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We review how the renormalized force correlatd(u), the function computed in the functional RG field
theory, can be measured directly in numerics and expersranthedynamicsof elastic manifolds in presence
of pinning disorder. We show how this function can be comgwealytically for a particle dragged through
a 1-dimensional random-force landscape. The limit of swellbcity allows to access the critical behavior at
the depinning transition. For uncorrelated forces one fihoe universality classes, corresponding to the three
extreme value statistics, Gumbel, Weibull, and Fréchet.each class we obtain analytically the universal func-
tion A(u), the corrections to the critical force, and the joint prabigbdistribution of avalanche sizes and
waiting timesw. We find P(s) = P(w) for all three cases. All results are checked numerically.aHrownian
force landscape, known as the ABBM model, avalanche digtdbs andA (u) can be computed for any ve-
locity. For 2-dimensional disorder, we perform large-eaalimerical simulations to calculate the renormalized
force correlator tensaf;; (%), and to extract the anisotropic scaling exponepts> ¢,. We also show how
the Middleton theorem is violated. Our results are relevanthe record statistics of random sequences with
linear trends, as encountered e.g. in some models of gladrahivg. We give the joint distribution of the time
s between two successive records and their difference irevalu

I. INTRODUCTION [53] for ferroelectrics , and [1] for magnetic interfacebit
some discrepancies are still manifest, at least with the sim

Elastic objects driven through a disordered environ-pleSt theories, in some cases, e.g. the depinning of thacbnt

i A 2 : line of a fluid [6, 7, 47].
ment are ubiquitous in nature, including magnets [1, 78], ) o
superconductors[2, 3], density waves [4, 5], wetting [67§ Recent theoretpal progress allows not only for q.uallea,uv
friction [8], dislocation [9], crack propagation [10], apdrth- but also for quantitative tests. On one hand, for mtgrfa_ces
quake dynamics [11]. These phenomena can be studied werful algorltr_lr_ns now .allow_to find the.exact depinning
different theoretical approaches, including phenomegiotd threshold and critical cpnﬁguratlon on a cylinder [51, 5Afla
arguments [2], mean field models [12], functional renormali 0 Study creep dynamics [55]. On the other hand the func-

sation group for statics [13—39] and driven dynamics [4Q—47 tional RG (FRG) has been extended beyond the lowest order

They were also studied with numerical techniques [48-51](0n€ 100p), and it was shown that differences between static
In several cases the experimental results seem to be imreasg*"d depinning become manifest only at two loops [13, 40],

able agreement with the theory (see [52] for vortex lattices
Au)l
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FIG. 2: (a): The measured correlatar(«) for a particle pulled in
a random potential (i.e. RB disorder) distributed unifgrnn [0, 1],

FIG. 1: Dynamical shocks (avalanches): position of a plrtig, ~ and rescaled such thax(0) = 1 and [* du|A(u)| = 1. From
pulled by a spring, of varying equilibrium positian, in a one di-  bottom (which hag® duA(u) = 0) to top the mass decreases from
mensional random force landscape (with forces uniformdjriiuted ~ m? = 1 (red) tom? = 0.5 (green) tom? = 0.003 (blue), where
between 0 and 1). The quasi-static motion shows a succes§ion it has (up to small corrections) converged to the fixed pdififu).
jumps, also called shocks. Decreasing the spring constentr{ass)  This demonstrates id = 0 the expected crossover from random-
from m? = 0.01 (red) overm? = 0.03 (green) tom? = 0.001 bond to random-field disorder (see text). Note that the fixaidtp
(blue), the shocks become larger and larger. has a cusp singularity at= 0.


http://arXiv.org/abs/0808.3217v1

i.e. to second order in an expansiondin= 4 — € whered is  Of course another application of thle= 0 model is driving
the internal dimension of the manifold. Such differences apa fixed-size manifold over very large distance, it evenyuall
pear for instance in the roughness expongniThe FRG is  behaves again as a particle with some effective random force
a field theoretic tool for disordered systems, which caturelandscape.
the complex glassy physics of numerous metastable states atThe aim of this paper is to give a detailed account of the
the expense of introducing, rather than a single coupling agesults summarized in [60], and to present some new ones.
in standard critical phenomena, a functidh(u), of the dis-  We summarize the basic ideas in section Il, relegating ldetai
placement field:, which flows to a fixed point (FPA*(u).  of the field-theoretic derivation in appendix A.
This FP is non-analytic, as is the effective action of thetiie In section Ill, we give a detailed derivation of the analgtic
The non-analyticity is a rather unconventional feature, e results for thel = 0 particle model, focussing there on uncor-
validity of the approach has been questioned: one couldargirelated random forces. This yields an exporginta continu-
that, althoughA*(u) is perturbative nead = 4, the second ousrang® < ¢ < 2 with corresponding fixed-point functions
derivative A" (0) has gone to infinity, hence we have left the A (v) easier to compute than in the statics. The result depends
domain controlled by perturbation theory. To put this €riti on the tail of the distribution of the local random force, i.e
cism to rest, one first shows how an observable of the expegve find the three main universality classes of extreme value
imental system can be defined, which is identical to the fieldstatistics: The Gumbel, Weibull and Frechet distribution.
theoretic disorder correlatak(u): the idea [56] is to add @ | section IV, we calculate analytically the joint avalasch
quadratic confining potential to the system, which formallysjze s and waiting-timew distribution. The avalanche distri-
acts as a mass for the elastic modes of the interface. The digytion was computed recently [62] inda= 4 — ¢ expan-
order correlatorA(u), can then be measured directly as thesjon using FRG, and the present results hence correspond to
second moment of the interface displacement. thed = 0 limit. There it was shown how the avalanche-

This method has been used in a numerical simulation of indistribution is related to the non-analyticity of the setadif
terfaces in a disordered magnet, to compute numerically theumulants of the displacement field.
zero-temperature FRG fixed-point functid(u) in the stat- Interestingly, the problem of a particle driven in one di-
ics, for interfaces ' = 1) using powerful exact minimization mension is related to the so-called record statistics [83, 7
algorithms [59]. A variety of disorder types, random-bond,If the particle is pulled by a spring the problem is related to
random-field and periodic disorder were studied in varidgus d record statistics for random sequences with linear trenéls [
mensiongl = 0, 1, 2, 3. The results are close to 1-loop predic- whose interest has been revived in the context of global warm
tions and deviations are consistent with 2-loop FRG. Thetmosng models [75]. Translated into the language of records, we
important feature, namely a linear cuspAiu) was clearly  obtain in Section 1V, the joint distribution of the timebe-
seen. These results come in strong support for the underlyween two successive records and their difference in value,
ing hypothesis of a non-analytic field theory, perturbdjive for a sequence of i.i.d. random variables with trends, bei-v
accessible in d = 4 — ¢ expansion. ablesY,, = X,, + cn whereX,, are i.i.d. random variables,

In our Letter [60], we have extended the method of [56, 59]andc a drift. These results are obtained for the three classes
to driven systems. In particular it allows to measure the FR®f extremal statistics.
fixed-pointfunctiom*(u) near the depinning transition atve-  In section V, we check some of our above results numeri-
locity v = 0T. The form of this fixed point was obtained to cally; we also study numerically a particle driven at noneze
one loop [42, 43], but the remarkable fact is that it is onlyvelocityv > 0, and find that the velocity smoothens the cusp
to two loop order that it differs from the static fixed point in the force correlator.
[13, 40]. Shortly after, this tiny difference was measuieet, In section VI we consider long-range correlated random
yond statistical uncertainties, together with the prestidin-  force landscapes, specifically the case of a Brownian force.
ear cusp, in a numerical study [61] of a line driven in a oneFor this model, known as the ABBM model for domain wall
dimensional medium. motion, remarkably, the stationary distribution of ingtan

In this situation, it is useful to find a simple model, which neous velocities can be computed [77] for any non-zero aver-
can be solved analytically, and exhibits many features ef th age driving velocity > 0. From that we obtain\ (u) for any
more complicated situation. Such a model is a particle in & > 0. We also compute the quasi-stafi¢u) and avalanche
random force landscape, pulled by a moving spring. Sincdlistribution. It matches with the limit — 0%, and shows
there is no internal degree of freedom, it is the= 0 limit ~ how the cusp is smoothenedat> 0.
of the depinning fixed point for interfaces. Simildr= 0 In section VIl we summarize some known results and some
toy models were very useful in the study of the statics. Therxew ones, common to record statistics and to the present
universality classes there were found to be parameteriged bnodel of a driven particle, either with no mass (fixed-force
the exponent > 1, with a (presumably unique) univer- driving, symmetric records), or with a mass (fixed-velocity

sal fixed-point functiom\(u) = —R’(u) in each case, with driving, records with drifts). In particular we study in dét
R(u) ~ |u|” at large|u|, with v = 4 — 4/¢. Only in some the record statistics for a Levy-walk landscape with drift.
cases this function was obtained analytically, e.g. forctme Finally we address the outstanding question of the depin-

¢ = 4/3 of the Sinai model [56], which corresponds to the ning for systems which can move in more than one direction,
random-field disorder class. It is thus quite interestinglte  also termed N > 17, with N the number of components
tain the corresponding results for the depinning fixed pointof the displacement field (e.g. N = 2 for a line moving
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in three dimension). In particular there is still no satisfa be exact. We are interested in the observail® — (u(t))
tory field theoretic description for this case based on FRGwhereu(t) = L~¢ [ d%zu(z,t) is the center of mass po-
This question was studied by Ertas and Kardar [63], but thegition, and(...) denotes thermal averages, i.e. the ground
made the approximation that the disorder correlator only destate at zero temperature. It represents the shift between t
pends on the direction in which the system is driven. Considtranslationally averaged displacement and the centeref th
ering two manifolds which are driven on trajectories farrapa well, i.e. the extension of the spring. It is thus proporsibn
in the transversal direction, their renormalized disotere-  to the pulling force on the manifold, hence to the transla-
lators should be independent, questioning the assumptions tionally averaged pinning force minus the friction force. i
the Ertas-Kardar approach. We have studied this situation w(t) —a(t) = m=2(nqu(t) — [, F(z,u(z,t))) (if we use peri-
the field theory [66] (see also some studyat- 0 in [67]), odic boundary conditions inside the manifold). Of partaul
but consistent anstablesolution of the fixed-point equations interest are:
seem quite complicated and are still lacking. In this situa-

tion it is important to have some numerical results as guide w(t) — (@(t)) = m ™2 fa, (t) (3)
for the analytical treatment. In section VIII, we therefdiis- - — WG, —d7r—d /
cuss the changes necessary to study an elastic manifo&hdriv (w(®) = @O E) = (@) =m =L Du(t,¥)

through a higher-dimensional random environment, and COMzhere connected means w.rt. the double ave@e If we
plement this in section IX by a numerical study of a particleConsioler a functions(t) such thatlw(t) /di > 0, one can also
dragged through a random energy landscape. Especially, Werite: '

show numerically, that the scaling exponents (“roughness”
the direction of the driving, and perpendicular to if, are Do (1) = Ay (w(t), w(t')) )
different, and satisfy,, > ¢,. We also find, that the cross- WA v '

correlator in the transversal direction (i.e. the forcerelar  Ag written, the functionA,, may in general depend on the
tor between forces in the directianof the driving, and its history w(t). However we expect that for fixedl, m and
transversal ong, measured as a function of the transversalg|gy enoughw(t), e.g. w(t) = vt with v — 0+, one
distanceu,, Ay (ux = 0,uy), is non-vanishing. has A, (w(t), w(t')) — A(w(t) — w(t')). This function
A(w — w'), which is independent of the proces$t), is the
one defined in the F.T.. The derivation of this property i®giv
in Appendix A to which we refer the reader for technical de-
tails. Note that we are discussing ndw = 1 systems (in-
A. General framework terfaces), subtleties related 3 > 1 are discussed in section
VIII.

We consider the equation of motion for the over-damped Let us now describ€ = 0 depinning. Quasi-static de-
dynamics of an elastic manifold parameterized by its timepinning is studied as the limiting case whete/dt — 0.
dependent displacement fieldz, ¢): The quasi-static motion can be described as follows (in the

continuum model). One starts in a metastable siate) for

nocu(w, t) = Folu(t); w(t)] @) agivenw = wy, ie. a zero-force staté}(uo(a:);wg ): 0
Fylu;w] = m*(w — u(@)) + cViu(z) + F(z,u(z)) which is a local minimum oft,,, [u] with a positive barrier.
One then increases. For smooth short-scale disorder, the
resulting deformation ofi(x) is smooth. At somev = wy,
the barrier vanishes. Far = wj~ the manifold moves down-
ward in energy until it is blocked again in a metastable state
u1(z) which again is a local minimum off,,, [u]. We are
interested in the center of mass (i.e. translationally ayed)
displacement: = L~¢ [ d%zu(x). The above process de-
fines a functioru(w) which exhibits jumps at the sef;. Note
that time has disappeared: evolution is only used to find the
next location. The first two cumulants

Il.  SUMMARY OF THE METHOD

where F,. [u(t); w(t)] is the total force exerted on the mani-
fold (we noteu(t) = {u(z,t)},cre the manifold configura-
tion, 2 being itsd-dimensional internal coordinatey);is the
friction coefficient and: the elastic constant. Here at the bare
level, the random pinning force i8(z, u) = -9,V (z,u) and
the random potential” has correlation$’ (0, z)V (u, z') =
Ro(u)é%(z — 2'). We consider first random-bond bare disor-
der with a short-range&,(u). We have added a harmonic
coupling to an external variable(t), a given function of time
(in most cases we choose it uniform:if). This is the sim-
plest generalization of the statics, whesé) = w is time- w—u(w) = m~2f, (5)
independent. It is useful to define the fixedenergy

(w — u(w))(w —u(w') =m*L7A(w —w') (6)

. m 2
Ho[u] = /d t T(U(x) —w)” +V(z,u(z)) (2 allow a direct determination of the averaged-flependent)
critical force f. and of A(w). Note thatu(w) a priori de-

associated to the fordg, [u; w] = 5(?( 7 If w(t) isanin- pends on the initial condition and on its orbit but at fixed
creasing function of the model represents an elastic manifold one expects an averaging effect whers moved over a large
“pulled” by a spring. region. This is further discussed below. Note that the defi-

We first describe qualitatively how to measure the FRGnition of the (finite size) critical force is very delicate the
functions and later justify why the relation is expected tothermodynamic limit [38].




Elastic systems driven by a spring and stick-slip type mo- A
tion were studied before, e.g. in the context of dry friction 1.0
The force fluctuations, and jump distribution were studied n i
merically for a string driven in a random potential [64]. How  08[
ever, the precise connection to quantities defined and com-
puted in the field theory has to our knowledge not been made.®[
The dependence im for smallm predicted by FRGA (w) =
me 2 A(wm~¢) is consistent with observations of [64] but
the resultingA(w) has never been measured. Fully con- g5f
nected mean-field models of depinning also reduce to a par- |
ticle pulled by a spring, together with some self-consisyen
condition. Ref. [43] discusses related issues in an expansi I
around mean field. As discussed below, our main remarkso.2-
here are much more general, independent of any approxima-

tion scheme, and provide a rather simple and transparent wayg 3. Fixed-point functions\* (u) for random-bond (RB) and
to attack the problem. random-field (RF) disorder (arbitrary scale).

Note that the manifold in the harmonic well can be ap-
proximated by(L/L,,)* roughly independent pieces with F(u)
L., ~ 1/m. The motion of each piece over large distances
resembles the one of a particle, i.el & 0 model, but with a
rescaled unit of distance in thedirection,u,, ~ LS, ~ m~¢.
The “effective force” landscape seen by each piece become w
uncorrelated on such distances, and its amplitude scales as
F,, ~ m?u,,. Hence one is in a bulk regime not dominated
by extremes, i.eA(w) probes only motion over order one
unit. Itis easy to check that an arbitrary initial conditjoins
the common unique orbit after about one correlation lengthriG. 4: Construction of.(w) in d = 0, for the pinning forceF (u)
Hence thel = 0 model suggests that starting the quasi-statiqbold black line). The two quasi-static motions driven te tight and
motion inwu, and driving the manifold ovew ~ LS, should  to the left are indicated by red and green arrows, and exitvips
then resultin all orbits either converging or having statidly ~ ("dynamical shocks”). The position of the shocks in theistats

identical properties. Note that if the manifold is drivereov ~Shown for comparison, based on the Maxwell constructionife
more thanLZ¢. a crossover tal — 0 behavior and extremal lence of light blue and yellow areas, both bright in black arte).
statistics occijrs as studied in the next Section The critical force isl/(2M) times the area bounded by the hull of

The averaged critical force, defined in (5), should,das the construction.
0, go to a finite limit, withf.(m) = f>° + Bm?~¢ from finite
size scaling. This has been recently tested in the numerics — —1 describes the statics, and= 1 the depinning. For
[61]. Althoughf. is not universal and depends on short-scalethe statics,A(u) admits a potential solution (random-bond
details, one easily sees thatnd,, f.(m) depends only on one universality class\ (u) = — R (u), with R(u) decaying to 0
unknown scale. We note that the definition (5) coincides withasy, — oo, as illustrated on figure 3. This implies that the in-
the one proposed recently as the maximum depinning forcggral [, du A(u) remains unrenormalized. However at de-
for all configurations having the same center of masg38].  pinning, it flows, and no potential solution exists. For ay&ar
Sinceu—w is a fluctuating variable of ordgf./L,,,)~%/?,the  class of bare disorder, the model should renormalizenas
two definitions should coincide in the limit whele — oo, decreases, to the random-field fixed-point solutig,. (u),
beforem — 0. The one point distribution of the critical force which is monotonically decaying and strictly positive. Foe
is obtained from the distribution af — u(w), and to one loop ¢ — ( toy-model discussed in the next section, this crossover
is identical to the one obtained in [38] provided one usetethe s nicely seen in our numerical simulation with decreasing
the massive scheme. as is illustrated on figure 2. Therefore, in the following, we
Let us now recall the field-theory predictions: The FRGcan focus on the random-field universality class, i.e. short
equation at 2-loop order for the (rescaled) force correlate  range correlated random forces.
[13]:

u(w,

—mOm Au) = (e — 20)Au) + Cul\ (u) ll. PARTICLE IN SHORT-RANGE RANDOM-FORCE
a2 1 LANDSCAPE (d = 0): EXACT RESULTS
2
i {3180 - a0
We now study the model id = 0, i.e. a particle with equa-
+ & {A/(U)Q[A(u) _ A(O)]+)\A’(O+)2A(u)}t'on of motion
(7 nou = m?(w — u) + F(u) . (8)



F(U) A. Short-range correlated force: a discrete model

w u Let us now consider the asymptotic forward process
| J ks ' - u(w) = u'(w), defined in general as themallest rootof
‘ -1 - the equatiort’(u) = m?(u — w). The set of point§u, F(u))
AT i is the lightened portion of thé'(u) curve, the rest being the
shadow. If one starts in the shadowuat one joins atw; the
asymptotic process for alb > w;. The differencav; — wy
is finite for finite m hence we will only study the asymptotic
process. Note that the area of the shadow per unit lengtk is th

FIG. 5: Construction ofi(w) in d = 0 for the forward motion in the
discretized model. The vertical lines are the force basrittre (red)

; e . 5 . critical force.
increasing lines the spring foree“(u — w). A particle moves from dv sh lated d f land
left to right, until it is stopped by a barrier (when the lirfes spring We now study short-range correlated random force land-

force and barrier forces intersect). scapes. In the limit of interestp — 0, the scale of jumps
becomes large, and the finite range should be unimportant.
Hence itis equivalent, and more convenient, to consides-a di

) o o crete modely, being integers. The variablecan be kept real.

In the quasi-static limit wherev is increased slower than one considers a discrete landscdfie.) = F; independently

any other time-scale in the problem, the zero force contlitio gjstributed with P(F), andi integer variable. The process

F(u) = m?(u — w) determinesu(w) for eachw, starting  ,(,) is then defined on integers. Its definition is shown in

from some initial condition. The graphical construction of gig 5.

u(w) is well known from studies of dry frictionq ]. When Let us compute for’ > w the following joint probabili-

there are several roots one must follow the root as indidated jq-

Fig. 4, whereF'(u) is plotted v?rsusnz(u N w). This results

in jumps and different paths;' (w) andu! (w) respectively . o o o

for motion to the right (forwar(g) z);md to trEe )Ieft (backward). Pu(j, F) = Probu(w) = jand F; = F)

Let us callA the area of this hysteresis loop (the area of all (11)

colored/shaded regions in Fig.4). It is the total work of the Py (3, F;j', F') := Prob(u(w) =jandF; =F

friction force when moving the center of the harmonic well

quasi-statically once forth and back, i.e. the total disg andu(w') = j' andFj, = F’) (12)

energy. The above definition of the averaged critical foEe (

assuming the landscape statistics to be translationalgfiin  \ye gefine:

ant and that one can replace disorder averages by tramslhtio
F

ones over a large width/ (which certainly holds if force cor- +00
relations are short-range correlated), gives H(F) = / P(f)df =1 —/ P(Hdf  (13)
F —o00
2 M . .
oottt m” _ Since foru(w) = j to hold, one must have alfl, > m?(k—
fe=m"(w—uy) = M /o dw (w=ww) () w) forall k < j andF; < m?(j — w), see Fig. 5, one has:

Hence, subtracting the two paths gives . . =
J paths g Po(j, F) = P(F)8(m?(j —w) — F) [] H(m?(k —w))

k=—o0
o=l — = am M / " dw (ut (w) — u' (w)) i
21T Mo 2M o Pu(j) = (1= Hm*(G —w))) [] Hm*(k—w)), (14)
. k=—o0
=i o (10) o |
where the first line integrated ovét yields the second (and
6(x) denotes the unit step function). One easily checks that
where we have usefl udw = [wdu and f} < 0. One e p )
can check that forn — 0 this definition of f. becomes j=—o0 “{;7 o _
identical to the one on a cylindef,;, which for a particle Next forj’ > j one has:

(d=0)is2fs = f} — f} = max, F(u) — min, F(u) with

. . _ 2/ .
2fsM = lim,, .o A(m). SinceA depends on the starting P (3 F, J', F') = P(F?H(m (J—w) = F)

point, this definition holds after a complete tour, where the il

maximum (minimal) pinning force was selected. One canalso ~ x0(F —m’(j —w')) [ H(m*(k —w)) (15)
compare with the definition of shocks in the statics. Thédre, t k=—00

effective potential is a continuous function @f Therefore, §'—1

when making a jump, the integral over the force mustbe zero, < P(F")0(m?(j' — ') — F") H H(m*(k —w"))
which amounts to the Maxwell construction of figure 4. h=j41



with the convention that forj’ = j + 1, the factor define:
[T 0 Hm?(k = w')) = 1, and forj = j" , 2(j-w)
) = ) = P(f)d 21
Pw;w’(jaFaij ) 6(F F )P(F)e( 2(] - wl) - F) aw(j) ¢ (j) /—oo (f) f ( )
Ay (—00) =0 . (22)
X H H(m?(k —w)) (16) o
b oo Note thata,, (+00) = +o00. The 1-point distribution can thus

_ _ . _ be rewritten as:
Integrating over the forces we obtain the 1-point and 24poin

probability for the process(w). They read, in compact no- Pu(j)dj = e Wda,(j) . (23)
tations withH;* := H (m?(k — w)), and non-zero only for
VR Hence one can rewrite the first moment in the form:
J-1 — < . .
PGy =0 -uY) [ aY (17) w—u(w) = /_OO dj Pu(5)(w — 7)
k=—o0 oo
, iml i-r ==/[ dj al, (e (w—j)  (24)
Puw (,5') = (Hy —H) (- HY) [T a2 [T B -
k=—oco k=j+1 This means that the quantityhas a simple exponential dis-
tribution, hence one needs to invert the relation, i.e. jiras
+6;5:(1 — Hw H HY (18)  afunction ofa
k=—o0
Po(j) i -1 Jj=ilw) < aw(j)=a, (25)
= (0= TTE —
; k=it and use that has an exponential distribution, to get any aver-
, age, e.g.
+055:(1 — H )} (19)

(@ @)y = / Tda e (w— j(aw)?  (26)

with the convention that foi’ = 7, thefactor]'[k i HY =

0. Using thaty" (1 — HY )]_[3_314rl H{*" = 1 one checks
the normalizatiory_ ;. ; ww/(] 7)) = Pu(5).

for anyp.

C. Distribution of critical force : the different disorder c lasses
B. Continuum limit for 1-point distribution

We now obtain the universality classes for the 1-point dis-
tribution of the process(w), i.e. for the distribution of critical
forces. We definé, a rescaled version af

For smallm the continuum limit can be taken:

Puj) ~ [1 = Hm?(j - w))]

j b(m*(j — w)) == m’a (27)
X dyln H(m?(y — w 20
e </oo yln Hm™(y )> (20) Using (21), it can be written as
m?(j—w)
= arrw so=e = [ ay [ P @)

The condition defines,, (j). We thus need to invert this rela-

X exp (/_700 dyIn(1 /_i(y_w) P(l)dl))
~ /_ n:(j_w) df P(f) exp<— /_ joo dy /_ i(y_w) P(l)dl).

The last step is justified if the result is indeed dominatethiey 1.

tail of P(f) for f negative, which is at the heart of extremal

statistics. That this is indeed true is justified a postérior
The quantitym?[w —u(w)] = m?(w—j) is the “local”, i.e.

tion to getj as a function ofi. We do this for the three main
disorder classes below.

Gumbel class (class la)

The first class contains distributio®X £') with unbounded

support and decaying exponentially fasfat- —oo (in some
fluctuating critical force, and its disorder averag¢/ién) =  broad sense defined below). One then finds the Gumbel distri-
m?2[w — u(w)]. Its distribution can be obtained from the 1- bution for the critical force, hence we call this class thetGu
point distributionP,, (5). To rewrite (21) in a simpler form we bel class.



Let us invert relation (27) and assume that the followingOne also finds

expansion holds at smat:

1
m?(j —w) = 7 (In 3 Ina)

Ina
= () — — 2%
= ~Jem) = Z T hotmy)
+ (671" (In %) (ln;) Lo (29)
f2m) = b7 ) = g n ) (30)

where we know that is a fluctuating number of order one
with an exponential distributior? (a) = e~*6(a). That gives
the distribution of the variable:?(j — w). In particular since

—/ da e ®lna =~ =0.577216... , (32)
0

we obtain the asymptotics of the (averaged) critical foce a

folm) = fo(m) e

T EEm)

(32)

For this asymptotics to hold, the ratio of successive terass h

to go to zero, equivalent to

. d 1y
lim Eanﬁ YY) —o0. (33)

This defines the Gumbel class la, together with the factm2

that the support is unbounded. An exampldnsP(f) =
—A(—f)Yasf — —oo. Then:

B(x) Rz—oo A(—x)7 (34)
B y) ~ —(y/A) (35)
5w~ (5)7 (36)

Hence class-la condition is satisfied &ary~, even fory < 1.
Note that pre-exponential algebraic factors to not chahge t
result. The critical force becomes

m?(u(w) — w)

Ina

Inm—2 )1*%

lnmz]l/V
Ay (2%

=) = - |25
(In a)?

0 <7> ,
(Inm=2)%"~

Defining the fluctuating critical force ag.(m) = m?(w —
u(w)) we find

(37)

fc(m) = fg(m) + Cm2pm ; (38)

where ¢ = —1Ina has a Gumbel distributionP(c)
e~ “exp(—e~¢) on the real axig €] — co, 00, Withe = g
and

fo(m) = A7 (lnm™2)7 . (39)

_ (Y (nm™%) 1

P = = )
" 2 'yA%mQ(lnm*Q)l_%

(40)

m

Since as confirmed belows,,, ~ m~¢ is the unique scale
appearing also in the second cumulant (the disorder ctorela
defined in FRG), we can identify for class la:

m=¢ = m_2(lnm_2)%71 . (42)
Hence( = 2, with additional logarithmic corrections, i.¢. =
2% fory < 1and¢ =2 fory > 1.

2. Class Ib: bounded support with exponential singularity

An example of this class is:

Blx) = A/ (x + x0)” (42)
B~ Hy) = —wo + (y/A) " (43)
b(z) ~ e~ A @) (5 4 1) (44)
P(f) ~ e MUH=T0(f + ) (45)

with v > 0. One sees that the condition (33) is obeyed. Hence

this is still the Gumbel class, although we introduce a désti

tion for convenience. A similar asymptotics can then be per-
A

formed:
o1
o
—xz0 + < > + A5
Inm ~

Apart from the bound:, the result is the same as in class |
with v — —~ (in the exponents only). Hence one finds again:

fe(m) = f2(m) + em®pm (47)

where ¢ = —Ina has a Gumbel distributiornP(c)
e~ “exp(—e~°) on the real axig €] — oo, 00| With ¢ = g
and:

Ina
(In m_2)1+%
(46)

(J —w)

-2

fg(m) =10 — Al/'y(ln m72)_% (48)
One also finds the characteristic scalg ~ m—¢:
pm = 1/(yA™"m (Inm =) 3) (49)

hence¢ = 27.

3. Algebraic bounded support: Weibull class (class I1I)

The Weibull class, or class Il applies for a force distribu-
tion with bounded support (from below) and algebraic behav-
ior near the edge. An example is

P(f) = A(f + 20)*0(f + x0) (50)
b(x) = A(x + x0)0(x + x0) (51)
a=2+a (52)
A=A/2+&)(1+a). (53)



One must havér > —1 hencea > 1. The box distribution
correspondsté = 0, i.e.a = 2. Here

bl (y) = —wo + (y/A)" (54)

with y > 0. Hence analogously to (29) and (30) we find from

(27)

m?(u(w) —w) = m?(j —w) = b~ (m?a)

2\ Ve
= —x0+ (m_) al’/e (55)

A

where we recall that is a random variable with distribu-
Fora — oo one recovers the Gum-

tion P(a) = e %6(a).

8

where nowe = o~/ has a Frechet distributioR(c) =
ac™* Lexp(—c™) with parameteir > 0 on the positive
real axisc €]0, co[ and the average critical force is:

1

Folm) = T(1 = =)mo,, (63

where we have useti= [, dae %a~1/* =T'(1 — 1), and

P = Al oy —2(1+3) (64)
This corresponds to a roughness exponent
2
=2+ o (65)

bel class. Hence one finds for the fluctuating critical forceNote that fora < 1 (& < 3, ¢ > 4) the average critical force

—w) =m2(j —w):

fe(m) = m?(u(w)

fe(m) = f(m) + em®pp, (56)
where nowe = —a'/* has a Weibull distributionP(c) =
a(—c)* ! exp(—(—c)®) with parametern on the negative
real axisc €] — o0, 0[ and

fo(m) = o . (57)
The averaged critical force is
IRNAN 1
fe(m) =g — (Z) me (1 + E)+"‘ ,  (58)

where we have used thd* dac~*a'/* = T(1 + 1). One
also finds that

P = A—l/am—Q(l—é) (59)
2
(=2-- (60)

with 1 < a < o0, hence) < ¢ < 2.

4. Fréechet class (class I1)

The Fréchet class, or class Il, is relevant for force distri
butions with large fluctuations, i.e. algebraic tails on @& u

bounded support. An example 1y f) ~ A(—f)~YO(—f),
& > 1. One hash(z) = A(—z)"* with o = & — 2 and
A= A(a—-2)(@—1). Sinced(z) = —In A+ aln(—z) and

B~ (y) ~ —e¥/* one checks that the class-I condition (33) is

not fulfilled. Let us first studyx > 2,i.e.a > 0:

1\
2/ - . 1/«
m(J—w)——A/ (%)

Hence one finds for the fluctuating critical forgg(m) =
m2(u(w) —w) = m?(j — w):

(61)

(62)

fe(m) = em?®pp,

is infinite.

We will see that the Frechet class is a bit pathologic in the
sense thaf\(0) = oo for a < 2. More generally cumulants
of order larger thamv are infinite, i.e. they are associated to
a probability distribution with fat tails. This implies asual
that these quantities are dominated by the largest evearsgh
they are sensitive to how the continuous limit is constrdicte
from the discrete model. Fat < 2 the integral in (28) is
divergentat its lower bound, hence undefined without a €utof

5. Comparison with extremal statistics

Until now it seems that we have recovered the standard ex-
tremal statistics classes for the distribution of the lacaical
force. On one hand this is not surprising, since one expects,
qualitatively, that the critical force for two independean-
secutive regions in one dimension, be the maximum of the
ones for each single region. This is certainly an exact state
ment for the zero-mass case recalled in Section VII. Here, it
is quite consistent with the identification of?(u(w) — w)
as a fluctuating threshold force, a fact which maybe was not
obvious from the start. However, note that the value of the
parameter of the extremal statistics classestsfted by one
from the value it takes if one models the total critical foese
the extremal ong. = min;({f!}) over N ~ m~?2 indepen-
dent regions, each with its critical forcé distributed with
P.(f). Inthat case one has:

oo

N
Proba(f. > z) = [/ Pc(f):| e NJZ Pe(f) (66)

which can be written equivalently as:

bla) = [ RO = 67)
whereq is a random variable of order one with an exponential
distribution,P(a) = e~ “#(a). A comparison with (28) shows
that the effective critical force in an independent regiooldd

be chosen with a distribution with a tail:

(68)
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for large negativef. Hence there is a first coarse graining with eitherc(a) = —Ina (class I)¢(a) = —a'/* (class Ill) or
which transforms the tail aP( f) into the tail of P.(f). Then  ¢(a) = o~/ (class Il). Since the constant piece in (75) dis-
one can think of the resulting critical force as the maximumappears when computing the connected moments, to compute
over N ~ m~2 independent random variables distributed A defined in (69) we can simply write

with P.(f). Applied to Weibull and Frechet classes, (68) in- ) , , ,

deed accounts for the shift of the indexy one. Jj—w=—pmc(a) , j —w' =—pnca) (76)

and to obtain the rescaled functiah, we can further sets =
D. 2-point probabilities and the FRG correlator A (w) pm = 1 and write:

In addition to recovering the three extremal statistics2(w—") = /dj dj" P (4, 5")c(aw (7)) c(aw (7)) (77)
classes, which, as explained above, is not surprising if one
thinks in terms of coarse grained independent random vari-

ables, there is a second, more remarkable property. We find 1. Calculation ofA(w) for class |
here that the 2-point correlation
(w = u(w) (@ — ()’ We definea; = aw(j), a2 = aw(j), az := aw ().

Given the previous remark to compute the cumulants we can
— (447 P 4.3 0 = ! =) =T =) W =7) 5

— m 4 Aw — ') (69) j—w=Ina, , j—w =Inas (78)
-/ _ / — — _W

takes, for all three classes, the following form at smaill Jowi=Inag , axfa=e T, (79)

492 % where we denotd” = w’ —w > 0. The joint probability (71)
A(U}) =m pmA(w/pm) ’ (70) then readS

where the scalg,,, ~ m~¢ is the one identified in each case in o

the previous section, and the fixed-point functidfw) only Py (5,5)djdj

depends on the universality class: it is unique and idelftica = day(1 — 67W)da367a1(l—c*W)*‘ISQ(j/ > §)

all members of class | (Ia and Ib), continuously depending on g N W —as

« (hence) for classes Il and 111 07" = g)dje™ " daye™ . (80)
Let us now give the joint probability in the continuum limit. Thijs yields the second moment

From (18) and as was done to arrive to (23) one finds/for

v (w—j)(w —j’)c =[1- e_W] Oodal - das
P (3:3") = lag,(7) — ay (7)] al (57) (71) /0 /‘“ et

-W
xe*aw(j)*%/(j')+aw/(j)9(j/ ) X exp (—a1 [l—e ] —ag) Ina;Inas

— - n -2
+3(j = )l (e te W= jt(w=JP) —w=j". (@)
Let us check the normalizations. Using that Note the integration interval fars which corresponds t¢/ >
[ dj'al,(j))e % @) = e~ () one obtains (writ- j using (79). We recall that
J w
ing separately the two contributions): _ o
- w—jz—/ dae ™ *Ina =vg (82)
. .o 0
/ dJ/Pw;w/(JJ/) - o0 2
- ‘ ‘ (w—j)?= / dae ™ %(lna)® =% + — . (83)
= [a,(j) = dlp (D ™) +al ()= 0 ‘
= Py, (j) (72)  Thus we obtain:
A similar trick yields AW) = (1— e_W)/ daze= (=) Iy g,
0o 0
/ deW;’LU/(jaj/) = Py (]/) . (73) > —a
o X das e **Inas
are~W
Note also that ' 9
e W (v + 2+ Wos) -2 (84)
Pw;w(jajl):Pw(j)a(jl_j)- (74) g 6 P
For all three classes one finds, starting from (37), (56) and he calculation is performed in Appendix B. The final result
(62) respectively for the fixed-point function of class | is:
. fco(m) A ’U}2 ; w 7T2
Jrw=—Tg — pmc(a) , (75) A(w):7+L|2(1—e )—l—? (85)
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where Li,(z) = Y =, 2*/k™. One can also use the alterna- One has for the disorder correlator:
tive formula (B5). Another equivalent compact expressimn f

the result is:
< = 14 nw —nw
Aw) =" e (86)
n=1

A numerical test is performed in section V, see figure 11.
The behavior of the fixed-point function at small> 0 is:

~ 2 W W w? w7

Aw) = &= _ oy W w
(w) W 3600 211680

_ v 9
5 1 36+ + O(w?”)

hence we confirm thahere is a cuspand a power series ex-
pansion inw|. The behavior at large is easier obtained from

(86) and reads:
(3w + 1)e™3v
(87)

Nl

A(w) =(w+1)e ™+ i(gw + 1)6—211) +
+0 (6_47“”)

It is characteristic of short-ranged correlations in thecéo

with an exponential decay.

2. Calculation ofA(w) for class IlI

As for class |, we define; = a,(j), a2 = aw(j), as =
a (j) with (attention:j is ahead ofv)

j—w= ai/a (88)
j—u =) (89)
i —w = aé/a ) (90)

One must distinguish the casgs- v’ (thenj’ > j is equiva-
lenttoas > ax andW = w' —w = a)/* —a3/*) andj < w’,

in which casezy = 0. There are thus two pieces for the part

with 5/ > j:

= dj —e™ daze™**(a1a3)~
/ dj 0 ( )

w

oo d _ oo
+/ d] (al : a2)ef(a17a2) / e a3 (a1a3)
w’ d] as

In the first integral the integration bounds overis from 0

to W and in the second the relatiasi — w = a}’* — a}/*
holds. Hence one obtains

1 we 1/a —q
di=T(1+~- daya;’ e
@/ Jo
e d o 1
—|—/ daq (1 — ﬂ) (ﬁ/ e @1taep (1 + —,Gz)
o da; o

The second contributiory (= j) is:

(91)

Rl

(92)

dy =T~ )7 —0)ly=
< - d
- /w dj gire " (waz)t/e

e d
= / adald—Zjef‘“(alag)l/a

(93)

0o 2
A(W) =dy +ds — </ dale‘“a}/a> (94)
0

Usingaz = (a;/* = W), daz/day = (1 —wa; /*)*~* and
the variabley = ay*, ;" = y + W, one finds:

AW)=-T (1 + é) r (1 + é W”‘) (95)

o0

+a dy(y + W)e~w+W)*
0

x [y* +e?"T(1+ é y*) (y+ W)t =y ]

Integration by part of the last term finally yields:
- 1 1
A(w) = -T <1 + —> r <1 + —,wo‘>
« «
1 PN
+wT (1 + —) e v
«
+/ dy e~ wrw) v p (1 + l, yo‘) . (96)
0 Q
We recall that

I'(a,z) :/ dz 27 te™* . (97)

Hence we find a fixed-point function continuously dependent

ona, and¢ = 2 — 2/« yielding a unique form for each value
of 0 < ¢ < 2.
The value atv = 0 has a simple expression:

. 2 1\°
AO)=T(1+—)-T (14— (98)
« «
We find that the functiod\ (w) has a cusp with
r(+1
~A'(07) = M ) (99)
[0

Since there are a prioi® terms (we recal > 1), we want to
understand at which order the expansioihbreaks down.

More explicit expressions can be obtained in special cases.

For the box-distribution, i.ex = 2, we find

A(w) = 8;22 [211) — e’ /7 (2u? + 1) erfo(w) + \/ﬂ
%ﬁ [w e T (gw“‘ﬂ , (100)

which has a power series expansiotin aroundw = 0:

1)1 T3 T T30 120
wb v’ w® Jrw? w10
210 672 1512 T 4320 T 11880
+0 (w'') (101)



(100) together with (70) is checked numerically in sectign V
see figure 11.

However fora non-integer the situation is more compli-
cated. Despite the presencewf terms (we recalbe > 1),
the one sided second derivative At (0) seems to exists.
Numerically one finds that fotv non-integer, but close to 1,
e.g.a = 3/2, the third derivative at O exists, but does not go
to zero with a finite slope. Analytically, one obtains an expa
sion aroundy = 1, as

A(w) = Ag(w) + (= DA (w) + O —1)2  (102)
with
Ag(w) =e™ (103)
Ay (w) = (w—=2)T(0,w) + e~ (—(w + 2) log(w) — 4)
(104)

with the incompletd’-function defined in (97). Note that
02 Ar(w) = —e ' (wlog(w) + 1)

and the Taylor expansion of (104) around 0 is then:

&

w?

w - —

2
log(w)
12

Aj(w) =(=4+27)+(2—-7)

[i-2 e

13
144

log(w)

6

36

+0 (w°) (105)
whose logarithmic part can be summed up as:
Ar(w) = [2—w—e " (w +2)] log(w)
+ analytic in|w| (106)

These expansions confirms that for the Weibull class at non-—

integera the second derivative at, A”(0"), exists, but not
the third one.

Finally let us note that ifp!!! is scaled asa one
should recover class | from the large-imit of class

11

where the relatio’” = v’ —w = a; "/*—a;*/* holds. This

yields:
) a

dlz/ da1<
0

The second contribution is:

——

*1/ae—a1+a21-\
dCLl

1 (1- é,ag) (111)

dy = (j —w)(j" — )=,

wod
:/ 4 L

—Zemm (a1a2)
o0
/

dj
One has for the disorder correlator:

-1/«

dCLQ
da; =226
aq dale

—1/e (112)

“(araz)

00 2
AW) =di +dy — </ dale_‘“al_l/a> (113)
0

-1/

1/
/,a2

Using the variable) = a; “ =y + W, one finds:

A(W) = a/ dyy(y + W) e v "
0

+a/ dyy(y™ 7 = (y+W)~179)
0
x eV TR - 3y £ ) )
—I(1-1)? (114)
As for the Weibull class, see (96), we can integrate by part th
second term into:
d

3 T )™

A
lim dy e ¥ THEW)T®
A—oo

0

+AD(1-1), (115)

where the last term comes from the upper bound in the partial

I, i.e. one can indeed check from (79) and (109) thatintegration, after puttingg — A — oo there. Rewriting it

limg oo a2Ah2 (1w /0)) = Al(w). (the indices refer to the
class). An example of these limit procedure is given below.

3. Calculation ofA(w) for class Il (Frechet)

We define agaim; = a,(j), az = au (4), az = aw (j')
with

j—w= —afl/a (207)

jow = —ay® (108)

i —w = —agl/a (109)

One sees thagtcan only vary in the intervdh oo, w], and that
j' > jis equivalent tais > ao. As for Weibull, there are two
pieces:

dy : (110)

> -1
/ da3 e %3 (alag)T

az

(J—w)(i" —w')|j>;
di d(al — aQ)ef(a1*a2)

[mj dj

asfoA dyT'(1 — 1/«), and using the fact that the first term in
(114) cancels, we arrive at the simple final expression fer th
Frechet class:

A(w) = -I'(1—1)? (116)

oo

+/dyI‘(1 -

0

1

(e

J— e = L (g4 w) )

We find a fixed-point function, which depends continuously
on «, hence on, = 2 + 2/a with a unique form for each
value of¢, in the domaird < ¢ < 2.

We can obtain the small-behavior easily from (114). The
value at zero,

A(0)=T(1—-2)-T(1-2)>, (117)

is found consistent with the results from the previous secti
on the distribution of the critical force,

(w—u(w))" = pL0(1—2). (118)
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One sees thah (0) is defined forn > 2 and diverges as — A
27, As discussed in the previous section this is because in the |
Frechet class the distribution of the critical force haghtgic

tails and an infinite:-th moment fore < n. We thus consider
a > 2. The fixed-point function has a cusp, with from (116) 4/

v 2 T=3)
ity — o t
—A(0F) = == (119) o,
and a well defined Taylor expansion|in|: I
0.2
_ F(-Hw  aw? I
A(w)=T(22) -T(1- 1) o
(w) ( o ) ( )+ a? + 4o+ 2 "
(a+1)T (%) w? a’T (3—}—%) wt
) 36a + 242 48(204(4;04 +9)+9) FIG. 6: A(w) from eq. (116) for = 3 (bold). One clearly sees the
a?(a+1)(a® —4)T (24 2) wP long tail forw — oo. The asymptotic behavior for large from eq.
240 (1502 + 32 + 16) (122) is shown (dashed/red) as the smakxpansion (blue/dashed).
+0 (w°) (120)

F(u)
The largew behavior of the fixed-point function is quite dif- . .
ferent from the other classes. IndeAdw) decays to zero ] J*s
rather slowly for largev. This can be seen by writing

Aw) = ty(w) + ta(w) —T(1 = 1) (121)
o0 . e )
t1(w) = / dye v "Hutw) / dtt==e™!
0 0

to(w) = / dyT'(1-1) [1 — 87y7a+(y+w)7a}
0

The leading term for larges comes fromy; (w), via a series FIG. 7: Geometrical construction for the size of an avalanch

of approximations:

b (w) ~ o0 dy =¥~ HHw) (y+w)™ " Y consecutivg avalanches i§ denoWdz W; — Wi—_1. It_ i§ no_t
! 0 Y 0 properly a time, but we will term it here loosely waiting time
o oo . . since for a driving with a constant velocity it is the waiting
== / dye v "TWHO™ (4 y)t =@ timet,, = W/v, with herev = 0 (in that limit the jump time
@ o is negligibly shorter). Here we compute the joint distribat
~ d 1-a of avalanche sizes and waiting times. In section V we discuss
~ y(w+y) ;
a—1J an algorithm to generate the sequence of avalanches and the
w2 % Markov-chain property.
:—(a “a-1)’ (122) There are two useful probabilities for which the general ex-

pressions for the discrete model are easy to write. The $irst i

whereas,(w) is of orderl /w® plus a constant, since one can for v’ > w:
simply expand the exponential function for large Fora =

~ Sean!) —
3 the functionA (w) and the asymptotics (122) are plotted on ~~ Lw(iiw') == (123)
figure 6. Probdu(w) = j and next avalanche is ', oo])
Whenu(w) = j the next avalanche occursat’ > w such
IV. AVALANCHE-SIZE AND WAITING-TIME thatm?(j — w”) = Fj. Thus to realizav” > w' we need
DISTRIBUTIONS F; < m?(j —w'). Hence one has:

. . - . 7_1
A. Avalanche-size distribution Po(jiw') = (1 — Hm?(j — ")) H H(m?(k —w)) .

k=—o0

Successive avalanches, or jumps, occur at a discrete set of (124)
w = w; such thati(w; ) = j; andu(w;") = j;+s; wheres =
s; > 0 is thesize of the avalanch&hewaiting timebetween Forw = w’, P, (j; w) = P, (j) defined in (17). Of interest is



the differential waiting time distribution

o0

Py(w)dw' = —dw' Oy Z Py (j;w")

j=—0c0

= Probdgivenw, the next avalanche is jm’, w’ + dw’])

(125)

The joint (integrated) probability is more involved:

P, (j,w', S)dw' :=
Probdu(w) = j and next avalanche is {a’, w’ + dw’]
and of sizes > ') (126)

One has:
S
w (G, ) =H 2P+ 7 —w))(=0uw Pu(j;w"))
(127)
and of courseP,,(j,w’, S = 0) = —0, P, (j;w'), i.e. the

probability thatu(w) = j and that the next avalanche occurs

atw’ (per unitdw’). Of particular interest is:

ZP jyw', S)

= Probanext avalanche is ifw’, w’ + duw’|
and of sizes > §')

P, s> S) (128)

This is illustrated on figure 7.
We now consider the limitn — 0 in which the contin-
uum limit can be used, and extract the distributions of wgiti

times and avalanche sizes. We find that they depend on the
same single scale,, as defined in the previous Sections. The

waiting time distribution is denoted beloR®R(w) (and some-
times P(W)), and has thus the scaling form:

P(w) = p,' P(w/pm) (129)

However, to simplify notations, unless specified, we drop be W)

low the tilde onP and formally replace,, — 1 (formally,

since all statements below are about scaling forms in thie lim
m — 0). When no confusion is possible we use the sym-

bol w for either the argument ai(w) and the waiting time
w = w; — w;_1, and uséV for the waiting time when con-
fusion is possible. Similarly the avalanche size distitouts
loosely noted with the same symbol:
= P P(s/pm)

P(s) (130)

and we perform the same simplification in notations, and sim-

ilarly for the joint distribution. The dependence pj can be
restored by replacing in the final formulas

Pm
w— = , §— = (132)
Pm Pm

similarly for S andW, and correcting the normalizations of

probabilities tol.
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FIG. 8: The probabilityP,, (w
sizeW precedingw’.

") to have a pointw in the interval of

B. Waiting-time distribution

Using the method introduced in the previous section, see
especially Eq. (21) ff., one finds that the continuum limit fo
the probabilityP,, (j; w’) is

Py (j;0")dj = day (j)e W) (133)

and we use again the notation = a,,(j) andaz = a. (j).

1. Class | (Gumbel)

We recall (75) for class |

j—w=—f"+Ina

j—w' = —fS +Inag (134)

where f0 is a non-fluctuating constant, and as in (79)=
e~"a,. Thus one finds:

Py(j;w')dj = e Wdaj e (135)
Integrating over; in [0, co[ one obtains

Py(w') = 0w —w)e” ™" . (136)
From (136) we can infer the distributio(17) of wait-

ing timesW. Since the probability that a uniformly cho-
senw on the real axis falls in an interval of siZ@ is
WPW)/ [dWWP(W) (see figure 8), and that then the
probablhty of ofw’ — w is uniform, i.e.6(0 < v’ —w <
/W, multiplying the two expressions one finds the gen-
eral relation:

[ AW P(W)
JZaw wP(w)

= P,(w). (137)

This is true only in the smalk limit (because of uniform
measure assumption). For any member of class | we find the
distribution of "waiting time” W (restoring the dependence
on pim):

— p;’Ll e_W/pm

P(W) (138)

2. Class Il (Weibull)

Let us consider now class Ill. One has, following the nota-
tion in section 111D 2:

J—w_—fo‘i‘al/a
—fo—i—al/a.

(139)

j—uw (140)



Using the variabley > 0 such thata}/® = y anda}/® =

y + W one now finds from (133):

Pu(jiw')dj = ay*tem W) qy (141)

Integrating w.r.t.y, taking —9,,» and integrating by part we

obtain:

P,(w'") = ala - 1)/ dyy@—2e~(wtw'=w)®  (14)
0

We recall thatv > 1 hence the integral is always convergent.

From (137) we obtain:

(W)™t = P, (w) —aF<2— é) (143)

and, taking—a,,» on both sides of (137) we obtain for class

pav)= 20D / dy y =2 (y + W) le W
L2-3)Jo
(144)
If « > 2 it can be integrated by part into
a—1)(a-2) [ e o
P(W) = %/@ dy y© 3o—(y+W)* (145)

For completeness let us give the resultdos= 2, which cor-
responds to a box distribution for the forces:

P, (w'") = /merfc(W) (146)
2 e
P(W) = ﬁe o(W) (147)
which is a simple one-sided Gaussian.
3. Class Il (Fréchet)
Let us consider now class Il (Frechet). One has:
j—w= —al_l/(y (148)
j—w = —ay /" (149)
Using the variablgy > 0 such thal‘al_l/"‘ =y andagl/o‘ =
y + W one now finds from (133):
Py(jiw)dj = aly + W)~ *"le™ "y (150)
Integrating w.r.ty, taking—9,,» we obtain:
i dy et
AN b

We recall thatx > 0 hence the integral is always convergent.

From (137) we get

(W)™t = Py (w) _ar<2+é> . (152)
Deriving again (137) w.r.ti’, we obtain
(a+1)(a+2) [ dy .

One easily checks that (153) is correctly normalized.
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C. Joint avalanche-size and waiting-time distribution

The continuum limit of Eq. (127) can be written as
Py(j,w',8)dj = [~0u (dage™)]e" "2 - (154)

where we use the same notatiengj) = a1, a.(j) = a2 as
above and in addition,, (j' = j + S) = a3. We remind that
in order to includep,,,, S gets rescaled asandw.

1. Class | (Gumbel)

Consider now class I. In addition to (134) one has
(155)

Hence we havey; = e Wa; andas = e="W—5a, where

j+S—w =—f2+1Inas .

Pu(j,w', 8)dj = [~0pe W (day e )Jeme " (71)

=e WVda; exp ( —ai[l+e (e - 1)])
(156)

Integrating overj anda; respectively, we obtain the joint dis-
tribution:

1
ew'—w 4 S — 1]
Again this is the probability that if one observes the system
at w, the next avalanche occursat and has sizes > S.
This allows to find the joint probability>* (W, s > S) that
wp+1 — w, = W and thenextavalanche i, 1 > S (see
Appendix V for further notations and definitions). Indee@on
has, by the same reasoning as above [94]:

[, AW PH(W,s > S)

Py(w',s>8)=0(w —w) (157)

s =P,(w',s> S 158
[ dW WP (W, 0) (whs>5)  (158)
This yields for class I:
+ e

Integrating oven¥ this yields the cumulative joint waiting-
time and avalanche-size distribution for class I:

1
exp(W) +exp(S) — 1~

SettinglV = 0 gives the (rescaled) avalanche-size distribution
for class I:

Plw>W,s>85)= (160)

P(s)=e"", P(s>S8)=e¢". (161)

SettingS = 0, and deriving w.r.tW reproduces the waiting-
time distribution (138). We thus obtain that the avalanche e
ponent, such thaP(s) ~ s~™ at smalll < s < p,,, is here
7 = 0. We can give the lowest moments:

2

(ws) = % ~ 1.64493 (162)
(w) = (s) =1 (163)
(w?) =(s*) =2. (164)



in units ofp,,,. We also note that the relation:

(s)
()

is obeyed, using\’(0*) = —1 from (87). This relation be-

= —2A'(01). (165)

tween the cusp and the second moment holds quite generally

[62] and is used here as a useful check.

2. Class Il (Weibull)

Consider now class lll, i.e. (140) and

j+S—u = —f0+ay" (166)
This leads to
Py(j,w',S)dj = _3w,dag’j(j)dj e
w e~ (JHS)Fa,r () (167)

Now setting as beforg = aé/“ = j — ', the only derivative
in the bracket to be taken is of the variapldg.e. —0,,,y = 1.
In short-hand then gives

Py(j,w', 8)dj = —Buray® ™ dy e~ W) -k
=a(a - 1)yo‘_2dy e~ (W) = (y+5)" +y*
(168)

Integrating ovey (i.e. j) it yields

Py(w',s>8) = a(a—l)/ dy ya—Qe—(y+W)a—(y+S)a+y" )

’ (169)
The final result for the joint probability for class Il takédse
form:

PH(W,s > S) (170)

o > o o, a
- (=) dy @ 2~ @HW) = (y+5) +y

Integrating ovelV yields the (rescaled) cumulative distribu-

tion for class IlI:

Pw>W,s>S) (171)

Q e o oy,
= dy y®2e~WHW) = (y+5)+y*
r(1-1) / vueoe

Settingl = 0, we obtain the avalanche-size distribution.
o e «
P(s>8)=——— [ dyy* 2e W+ 172

(s >5) F(l_é)/o yy* e 172)

On the other hand, setting = 0 in (171) gives back the
waiting-time distribution (144).

Let us comment these results. Since (172) can be Taylor

expanded inS aroundS = 0, it is clear that for class Il also
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the avalanche exponentis agaia- 0. For largeS, the decay

of (172)isP(s > S) ~ P(S) ~ exp(—S5%), i.e. a stretched

exponent decay with exponeht= a. Next, one checks that

the general relation involving the cusp is obeyed:
r2+1)

&2
<<s>> - a Pm= —28(07) -

using (99), a useful check on our calculations.
One can also obtain simple expressions for the lowest mo-
ments (in units op,,):

(173)

1
= = 174
(o= twh = Sr 5Ty (a74)
(o) N1+ 1)H_ 1 (175)
sw) = =
r(=2)
as a function of the harmonic numb&r, = Y, 1/k, i.e.

H_ 1 =g +9(1—1/a),¢(z) :=T"(z)/I(z). From these
one can construct a fully universal dimensionless ratio:
n(a—1)2H_

T aZsin (Z) - (176)

Finally one can check that fer — oo, one recovers class |
distribution (160). More precisely:

lim P(w > W/a,s > S/a)

a77)
1 oo
= lim 71/ dez==
a—co (2= 2) Jo
) ; (1+
Qx>

o (o[ (1 =)

= /OO dz exp (= [eW +e5 — 1]) = (160), (178)
0

where we have used = y“ as variable andim,—,o.(1 +
W/a)® = exp(W) and that the factors af!/® could be
dropped.

3. Class Il (Fréchet)

Consider now class Il, i.e. (140) and

-1/«

J+S—w =—pnag (179)

1/« -1/

henceS =a, ' — agl/“ =y+ W —az; '". This leads to:

Py(j,w', 8)dj = [~Ouwaly + W) > 'dye ™ ]
w W) —(y+W—-5)"*

=ala+1)(y+ W) 2dye ¥ °
« eWIW) ™ —(y+W-5)"* (180)



The domain of integration depends on whethiér > S or
S > W, and can be expressed as

Py(w',s > S)
=ala+ 1)/ _
max(0,S—W) (y + W)OHFQ
x ¥ TH@W) T = (y+W-5)"7 (181)

oo dy
=ala+ 1)/
max(W,S) ya+2

e~ (W=W)T = (y=9) " +y™*

(182)
This translates with the same arguments as for (171) into

P(w>W,s>85)

L/‘ dy_ —-wyo sy
a+2
Y

max(W,S)

= (183)

oo
dy e
yochQe
-
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FIG. 9: The plot showsu(w) for the forward motion with
m? (w —u) = f., and the backward motion with? (u — w) = fe.
Both trajectories are indicated with arrows. The world lingv)
fluctuates arounay + f2m 2. These fluctuations have a geometri-
cal interpretation as the yellow/shaded region, whose iareglated
to the expectatiorfws).

As for the Weibull and Gumbel universality classes, this ex-

pression is symmetric if andW. We therefore conclude that a symmetric distributionP(—f) = P(f).

for all three classes:

P(w) = P(s) . (184)

This property is proved with slightly more general argumentg, i

in Appendix D. It is of course valid only for theescaled

distributionsin the limit m — 0 in the sense described above
(at the level of the discrete modelis a continuous variable

while s is discrete).

The resulting distribution of (rescaled) avalanche sizesth

reads:

with (in units of p,.,):
<@1_ar<2+é>. (186)
()4 = MY aner) sy)

the last equality being a check, using (119). Note thé&d)
has power law decay fdarge s, i.e. P(s) ~ s~(>*®), The
avalanche exponent however is still= 0, since it is related

to smallavalanches (i.es < p,,). The Frechet class yields to

a cutoff for large avalanches (i.e.>> p,,) which is itself a
power law.

4. Local fluctuations of the area of the hysteresis loop

Figure 9 illustrates a typical hysteresis loop for uncaied

The plot shows
u(w) for the forward motion withm? (w —u) = f. > 0
(disorder or translational averages) and the backward mo-
tion m? (u —w) = f.. Both curvesu(w) fluctuate around

w + f2/m?, and the enclosed aref of the hysteresis loop
bits a uniform partl = 2| f%(m)|w, computed in Section

1l C for each class, plus a fluctuating patt

i 2
A=m g w;S; .
i

It has a geometrical interpretation as the area of the yel-
low/shaded region. Its average value per unit length over a
large samplev € [0, M] is

A=A+ A, (188)

(189)

since the number of avalanches)s, = N, > ,s; = M
hence(s) = M/N. Note en passant that one has also
>, w; = M hence(s) = (w), i.e. the first moments of
andw are always equal. (We neglect boundary contributions
which for uncorrelated disorder scale subdominantly). -Sim
ilarly one can consider the moments of the local hysteresis
area:

1 ws)P
i Z(wwi)p _{ <S>) ) - (190)
They can be obtained from the moments of the variable
ws. Hence it is useful to compute the distribution of this vari-
able for the three classes. This is performed in Appendix D.

random force landscape, for convenience assumed to havelet us give the result for the (rescaled) distribution of the
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FIG. 10: Numerically calculateczi(u) as a function ofu (red, fat)
for the box distributionP(f) = O(f)©(1 — f), and comparison
with analytical result (black, dashed) from equation (100)= 1,
a@=0,A=1/2, pm = V2/m, m* = 1077, there is no adjustable
parameter.

Gumbel class:

ew
P(a>A):/d:v Py
0 (e +e — )
Vi 1
=/d 191
1/ Vw0

from which we give some moments:

(a) =1.64493 , (a®)=18.3995,
(a®) =547.343 , (a*) =30764.6, (192)

measured in units gf?,.

V. NUMERICS FOR THE TOY MODEL

A. Basic definitions

FIG. 11: A(u) as a function ofu for the exponential distribution
(red, fat), and comparison with analytical result from eopra(85)
(black, dashed)p;,;' = m? = 0.003, no adjustable parameter.

Al % P(f)=2/60 < [<1)
0. 0004
0. 0003
0. 0002
0. 0001
200 400 600 800 1000 1200

FIG. 12: A(u) versusu for o = 3 (Weibull class);m? = 0.0001.
No adjustable parameter. Reddata with error-bars. Blue- an-
alytic solution (96) fora« = 3. The other parameters used in (50)
ffl.are: A = 1/y anda = % — 1. We have chosen = 1/2

as an example, hence = 1, a = 3, A=2 A= % We use
m? = 0.0001, with 107 disorder points. One findg./m?: —599.8
(numerics) versus-597.79 (analytic). The parameter-free numeri-
cal result forA(u) is compared with the analytical one, and found in

excellent agreement.

random variables distributed with the box distributiBr(e).
We call this distributionPs(f).

In this section we study numerically the discrete model OfCIass Il witha — 3:

the last section. We consider four different disorder distr
tions:
Box:

Pi(f)=1if f€[0,1], 0and else. (193)

Exponential

Py(f) =exp(f)if f > 0andO0 else. (194)

RB (random bond)
short-ranged correlated potential. The resulting forcitat
1is f; = e; — e;+1 Where the energies; are uncorrelated

Pi(f)=2/0(0< f<1). (195)

Note that power law-distributed forces can be generated by
defining f := 27, with z € [0, 1] uniformly distributed. This
yields
P(f) = ~fi00<f <1, (198)
Y
with v = 1/2 for (195).
We integrate numerically the equation of movement (8),
first atn = 0. This is the discrete model defined in section
lIIA. In practice, for givenw, we move the particle as long as
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FIG. 13: Rescaleddisorder correlator: The functiol (u) is the
rescaled version of\(u), s.t.Y(0) = 1 and [, Y (u) = 1. The
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FIG. 15: P(W) (orange dots) and’(.S) (green dots) as a func-
tion of W and S respectively, for the box distributio®( f)

data is the same as on figures 10, 11 with in addition RB disorde®(f)©(1— f), and comparison with analytical result (black, dashed)

(i.e. random potential): Blue is the box distribution in1f),red the
exponential, green is RB. This shows thatfer= 0.003 the differ-
ent microscopic disorders yield very similar rescaled eators, al-
though the unrescaled ones are different. For the differbetween
rescaled disorders see figure 14.

Y (u)
0.01
0. 005

- 0. 005
-0.01
-0.015
-0.02

FIG. 14: Comparison of the analytical results for the vasiolasses.
The functionY (u) is the rescaled version dk(u), s.t. Y(0) = 1
andf ., Y (u) = 1. Plotted here are the (small) differendégz) —
Yii1,2(z) (red) andY:(x) — Yiir,s(z) (blue). The index refers to class,
anda. This explains why the various classes are very close ongfigur
13.

the force. i.e. the r.h.s. of equation (8) is positive. Thpat
which we stop defineg(w). We then updater — w+1. This
is an approximation to the process defined in section Il A, bu
since jumps as well as waiting times diverge when— 0,

from equation (100)A = 1, & = 0, A = 1/2, pr. = V2/m,

m? = 107%; there is no adjustable parameter. One sees that the two
distributions are identical, witf? (1) plotted on top ofP(.S). How-

ever for small avalanche siz&s the numerics has not yet converged
against the analytical result, i.e. finite-size correctiare present and
visible on the plot.

adjustable parameten figures 10 to 12 and the agreement is
excellent.

An general important question at depinning is whether the
random bond class (i.e. uncorrelated potentials) flows ¢o th
random field one (uncorrelated forces). This appears glearl
in figure 13, where we plot the rescaled (as explained in the
caption)A(u), for the 3 disorderd; (f), Pa(f), and P5(f),
defined in (193) ff. The cross-over as the mass decreases from
RB disorder to RF disorder can also nicely be seen in our sim-
ulations, presented on figure 2. One expects that the random
short-ranged energy model, i.¢; = e; — e;+1 with e; dis-
tributed with Pr (e) should flow to the random force model
with P(f) = [ Pre(f + €)Pra(e), i.e. the convolution of
Prp(e) and Prp(—e). This is because the rare large forces
are isolated and become uncorrelated. This predicts tkat th
box distribution fore should flow to thex = 3 class lIl.

We have seen on Fig. 13 that theapesof the correlator
functionsA(u) (i.e. their rescaled form as explained in the
caption) are rather similar for the various universaliysses,
while their unrescaled forms are very different. Thesealest
forms obtained from the analytical calculations are coragar

in Fig. 14.

the scaling limit is the same. A second algorithm, described

in Appendix C, was used to independently compRte)) and
P(s) (not shown), and check the present results.

A(w)

C. Shocks and Avalanches

In figure 1 we have shown the avalanches, also called dy-
namical shocks: As a function af, we plotw — u,, (Minus
its average), for different masses. First consider the Isstal

We have shown on figures 10, 11, and 12, comparisons benass,m? = 0.03. We see thatv — u,, is growing linearly

tween the numerically computed functioA$u), and the an-
alytical predictions. The corresponding analytical resate
referenced in the corresponding captions. Hence theme is

with w, before it jumps. The linear parts are those, at which
the particle is localized by a large disorder force, befanag-
ing (in zero time afv = 0) to a new position (vertical parts).



Au U
When decreasing the mass, we see that the linear parts, i-‘?L-(ZC))— 40 50
the “time” (i.e. distance inv) between jumps, as well as the
jumps itself become larger, while sharing parts of thejega 100}
tories. This can be interpreted as merging of the (dynainical
shocks.
In figure 15 we show the avalanche-size and waiting-time
distributions forP(f) being the box distribution. It clearly
shows that avalanche-size and waiting-times distribstane 40}
identical, as follows for all disorder classes from (D3). iéo
over, the resultis in agreement with the parameter freeipred 20¢
tion of eq. (172), using,,, defined in equation (59). ‘ ‘ U
10 20 30 40 50

D.  Finite velocity FIG. 16: Rounding ofA(u) through a finite velocity;ju = 0.2.

Inset: A’(u). The disorder distribution i®(f) = ©(0 < f < 1),
In this section, we consider the equation of motion at finitem” = 0.003.
velocity v, or rather at finitejv, since the latter is the parame-

ter entering all equations. ] o
The algorithm for finitenv is as follows: We generalize Althoughin most cases random-force landscapes at degnnin
the positionu; = u(w;) of the point to now take non-integer have short-ranged correlations, these more exotic LR land-

values. It follows the Langevin equation scapes exhibit some interesting properties. Note ithate
staticsthe (very) LR correlated random potential landscape
d 9 corresponding to the case= 1 was studied by Sinai [71]. It
Tt = Frue) +m(ue —we) (197)  was found that shocks are dense there.
Quite remarkably, exact results can be obtained for this
where model for any non-zero velocity > 0, as first noticed by
) Alessandro, Beatrice, Bertotti and Montorsi [77] who intro
[u] := largest integer u . (198)  duced this model, hence referred to as ABBM model, as a
realistic description of the Barkhausen effect in metdd#ico-
magnets, and compared the results to experiments. The mass
term originates from the magnetostatic fields: the demagne-
tizing field (resulting from the effective monopoles sitfiat
the end of the sample) provides a long-ranged restoringforc
which acts as a spring, precisely as in the model considared i
B 2 this paper (see also discussions in [79] and [78]).
0 [uror = ue] = 6t [flug +m(ue —wi)] (199) We first obtain some results on the quasi-static model, then

To guarantee that our time discretization is fine enough, wdve rgcall Some results of _the ABBM analysiswat> 0, a_md
report “maxslide”, the maximum of (199) encountered in gobtain fromit the renormalized correlator at non-zero vijo

simulation. For the simulation shown on figure 16, this was é(u)

0.05. The figure showA (u) atnv = 0, calculated with the ;501
discrete algorithm used in the previous sections, A(d) at I
n = 1, andv = 0.2. The microscopic disorder is a box dis-
tribution for the force, given by eq. (193). The result clgar

shows aounding of the cuspy the non-zero velocity.

Condition (198) reflects that the disorder only changesst di
crete values ofi.

In practice, we discretize (197) with a step-size= 1/100,
integrating this discretized equation of motion in timddual-
ing the 1td scheme, and using = vt.

800Ct
600C
VI. LONG-RANGE CORRELATED FORCES 400c:

pal

In addition to the three universality classes for shorgen zooc:—

(SR) correlated forces, there is also a family of univer-
sality classes for long-range (LR) correlated forces. Con-

u

sider a gaussian distributed force landscape with no bias ‘u‘(w‘)zooo‘
F(u) — F(u'") = 0 and second moment:

4000 600C 800C 1000(¢

FIG. 17: ¢(u) defined in (201) foif a random walk withD = 1.67 x
[F(u) — F(u)]? = 20lu —u'|” (200) 10® (blue). The dashed (red) line denote&:) = u. We show
explicitly the graphical construction af(w) for w = 3400, as well
expects a continuously varying fixed point as a function.of With stepsize 1 in direction.
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We then discuss how these results match at 0+. 2. 2-point conditional distribution

It turns out that the 1-point-probability and critical-éer
distribution is a subtle issue for this model, due to the fong
range nature of the landscape and the choice of boundary con-
The forward process = u(w) is defined as themallest  ditions. We do not discuss it in details here, but some censid

A. Quasi-static motion

root of erations are given in the Appendix F. A full solution regsire
Ly a separate study.
P(u) =u—m "F(u) =w. (201) We can still offer some simple remarks. If we know, e.g.

by observation in a numerical simulation or an experiment,
that the process is such thatw,) = ws, then one can easily
compute, from the Markov property of Brownian motion, the
probabilities of allfutureevents, i.e. theonditional probabil-

ity for u(wz), ..., u(w,) wWith w; < wy < ... < wy:

For~ = 1 the procesg(u) is a Brownian motion (BM) of
diffusion constantD = o/m* and upward drifb = 1. The
time of the Brownian ig = u. From Fig. 17 one sees that it
becomes a first-passage-time problem,i.e= u(w) is the
first time the process(u) reaches altitudev. Conversely
the processv(u) = max, <, ¢(u'), is the maximum posi- Py, (U, ooy U |u(wr) = uy) = (205)
tion over all previous times reached by a brownian motion. p
To avoid pathologies we assume a cutoff which makeés)
smooth at very short scales; equivalently we can discréiize whereP(u;w) is the first-passage-time probability defined in
u-direction, as was done to generate figure 17. In AppendiXE7). Computing the moments one finds:

E we have collected some useful properties of first-passage

times and maxima of the Brownian motion that we now use w(wy,) — wy, = u(wr) — wn (206)
extensively. We refer to this Appendix for all details.

(ug —ug;wy —wi1) X ... X Pty — Up—1; Wy — Wp—1)

[u(wy) — wy, — u(wp) — wp]Qu = 2D|wy, — wy|
= 2—04|wn —wp| (207)
1. Avalanche distribution m
for anyn,p > 1. This defines the renormalized correlator:
From Fig. 17 one sees that the avalanche distribuBi¢s)
identifies with the return probability to the origin of the BM A(0) = A(w) = ow, (208)

. P e T = 4
with a drift b = 1 and diffusion constanb = o/m*. i.e. it is exactly the bare disorder correlator. Note that al

P(s) ~ P(s; Wp) Fhoggh .this result was derived. from a conditiona}l probabil-
1/2’ ity, it is mdepen_der_\t of th_e choice afy andw; providedall
_ S0 -3/ exp <_i _ S0 S_0> pointsw; to which it applies ardarger thanw;. Note also
23/ 4s,, 4s 45, )’ that although the 2-point correlator is the bare one, thhdrig

(202)  cumulants are different: they are non-trivial and can béyeas

computed from (206). Hence the system flows to a non-trivial
whereu = s, P(u; W) is defined in (E7)p = 1 andD = fixed point. Remarkably, one can check that (208) is an ex-
o/m*. Wy is a non-universal short-distance scale. We haveact fixed point of the 2-loop FRG equation faf(u), i.e. the
defineds, := W2/D ands,, := D the short-scale and large- derivative of (7) [95] using the valu¢ = ¢ = 4 — d (here
scale cutoffs for the avalanche size. In the limit of small ¢ = 4 which is the correct value for the present model).
one hassy < s,,, allowing to drop the last term in (202). We can also check that (208) satisfies the general relation
There are many small avalanches of the ordesyofi.e. the

Lo e 2A(0%) o (s%)
distribution is concentrated a§. However the moments?) — =2— =2s,, = . (209)
for p > 1/2 are dominated by large avalanches. Fap sg m* m* (s)
one has: In fact, we can also check some of the general relations dis-
(s) L e cussed in [62, 84] for the so-called higher Kolmogorov cumu-
P(s) = g —=gpe /""" (203)  |ants, defined there:
S =D =om™* (204) G(N) = exp(Au(w) —w —u(w) —w')] =1
. S . 1—+v1—4Xsp,

and(s) = \/smso. Thisis exactly the distribution found in the = exp ([w - w’][—/\s - )\]) -1
mean-field theory of sandpiles [80] and of the random-field 25m
Ising model, and was recently shown to hold, using FRG [62, (1= V1I—AAs, A (w =) + O((w — w')?)
84], for elastic manifolds im = 4. The random-walk picture o 28:m w—w w—w
goes back to the so-call€galton proces$83] for survival of (210)

family names (see [81] for a recent discussion in the context
of depinning) which exhibits the same mean-field power-lawfor w > w’ > w, using formula (E6) for the Laplace trans-
behavior at the threshold. form of the first passage time probability with= 1 and
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D = s,,. This is related to the fact that the full distribution which yields the average velocity® = v, as expected,
of avalanche sizes at the tree level (i.e. in mean field) in thand the connected expectation of the square of the velocity
field theory coincides with the distribution of return timefs V—szC — v-%. Note that the average velocity usirfg is

the 1-dimensional Brownian motion. VW= v+ -7, hence it does not even vanishas— 0%:
this is because most (in fact, as — 0, all) of the u seg-
ments belong to avalanches, yielding a finite average wgloci
if weighted bydw, but that the fraction of time spent on them
goes to zero, consistent with— 0.

B. Motion at finite velocity v > 0

Let us now consider the case(t) = vt, i.e. a particle ABBM also noted that the correlation function
pulled by a spring at constant velocity:
dyu(t) = F(u(t)) + m?(vt — u(t)) . (11 Cli=to):= /dvtdvo(vt—v)(vo—v)Q(vt, t|v0, t0)Qeq(v0)
L . . (221)
For simplicity, we set) = 1(it can be restored by setting—  satisfies the very simple equation (see also [85]):
t/n andv — nv). Forv > 0 and since it is an over-damped
equation of motion (no overshoot), the instantaneous itgloc 0,C = —m2C (222)
v, := Oyu is positive (possibly after a short transient), hence
one can writey, = v(u(t)), which satisfies: obtained by multiplying (218) byv; — v)(vo — v)Qeq(v0),
, ) integrating overv, = v andwvy and using the fact that the
Opve = F'(u(t))ve + m” (v — vy) (212)  currentJ = 0d,vQ + m2(v — v)Q vanishes av = 0 and
oW , v — oo. After integration by parts one obtains (222).
Ouv(u) = m [V(u) - 1] + F(u) (213) From this we can now obtain the renormalized disorfNer

atv > 0 and discuss the crossover. One first notes that from
Since for the Brownian-force landscag€(u) is a white the definition (5), insertingy = vt andw’ = vt’ and taking
noise, the second equation is a standard Langevin equatiotwo derivatives, one has
hence the probability to observetu, given that the velocity

is vo atug satisfies the Fokker-Planck equation: Ct—t)=(vy —v)(vy —v) = =*m A" (v(t = 1)) .
(223)
0P = 0,[00,P + (0,E(v))P] (214)  Since from (222) and above,
E(v) = —m*vInv + m?v (215) ,
C(t) =vom 2e ™", (224)
with delta function initial condition. Fot. — oo it converges
to the equilibrium measure: we obtain
Pag(v) = Z e EW/e A (w) = —Zm2em /v (225)
v
_ (mQ/O.)mzv/a' mzv/a' 7m2v/a' . . . .
= Tmzojo) e (216)  Integrating twice we finally get:
One can also directly work with (212), rewriting it as a A(0) — A(w) = ow — %(1 — e*mzw/”) , (226)

stochastic equation [77]:
a formula valid for any > 0. The integration constant has

dvg = dF(t) +m?(v — ve)dt . (217)  peen fixed by either of the two equivalent conditions: (i) no
- cusp atw = 0; (ii) the largew behavior is the same as in
dF(t)* = 2ouvdt is a Brownian motion up to a time he hare model, and as in the statics, i.e. in the limit 0,
reparametrization, and the factoy can be seen by writing given by (208). A non-zero velocity > 0 thus smoothens
Jdu(P58)? = [dto; (252)2. In 1t© prescription this  the cusp in a boundary layer of size~ v/m?, but the func-
yields the Fokker PIanck equatlon for the probabifitj: =  tion remains non-analytic: there issabcuspi.e. a non-zero
v, t|vg, to) of velocity v: A" (07); indeed one has at smait

0:Q = 0, |0, (v m2(v—wv 218 2 4
Q) B [ (v@Q) + ( )Q} ( ) A(0) — A(w) = m 0w2 _ Mw3 n O(w4) (227)
= 0y [00y(vQ) + V(O E(V))Q] (219) 2v 602

Hence the steady-state solution for co is Qeq ~ v~ ' Poq,  This indicates continuity ofi(w(t)) but jumps in its deriva-
the velocity factor originating from the change of variabletive, the velocity. It remains to be understood whether this
fromu to t. One has [77]: feature is more general or if it is tied to the long-range ratu
of the random force landscape.

The distribution of avalanches times {ihand sizes (in:)

(mZ/O.)mzv/a'
atv > 0 can be extracted by studying the returns “near” the

—14+m3v/o —m?v/c
T(m20/o) v e (220)

Qeq(v) =
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origin of the process , i.e. the return to the origin inside th bunch of small avalanches of the first kind separated by one of
potential wellE(v). This is given by (212) or equivalently by the second kind. Eventually at larger velocities returnthéo
origin vo < v become very rare events and there is no real

dv =m? (3 - 1) du+ v20dB, (228)  sense in which one can talk about avalanches.
\%
where dB(u) is a standard unit Brownian motion. Near
v = 0 we can first ignore the drift term-m?du. Define the VII.  DEPINNING AND EXTREME STATISTICS OF
change of variableg = 20w, thenv(u) = r(y = 20u) = RECORDS

\ Zle #2(y) is the norm of al-dimensional BM in the vari-

i isfi A. Model without a mass: records without drifts
abley [92], which satisfies: withou without dri

d—1 For a particle pulled through a random-force landscape it is

dr = 7‘1?/ +dB(y) (229)  aiso possible to consider the problem without a parabola. Th
. m2v problem is easier to solve, but the correspondence with the
d=1+ . (230)  FRG calculations is much less clear. Let us give here some

g elementary results.

This yields the avalanche-size exponent= 2 — d/2, for We now have to solve for the smallest ragf) of
d < 2, from the power law decay of first return probabilites of

a Brownian near the origin, see appendix G f==F(u) (234)
3 m2v where f is the applied force. We study the case where the
T=957 9y (231)  force is continually increased. The process) then has

jumps fromu; to u;; as the force crosses the valugs
below a critical velocityy < o/m?. This result was antici- ~which form an increasing sequence. These values are called
pated in Ref. [90, 91]. Note that the definition of avalanchesherecord valuedor the proces$"(u), and theu; therecord
atv > 0 is not clear cut and requires a small velocity cutoff times Statistics of records thus naturally occurs in the physics

notedvy. In Appendix E 3 it is shown that: of depinning. The problem is to find the running maximum
1 1 sanr—1 (i.e. the record) of annbiasedorocess, while in the case of a
P(s)= —- (—O) e %0/ (232) mass it had a drift. In the absence of a drift the only scale in
I(r—=1)s \s the problem is the system sid.
s0 = Vg /(40) (233)
for vop <« v. Since the drift is neglected (233) holds only for 1. Uncorrelated forces

s < s, = o/m* the large scale cutoff. The drift provides a
large velocity cutoffv~. = o/m? in (216), (220) and a large
; ; _ —2 ; _
relaxation time cutofft>2 —mo V.V'th Sm = Vsi>. FOf studied in Section Il A, characterized by a force distribnt
larger velocityv > o /m* the behavior changes qualitatively. P;(F) for each site. A similar problem was studied in [72]
It corresponds t@ > 2, see appendix G, and the most proba- U ' N ek i
' ' (section IV-B). There the probability distribution of thallf

ble velocity inQ.q(v) is no longer neav = 0. . record value sequend¢; < f,... < fn,...) was obtained
More details and the solution including the drift term, are¢,. o semi-infinite line. It can be mapped onto a sum of in-

given in Appendix E 3 for the various regimes. In p"’“ticmardependentvariables as follows: The sequence distribation
it is shown that one recovers the quasi-static size-di#fioh " piained from

obtained above in the limit = 0+ [96]. Forv < o/m?

the random walk/(u), in the continuum limit, comes back in- i

finitely often near the origin (i.e. neag), hence the role of the ®(fn) = Z @i (235)
drift term is mainly to cut off the rare large avalanchesyver =0

much like in the statics (see e.g. the discussion in [62,.84]);,, anyn > 1, where thes; are independent positive random

Forv > o/m” the random walk in velocity space is still yariaples, each with an exponential distributia)da =
certain to come back near the origin but only because of the—a 3, The function:

drift. There are then two types of avalanches. In a fraction
of them (computed in Appendix E 3) the instantaneous veloc- () ) /f
=—In

Let us start with the discrete model of uncorrelated forces

ity v does not reach: these avalanches are still described by dF Py(F) (236)

the model without the drift (first-return “time”, conditied to
return) and lead to power law distributions. In the restMfte  describes the tail of the distribution, here the smalfeskor
locity reaches and equilibrates in the well(v); the “time”  stretched exponential tails, as in class I, the growtfi,is~
between two returns at smaly < v can then be estimated as n'/”, while for power law tails, as in class Il, the growth is
~ (vo)*mz”/" proportional to the inverse equilibrium prob- exponential im.

ability (either P, or Q. depending on whether one is inter-  Another set of results, remarkably universal, is known
ested in avalanche size or duration). Typically there walidb  [73, 74] for the probability?( N | M) of the number of records

(o]
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N, here equal to the number of jumps, for a system of 8ize Hence for large sized/, the average number of jumps be-
(notations are inverted as compared to [73]). Then for an unhaves as [73]:
correlated sequence &f it was shown [86] that at larg&/

— 2
N=WM+e/InM (237) N =M (240)

where¢ is a univariate gaussian random variable [75, 76].There are also results for the jump sizes namedrecord
Hence the translationally-averaged avalanche size imabse ages/; in Ref. [73]. The typical jump Size is, =
g . ) yp

of a mass shouild be M/N = +/mM /2 while the average maximal jump size is

1 X M M Smax = 0.626508M and the average minimal jump size is
N ZSi =N W (238) S = /M /7 [73].
i=1
i.e. it is the typical avalanche siz&. In the language of
records the avalanche size€s= u; 1 — u; are the time inter- B. Model with a mass: records with a drift

vals between successive records, also cadedrd agesThe

translational average grows unboundedly with system size. The usual problem of records with drifts [74] consists in
Hence there are very few avalanches and they are almost 8f,dying the sequence:

large as the system. Note that, at variance with the resnlts o

the sequencé;, this result isndependenof the distribution Y, = X; +ci (241)
P;(F) for continuous distributions.

with ¢ > 0 where theX; are symmetric random variables.
One way to present the correspondence to the depinning

2. Forces correlated as a random walk model with a mass [97] is that

In the case of a landscape obtained as a discrete-time ran- X, =-F;, c=m?. (242)

dom walk,F; = F;_; — n; wheren; are uncorrelated random
variables drawn from the sansymmetriccontinuous distri- ~ The set of (upper) record$,,p = 1,...,N,i=1,..., M,
bution P(—n) = P(n), it was recently obtained in Ref. [73] j.e. successive highest values, are the valués, at which
that a jump fromu, = i, to up+1 = ip+1 OCCUrS in the process

oo 1_ JT=3)N-1 u(w).

S PV = 2 (239)

M=N-1 1-2

Equivalently: 1. Short-range correlations

_ o—2M+N—-1 (2M—N-+1 . . . I
P(N|M) = 27 2M+EN=1 (2 ) In the case of i.i.d. random variables with a drift it was

N 1 o~ N?/(aM) shown that the total number of recor®¥sup to timeM grows
M=oo™ /3T ' linearly as\ ~ ()M with (normal) fluctuations which were
characterized [74, 76]. However obtaining analytic result
¢(u) even forr(c), for a general distribution was found difficult

and some results were obtained only for special distribstio
P(F) [74, 76]. The functior-(c) is related to the avalanche

6000F density1/ (s) = r(c), which is finite in presence of a mass,
i avalanche = 4401 and is computed here for sma#i> = c. We solved the prob-
4000+ lem for arbitrary distributions’( ') and found universality in
wr the smallc-limit, with three classes. In addition we obtained
20001 the joint distributionP(w, s) of (i) the time s between one
I record and the next; (ii) the difference in valuewith the
i e u(w) L =|M  previous record [98]. These results were given in in Section

b 400C 8000 1 DOC V.
_2000F

FIG. 18: ¢(u) defined in (201) foyf a random walk withD = 1.67x

10_3 (blue). The dashed (red) line denoteg:) = 0 (walk with no Let us now extend the discussion of Ref. [73] to records
drift). We show explicitly the graphical construction afw) for  with drift, i.e. depinning with a mass. Again we consider the
w = 3400, as well as a larger avalanche of sige= 4401. The random walkX; = X;_ + n; with i.i.d. random variables
system is discretized with stepsize hinlirection. n = —F of distribution P; (). The alert reader will note that

2. Long-range correlations
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P;(n), Pava(s) andP(s) below denote three different proba- particularly simple, and present a nice generalizationeff R
bilities and functions.P;(n) produces a correlated sequence[73], although they may not be as universal. Consider the

X, —Xo= Z?:l n;- Forn > 1 we set: Cauchy distribution,
P(n) = Pro{X,, < Xo — cn) = Prol(Y,, < Yp) Py(n) = % 7 (250)
Qn) = Prol(X; < Xo—ciyi=1,...,n)  (243) (n® +a?)
=ProlY; < Yp,i=1,...,n) (244)  such that the distribution oX,, — X, is also Cauchy with

parametet, — na. Quite extraordinarily,

The Sparre-Andersen theorem [87-89] states that
P(n) /OO nadx /OO adzr
n)= _—_——-— —_—
e TP+ 0] ), (@] Y

Q(z) == Z Q(n)z" = exp (Z %n)z") . (245)
n=0

n=1 is independent of,, with 0 < p = arctan(a/c)/m < 1/2 for
0.H =(1—-2)PandF(z) =1—(1-2)"7,
setting Q(0) = 1 by convention. We denoté'(n) := ;rij encel(z) = (1-2)7 andF(z) (1=2)
Q(n —1) — Q(n) the first passage probability thef crosses
Y, between steps — 1 andn. As in [73] the joint distribution Q(n) = I'(n+p) (251)
of record ages (jump sizes) and numberV of records is: - T(1+n)(p)
'n+p-1

P({s}, N|M) = F(s1)F(s2) - F(sn-1)Q(sn)0sv 5= n F(n)=(1-p) (ntp—1) (252)

¢ (246) L(1+n)T(p)

While for ¢ = 0, P(n) = 1/2 independent o, leading  Using (248) one finds the average number of records (i.e. of
to (239) and the very universal results of [73] quoted abovejumps):

for ¢ > 0 the sequenc®(n), henceQ(n), usually depends

on the details of the distributiof(n). Hence apart from the

asymptotic behaviour at large (hencel!), one expects less

universality. ) ) )
The following formula are still valid: The generating Which grows as a power law of the size. Higher moments

function for the probability to haveV records givends, ~ 9row with the same scale:

P(N|M) =3,y P({s}, N|M) can be written as

r2+M-p) M1-r

N e g Tt T )

(253)

— — 2'(3+ M — 2p)
N2=-N . 254
- I ES N (254)
M _ N-1
M—ZN—l 2V P(NIM) = F(2) @), (247) Hence at largé/ the connected fluctuations are
where F(z) := 3°°  F(n)z" = 1 — (1 — 2)Q(z). For NN = 2 1 M?1-P) - (255)

2
instance the generating function for the average number of r@-2p) T(2-p)

jumps is obtained by multiplying (247) by, and summing  anq in all cases the results of Ref. [73] are recovereg fer

overn: 1/2, the case without drift. The full distribution takes a sogli
_ 1 form at largel:
S AMNM) = ————— (248)
A0 (1-2)°Q(z) P(N|M) ~ MP~g,(NMP~1) (256)
Similar results hold for higher moments. Summing (247) with this scaling ansatz at lafge i.e. x :=
If one considerd’; (n) with a finite second moment, thé;  —Inz ~ 1 — z small yields:
are in the universality class of the Brownian motion and one o
should recover the results of Section VI, using that [89] AM MP~ e Mz (NMP~') m g Pe N*' 7

0

P(n) ~n~1/2e—n50) , Q(n ~ n3/2g—nS(0) (249) )
" " With gy a(y) = e/ / /7.

with a common functionS(c) = O(c?) at small c. From (246) one sees that the distribution of avalanche sizes
For instance, ifPf(n) is a univariate gaussian(n) =  (i.e. record ages) i®.(s) = F(s) for s = 1,2,.... For
% 1— erf(c\/n—/2)} ~ (%an),l/%,gn/g for largen. We fixed p ang larges it decays from (252) as a power law with
. . . L . T=2-p:
will not study the Brownian case in detail, since it was al-
ready discussed in Section VI, and we refer to Ref. [89] for a s—(2-p)
detailed asymptotic analysis (as well as a nice proof of (245 Pava(s) = F(s) = -1 (257)

Of course we expect that stable distributions play a special
role. Here we detail one example of a Levy-type random-forc& his leads to a simple interpretation in terms of a directed
landscape, for which the results for the records with drié a random walk with traps of independent random release times
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s;, distributed asP(s) ~ s~ FW and1/2 < p=1-p < 1.

y
M is the total timet and N the distancer traveled. As is
well known, forp < 1, z ~ t* and the distribution of =
t/z'/m = M/N'V1-P) is a Levy stable distributiorL,,(2)
with positive support, which is indeed the solution of (256)
gp(y) = p~ Y VL (ym R,
Although the strong universality of the symmetric case does
not hold, we expect that all processes in the class of the 2 V\Q(t)
o/

Cauchy process remain critical even with a drift which has a
power law distribution of avalanches given above, and a con
tinuously varying exponent. For stable processes inteiated

between Cauchy and Gaussian, avalanches should be cut at a Wl(t)

finite scale, which diverges with different exponents as 0. X
The situation of stable processes broader than the Caushy di

tribution remains open. FIG. 20: 2 particles dragged through a random energy lapésion

parabolic potentials (springs) whose centers follow palratraight
lines as described in the text
VIIl. GENERAL CONSIDERATIONS ABOUT AN
N-COMPONENT DISPLACEMENT FIELD

Up to now, we have considered particles, and more genthis is because there should be a non-zero critical fofge,
erally elastic objects and manifolds, whose position is a land that each particle lags behind each parabola centey,
component function. We now consider particles or elastic obup to fluctuations, roughly in minus the direction of drift.
jects embedded in higher dimensiaNs> 1. For simplicity, ~ Thus the process,, depends on the trajectony(t), and to de-
we focus on a particle, but the considerations in this sleart s  fine a single valued functiom,,, we have to restrict to a single
tion can be extended té-dimensional elastic manifolds. In well-defined trajectoryu(t) in a quasi-static limit. Consider
the next section we consider an application to a particledri  now figure 20. Both parabolas move with the same velocity
in a 2-dimensional random energy landscape. v in z-direction. They are completely characterized by their

Consider two particles, which see the same random energyositionw = {z = z¢ + vt, i}, with & € RN, 7 € RN -1,
landscape, but which sit in different parabolas, labeledd a Especially note that without loss of generality, can be put
2. These parabola are chosen with the same curvatdre to 0. Again we integrate the Langevin-equation (1), to define
but their centers differ, and can have very different trajec ().

tories, which we cal{w,(¢)} and {w(#)}. An interesting A more difficult question is whethel(«) depends on the
case is when the trajectories differ but the endpoints édénc initial condition(t, ), and since we have sej to 0, implic-

wi(ti,r) = wa(ti ) as in the example of figure 19. In that jy o the starting time,. One expects (see next Section how

example it is clear that it occurs) that the dependenceit(ir) ont, disappears in the
f. limit of t{; — —o0o, and this is the limit we are interested in.
|ty (E) — v, (tr)] = \@W : (258)  This could be checked, similar to tegact samplingnethod,

see e.g. [65], by starting at timg, and checking that at the
time of interest, all trajectories from all possible initial con-
y ditions have converged towards a single one. If not, onésstar
at an earlier timeé_;, and checks again, repeating this proce-
dure until all trajectories have converged. This definesa-<fu
tion (), which is now independent of the initial time and
conditions. In the next section it will be checked numetfical
that for a particle driven through a two dimensional bounded
random energy landscape, all trajectories indeed conyeege
figure 21. Itis also found there that the so-called no craggssin
property (Middleton theorem [58]) does not hold fsr= 2:
although violations appear to be rare there are some irsganc
of two trajectories splitting up. This results from a secpad
ticle (more properly, a second trajectory of the same fartic
X with a different initial condition) arriving at a later tinan the
same site: it then feels a stronger drive from the parabala an
FIG. 19: 2 particles dragged through a random energy lapaseg ~ May jump forward and pass the first particle. An example is
parabolic potentials (springs) whose centers have iddnstarting ~ Shown in figure 21.
and final positions but follow different patHsv: ()} and{w2(t)}. Having given an unambiguous definition @f), we can
calculate connected correlation functions of its moments,
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FIG. 21: Trajectories of particles dragged from left to tiply a parabolic well. Trajectories starting at differentdam initial positions all
converge towards the same trajectory, with the same ppsitia given time (which is not visible on the plot). The minimposition of the
parabola iny-direction is indicated by a straight (orange/grey) linet. tlie right, we show our coordinate system. The inset at thest@a
blowup of part of the curve. It shows a deviation from the nassing property which holds fa¥ = 1 (Middleton theorem [58]): Trajectories
which are together can split up, even if later on they joinagsee text).

FIG. 22: Trajectories of 200 particles dragged from leftight. All particles start at (0,0). However, they sit in @ifeént potential wells (as
described in the main text). As can be seen, they mostly nagether on preferred trajectories, before separatinghagdie endpoints are
joined by yellow lines:m? = 0.003. The particles in the two outer wells, as the center one, amax in colors (red/blue, green). The well
was moved for a total of 1000 steps.

which again define\, (now a tensor), and higher cumulants. the lowest final energy. We allow moves to the eight nearest
For this tensor the driving directionwill play a special role  neighbors numbered fromnto 8 (starting at the center 0):

(for N > 2 we expect isotropy in the othé¥ — 1 directions.
The calculation is done for a particle in the next sectiorhedt

definitions ofi(w) could of course be given. The simplest one 8 1 2
is to pick a fixed but different driving direction. From stati
tical isotropy of the disorder the results should be the same 7 0 3

up to the rotation. We defer the study of more complicated
driving processes to future work.

IX. A PARTICLE DRAGGED IN TWO DIMENSIONS: If a move is possible, we perform it and then try other moves
d=0,N=2 again, until the particle finally gets stuck. If several maaee
possible, we take the one which results in the largest déscen
We now study particles dragged through a 2-dimensionain energy, i.e. we go into the direction of the maximum force.
random-energy landscape. Only then, we update the position of the parabola, by moving
The algorithm works as follows: We generate a randomiit from w to w + dw = w + vdt. We record the particle
energy landscape on a square lattice. A particle in additioposition as a function of time
sees a parabolic well. The total energy is the sum of both. We first show numerically that there is a unique attractor
We will mostly use a box distribution for the energy of a site, trajectory (see figure 21). Start particles at random pmssti
uniformin [0, 1]. Energies on different sites are uncorrelated.but in the same parabolic well. Then move the parabola in
We then update all particle positions: If a particle can miave a given direction (here always to the right, also denoted the
a direction s.t. it will lower its potential energy, it willddso.  x-direction). One sees that trajectories converge, and-part
If there are several such directions, it will choose the oite w cles will have the same position at a given time (not visible
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on figure 21, which only shows the world-lines.) This conver-
gence can be understood from the fact that if two “particles”

(in fact these are the same particle but with different ahiti Axx
conditions) meet at a site at the same time, their futureuevol I color
tion is identical. Hence the deep sites with low energiesrehe 0. 1 0. 0000
the particle gets temporarily stuck act as sinks where the tr 0. 0000
jectories merge. Clearly, the particle needs to be trappagi | 0. 08} 8j 888
enough for the process to be efficient. 0.00
Our proper simulation is done with many particles (hereo- 06} 0'0_08
200), each sitting in a parabola which are displaced by on% 04 0.0
unit (or in general byly) to the top. This gives us data-points = ~7[ 0.
in the y-direction. In thez-direction (in which we move the 0. 02!
parabolas), we use that after some tirttee parabola has been ™
displaced by a distanceft. We denote the minimum of the — X
parabolaw;,, and itsith componentv; ,, as 0.2 0.4 0.6 0.8 1 1.2 1.4
wy,y = (vt,y), wgy =ut, wtl,y =y (259)
The particle sitting in this parabola will have positieg, ,, FIG. 23 Scaling collapse for A..(z,0) =
with components:;,, . We then defind\” (tv,y) as m~ e AL (zmS®,0), with (; = 1.595. The scaling col-
' lapse is perfect except for the two largest masses.
AY((t' = t)v,y) =m* (ul, | —wjo)(ulo,, , —w], )
(260)

the step-size we have used is still too large. We have not at-
tempted to use a smaller step-size due to the enormous com-
puting powers needed. We nevertheless believe that thitgsesu

The connected symbelindicates that we have subtracted the
critical force. A" (z, y) has the following symmetry proper-

ties are valid for the following reasory,. measures the time aver-
i N age ofu,, — w, but we have to know the forward force exerted
Am(x’y) =A%@—y) (261) by the spring, when the partickrives at the trap, Clearly,
A" (2,0) =0 (262)  this must be much smaller, otherwise in a few steps the force
AH0,y) = —A(0,y) . (263)  would have increased by 1, which is sufficient to overcome

any barrier for the box-distributed random energies, and the
This is a consequence of the relabeling symmetry in (260particle would not remain pinned for a long time. However
AY(z,y) = AI*(—z,—y) and obvious covariance under we see diverging trapping times in the simulations, thus the
the parity symmetryy — —y. For smaller and smaller argument using eq. (264) is not valid.
masses, there will be more and more data-points. Steps in We now present data for the force-force correlators in fig-
the z-direction are necessarily discretized, of size = vdt. ures 23 to 27, for masses ranging fran? = 0.1 to m? =
This poses an additional problem not presentfor= 1:  10~°, descending in half-decades. A first and important qual-
there choosing aw too large results in a loss in precision itative conclusion to be drawn is that all correlators nayon
(since some smaller jumps may be overrun) but does not havgepend onz, but also ony. This is in contradiction to the
dramatic consequences for large jumps, especially does nfiked-point structure used by Ertas and Kardar [63], whose
change the endpoint(w), due to Middleton’s theorem [58].  A;; depends only or but not ony.
In contrast, forV = 2, if the parabola is not moved adia- ~ Our aim is to determine the scaling exponegitsand ¢,
batically , the particles will see a strong force forwarddan from the finite-mass scaling-ansatz, suggested by the FRG
therefore be more likely to move forward, instead of sidelyar equations for this problem [66]:
thus embarking on a different trajectory. This may alter the 3
whole trajectory over a much larger region. In practice, we A% (z,y) := m™* TS TG AY (pm = ym~v),  (265)
decided to never move the parabola by more than one unit, - -
before checking whether a move could be made. It may be &nd supposing thah,, — A for m — 0. We find that for
possible source for finite-size corrections. These wilagis Az (2,0), Ayy(2,0), Azz(0,y), Ayy(0,y) and Ay, (0,y)
pearif, and only ifthe critical force scales to zero for — 0, ~ Separatelysuch a scaling collapse is possible. There is no

since the energy gain for an e|ementary move is doubt thatCy =1, with ConSiStently rather small errors: the
scatter from the different estimations@is = 1.009 £ 0.015.

2 2 2 1 However the results fo¢, are less consistent. We find
[(u+1-w) = (u—w)’]=m (“ —w+ 57 fe different values, depending on which quantity we consider.
(264) There is a clean data-collapse on figure 24 foy, with
However, f. goes slowly towards 1, by which it is bounded. ¢, = 2; however on figures 23 and 25 fax,, the best col-
Unfortunately we find e.g. f.(m®> = 0.01) = 0.464602, lapse is with(,, = 1.6; finally on figure 27 forA,,, the best
fe(m? = 0.0001) = 0.785073. This might indicate that scaling collapse is faf, = 1.25, where however some of the

m2
2
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Byy
0.12;

m? color

0. 08;
0. 06;
0. 04;

0.02;

0.2 0.4 0.6 0.8 1 1.2 1.4 7Y

FIG. 24: Scaling collapse for A,,(x,0) = FIG. 26: Scaling collapse for A,,(0,y) =
m XA (e mS,0), with ¢, = 2 and(, = 1. The de- m *T2vA,.(0,ym®), with ¢, = 1. The collapse is good,
scending lines indicate that no data has been collectedafgel  except for the 3 largest masses.

values, due to an insufficient choice of parameters. Goolingca

collapse.
By =—BAyx
Fox 0.025 m’ color
color ‘ 0.02
0. 015
0.01
0. 005
0.5 1 1. y
0.2 0.4 0.6 0.8 1 1.2 1.4 7Y
FIG. 27: Scaling collapse for A.,(0,y) =
m AT AL (0,ym), with ¢ = 1.25 and ¢, = 1.
FIG. 25: Scaling collapse for Am(O,y) = The signal-to-noise ratio is rather big. In order to improve
m~ 2= AL, (0,ym), with ¢ = 1.595 and¢, = 1. The the statistics, we have used (after numerical verificatitmgt
scaling collapse is excellent for all but the three largessses. Awy(0,y) = —Ayz(0,9), to plot 1[A4,(0,y) — Ays(0,y)]. Fair

scaling collapse, except for the 2 largest masses.

data are noisy (but note that at least the data for the second-
smallest mass, which are already very difficult to obtaim an
for some of the larger masses show only little noise, s.saoi
does not seem to be an issue here.) Let us recall for com- To conclude we have shown how the renormalized disor-
parison that forV = 1 a particle driven in a random energy der correlatoiA(w), central to the Functional RG theory of
landscape with a box distribution belongs to universalégs  depinning, can be measured for a manifold of internal dimen-
with o = 3,i.e.(, = 4/3, see sections llIC3 and IIID 2. siond driven by a spring in & = 1 random landscape. This

X. CONCLUSION

(For a box randonforceit is o = 1 and¢ = 1). correlator contains information about the stick slip motas
To conclude, we have shown that the unique attractor trathe interface.
jectory can be defined for the particle witti = 2, and that We have solved analytically the cage- 0 of a particle in a

the disorder correlatah;; (x, y) can be measured. short-range correlated pinning-force landscape, findimget
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universality classes. In each case we have obtained theruniv demonstrated, as e.g. extensiondto- 1 components is less
sal fixed-point forms foA (w) for quasi-static driving, i.e. the straightforward than in the statics [56, 57]. At a formaldev
depinning fixed point. In all cases it exhibits the famougcus however the arguments are rather similar.
atw = 0*. We have also obtained the distribution of crit- We use notations of the text and consider the equation of
ical forces, avalanche sizes and waiting times, and checkeaotion:
the general relations conjectured to hold between their mo-
ments and the cusp’(01). While the exponenf can take noyu(x,t) = Fplu(t); w(t)] + &(z, 1) (A1)
various values depending on the class, the avalanchessizee F, [u; w] = m%(w(z) — u(z)) + Viu(z) + F(z, u(z))
ponent was found to be = 0 in all cases, which invalidates,
at least at a naive level, the conjecture- 2 —2/(d+ (). We  wherew(t) is given, and:(z, t) the thermal noise. We denote
also found that the distribution of avalanche sizes andimgait in general implicitlyu?, = u(z, t; uo(z, to), F, £) the solution
times aradenticalin the scaling limit. for given initial condition, disorder and thermal noise.

We have extended our results to a particle driven in a force
landscapes with the correlations of a random walk. In the

Brownian case, known as the ABBM model for interface mo- 1. Definition of functionals
tion and Barkhausen noise, it is possible to solve for anydri
ing velocity and check the quasi-static limit. Remarkabig t Let us first recall the definition of the useful functional of

model has much in common with the mean field theory ofthe dynamical field theory. We write the dynamical (MSR)
avalanches and recent FRG results for avalanche distitgiti  actions in compact notation as:

in d = 4. Since¢ = 4, the avalanche exponent for= 0*
obeys, in that case, the conjecture- 2 — 2/(d + (). . . 1 . 0 1, 0 N

In each case we have emphasized the/c(onnezztions between Sl 8l =@ g7 u+i- AOu] = 2 BO] .
the depinning problem for a particle and the extremal stesis +0(@%) (A2)
of records, with and without drifts.

These exact results ih= 0 provide interesting checks and For any “vectors™u, v we denoteu - v := ¢ UatVze (@Nd
interpretations of the Functional RG theory, and help us unadditional index contraction fav > 1), A andB3 are respec-
derstand what we should expect for manifolds. tively vector and matrix functionalsg,, can be an arbitrary

Finally, we started addressing the problem of depinning fotime independent) symmetric matrix but the usual choice is
N > 1, mostly numerically; even for a particle it is quite non- (in Fourier)gq‘1 = ¢?+m?. The functionals defining the bare
trivial. We have checked numerically the consistency of theaction are
method, based on the ergodicity in presence of driving via a
guadratic well. Numerous open problems remain. A©) [u]oe = NOyuzy (A3)

BO[u]at arer = 20T 800r8ter + Do(tat — Ut )00 (AB)
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convenient way for the following. It also admits an expansio

APPENDIX A: DYNAMICAL ACTION AND OBSERVABLES similar to the action:

Vow — b - Alw] + =1 - Blw] - @

N =

In this Section we establish the relation between the effec- Wlo, b} =g
tive action and observables; this is an extension to themyna +O(w*) (A6)
ics of the proof given in [56, 57] for the statics. It. Thisael
tion allows to measure the correlator of the dynamical FRG agvhere the STS implies that[w] andB[w] are invariant under
explained in the text. Since the dynamical field theory is sig the changew,; — w.; + ¢,. Finally the effective action
nificantly more complicated than the static replica field-the functionall is defined as usual as the Legendre transform of
ory, the arguments presented here may be slightly lessaeneny :
and rely on further assumptions about the nature of the gquasi
static limit and its ergodic properties, some remaining¢o b Wiw,w] +T[u, 4] =a-¢g ' - w+w-g ' -u. (A7)
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It admits the expansion: More relations can be derived e.g. by considering the formal
1 expansion (symbolically):
Dlu, @) =t-g~ ' - u+a-Afu] — =0 - Blu] - @
2 Ww + dw, ]
+0(a?) . (A8)

_ 1l ——— 1 ny (1 a\na
= Z nl!n2!<u..uu..u>w (g7 dw)" (¢~ W) (A17)

nin2

STS implies the same symmetry fet{u] and Blu] as for

A bl and 5 fl Hence one has:

<ﬂm/t’umt>w - 9;11/5&' - (VMA['LU])I/t/,zt (A18)

Let us also recall that the quadratic partdifandI” are (al-
The functional¥ is directly related to observables, i.e. cor- ways):
relation functions, in the following way: Consider the sage
over solutions of the equation of motion,

2. Relations to observables

Wqnad[w, W] = W - g R-gtw
w-g7t-Cog7t (A19)

(efer 9700y = / Dlu] D[] e~ Sulwtl g™ s
1
o o ) Foquaa[t, @] =0-R™ - u—=4-D-a, (A20)
- / Dlu] D) ue~ Sl tig™ uwtieg™ u — (Wlwd] (ag) ! 2
whereR andC' are the exact response and correlation func-
HereS,, is the MSR action in presenceof whileS = S,—o  tions (in the absence af) andC = R'DR.

is the action defined above, in the absencerofAs usual, to Finally it is useful to mention the terms without disorder:
take into account the initial conditions (if necessarytiatie
integrals start af, and an additional integra?|u] Plu] fixes Alu] =a-u (A21)
its probability att = t,. Expanding the above average, one V.A[u] = a' (A22)
finds: gt +a=R"! (A23)
Wiw, ] =w-g~ - {uy, Aw)=a-w (A24)
P A _at
+z0g7" ((uu), —(u, (u),) g7t VoAlw] = a (A25)
s g 'l-a=g'-R-g! (A26)
+O(w?) (A10)
Note that the (matrix) averag@iu) — (u) (u) is not the
connected thermal average but the connected double (disor- a-(14+g-a)=a (A27)
der+thermal) average. Note the indexvhich indicates that a=a-(14+g-a)! (A28)

the above averages, e @.,:).,, are averages w.r.8,,, i.e. in

presence of the (given) driving,,. Comparing with (A6) we
obtain: 3. Legendre transform

xt)w — Wxt — Gz A All . . . ~ ~ .
() Wat = Jay wilw]  (ALL) Our aim is to relate the functionald and B, which are
(UgtUart ) — (Uzt)w (Uz't)w = GayGary Byt e [w] (AL2) observables as established above, to the functiohalsd B

where summation (integration) over repeated indices is imassociated to the effective action.

plicit. Until now w, is arbitrary. For a uniform driving; Let us thus perform the Legendre transform. In this trans-
one has: formation one defines the functionalsju, @] and w[u, i)
which allow to computé& from W using (A7). One has
((wy — ) = Ayt (A13)
Ld or ~ ~92
w=g- =u-+g-Alu] —g-Blu] -4+ O(1”) (A29)
((wr = @) (wy — ) — <(wt — ) ((wy — )
. or
4 1 - =g 5 (A30)

732 | Butwrlv] (A14) X
Y o =i+ g VoAl i— =g Vi Blu] -4+ O(@®)
These are the (spatially) local parts of theand B function- 2

als, and we expect: The inverse relations are useful as well:
ow - - . .9
Lh—r»I;oa,th)er%lEloLd/Ayt fe (A15) u_g-a—w—w—g-A[w]+g-B[w]-w+O(w ) (A31)
ow
i=q — A32
i 7 [ Bt 1 (A32)

. L A A . .
=L A(w; — wy) (A16) = —g-VyAw] -+ 39 Vil - Blw] - @ + O(w?)



From (A29) and (A31) one deduces that

w—u=g-Alu] +0(0) =g- Alw] + O(). (A33)
This implies that
Alu] = Ajw]|,_, = Alu+g- Afu]] . (A34)
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4. Evaluation of the functionals

Let us now evaluate the functionald,[{w,;}] and
Byt.2r[{wy: }] in various situations.

Let us consider firsf” > 0 equilibrium dynamicsi.e. a
driving functionw,, which evolves infinitely slowly between

which allows in principle to compute one functional from the wyr, = w1 (y) andwyy, = ws(y) such that the system always

other. One has the equivalent relation:
(A35)
Moreover

—g - dw/da, (A36)

whered should be set to zero at the end. We have used &yt [w] = Byt e [w] =

remains in equilibrium (i.e. we consider the limyit—¢; — oo

at fixed w; — wg). From (All) and STS it is clear that
Alw] = A[0] = 0 in that limit. This impliesu = w in
(A45) and alsoA[u] = 0. It then implies that3[w] = Blw)

and one recovers the results of Ref. [56, 57] for the statics
using replicas. More precisely one expects in that limit tha
wl(y)aw2(y )R[wl, ’wg] where

notation which makes the position of the indices clear. Fromk = R is the two-replica functional of the statics. Hence it

(A30):

dw/di =1+ g-V,Alu] — g Vua - Blu]+ O(a?) (A37)

Note the subtle difference with
dw/du =1+g- Alu] Vo —g-Blu]-4 Vo +0(a?) . (A38)

This means that (at least at ord@(a) = O(w), but eventu-
ally even exact)

g~ - dw/du = [g7" - d/da]’ (A39)
From (A31) follows
Blu] = —g~! - dw/da
= —g7'd (utg- Aw] - g- Blu] - & + 0(?)) [da
:d(—A[w]+B[ 1+ O )/du
= Alw] Vo -g - Blu] + Blw] - dw/da, (A40)

where it is implicit thati is set to zero at the end. It implies

(1= [V Aw]) - g)-Blu] = Blw] (1+ g VuAlu)+O(a) .

(A41)
This can also be written as:
(da/dw)" - Blu] = Blw] - dw/dd (A42)
Equivalently:
Blu] = (dw/dd)" - Blu] -di/da  (A43)

Finally, the relation between thg and B functionals can be
written as:

Blu] = (1+g- VuA[u))"-Blw]-(1+ g - VuAlu]) , (A44)
where in this relation. andw are related via:
w—u=g-Aful =g- Aluw] (A45)

It can also be written equivalently as

Bluw] = (1 —g- vw/i[w])t - B[u] - (1 —g- vuA[w])
(A46)

is a statemendnly about the infinitely separated time part of
the B[w] functional and not about the smaller time separation
part (which contains the renormalizatiorvpfnd highly com-
plicated activated dynamics as described in [32]).

Consider nowI’ = 0 andw,; = w(t) = vt. From
translational invariancélzt[w] (see e.g. (Al1)) can only be
a time and space independentlependent constant (assum-
ing boundary conditions do not break translational invere
which we choose to caff(m, v). Because of (A45) one must
have the equality

Agilw] = Agifu] = f(m,v)

(A47)
andu = w—m~2f(m,v) = vt—m~2f(m,v) in (A45). The
difference with the equilibrium statics is that this comstes
non-zero. This is allowed despite the STS symmetry because
we are considering th& = 0 limit first and the fact thatv(¢)
depends om cannot be ignored even for= 0. In that limit
one hasf.(m,v = 07) = fl = —f.(m,v = 07). Of course
the fact that the constant depends uniquely assumes some
ergodicity property, similarly ifw(t) is a more complicated
adiabatic function there could be in general some history de
pendence. These issues have been discussed in Section VIII.
For N = 1 we will rely on Middleton’s theorem [58] which
proves unicity of the solution. Note that &t > 0 (A47) re-
mains true with af (m,v,T) such thatf(m,0,7) = 0 in
agreement with the discussion of the previous paragraph.
Since the derivative of a constant is zero, using (A47) and
(A44) we find that af” = 0 with the choicew = vt one has:

Byt [u = u(t) = vt — m=2f(m,v)]

= Bytyr[w] = Alv(t —t')) . (A48)
DenotingBy; v [u] = A(u(t) — u(t')) gives
Aw) = A(w) , (A49)

aresult on which is based our measurement af) here and
in [61].
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one finds the next jumpu,+1, F,,+1) by the following algo-
rithm:

Here we compute the integrals in Eq. (84) of the main text.

We need:
/OO dse™®Ins=e *Ilna — Ei(—a) (B1)
Ei(—a) = — /OO dte™" /t (B2)
This gives:
AW)

=(1- efW)/ dae—o(—"") ln(a)efacfw In(ae™")
0

—(1 —e_W)/ dae_“(l_efw)ln(a)Ei(—ae_W)
0

2

_ ™
+e M (vp + 5 + Xm) — 9k (B3)
Consider the integral:
- / dge—at="") In(a) Ei(—ae™") (B4)
0

:/ dae_“(l_eiw)lna/ dte ™/t
0 a

o0 oo

=W
= db dae—a(t—e™") 1na/ dte
1 0 ae=W

= /00 % /OO dalnge— 21— ")—ae™b
1 b Jo
B db 1

B /1 b (1—e W) +beW
> —a —1In _ e—W e—W
></0 dae ™ *(Ina — In((1 )+be "))

_ w 1
TR W 6(1—e")

X
. 1
X [772 —3W2 4+ 3% — 1) + 6Liy (Wﬂ

This yields

~ IQ

Aw) =% - %log2 (" — 1) — Liy <ﬁ> (85)

which can be rewritten as (85) in the main text.

APPENDIX C: AVALANCHE PROCESS AND MARKOV
CHAIN

It is useful to recast the avalanche process for the discretlgz|
model of uncorrelated forces as a Markov chain, and define an

algorithm for easy use in the numerics.

Let us index jumps by, they occur at positions;, := u,
(integer), where the force i$,, (real). Note that thew-
position of the jump usv,, = u,, — m=2F,. Given(u,, F},)

Fn+1 = fsn (Cl)
s, =min(p =1,2,...such thatf, < F, + m?p) (C2)

Un+1 = Un + Sn, 5

where f1, f2, .. are a sequence of i.i.d. random variables of
distribution Py (f). Thes,, (integers greater or equal to one)
are the size of the avalanche and are determined at the same
time. The variablegs,, F,,+1) form a Markov chain with
conditional probabilityP (s, F,+1|Fy).

s—1
P(s, F'|F) = Py(F)0(F +m?s > F') [ [ H(F + m*k)
o (C3)
s—1
P(s|F) = (1— H(F +m®s) [[ H(F + m*k) (C4)
k=1
1(F)= [ arr (cs)

which is normalized _ ., P(s|F) = 1 using thatl — H; +
(1—Hy)Hy+ (1 — H3)HHy+ .. = 1 — HyHyHj... and the
fact that theH,, tend to zero a% increases.

Starting from, for instancel (Fy), the distribution forf,
is given by:

Po(Fp) = P(Fy|Fp_y)P(Fp_1|F_s)..P(Fi|Fo) Po(Fp)

(C6)

P(F'|F)=>_P(s,F'|F) (C7)

s>1

It converges to a stationary probability, not&dF), which
satisfies:

> P(s,F'|F)P(F) = P(F)

s>1

(C8)

Once we findﬁ(F) the joint distribution of(s,,, Fi,+1, Fy,) iS
known:

P(sp, Fnyi1,Fn) = P(spFi1|Fn)P(F,)  (C9)
Hence the avalanche size distribution is:
P(s) = / dFP(s|F)P(F) (C10)
The sequence of waiting times is such that:
Wil — Wy = Wy =8, —m 2(Fpyy — F,) (C11)
ence the joint size and waiting time distribution is:
P(W,s) = / dFdF'§(W — s + m™%(F' — F))
x P(s, F'|F)P(F) (C12)
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The problem is thus to determine the solution of (C8). One a. Distribution of local areas = ws
can formally write it as an infinite product:
The distribution of the local area= ws defined in the text
can be obtained as follows:

P(Fy) = /dFldFQ..HP(Fk,ﬂFk) (C13) so oo
= Pla> A) = /dW /dS 000, P(w > W,s > S)] 8(W'S — A)
s—1
P(F'|F) = Po(F') Y 0(F +m?s > F') [] H(F +m?k) oo
s> k=
21 ! cuy = /dW /dS Plw > W,s > §)0wdsH(VS — A)
0 0

tions. This method does not seem very practical (see however

which however also contains an infinite number of integra- _ /dW /dS Plw>W,s > 8)
[76]) and in the text we obtain the result by another method. 0

0
X [5(A—WS) = WS (A—WS)|
_ —A% aw /dSP(w S W,s> S)3(A—WS)
0

0
APPENDIX D: GENERAL RESULTS FOR (D4)

UNCORRELATED DISORDER
We note a subtle point that when writing the last term as the

derivative w.r.t.A of —A [ P(w > W,s > S)§(A — WS),

1. Proofthat P(w) = P(s) the explicit derivative ofd cancels the first term.
Inserting the integral representation (D3) fét(w >
Suppose, that the following variable transformation holds'V> s > 5) yields
betweenj — w, and the corresponding Pla> A) =
Ad [aw | . .
[ —w) = aw(d) (D1) -5 /W /dy F(y) e~ WHW)=S (w+A/W)+/ ()
0 0
up to a constant shift and a rescaling. We recall ihat) = / dy f"(y)e=f®
exp(y) (Gumbel),f(y) = y*, y > 0 (Weibull), andf(y) = 0
(—y)~%, y <0, (Frechet). (D3)
Then Note that boundary terms from the partial integration inXD4

vanish except forw = 0 or s = 0, in which cased = 0. Thus
we could possibly have a term §(A). However we know
Py(w',s > 8) = /dyf//(y)eff(erW)ff(ws)H(y) ’ that forw = 0 we do not have a diverging probability for an
(D2) avalanche, and vice versa ferands exchanged. The above
where integration bounds depend on the class (real axirseSUIt can also be written as
for Gumbel, positive axis for Weibul and negative axis for P(a > A) =

frechet). Using the relations in the text one finds that tlive jo 0T T
waiting-time and avalanche size distribution is 5 /dw /dy F(y) e~ e = Iyt Ae)+1 ()
0 0
/ dy f”(y)e*f(y+W)*f(y+S)+f(y) / dy f”(y)e’f(y)
0 0

For the Gumbel class,(y) = €Y, and this yields the formula

(D3) " given in the text
where the denominator is such that the distribution is prop—glven I the text.

erly normalized. Also note that for some choice of variaples
one has to be careful with the bounds of integration, see th%PPENDD( E: FIRST-PASSAGE TIMES AND AVALANCHE

/ dy " (y)e~F®
0

Fréchet classe, eq. (183). DISTRIBUTIONS
This formula shows that avalanche-size and waiting-time
distribution are equal for all microscopic (uncorrelatdpr- In this Appendix we recall the basic method of the back-

der: P(S) = P(W). ward diffusion equation to compute distributions of firsepa



sage times on a half line and an interval, and then extend
to compute the first-passage-time distribution in the viglec
diffusion equation of the ABBM model.

1. First-passage-time distribution on a half line

Let us callT(w'; w) the first-passage time at’ of a BM
starting at positionv < w’ at time 0. Let us recall that the
generating function

G, pyw) = (e )) (E1)
satisfies the diffusion equation and boundary conditions

DG + b9,,G = pG
G(w',p;w') =1

(E2)
Gw',p=0;w=—-00)=0

)

for b > 0. To see that, one introduces the diffusion kernel
onz € [—oo,w'] in presence of an absorbing boundary at
z = w', which satisfies:
0P = DO2P — b0, P = DO2 P + b0, P
P(z,t = 0|w,0) = d(z — w)

(E3)
P’ tjw,0) =0

)

By definition of the exit time one has fgr> 0:
P(z,tlw,0)

G, p;w) :—/ dte*pt(?t/
0 rz<w’

—1-p / Pz, plw,0) | (E4)
r<w’

with P the Laplace transform dP. The latter satisfies:
pP(x,plw, 0)=b(z—w) = (D +bdw) P(x,p|w,0) . (ES)
Multiplying with —p and integrating ovet from —oo to w’

yields (E2).
The solution of (E2) including the boundary conditions is

b—\/4pD + b2

I —
G(vaaw)_exp< 2D

(w’ —w)) . (E®B)

Forb > 0 it satisfieslim, .o G(w,p;w’) = 1. Itis then
inverted into the probability? (u; w’ — w)du thatT (vw'; w) €

[, u+ dul:
- )otw.
(E7)

whereWW = w’ — w. Note that for negative drifi < 0 one
has:

(bu — W)?

Plu; W) = 1Du

w32 exp (—

lim G(w, p;w') =1—¢q (E8)
p—)

)

since in that case there is a finite probabiljtthat the walk
starting atw never hitst = w’.

_bl(w’ — w)

q = ProT(w';w) = 00) =1 —exp ( D
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it The Laplace transform of the probability to beratt time

t can be written as the probability to arrive there for the first
time, and then repeatedly going with and against the drift,
coming always back ta:

LT, Wo__ ,—(w=bt)*/(4Dt) _ Le@w
VArDt ENE
2 —
0 1+ 10, (p)
~ —L2G(0,p; —w) ——0 L £
2D O, p w)l—ﬂar(p)ﬂg(p) (E9)

wherell] (p) = Gy—)p| (wo, p; 0) is the return probability go-
ing along the drift, andl; (p) = Gy—_}s(wo,p;0) going
against the drift (withwy > 0 a small cutoff which allows
to cross0 in the microscopic model). Eq. (E9) expresses that
the probability to be near = 0 is a sum ofr-th passage time
events; the factow? /2D = dt = dw?/(2D) is the change of
measure from time to space.

Similarly consider the problem of the last passage tigpne
of a Brownian atv = 0, with initial conditionw = 0 at¢ = 0.
Its Laplace transform can again be expressed as a geometric
series

115 (p)

Mias (p) = [1 =Tl (O)] T s

1
~ — (E10)
1+ 52
Hence:
Mast (to) = B e—b’to/(4D) (E11)
o VAr Dt
2D 12D?
(to) = 2z (t3) = . (E12)

2. First-passage-time distribution on an interval

Consider now a Brownian starting at in an interval
[wq,ws]. Consider the function&, (w,p), Gy(w,p) and
G(w,p) = Go(w,p) + Gp(w, p) which satisfy the same dif-
ferential equation (E2) but with boundary conditions:

Ga(wmp) =1
Gb(wbvp) =1

Ga(wbvp) =0
Gb(wavp) =0

3

(E13)

3

ThenG(w,p) = (e PT=+()) s the generating function for
the first exit timeT,;,(w) of the intervalw,, wy] by a walker
starting atw € [w,,wp] at time zero. It satisfies (E2) with
boundary condition&?(w,,p) = 1 andG(wy,p) = 1. One

finds:
— p2p (Wa—w) sinh(p(w, — w))
Ga(w,p) ezb sinh(p(ﬂ)b — wa)) (E14)
— pap (wp—w) sinh(p(w — wa))
Gb(wap) e sinh(p(ﬂ)b — wa)) (E15)
p 1 \/m (E16)

~ 2D
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One checks thaf(w, p = 0) irrespective of the sign dfas  One expects that it describes correctly small avalanches.

the walk is certain to exit the interval. The functi6f (w, p) There are two cases. For< 1 one has7(p =0) =1, i.e.
(resp.Gy(w, p)) is the same generating function restricted tothe velocity is certain to reach any fixetl> 0. The leading
walks exiting inw, (resp.wy), with normalizations: behaviour at small,v’ is then forz < 1:
D (or — w)) — G—1=—-C(p/ao)t—2)/2 (E25)
po = Galuwp = 0) = SPBU L ) Mot
exp(5 (wp — wa)) — 1 C=-——2 (V7% = (vV)I7®) (E26)
pp=Gp(w,p=0)=1—p, (E18) (%%)

Inverse Laplace transform fromto s yields a distribution
1/s™ with the value ofr = (3 — z)/2 given in the text. The
small avalanche cutoffy, necessary sincgé/s™ is not nor-
malizable at smal for 7 > 1, is provided by,v and its full
form can in principle be obtained by inverse Laplace trans-

forb > 0.

One way to derive these results is to introduce the diffu-
sion kernelP(z, t|w, 0) with absorbing boundary conditions
atr = w, andx = wy. Its expression reads in Laplace:

P(x,plw,0) = form from p to s of (E24). Its order of magnitude is easy to
. ~J 2 i .—
o) sinh(u(z — wa)) sinh(p(wp — wo)) :ﬁ:tdegrom (E24) asy ~ v*/o (see below a more precise esti

sin
Dy Smh(“(wao_r w“))< - One notes that the limit' — 0 can be taken fox < 1 for
= , sinh(u(wy — ) sinh(u E‘ZZ 5 ) v anyv. It is then easy to inverse Laplace transform (E24) in
¢35 (T—w) P - ° that limit and to obtain the probability that if the velociay
Dpsinb(p(wy —wa)) u = 0 is v, then the next stopping point is in the interval

forw<:c<wb u' € [s, s+ ds] as:

(E19)
G0, s:v)ds = 5 (yuesoss(E27
It satisfies the diffusion equation with the proper boundary (0, 53v)ds = T(x) S () (E27)
conditions. This is obtained as follows s0 = v2/(40) , p=(1-1)/2 (E28)
G(p,w) = —/ dt e*”tat/ dz P(x, tjw,0) Next one can use the stationary distribution to find the proba
0 wg bility that choosing a: = 0 the next stopping point is at

= D(amp(%mwa O)'m:wa - 61P(x,p|w, O)|I:wb) oo 2% m2
) _ e -
(E20) /0 dvG(0, $;V) Peq (V) F(u)F(z)vsl‘( . )*(40)
where the first term i+, (p, w) and the secondi,(p,w).  \yhere to be consistent we have assumed s,, = o /m*.
They represent the flux from each boundary. Forz > 1, the probability of ever reaching > 0is G(p =
0) = (Vv')m—1 < 1, from (E24). At small,v’ (and of the same

3. Avalanche distribution for the ABBM model order) the following expansion holds for< = < 3:

z—1 11—z -
VI F( ) p 2 x—1 rx—1
Lets = T(v', v) be the first passage “time” fromat “time” G = (7) [1 * Izt (40—) V= ()
= 0toVv' < v at“time” s, the avalanche size (here de- (E29)
flned with some velocity cutoff’). The generating function This shows thatconditioned to returning near zero velocity
G(V',p;v) = exp(—sp) satisfies the backward diffusion equa- the avalanches size distribution has again altail” for s >
tion: so, With7 = (1+z)/2 > 1.

2
cO2G + (% — m?)8,G = pG (E21)
G\V,p;v)=1 G(',p;+00) =0 (E22)

b. Solution with the drift term

Taking into account the drift term in (E21) reintroduces the
large-size cutoff for avalanchesat, = o/m?.

It is also possible to solve the full problem, with the drift.
One finds for the Laplace transform of the first-passage time:

a. Solution without the drift term

From now on we denote:

1-x 7n27\/7n4+4p(r ’
2 ") = (2 e (v=Y)
e=T0 (E23) Gvopv) (v’) ¢«
g m2 v/ m*+4po
The solution, if one first drops the drift term is v <1 (1 * \/m4+4p )2 -, 4 V)
X
v/ m*+4po
1—z Ko (vy/p/0) U(l— (1+7) 2 -z, %v’)
GW.pv)=(~) ~ —F———  (E24) Vmi+dpe
! !
v Kp_e (V'\/p/0) (E30)



which reduces, fow =
guasi-static avalanches:

m2—y/mitapo (v—v')

G(V\piv) =e = (E31)

from which, after inverse Laplace, (202) was obtained.
One can now check thét(p = 0) = 1 forall x andv, v’ >
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0™ to the expression obtained for parabolic well is well defined, and from it one defines an av-

erage critical force:

(F1)

fo(m) := m*fw — u(w)] ~ m?~¢

which diverges [99] as» — 0 for ¢ > 2. As discussed in the
main text, fory = 1 one hag = 4.
Let us now examine the 1-point probability of the process

0; hence thanks to the drift the walk comes back infinitely,, ). Since it is a long-range correlated landscape, there is a

often, as announced in the text.
Let us consider the leading behaviour at small. The
expansion has the form;

'm,2v

A1+ 0O(W?)) + Bv'="5 (1 + O(v))
A(1L+O((vV)2)) + BW)' =" (1 + O(v'))

G:

whereA andB are complicated functions of Here we focus

on the case < o/m?, then:

By w2 11— m2u
G_1_Z(v W) ) (E32)
This yields
G_1 Vmifdpe\ 1—‘(—1+m720)
- o (= =)
xr(l — (It m))
I( 20 (1- \/W _a))
x (v - (v’)l—”f“) . (E33)

Forp > s,! = m*/o one can check that this expression

subtlety linked to the choice of boundary conditions.

1. Special boundary conditions

If we first fix u(w = 0) = 0, the probabilityP,, (u) that
u(w) = u foru > 0 is equal to the probability that the first
passage time ob(u’) at w is u, starting at zero. Hence we
find

P,(u) = P(u;w) , (F2)

whereP(u; w) is defined in (E7). In fact, it follows from the
Markov property that, if we impose(w = 0) = 0 and leave
the future unconstrained, thepoint probability is:
Py, v, (U1, ey tp) = P(ug; w1)P(ug — ug; we — wy)
X oo X Pty — Up—1; Wy — Wp—1)

(F3)

for 0 < w; < ws... < w,. Computing the moments of (F2)
one finds:

(F4)
w, (F5)

u(w) —w =0
20

(u(w) —w)?2 =2Dw = oy

reproduces (E25) above hence in that case the distribution o ] N o
small avalanches can be found neglecting the drift. From thihence one finds that the critical for¢e(m), which is propor-

expression Laplace inversion allows, in principle, to abthe
full avalanche distribution. We will not attempt to perform
but note that there is an additional pole structuresferp,,:

m* n(n — )

pn:—Ei(n_g)Q ) n:1,27... 5 (E34)
2
which implies a decay
_(-a) s/s
P(s) ~e =27 (E35)

at larges > s,,.

APPENDIX F: SOME 1-POINT OBSERVABLES FOR THE
BROWNIAN FORCE LANDSCAPE

tional to the average extension of the spring pulling theipar
cle iszerd On the other hand, the total area of the hysteresis
loops per unit length cannot vanish - in fact from (F5) we can
guess that it should grow agw. Hence by contrast with the
case of the uncorrelated force landscape, these two geantit
cannot be equal.

To understand this apparent paradox let us note that to in-
sureu(w = 0) = 0 one needs to impose rather strong condi-
tions, e.g.F'(u) = 0 for all u < 0. Otherwise, there is a non-
zero probability that the BM has taken valug@:) > w = 0
in the past, i.e. fon < 0, which is in contradiction with
u(w = 0) = 0. If we now want to use the hysteresis loop ar-
gument in a symmetric way, it would require a similar choice
at some prescribed(w = W) = 0. But then (F2) and (206)
do not hold anymore (it holds for a Brownian unconstrained
in the future). Since that procedure produces a non-statjon
result, we do not discuss it further.

We present here a few partial results for 1-point obsergable
for the Brownian force landscape, deferring a more complete

study to the future.

Note that sincé”(u) is an unbounded Brownian landscape,

it has an infinite threshold for&f; = max F'(u) —min F'(u).

2. A more generic situation

First note that shifting"(u) by a constant leaves (200) un-

However the model studied here of a particle dragged by ahanged, but also shifte — u(w) while it does not change



the area of the hysteresis loop. Hence compafiig:) =

m?2[w — u(w)] with the area of the hysteresis loop makes
sense only for a statistically symmetric landscape. To get/
rid of this unimportant shift we can consider a distribution J_

of forces symmetric around zero by settifigu = 0) = 0.

This is one way to fix the problematic zero mode of the Brow-

nian landscape. This does not mean that:= u(w = 0)

is necessarily at zerou; is the position of the first crossing
of ¢(u) = w = 0 by the BM. The probability distribution of

uy < 0is given by (see Appendix E):

m2

Mast (u1) = 7e_m4\u1|/(40)9(—u1) (F6)
VAro|u |
This yields a critical force:
9 20
fe(m) = —m uy = 3 (F7)

which makes more sense, i.e. it is positive and obeys the ex-

pected scaling.

However, to be a bit more general, what we have just com-

puted is the conditional probabilify,,, (u1|F (u,) = f.) with
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which can be checked to be correctly normalized. One gets:

2D w _ bl
dululpwlzo(uﬂF(O) = O) = — (b—2 + |_bl|) e D"t
oo wq _ Loy,
durto Py 20 (1] F(0) = 0) = - (1 — e B )
0

Hence we find, settingg| = 1 andD = o/m*, conditioned
to F'(0) = 0:
wy — u(w)] = 20/m?,

wlzo

m?[w; — u(w)] = 2(m?w; + 0/m2)e_m4w1/”,
For the past«; < 0) one recovers the previous result, while
for the future it decreases to zero at large

We could try to generalize further by pickingug and av-
eraging overf, with some distribution. Using the condition
= u — F(u)/m? one can check that:

Pwl(u1|F(ua) = fa) = Pw1—ua+fa/m2(u1 - ua|F(O) = O)

Hence we can use the previous calculation. For fixgedu,

the choiceu, = 0 and f, = 0 (which can be realized using andf, one has:

shifts of the axispndthe additional choice; = u, — f,/m?

(hencew; = 0). One wonders whether the critical force de-

pends on that choice.

To answer this question, we need
Py, (u1|F(0) = 0) as a function ofw;.
cases: lfw; < 0thenu; > 0 and one has

Py, <o(u1|F'(0) = 0)

= 9(_U1)LT;i,7ule:‘b| (|w1|,p; O)Hlast (p) . (F8)
This gives
Py, <o(u|F(0) =0) = 9(_U1)¢6_% .
One finds

[P zatulF©) =0 = 22 11 e

If w1 > 0 there are two subcases, and the total reads:
Py, >o0(u1|F(0) = 0)

= 6‘(—u1)LT;i,ul Gp=—p| (w1, p; 0)iast (p)
+0(ur LT, L, Gy (w1, p; 0)

X (1 = Gp=—pp (w1, p = 0;0)) (F10)
This gives:
Py, >0(ui|F(0) = 0)
()L~
47TD|u1|
(Iblug —wy)?
()3 (1 - e B | (FLL)
47D

to compute
There are two

m2/du1(w1 - Ul)Pwl(uﬂF(Ua) = fa)
= m2/du1(w1 — 1) Py, —uyt fo ym2 (U1 — ua|F(0) = 0)

= [ du(wf ~ fafm? — ) Pag (0| F(0) = 0)

20/m? — fa, for w; —ug + fo/m? <0
=9 2(m2w)] + 0/m2)67m4“’1/" — fa
for wi =w1 —ug+ fo/m* >0
(F13)

which can, in principle, be averaged gp. It is not clear
however at this stage which distribution to choose and how
to relate these quantities to the area of the hysteresis loop
Further work is needed to clarify these issues.

APPENDIX G: FIRST RETURN PROBABILITIESIN d
DIMENSIONS

In this appendix, we recall standard methods to derive the
first return probability ini dimensions, using a regular hyper-
cubic lattice.

Consider a random walk on the integ&sThe probability
to return to the origin aftetr steps { = 2m even) is [93]

()

This is seen by noting that giving weightfor a step to the
right, andb = 1 — a for a step to the left, the probability to be
atz aftert steps is the same as takihgteps to the right and
t—ito the left, withz = 2i —t and equal tg, = a’d*~" (!),

(G1)
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from which the above result is obtained for= b = 1/2, i.e. smalll — z, s.t. the series picks up contributions at large
1 =1t/2. We noteuy = 1. times. Notings := — In x, we get ford < 2
The probability to return to the origin for the first time afte
t steps is noted, and we notef, = 0. In order to be at the d > 4 m o 1
origin at timet, we must return for the first time no later than ~ “ () = ) ufya™ ~ /O dm (rm)d/2 exp(—sm)
t, and can then make a new excursion. Therefore we have (for m=0
t > 0 even) — pd/2g5-1p (1 — g , (G11)
g = folly—o + fatts—g + ...+ frug (G2) Note that ford > 2, a UV cutoff is needed, which we discuss
below. Using (G4) yields
Introducing the generating functions
1 qd/251-4
o0 o0 fla)=1- ——~1-—r. (G12)
w@) =3 ugna™,  f(@)= 3 foma™, (G3) u(z) r(1-3)
m=0 m=0

Transforming inverse Laplace gives
(G2) can be written as

2—d a d dm
d do d_y . (4O
w(@) = 1+ f@)u() . (G4) fo, =~ g mE 8111(2) for d<2. (G13)
This gives for the probabilities (G1) Let us now consided > 2. Then
d d
u(z) = 11 , flxy=1-V1i—=z, (G5) ul(z) = ud(1) 4 74252717 (1 - 5) (G14)
— T
thus the first return probability id = 1 at timet is uwl(l) ~ 1+ 7Y% (g) , d<2 (G15)
(7 d=3 7T
= . G6 =— =1. ...
fr=771 (G6) u=3(1) NGO 1.3932 (G16)
Atlarge times, where the approximation far?(1) valid for d near 2 was ob-
1 1 tained summing usingg,, ~ (mm)~%? (it gives 1.469 for
1
We now want to calculate the same quantitieg imensions, fd(a?) =1- W
notedu? and f¢. uf is simply: Y 196 , .
Ml —— —d/2g5-1p (1 - =
ud = (ug)* (G8) RO 2
d—2
As an example, id = 2 +0 (s77) . (G17)
B 2K (z B - Note thatl — 1/u%(1) is the probability that the walk never
w2 (z) = (=) ;[P =1 , (G9)  returns (which equalg.2822...in d = 3). Conditioned to
™ 2K (x) ; o .
returning, the probability that the first return occurs at 2m
with K the elliptic K function, and ind = 3: steps decays at largeas:
2 1
2K(f(1—-vIi—=z ul(1)fL,, =~ 7= 2m=? for d>2. (G18
(@) = l (5( x))] G10) Wfilon ~ (G18)
o

We see that af = 2 the exponent for the first-return probabil-
In general, an analytic solution for the coefficients is nmép ity changes direction, and that the amplitudes of both (G13)
sible. We therefore give the asymptotic behavior for large and (G18) goto 0.
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