contributes to the Pickands constant with

T dr

Tt

A
2 As explained in [21], this comes from the requirement: fOT dtfO e = In(AT) + 5+ O ™) L In(T/7) =

1
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o T—oo
f dm €8, Zip(m, T) = 2(1 + Inm)T+ O (e ). (B.14)
0

The inverse Laplace transform of equation (B.11) plus the contribution from (B.14) gives the
result (31) of the main text. For the two other terms, the rescaling of the diffusive constant has

no impact as
lim TO7Z{(m,T) = lim TOrZ{(m,T) = 0. (B.15)

T—-oo m—oo

Finally, formulae (36) and (32) are computed directly from (B.9) and (B.10) via an inverse
Laplace transformation.

Appendix C. Heuristic derivation of the conjecture (38)

The heurisitic derivation of our conjecture (38) is as follows: for m < T® and 7> 1 we have

Pg(m) o~ P>(m), while for m > T, up to subleading (power-law and constant) corrections

a

=192 .
Pg(m) ~ e~ = , since very large values of the maximum are reached towards the end of the
time interval. Using that this cutoff function becomes sharp for large 7, we get

% fo dm e’”PS(m):% fo dm e"PX(m). C.1)

In order to make Pickands’ definition meaningful, the rhs has to become independent of 7 for
large T. This implies that the large-m behaviour of P., (m) is exponentially decaying in m to
compensate the e” prefactor. This can still be multiplied by a power law in m times a constant.
The unique such possibility is

Po(m) =~ Haii1gm (C.2)
@
as given in equation (38).

Appendix D. Extracting the Pickands constant from the maximum
of a fBm bridge

Theorem (14) applies to a fractional Brownian bridge defined on [0, 1]. Normalizing the pro-
cess s.t. E(X,zzl 12) = 1, equations (12)—(13) are satisfied with
4o —a+1) 20+l

a=2H, =2, a , = ——. D.1
p 4 — 2~ 4 — 2« ©.1)

Expanding equation (14) in o — 1yields

a—1

O P(max,cio, 11X, > u) =~ Hou euz2{ 1+ [In(4) — 4In(u) — 1] + O(a—1)? }

(D.2)

12
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Our result (90) from [18], valid at order  — 1, and expanded for large u is

auP(maX[E [()’ 1 ] X[ > u)

~ ueuzz{ 14 [In(4) —41In(u) — 1 — ZWE]QT_I +O0(a—172+ (’)(ul)}

(D.3)
This identifies Hy = 1 — yg(a — 1) + O (o — 1)?, confirming equation (10).
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