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Abstract

The scaling properties of self-avoiding polymerized two-dimensional membranes are studied
via renormalization group methods based on a multilocal operator product expansion. The renor-
malization group functions are calculated to second order. This yields the scaling exponent v to
order &°. Our extrapolations for » agree with the Gaussian variational estimate for large space
dimension d and are close to the Flory estimate for d = 3. The interplay between self-avoidance
and rigidity at small d is briefly discussed.

PACS: 68.10.-m; 05.70.-Fh; 11.10.Gh; 11.25.-w
Kevwords: Renormalization; Non-local field theories; Self-avoiding tethered membranes; Scaling;
Polymerized membranes

1. Introduction

The statistical properties of polymerized flexible membranes are an interesting sub-
ject [1], which is still only partially understood. These objects, also called tethered
membranes, are two-dimensional generalizations of polymers (one-dimensional flexible
chains). It is expected that such two-dimensional membranes exhibit a larger vari-
ety of behavior than polymers, when the temperature and the elastic properties of the
membranes are varied. One reason is the following: simple dimensional analysis shows
that for two-dimensional films, the bending rigidity modulus has the dimension of a
pure energy and is therefore marginally relevant (in the sense of the renormalization
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group) [2]. Moreover, two-dimensional membranes may have internal shear elasticity
and this separates two very different classes of flexible membranes: fluid membranes
with zero shear modulus and crystalline (or tethered) membranes with non-zero shear
modulus [3].

In this paper, we consider tethered membranes. As long as one takes into account only
the local elastic forces (i.e. bending rigidity, compression and shear moduli), numerical
simulations and analytical calculations point towards a consistent and relatively well
understood picture [4,5,42,6-8]. For high rigidity or equivalently low temperature,
the membrane is in a flat phase with an average orientation and a classical “fractal”
dimension dr = 2. The roughness properties of this flat phase are nevertheless non-
trivial, due to the non-linear coupling between undulation modes and phonons. For
low rigidity or equivalently high temperature, the membrane is in a crumpled phase,
without any global orientation. In this phase the statistics of the surface is Gaussian
(at large length scales) and its fractal dimension is infinite (dr = 0). The two phases
are separated by a crumpling transition, which occurs for a finite bending rigidity (or
equivalently a non-zero temperature). Numerical simulations and some of the analytical
calculations indicate that this transition is continuous and characterized by non-trivial
critical exponents.

The above results do not take into account steric interactions, that is local self-
avoidance and thus concern “phantom surfaces”. For membranes (D = 2) these interac-
tions must be relevant for the crumpled phase (at large length scales), whatever the buik
dimension d of space is, since the fractal dimension of phantom surfaces is then infinite.
They are expected to be strongly relevant for physical membranes in three-dimensional
space (d = 3). This is in contrast with polymers, where steric interactions are relevant
only for d < 4 and lead to a swollen phase in dimensions 1 < d < 4 with 1 < dp < 2.

The study of the effect of self-avoidance for tethered membranes is in fact much more
difficult than for polymers. Most of the studies rely on numerical simulations, which
find evidence for a flat phase in three dimensions [9,19]. Some experiments have been
performed using thin sheets of graphite oxide, but the results are contradictory. In [24]
but not in {25] a swollen crumpled phase is found.

In order to study theoretically self-avoiding membranes, one can use standard ap-
proximations, such as the Flory approach or variational methods. A more systematic
renormalization group approach has been initiated in [27,28]. This approach is inspired
from the direct renormalization method used for polymers [29]. It is a perturbative
method and it has been used to calculate the fractal exponent v* = 2/dp at first order
in an g-expansion [27,28,30]. An important problem has been to check the internal
consistency of this renormalization method and to extend it properly to all orders in
perturbation theory. This has been completed by B. Duplantier, E. Guitter and one of
the authors in [31] (a detailed proof might be released soon [32]), who have shown
that the model of self-avoiding membranes of [27,28], although corresponding to a
non-local field theory, is renormalizable in perturbation theory. This result establishes
the validity of the ((g) calculations and gives a systematic formalism to extend these
calculations to higher orders.
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In this paper we present for the first time in full details the renormalization group
calculation at second order for the model of self-avoiding tethered membranes and
discuss the results obtained by this approach. A short presentation of the main results
has already appeared in [33].

This study is interesting for several reasons:

(H

(2)

(3)

4

It provides an explicit realization of the renormalization formalism of [31]. In
particular these calculations illustrate nicely how subdominant divergences are
organized.

The calculation is a non-trivial task. As usual in renormalization theory, there
is a long way from existence and convergence theorems to actual calculations,
but additional difficulties are present here. In particular, beyond first order, the
amplitudes (which are called manifold integrals and generalize in a non-trivial
way Feynman integrals in the Schwinger representation to non-integer dimensions
0 < D < 2) cannot be calculated analytically and in fact describe distributions.
One must rely on numerical estimates for these integrals.

It leads to the first estimates at order (&) for the fractal exponent v* = 2/dp.
This allows to check the validity of the O(g) estimates, as well as the consistency
of the extrapolation methods used to extract these estimates. Indeed, direct calcu-
lations for two-dimensional membranes are impossible, but the model is extended
to “membranes” with internal dimension 0 < D < 2, thus interpolating between
polymers (D = 1) and membranes (D = 2). Perturbative calculations lead to an
g-expansion, where the e-parameter is given by

(2-D)

e=e(D.d) =2D —d——

(L1)
D is the internal dimension of the membrane and d the dimension of bulk space
(in which the membrane fluctuates). Using the e-expansion one may start a-priori
from any point (Dyg, dy) such that e( Dy, dy) = 0 to extrapolate to (for instance)
the physical point (D =2,d =3). In [30] an extrapolation scheme was used for
O(&) calculations. We shall need and will develop more systematic extrapolation
schemes for 0(82) calculations and we shall discuss their respective advantages.
Finally, the calculations can be performed for membranes (D = 2) in a space with
arbitrary dimension d and we can compare explicitly our O(&?) results for »*
with other predictions. It turns out that our estimates are quite reliable for large
d and in remarkable agreement with the result of a Gaussian variational estimate.
We shall explain this fact and argue that this feature persists at higher order in
perturbation theory. For smaller d the results are less stable, but still good and in
reasonable agreement with Flory estimates (we have no good explanation for this
fact).

The paper is organized as follows.

In Section 2 the continuous model of self-avoiding tethered membranes of [27,28] is
introduced. It is a generalization of the Edwards model for polymers. We recall the basic
results of [31,32] concerning the structure of the perturbative expansion for the model,
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the nature of the short distance, or ultra-violet (UV), divergences and their relation with
the so-called multilocal operator product expansion (MOPE).

In Section 3 we recall the renormalization of the model at first order in perturbation
theory (one loop), give the explicit expressions for the counterterms in the “minimal
subtraction scheme” used in this paper and derive the renormalization group functions
B(b) and v(b) at one loop. The results are of course not new, but this fixes the method
and the notations used throughout the paper.

In Section 4 we analyze the UV divergences at second order (two loops), and
obtain the expressions for the two-loop counterterms, in terms of singular parts of
integrals of MOPE coefficients. First the UV-singular configurations (divergent and
subdivergent diagrams) are identified (Subsection 4.1), then the leading UV divergences
(poles in 1/£%) are obtained and their exponentiation (predicted by renormalization
group) checked (Subsection 4.2). This allows to obtain the subleading divergences
(poles in 1/g), whose residues give the renormalization group functions at two loops
{Subsection 4.3). We then express these residues as combinations of convergent integrals
involving MOPE coefficients (Subsection 4.4).

The next seven sections are devoted to the explicit calculation of these integrals. In
Section 5 we briefly introduce some basic analytical methods used in the calculations,
which have been developed in [34]. These are: (1) the definition of the “distance
measure” which allows to define properly the integration over non-integer dimensional
space R? (0 < D < 2); (2) the expression of the residue of the UV polesin (1/¢) as a
boundary term in the distance integrals; (3) the “conformal mapping” technique, which
allows to map different domains of integration and leads to crucial simplifications.

Sections 6, 7 and 8 are devoted to the numerical calculation of the three diagrams
which contribute to the coupling constant renormalization, In all cases, we start from the
corresponding MOPE coefficients and determine explicitly the integrals which have to be
computed (this is in general not straightforward). Then we evaluate numerically these
integrals for values of 1 < D < 2 (the internal dimension of the membrane). We have
in general to decompose the domain of distance integration into several pieces, called
sectors, and to find ad hoc changes of variables in each sector. In addition, this requires
an adaptive Monte Carlo integration routine, first developed in [34], in order to master
the rapid variations of the integrand. For the diagram of Section 7 there are additional
subtleties, arising from the fact that the measure of integration is then a distribution, with
non-integrable singularities on some boundary of the integration domain, which have
to be treated by a finite part prescription. For each diagram we compute analytically
its D - 1 limit. This provides a check of the numerics. Secondly for D = 1 our
model reduces to the Edwards model for polymers, for which two-loop calculations
have already been performed by several authors and which give an additional check of
our calculations.

Sections 9, 10 and 11 are devoted to the numerical calculation of the three diagrams
which contribute to the field renormalization and are organized in a similar way.

In Section 12 we use these two-loop results to calculate critical exponents for self-
avoiding membranes. First we recall how the renormalization group functions at two
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loops are related to the counterterms that we have calculated (Subsection 12.1) and
thus obtain the &? term for the fractal exponent »*. Then as explained above, we have
to set up extrapolation methods to extrapolate from the s-expansion to the physical
case D =2, We generalize and systematize the extrapolation method proposed by Hwa
[30], and use our new schemes to evaluate »* for membrane for various bulk space
dimensions 2 < d < oo (Subsection 12.2). In Subsection 12.3 our results are compared
with that of the Gaussian variational method. We argue that »*, as obtained from the
(properly resummed) e-expansion, must coincide with the variational estimate vy, for
large d and we propose a new e-expansion for »* which coincides with vy, at order
g” and which is shown to give very good results for large d. In Subsection 12.4 we
compare our results for v* with that of the Flory method and consider a similar new
g-expansion around Vpiory. The results of all the two-loop extrapolations for »* are
summarized in Subsection 12.5. Finally we briefly discuss the case of other scaling
exponents for self-avoiding membranes, namely the correction to scaling exponent w
and the contact exponent 6, (Subsection 12.6), as well as the fractal exponent »? for
membranes at the tri-critical §-point, which has been already calculated at order &. In
Subsection 12.8 we briefly summarize the main results from numerical simulations as
well as experimental data. We also present a heuristic argument which explains why
both in numerical simulations and experiments self-avoiding tethered membranes are
found in a flat phase (Subsection 12.9).

Conclusions and future prospects are given in Section 13. Several technical points or
examples are gathered in the appendices.

2. Definition of the model

We start from the continuous model for a D-dimensional flexible polymerized mem-
brane introduced in [27,28]. This model is a simple extension of the well-known Ed-
wards model for continuous chains. The membrane fluctuates in d-dimensional space.
Points in the membrane are labeled by coordinates x € R? and the configuration of the
membrane in physical space is described by the field r : x € R? — r(x) € R?. The
free energy for a configuration is given by the bare Hamiltonian

1

1 <
Hirl=5>—+ E(Vr(x))2+b//5d(r(x) -r(y)). (2.1)

X

The integral fx runs over D-dimensional space and V is the usual gradient operator. The
normalizations (hidden in ﬁ, fx and 8(r — r') ) are chosen in order to simplify the
calculations, but are unimportant for the general understanding (see Appendix A). The
first term is a Gaussian elastic energy which is known to describe the free “phantom”
surface. The interaction term corresponds to a weak repulsive contact interaction (for
b > 0). The expectation value of physical observables are obtained by performing the
average over all field configurations r(x) with the Boltzmann weight e =771,
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Perturbation theory is constructed by performing the series expansion in powers of
the coupling constant b. This expansion suffers from ultraviolet (UV) divergencies
which have to be removed by renormalization and which are treated by dimensional
regularization, i.e. analytical continuation in D and d. A physical UV cutoff could
be introduced instead but would render the calculations more complicated. Long-range
infrared (IR) divergencies also appear. They can be cured by using a finite membrane,
or by studying translationally invariant observables, whose perturbative expansion is aiso
IR-finite in the thermodynamic limit (infinite membrane). Examples of such observables
are “neutral” products of vertex operators

0= IIe*“m > ka=0. (22)

a=1 a=1

In the following we discuss the renormalization of the model, i.e. we only deal with the
UV divergencies.

Let us first analyze the theory by power counting. In internal momentum units, such
that [x] = —1, the dimension of the field and of the coupling-constant are

2-D
[r]=—v=——§—, [b]l =e=2D —vd. (2.3)

In the sense of Wilson the interaction is relevant for € > 0. Perturbation theory is then
expected to be UV-finite except for subtractions associated to relevant operators. We
will come back to this point later. For clarity we shall represent graphically the different
interaction terms which have to be considered. The local operators are

1= (2.4)

+. (2.5)

The bi-local operator, the dipole, is

%Wﬂnf

8 (r(x) —r(y)) = e——. (2.6)
The expectation-value of an observable is

[Dlr1O[r] e~ Ml

o 2.7
(O1r))s = “—F 0 o7 2.7
Perturbatively, all expectation values are taken with respect to the free theory:
Dir1Olrle” z”f-\ vr?
(O1r])o = L PLLOL] (2.8)

JDiry e = LA

A typical term in the expansion of (2.7) is
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Fig. 2.1. Example of a contraction.

bn//,.,//w.___.....___.)(), (2.9)

where the integral runs over the positions of all dipole endpoints. The analysis in [38]
shows that UV divergencies appear when some dipole-endpoints approach each other.
The divergencies are analyzed via a multilocal operator product expansion (MOPE).
The principle is exemplified in Fig. 2.1. One considers n dipoles (here n = 5) and one
separates the 2n endpoints into m separate subsets (here m = 3) delimited by the dashed
lines. The MOPE describes how the product of these n dipoles behaves when the points
inside each of the m subsets are contracted towards a single point z. The result is a sum

over multilocal operators <P{zl, ...»Zm}, depending on the m points zy,. .., zy, of the
form
Y Cot{zz....2m}, (2.10)
&b

where the MOPE-coefficients Cy depend only on the relative distances x; — x; between
the dipole endpoint positions x; inside each subset. This expansion is valid as an operator
identity, i.e. inserted in any expectation value and in the limit of small distances between
contracted points. As the Hamiltonian (2.1) does not contain any mass-scale, the MOPE
coefficients are homogeneous function of the relative positions between the contracted
points. The degree of homogeneity is given by simple dimensional analysis. In the case
considered here, where a dipoles are contracted to an operator @, this degree is simply
(for the definition of v see (2.3))

degree[C4] = —nvd + [P] (2.11)

where [@] is the canonical dimension of the operator @ and d(2 — D) /2 is simply the
canonical dimension of the dipole.

In order to evaluate the associated singularity, one has finally to integrate over all
relative distances inside each subset. This gives an additional scale factor with degree
D(2n—m). A singular configuration, such as depicted in Fig. 2.1, will be UV-divergent if
its degree of divergence, defined as D(2n—m) +deg[ CZ 1, is negative. It is superficially
divergent if the degree is zero and convergent otherwise.

The power-counting analysis of [31,32] shows that at the critical dimension & = 0
the identity operator e is relevant, while the local operator 4~ and the bi-local dipole
operator «———e are marginally relevant. Contractions of n dipoles to @ give relevant
divergences (negative powers of the short distance cut-off, or poles for some £ > 0),
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while contractions towards —+— and e———s give superficial divergences (logarithms
of the cut-off, or poles at £ =0).

The analysis of the renormalization in [31,32] shows that in order to make per-
turbation theory UV-finite at £ = 0, one has to add to the Hamiltonian counterterms
proportional to all relevant and marginal operators. These counterterms are obtained
from the MOPE coefficients, integrated with some IR-cutoff procedure.

3. Renormalization at one-loop order
Let us continue on the concrete example of the one-loop divergences, where we shall

also fix our notations for the MOPE coefficients. When the endpoints (x, y) of a single
dipole are contracted to a point (taken here to be the center-of-mass z = (x + y)/2),

the MOPE is

with the first MOPE coefficients given explicitly by

and where —+—aﬁ denotes the local tensor operator

°> =|x -y,

1
‘+"aﬁ) =—§|x—yl‘”(‘”z)(x—y)a(x—y)ﬁ (32)

1
_+.aﬂ = Eaaraﬁr. (33)

The integral over the relative distance x — y for

is at € =0 logarithmically divergent.
The simplest contraction to a dipole is when two dipoles collapse. The corresponding
MOPE coefficient is

(2 \*_—*> = (1 + )" (34)

where x and y are now the relative distances inside the two subsets. Another possibility

is to consider the contraction Q But as
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(e e b))

¥z ye
(3.5)

this does not give a pole at € = 0, but a term proportional to the relevant divergence
(that we discuss now), times a regular contribution.

In the next step counterterms have to be introduced in order to subtract these diver-
gencies. We have to distinguish between the counterterm for the relevant operator and
those for marginal operators. The first one can be defined by analytic continuation, the
latter require a subtraction scale. Indeed, the divergence for e is given by the integral

L
— @ D—vd _ 1 D—t _ ye=D
[ Q)= [ emag e o
e e

A< |x—y]<L

where A is a high-momentum UV-regulator and L a large distance regulator. For £ ~ 0
this is UV-divergent but IR-convergent. The simplest way to subtract this divergence is
therefore to replace the dipole operator by

e — e — e - ., (3.7)

where @ o = |x — y|~*¢. This amounts to add to the bare Hamiltonian (2.1) the
UV-divergent counterterm

b
aMIr] =3 //|x—y|—”", (3.8)

x

which is a pure number and thus does not change the expectation value of any physical
observable. This prescription is sufficient to subtract all relevant UV divergences in the
calculation of the renormalization-group functions at two-loop order, that we present in
the next sections.

We now treat marginal operators. Let us come back to the MOPE (3.1). The integral
over the relative distance of

[l

x—y

is logarithmically divergent at € = 0. In order to find the appropriate counterterm, we use
dimensional regularization, i.e. set € > 0. An IR-cutoff L, or equivalently a subtraction
momentum scale w = L~!, has to be introduced in order to define the subtraction
operation. As a general rule, let us integrate over all distances appearing in the MOPE
coefficient, bounded by the subtraction scale L = u~!. This projects the tensor operator
- .5 onto the scalar -¢-, times the integral
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/ (x(__\,y+ =<Q|+>L=Lef(e,u). (39)

|x—y|<L
Following Refs. [31,32,34] we use a minimal subtraction scheme (MS). The internal
dimension of the membrane D is kept fixed and (3.9) is expanded as a Laurent series
in &, which here starts at £~'. Denoting by ( | ), the term of order &” of the Laurent
expansion of ( | ), for L =1, the pure pole part of (3.9) is found to be

11
Q‘+ _l=_555, (3.10)

It is this pole term that we are going to subtract in the MS scheme. This is done by
adding to the Hamiltonian a counterterm

AH[r] =—b<Q‘+>e_l /+x. (3.11)

Similarly, the divergence arising from the contraction of two dipoles into a single
dipole is subtracted by a counterterm proportional to the single pole of

(b)) [ ()

[x|<L |yl<L

42 (3.12)

- [ [ e
|x|<L |yj<L
As a result, the model is UV-finite if we use the renormalized Hamiltonian Hp
Z 1 2 . =
Helrl = 5= 5 (Vr(0))" +bZy & (r(x) —r(»), (3.13)
Xy

X

instead of the bare Hamiltonian H[{r]. Now r and b are the renormalized field and
coupling constant, and g = L™! is the renormalization momentum scale. The renormal-
ization factors are at one loop

Z=1—(2—D) QI+ b+ O(b%), (3.14)

Zb-1—|—< \/, ..__.> b+ O(bY) . (3.15)

The renormalized theory can be reexpressed in terms of the bare (unrenormalized)
theory through

ro(x) =Z"2r(x), bo=b2Z,Z%% e . (3.16)
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Following the analysis of [31], the renormalization group B-function and the anoma-
lous scaling dimension v of r are obtained from the variation of the coupling constant
and the field with respect to the renormalization scale w, keeping the bare couplings
fixed. They are written in terms of Z and Z, as

i} —eb
by=pu—| b= R 3.17
AbY=ua 1+b2InZ+ %b2InZ (17
bo
2-D 1 4 2-D 1 J
= — —p—| WZ="71——~ —InZ. :
v(b) 2 2#5;1. n 3 2[‘3(17) % In (3.18)
bo

4. Derivation of the counterterms at two-loop order
4.1. The two-loop counterterms in the MS scheme

In this section we apply the formalism explained above to determine the counterterms
which renormalize the theory at second order. If we consider only the bare theory, given
by the bare Hamiltonian (2.1), power counting gives the three UV-divergent diagrams
(together with their symmetry factors)

1 I/’—\| 2 }/\; '/\ )

which give short distance singularities when the points inside the subsets are contracted
to a single point. These singularities give double and single poles at & = 0. There are
two other potentially dangerous diagrams,

These diagrams do not give poles at € = 0 for reasons similar to what happens with
(3.5). Now one has to remember that the model is already renormalized at one-loop,
i.e. that we use the renormalized Hamiltonian (3.13), with the counterterms (3.14) and
(3.15). As a consequence there are five additional divergent diagrams, which come from
the insertion of the one-loop counterterms

@) —2p LT T3 <O’»—->

(4.1)

>

g1

o QU
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(&) —2p~° O+ <Q‘+> K

(h) % e (QHF ) , (43)

There are other potentially divergent diagrams, analogous to those depicted in (4.2),
which factorize into convergent diagrams.

The first four terms in (4.3) are a combination of a diagram divergent at one-loop
order (giving a single pole) times a divergent one-loop counterterm (which gives another
single pole). The fifth term is more peculiar: it is the combination of a convergent
diagram (which corresponds to a contact term) times two one-loop counterterms (thus
giving also a double pole).

Owing to the MOPE, diagrams (a), (e), (f) and (h) give a divergence proportional
to the insertion of the local operator —+— With the notations introduced in the previous
section, they can be subtracted by adding a counterterm proportional to the divergent
part of the integral of the corresponding MOPE coefficients

HCHOM), QI ().
(S Q)

|
i 2<;¢ +3+ ( Q~+ ) . (4.4)
Since we use the minimal subtraction scheme, we want to subtract only the double and
single poles in € at £ = 0. To isolate these poles, we have to perform a Laurent expansion
of the various terms in (4.4) and to keep the terms of order e~ 2 and e~! but to drop

the analytic part. Setting the renormalization momentum scale g = L™!, we obtain the
final expression for the renormalization factor Z at two-loop order

{CHOM)...

+b2(2- D)
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(G L (ET—)
<@l><01>

+O(b) . (4.5)

Here { | ), . denotes the sum of the terms of order &™,...,&" in the Laurent
expansion of ( | ),, taken at L = 1.

Similarly, the diagrams (b), (c), (e) and (f) give a divergence proportional to the
bilocal operator e———e. An analogous analysis leads to the following expression for

the coupling-constant renormalization factor Z; at two loops

Zb=1+b<O"—°>

g1

+b? —g<m~—a’*—*>
3 .’\/" g 2!
(1 \"**> (23—
Lo \ NI A o

+0O(b) . (4.6)
4.2. The leading divergences (double poles)

In fact we are interested only in the residues of the single poles, that is into the
residues ¢; and f) in the Laurent expansion of the counterterms

Z=1+%p4 (f‘ fz) B+ O,
&

Z=1+%p 4 (51+%) B+ 0. (4.7)
E E &

Indeed, the finiteness of the renormalization group functions (3.17) and (3.18) implies
that the residues of the double poles, f, and c;, can be expressed in terms of the
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one-loop residues e; and a;.

Let us show explicitly how this happens, since this will be useful in order to subtract
efficiently the double poles in the counterterms. From the analysis at one-loop order, we
know that

e a FTRE

_=—(2~D<Q’ > s —=<: P ‘o———o> 4.8

€ ) + - € WX A et (4.8)
and we obtain the one-loop RG functions

(2—-D) el
2 + b;. (49)

B(b) = —eb + b? (% + a1> ., v(b) =

Inserting these one-loop RG functions into (3.17) and (3.18), yields differential equa-
tions for the counterterms Z and Z;, whose solution is explicitly

e 24
b de T dejtia; b de —(Ie1+%n1
zW=|1-2 (= , oz =1 =2 :
[ e( 7 T4 b s\2 T
(4.10)

This shows the exponentiation of the leading divergences, i.e. that the residue of the
leading pole in ™" at order b" is determined by the residue of the simple pole in &~
at order b. Expanding (4.10) to order b?, we obtain

f2(8)

Cz(e)

b+ O
(4.11)

zM = 1+ B+ 0, VARES 142 b

with, in terms of diagrams,

f2(8) Ql +
*[<=ﬁ'@?’l~—'>e-‘-v<d+2><@!+>e_l (412

(ZBb—).

R, Q)] e

Both f>(€) and &(&) contain not only a constant term but also a term linear in &. The
latter is not fixed by the RG functions at one-loop order.

The leading poles of Z(!) and Z{" must be equal to those of Z and Zj. This implies
that

Gafe) 1
g2 2

f2= fa(e) + O(e), 2 =8(g) +O0(e) . (4.14)
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This is compatible with the explicit expressions (4.5) and (4.6) for Z and Z,. Indeed,
one can directly calculate the double poles in (4.5) and (4.6). The simplest case is
diagram (b) in (4.1). A subdivergence occurs when two dipoles are contracted to a
single dipole. When this contraction is performed first, the MOPE coefficient factorizes

as
(B )= () (2 —)
(4.15)

There are three different subdivergences and one finally obtains that the double pole
associated with this diagram is given by

.l e/ e~2 2\ WX A

g1

X<O’.—.>_ . (4.16)

The factor 1/2 comes from the nested integration [35]: the double pole results from the

integration over a “sector” where the distances inside the subdiagram are smaller than

all the other distances. This will become clear in the explicit calculations of the next
sections.

Similarly, let us consider diagram (c) in (4.1). A subdivergence occurs when the

single dipole to the right of the diagram is contracted to a point. The MOPE coefficient

factorizes as
(O~ () 24—,
(4.17)

Consequently, the double pole for this diagram is
\/ 2 2 o1
><<'/\\’ +'-————o> , (4.18)

where the factor 1/2 again comes from the nested integration.
Finally, let us consider diagram (a) in (4.1). Four sectors contribute to the double
pole, which correspond to the subcontractions depicted here

(D@ )
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(COR)-(TH—)(Q)

Each of the contractions appears with a combinatorial factor two. The double pole for
this diagram is therefore

(CHOR). Q1)

A Q.

Inserting (4.16), (4.18) and (4.20) in the explicit expressions for the two-loop
counterterms (4.5) and (4.6) we apparently do not obtain for the double poles the
resuits (4.12) and (4.13) predicted by the renormalization group. However, we can
make use of the equation of motion to compute the effect of the insertion of the
operator -+— in the counterterms. In Appendix C we show that

'/\°| -~ = *ﬂ 0
(421)

Q|+ e:j} +3 +> +0() . (422)
R o
Using these identities one recovers (4.12) and (4.13).

4.3. The subleading divergences (single poles)

We can now give the expressions for the residues of the single poles. For the single
pole of Z we find

Lo <C§f©l+>m_l
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Q) )
(A, Q.
AU

One can simplify this expression, since the explicit calculation shows that

(o), (), 2

For the single pole of Z, the result is

g1

e _3<U" g=2g!

() (T —)

AC (T,
< O S ().
(o) (Q)) e
4.4. Expressing the residues as convergent integrals

The next step is to evaluate the residues f; and ¢y, that is to write them as convergent
integrals involving combinations of MOPE coefficients. It is convenient not to compute
directly f1 and c;, but rather to consider the O™ H parts of the counterterms that are
not already contained in the second-order resummation of the one-loop divergences, as
given by (4.12) and (4.13). We thus denote

Lo fi_fe) S e a_ak) & (4.26)

g2 e & & e & g2 e
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Using d =4D/(2 — D) — 2¢/(2 — D) it is easy to extract the O(e~!) part of (4.12)
and (4.13). With (4.8) we get

62 €1 a

fi=fi— m 01=51—m- (4.27)

Now subtracting (4.12) from (4.5) yields an equivalent explicit expression for f;

£5t-HCHOM),... Q...
(O ) H(C ) (w4,
SES G e

Finally, one has to remember that { --- I . > are the terms of order &’ of the Laurent

&f
series of the integral over distances of the corresponding MOPE coefficient

<...‘.>L= / ()L (4.29)

distances <L
Using this fact one obtains the following decomposition:

ZJC—D——.F1+.72+.F3+O(8 ), (4.30)

where each term can be written as a convergent integral. These terms are

HCEHO), -G+, ]+)

N L L :“ _+_ ’,: L

W)@,
L\ »e L
m-1 (G,
2=
(2 D)(d+2)
( Q \+ QM

<Q|+ (4 +]+),) 52
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(4.33)

Tob—).)
—( gl igile—e .
< \\M/l e—1
Even if not written explicitly, we will only calculate the residue of Fy,...,Fs at L=1.
Similarly, subtracting (4.13) from (4.6) we obtain for ¢

T (),
NE 4D)d< s ._. Q]+ .
i) A0

3
) Q‘+ \\'/\ + ‘.__.> (4.34)

g—1 g0

that we decompose as
(4.35)

%=Cl +C, +C3+O(SO),

with
! ot ' | H H V| o———0 N 436
(FZF ), (L), (430

Cr=
(O N

o Q). (3 ),
(4.38)

i ).)

The coefficients C,, C, and C3 can like F;, F> and F3 be expressed as convergent

integrals and will be calculated in the next sections
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5. General strategy and technical tools

In this section we give a brief overview over the analytical tools involved in the
calculation of the Feynman-diagrams. These are the measure (Subsection 5.1), the
procedure to extract the residue and the conformal mapping (Subsection 5.2).

5.1. Analytic continuation of the measure

We first define the explicit form for the integration measure in non-integer dimension
D, that will be used in the calculations. We use the general formalism of distance geom-
etry [37], which has been already used to construct other, but equivalent, representation
for such measures.

The general problem is to integrate a function f(xj,...,xy), Which is invariant
under Euclidean displacements (and therefore depends only on the N(N — 1) /2 relative
distances |x; — x;| between these points) over the N — 1 first points (the last point is
fixed, using translational invariance) in R” for non-integer D. In order to define the
integration, let us take D > N — 1 and integer. For i < N we denote by y; = x; — xy the
ith distance vector and by y{ its ath component (a=1,...,D).

The integral over y; is simple: Using rotation invariance, we fix y; to have only the
a =1 component non-zero. The measure becomes

/dDy1=sD/dy}(y{)D—1, yi = (y,0,...,0), : (5.1)
]

where Sp is the volume of the unit sphere in IR”, defined by

7D/

ZW. (5.2)

Sp =

We now fix y; to have only @ =1 and a = 2 as non-zero components. The integral over
y» consists of the integration along the direction fixed by y; and the integration in the
orthogonal space R

oo o0

/dDyz=SD_1 /dy;/dyg(yg)0~2, y2=(9,%,0,...,0). (5.3)
— 00 0

For the jth point, one proceeds recursively to integrate first over the hyperplane defined
by ¥,...,yj—1 and then the orthogonal complement:

o0 x>
/dDy,=SD_j+1H /dy;f/dyjf(y_{)l’—f, yi=(y...¥.0,...,0).

a<j oo 0

(54)
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The final result for an integral over all configurations of N points is

o0 oo

N-1 N-1 [i-
/ H d%; = SpSp_1 -+ Sp-n+2 H H / dy_;'/dyj GDP . (5.5)
Jj=1 =1 a=1 _ 0

This expression for the measure, now written in terms of the N(N — 1) variables y¢, can
be analytically continued to non-integer D. For D < N—1 this measure is not integrable
when some y{ = 0. For D not integer, the integration is defined through the standard
finite-part prescription. This means that the measure (5.5) becomes a distribution.

Let us made this explicit on the example of N = 3 points, following Refs. [37,34].
The measure is then

x> +00 o0
SpSp_ / dy; (P! / dy; / dy; (y)P72. (5.6)
4] -0 4]

It is well defined and integrable for D > 1. For D = 1 the integral over y3 diverges
logarithmically at y% — 0, but this singularity is canceled by the zero of Sp_; and the
measure becomes

o0 +oo o0
2 /dyl' /de‘/dy%c?(yb =/dy1 /dyz (5.7)
0 -0 0 R R

thus it reduces to the measure for two points on a line. For 0 < D < 1 the integral over
v2 diverges at y2 — 0, but this divergence is treated by a finite part prescription.

For integrals over N > 3 points, a finite part prescription has already to be used for
D < 2. This will be shown explicitly later. The expression (5.5) is equivalent to the
measures defined in [37].

5.2. Extraction of the residue

We now explain how we extract the residue of the pole at & = 0 for the example of
the one-loop counterterms. Note from (3.1) that

_ 1 D—vd _ L_l_e
x<L

We used the normalization of the measure

_L [ _, T
/— SD/d X, SD_ZT'(D/Z) (5.9)

which was chosen to simplify the calculations (see Appendix A). The residue can most
easily be extracted by applying L% to (5.8). This yields
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O‘+ =__L/ D- ”d=_%LS. (5.10)

x=L

So the residue of (5.8) is

8<@l+>e_l_!%L8L O}+ (5.11)

We can apply this recipe to the second one-loop counterterm:

() o] [ (T e

since it is also proportional to L°. We thus have to calculate

L8L< oy ’.—_.> =L /+/ (P +y2)" " (5a3)

L <y=L  wy<x=L

We now introduce a general method which is very useful to manipulate and simplify
such integrals. It relies on (global) conformal transformations in position space and
is called conformal mapping of sectors. It has first been introduced in [34], where
a geometric interpretation can be found. We will explain the method on a concrete
example and then state the general result.

Let us consider the second integral on the r.h.s. of (5.13)

[eo) o0
- d —
L / (x¥ +y*) W2 L/ d%xD / Yny (x* +y*) P s(x - LYO(y < x) .
y<x=L 0 0
(5.14)
Now two changes of variables are performed: The first one
x— X, x=xyL™! (5.15)

leads to

o0 o0
Ll—D+Vd/ dejD/dyyZD—ud (X.QV +L2v)—d/26(xyL—l i L)@(L < j) . (516)
X
0 0

The second one
y—§, y=3x'L (5.17)

finally gives

L]+e/j s/
X
0

52 (2 +3) 85 - )OG5 < %) . (5.18)

<t |‘<1
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Replacing the second integral on the r.h.s. of (5.13) by (5.18) gives

o0 (o9}

Ty l+e/dx D/dy D (2 w\~d/?
L—('q! | gi|le——e) =L — —
aL<\/ , x0T )
0

0
x max(x,y) “6(y —L). (5.19)

Now one distance (here y) is fixed, whereas the integral over the other distance (here
x) runs from O to co. The former constraint max(x, y) = L has been transformed into
the factor max(x, y) —¢ times the constraint y = L.
Before generalizing this formula, we shall show how it can be used in practice. The
1

residue in ; (which determines the corresponding one-loop counterterm) is given by

the simple formula (d.(D) =4D/(2 — D)):

o0 2
I =
TGN /dx D/ —d.(D)/2 1 ( —D)

G R R S — = — 1 =
< A e D

e—

[\
|
»)
~
N
o
e
o
~——

The subleading term can analogously be calculated by expanding (x% 4 1)~ (d=de(P))/2
and max(x, y)© in &. We obtain the convergent integral representation

</\, > 7d"xo< Lot )
G T g e—3 = — (x* 4+ 1) — In(max(x,1)) | .
s , 2-D

AP od oy x

(5.21)

This method extends to the integrals which appear in the counterterms associated to
the contraction of any number of points. In general we have to compute integrals over
N(N — 1) distances x,y,..., of the form

I(g) = / f(x,y,...) (5.22)

max(x,y,...) <L

with a homogeneous function f such that the integral has a conformal weight (dimension
in L) k. For the integrals which appear in n-loop diagrams, this weight is simply

K=ne. (5.23)

The integral over the distances is defined by the D-dimensional measure (5.5). The
residue is extracted from the dimensionless integral

J(g)=L¥ L(;iLl(a) =ne L7"I(g)

=L / f(x,y,...)max(x,y,...)”“. (5.24)

max(x,y,...)=L
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Fig. 6.1. The distances in (6.2).

The domain of integration can be decomposed into “sectors”, for instance
{<y<x=L}, {{--<x<y=L}, (5.25)

and we can map these different sectors onto each other by global conformal transfor-
mations. For instance we can rewrite the integral (5.24)

J(s)=L/f(x,y,...) max(x,y,...)"=L/f(x,y,...) max(x,y,...)" .
x=L y=L

(5.26)

The constraint on the maximum of the distances is replaced by the constraint on a
(arbitrarily chosen) distance.

This mapping of sectors is one of the basic tools used in the following to explicitly
calculate the two-loop diagrams.

6. Coupling constant renormalization, first graph

6.1. The counterterm
We are now going to calculate the first diagram of Section 4. It contributes to the
coupling-constant renormalization in two-loop order and is
2

o= </\~——«l-—«> - §<°/\".__.> (6.1)
2 R 2\ L -

L

With the distances labeled as in Fig. 6.1, the first MOPE coefficient is
(:’(m“l‘ l )
1
= I:Z (, /aZV + d2v + \/bZV + eZV + \/02" + f‘21/)

x (\/b2u + eZV + \/021/ + f2v _ \/02” +d2u>
X (\/a21/ +d211 + ,\/CZV _+_f‘21/ — \/b21/ +62V)
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—d/2
x (\/a2" + a2 B e — [Pt f2v)] : (6.2)

The derivation of this expression can be found in Appendix B. Recall that the factoriza-
tion of the divergences, which are subtracted in (6.1), is

(32— () ()
(6.3)

We therefore represent the MOPE coefficients associated to the second term in (6.1) as

)T

_ _% (azy + d2y>—f1/2 (bzu +ezy)—d/2 _ % (azp + d2") —d/2 (Czy + fzu) —d{2
___% (bZV +e2v)_d/2 (CZV + fZV)_d/z ] (64)

There are three subdivergencies subtracted due to the three possible contractions and a
factor 1/2 due to symmetry, i.e. due to the nested contraction.

We can now proceed to calculate the diagram (6.1), which is of order 1/ and not
of order 1/&* as the single terms. To do so, let us consider the integral /(L), which is
defined as the integral of the MOPE coefficients, with all mutual distances appearing in
Fig. 6.1 restricted to be smaller than L:

oI ()

abe.de, f<L

3 ",;\)‘/x;\\ ,”;\/\/\,‘(;\\ ’ )
—=| g gi|¢——= ‘el gl |e—e|. (6.5)
Note that /(L) is not exactly equal to (6.1). However, we shall show below that the

leading term, i.e. the pole in 1/¢ in which we are interested, is the same.
I(L) has the following Laurent expansion:

I(L) =L26(g+(9(e°)> . (6.6)

We now apply the operator L% to /(L) to extract the residue a in 1/e. We obtain
an integral similar to (6.5) with the constraint that max(a, b,c,d, e, f) = L. Using the
trick of conformal mapping explained before, we can rewrite this as an integral with the
constraint that one of the distances (for instance a) is equal to L and that the other can
vary freely. We thus obtain the integral

F]
J(L) =L=1(L)
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s+ (5

bcde, f
e ) : ) | ¢——o ! } H e———e . 6.7
We know that the only divergencies, which lead to poles in 1/g, could appear in (6.7)
when a pair of distances, i.e. (a,d), (b,e) or (¢, f) simultaneously tends to 0. But
by construction these divergences cancel between the first and the second terms of the

integrand. So, the integrand in (6.7) has only integrable singularities at short distances
and we can perform the limit d — d,, i.e. € — O inside the integral in order to compute

J(L)|,=2a. (6.8)

This convergent integral can be calculated numerically by the methods developed in
[34]. We shall explicit this calculation later.

The next problem we have to treat is that in (6.5) we subtracted a counterterm that
we had chosen by convenience. It is however not the counterterm in (6.1), which is
fixed by our renormalization prescription at one-loop order. The latter can be written as

() ] oo e

a,bde<L; c,f
(6.9)

The difference between (6.9) and the counterterm in (6.5) is that the integration over
¢ and f is not restricted. To evaluate the residue for the true counterterm, we apply the
operator L;—L to (6.9) and get an integral with the constraint that max(a, b,d,e) = L.
We now use the trick of conformal mapping to transform this integral into an integral
with the constraint @ = L as in (6.7). This yields

L///// (a2v+d2y)—d/2 (bzv+€2V)—d/2max(a,b,d,€)—2e- (610)

b de,f

This expression has to be compared to the corresponding counterterm in (6.7). The
difference between these two counterterms is

[l sy

bede, f
x (max(a,b,d,e) ™% — max(a,b,c,d,e, f)7°) . (6.11)
A priori this term is O(&%) and might contribute to the residue. We state that this term

is O(g), thus subdominant and does not contribute to the counterterm. To prove this we
set L =1 and we develop max(---) "% in powers of &. This expansion is licit over the



K. Wiese, F. David/Nuclear Physics B 487 [FS] (1997) 529-632 555

domain of integration, since max(---) 2 1 and since the integral is convergent at large
distances. This implies that (6.11) is equivalent to

e ///// (azy + d2u) —d/2 (bz" n ez”) —df2

b.e,de,f
X [ln(max(a,b,c,d,e,f)) — In(max(a, b, d,e))] (6.12)

when £ — 0. Poles of the integral in 1/e might appear if b,e — 0 simultaneously.
In that case however ¢ — a and d — f so that the difference in the last factor
in (6.12) vanishes. The last integral in (6.12) is therefore convergent, implying that
(6.11) = O(g) and that 1(L) + 3/2C, = O(&%). Therefore the use of (6.5) instead of
(6.1) to compute the residue of the pole is justified.

Such a phenomenon is not peculiar to this diagram. In the other diagrams that we
shall calculate similar simplifications occur when dealing with the counterterms, which
allow to take the same constraints over the distances for the two-loop diagram and
for the counterterms associated with one-loop subdivergences. We call this property the
“two-loop miracle”. (A generalization to the calculation of higher order diagrams is
possible.)

6.2. Numerical calculation

We now want to calculate the residue J(L), given by the integral (6.7), numerically.
This calculation will be performed for values of D in the interval 1 < D < 2. As we
already discussed, the integral representation (6.7) suffers from additional divergences
for D < 1, which come from the fact that the measure over three points becomes a
distribution, and which must be treated by a finite part prescription. This will not be
done here, since it turns out to be sufficient to calculate the diagrams for 1 < D < 2 in
order to have good estimates for the critical exponent of membranes.

The calculation is considerably simplified by using the symmetries of the diagram
and by integrating over one of the equivalent sectors only. First of all, one can suppose
that max(a, b, c) > max(d, e, f). Furthermore an ordering of a, b and ¢ is introduced:
a > b > c. This gives rise to a symmetry factor 2 x 6 = 12. In order to eliminate all
divergencies, also d, e and f have to be ordered. We assume that d > ¢ > f but then
have to sum over all permutations of d, e and f. Denoting by

gla,b,c,d,e, f)=|ie—Fiei|le—

3 <'/—\‘o———o> ('/\' ',_,) (6.13)

as in (6.2) and (6.4), we get
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Fig. 6.2. The half-sector used for the numerical integration.

J(L)|e=0 = / gla,b,c.d,e, f)
a=1,b,c.d,e,

=12 / gla,b,c,d,e, f) +gla,b,c,e, f,d) +gla,b,c, f,d,e)

a=1>b>c
a>d>e>f

+g(a,b,c, f,e,d) +g(a,b,c,e,d, f) +g(a,b,c,d, f,e). (6.14)

We can furthermore divide the remaining integral into two sectors where either b < e
or b > e. There will always be an integrable divergence in the smaller distance which
has to be treated by an appropriate variable transformation. As in [34] we parametrize
the integral over b as

/:SD—’ /dbl /dbzbf“z, (6.15)
Sp

b 0

a=1, b=/b}+b}, c=1/(1-b)2+b},

restricted to the domain where b < ¢ < a (see Fig. 6.2): There are singularities for
by — 0 and for b, — 0. They are disentangled by switching to radial and angular
coordinates. In these coordinates the singularities can be eliminated by the following
parametrization:

1 I

/ l__1 73 /dﬁﬁ%’? sin(a)D_z/dtb"@(l —b)O(c—b),
0 0

"D—oD-125,

b
(6.16)
where
w !
= — (3771 6.17
a 2,3 T, ( )
b:tl—)—iT’ (618)
2D -2, e<b
= ’ 1
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c=vVb +1—2bcos(a). (6.20)

The change of variables from the angle @ to B, (6.17), generates a factor B(2~2)/(D=1
which exactly cancels the singularity for @ — O from the measure, i.e. sin(a)? 2. The
other variable transformations are constructed in a similar way.

Furthermore there is the integral over d and e,

//:/dD/ with e'=§. (6.21)
d e d e’

Therefore we write

1
d? = i/dr, d=r'?P. (6.22)
0

d<a
The remaining integral over e’ is parametrized in analogy to the integral over b as

|

1 1 7TSD_1 2-n D—2
= - ds 67
/ D—-rD—-12 S / sin()

0

e’

1

x /dt(e’)T@(d - NHO(f—e), (6.23)
0
where
y= géﬁ, (6.24)
e=ds75 | (6.25)
. 0, e<b ’ (6.26)
2D -2, e>b
f=+/d?+ €2 —2edcos(y) . (6.27)

With these variable transformations, the integrand is bounded. This does not mean
that the numerical integration is easy. The main problem is that the integral is localized
in some small domain, in which the integrand (with all the factors of the measure and
from the variable transformations) is about 100 or 1000 times its mean value, whereas
it is much smaller in large domains of integration. A genuine adaptive Monte Carlo
(AMC) routine has to be used. It is described in our earlier publication [34]. The idea
is to divide the domain of integration into subboxes and to try to integrate each subbox
using standard Monte Carlo (MC) integration with few sample points. The MC routine
gives an estimate for the integral and for the standard deviation from this value. If the
latter is too large, the box is divided into smaller subboxes and the procedure is repeated.
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0.0 O E— S o= — O ——— 55

10 11 12 13 14 15 16 17 18 19 20
D
(9 "m‘. 3 ,’./\/\,\.‘.
L”a-z i——e: | &——e - 5 : Q\'\_/‘(o ile d
oo \ VA L L

D D
1.00 15 1.55 2.16 x 1072 £2 x 1073
1.01 1441 £5 x 1073+ 4 x 1073 1.60 707 x 10734+ 6 x 1073
1.02 1.399 +5 x 1073 1.65 161 x 1073 +£1 x 1073
105 126845 x 1073 1.70 217 x 1074 +£2 x 108
1.10 1.065+5 x 1073 1.75 123 x 1075 +£2 x 10~7
1.15  0876+4 x 1073 1.80 1.55x 1077 +£2 x 10~°
120 070244 x 1073 1.85 107 x 10~10 £ 2 x 10-12
125 0543 +£3 x 1073 1.90 472 x 1017 £ 6 x 10~19
130 0399+2x10~3 1.95 3.99 x 10~ £ 6 x 10—
135 0275+2x 1073 1975 281x107™4+3x 1077
140 0176 £2 x 1073 1.98 233x 1078 +£2x107%
145 0.10224+7 x 10~ 1.99 6.89 x 10718 4 | x 1018
1.50 516 x 1072+ 4 x 10~* 2.00 0

Fig. 6.3. Numerical results for the diagram (6.7). The first error in the table is the statistical error, the second
the systematic error. The latter is oniy given if it can not be neglected.

This algorithm was implemented recursively using the computer language C. For details
see Ref. [34]. The AMC routine gives an estimate of the integral and of its statistical
error. A systematic error also appears, which is more difficult to estimate. It comes from
the domain of small angular variables, where the numerical precision of the workstation
is no longer sufficient and it appears to be the most important for D — 1, as can be
seen from (6.16). It can be estimated by counting exceptions of the floating-point unit
and comparing it to known integrals. For (6.7), the systematic error is negligible. Its
treatment will be discussed for the diagrams, where its contribution is important. The
results for (6.7) where obtained within some hours on a workstation and are listed in
Fig. 6.3. The numerical results nicely fit with the analytical value for D = 1, discussed
in the next section.
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Fig. 6.4. Connection between the MOPE coefficient and the diagrams in polymer theory.

We checked the numerical integration routine. This check is provided by integrating
the function

glabe,de, f) =(a2+ b+ +d>+ 2+ fH)~2P (6.28)
which has conformal weight k¥ = 0 and by comparing to the analytical solution

r(p/2)

g(a,b,C,d’e9f) =m.

(6.29)
a=1,b,c.d.e. f

This test ensures that the integration can be done for 1 < D < 2.
0.3. Analytical calculation for D — 1

To check the numerical calculation, we want to evaluate (6.7) for D = 1. This
calculation can be performed analytically.

Some subtleties have to be taken care of in order to understand the calculation which
follows. We remarked that in (6.7) the factor max(a, b, c,d, e, f) ~2¢ could be dropped
without changing the result as the contribution to the integral is finite in any subdomain.
For the following calculation we shall drop this factor but shall not take the limit d — d,.
as we only can calculate the diagram and its counterterms separately. Single terms will
thus have divergencies in 1/g, which are treated by a finite part integration prescriptions,
and which have to cancel at the end. Through this change only the sum of all terms but
not each single term has a meaning in the limit &€ — 0, that we take at the end.

For D — 1 the measure localizes on a line. This introduces different orderings of
the distances, which are topologically inequivalent. (For an example see Fig. 6.4.)
Two types of diagrams appear for D — 1. There are either the “untwisted” diagrams
(Fig. 6.5) or the “twisted” diagrams (Fig. 6.6). We remark that the second diagram in
Fig. 6.5 is untwisted as it can be transformed into the first one by simply exchanging
the orientation of the lower line. With the same reasoning one deduces that the four
diagrams in Fig. 6.6 are topologically equivalent.

Let us start to calculate the untwisted diagram (without the counterterm). We note
that d =4 — 2e. We find

A
'
| ; : RN
—_——————— —————— -

Fig. 6.5. The two untwisted diagrams.
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N ; B g \ .

Fig. 6.6. The four twisted diagrams.

=///(ab+ae+bd+ed)‘d/2

a d e

=f//(a+d)“’/2(b+e)“’/2=0. (6.30)
a d e

The fact that the last integral is zero is a well-known property of the finite part integration
of a homogeneous function (here [, [ (a+d)~%/?=0).
The counterterms are

///(a+d)“‘/2(b+e)’”/2=0, (631)
a d e
///(a+d)‘d/2(c+f)”d/2=///(a+d)”"/2(1+a+d+e)_"/2

a d e e

11 1
=== + + O(e), (6.32)
///(b+e)“’/2(c+f)“‘/2 ///(1+e)“‘/2(1+a+d+e)“’/2
11 3
_—§;—§+O( £). (6.33)
So together these terms add up to
6 —1§:co nter term -§+O() (6.34)
3 unter terms | = - ). .

The factor 6 is the combinatorical factor.
The twisted diagram is given by

T Iz=lf\ a /

=///(ab+af+ad+bd+df)“d/2
a d f

=///(a+af+ad+d+df)'d/2
f

11 3
=200, (635)

The counterterms are
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///(a+d)_d/2(b+e)”d/2=///(a+d)"d/2(1+d+f)“’/2
a d f a f

%l + - : + O(e), (6.36)
///(a+d)“‘/2(c+f)“’/2=///(a+d)"’/2(l+a+f)"’/2
a d f a f
11
=e-+1 +(9(e) (6.37)
///(b+e)_d/2(c+f)_“/2=///(1+f+d)“’/2(1+a+f)“"/2
a d f a d f
=+ 0e). (6.38)
These terms add up to
12 ! 23 O 6.39
—EZcounterterms —Z+ (e). (6.39)

The factor 12 again is the combinatorial factor.
The final result which has to be compared to the numerics thus is (cf. (6.7)):

3
J(L=Dlpa=3. (6.40)

7. Coupling constant renormalization, second graph
7.1. Derivation of an analytical expression

The next diagram that has to be calculated is (4.37):
e enl OOl
2 R L
TR Q) o
St L ’\\»_", L
The second term on the r.h.s. subtracts the subdivergence, when first the single dipole

on the r.hs. of /\:O is contracted. In this case the MOPE is

(O k)= (2 ()

)

(7.2)
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L |
o

Fig. 7.1. The distances in (7.1).

Note that the MOPE (7.2) has a tensorial structure and that a counterterm like

() Q) 0
would subtract the pole term from the integral but would not be sufficient to make the
integral convergent. With the distances as noted in Fig. 7.1 the MOPE coefficients are

() - [ vy sy

(7.4)
(7 a [——)(C))
_ %V2(gzu ) fD) (D CfC_D)2
— gyz(gzu 4 )42 fordD) (efe—D _ dfd—D)2 ’ (1.5)

where two equivalent formulations were given.
For scalar products we always use the convention that the vectors involved start from
the same point, i.e. we define (cf. Fig. 7.1)

bf=%(b2+f2—d2). (7.6)

A relevant counterterm, which we did not explicitly write in C,, appears too. It is
canceled by

(CHOp—) s o

We state and will show below that

(L) = / (OO"——*)—(

ab,cd.e fg<L
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(3 (G

+0(% (7.8)

;+/_3>@(f< max(a,d,e, g))

where we used the second version of the counterterm in (7.5).
To compute the residue of the single pole, we apply Ld/dL to this expression and
map onto ¢ = L = 1:

J(L) = L;ZI(L) = ///// max(a, b,c.d,e, f,g) "%

c=l;a,bd.e.f.g

1 2] 7472
% ([(g2y+a2u) f21/ _ Z (bZD _C2V+62V ~d?_v) _ (g2v+a21/)—d/2f—vd

*gy2(82v +a21/)—d/2—1f—1/(d+2) (efe—D _ dfd-D)ZQ(f < max(a,d,e,g))) )
(7.9)

We check that this expression is integrable everywhere, as is indeed the case and can
be seen by a (generalized) Taylor expansion.
We then have to explain that

[ (5 i ) (Gl ) o0 < maxtaae

a,d,eg<L;f

() Qe <mmsen

a,d,e.g<L;

1 ',\.//‘\/4'"‘\\
= — f ) H ije—e . 710
The first equality is due to symmetry. The second stems from the so-called nested
integration. We see this explicitly as follows:

[ () Q) emcsco

ad,eg<Ll;f

_ '/\\., Q‘ > (max(a,d,e,g))s
S ) (G, (etes)
a,d,e.g< b

(7.11)

where we used the fact that for any /
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Ol+ ~ I (7.12)

The whole integral scales like L%, so that we can apply & 2 0L to (7.11) without changing
it. Doing so we obtain that (7.11) equals

L r/\) max(a,d,e, g)
max(a,d,e.g)=L

(7.13)

The factor (max(a d,e,g)/ L) 1s equal to unity and the integral is our usual expression
.,/—\ +
-\/o

() (G, 1
2 < .\—/.+ L\ed + L 719
This proves the desired result. The reader can verify that this is a general feature of
these so-called nested contractions. If the largest distance in the subdiagram is restricted
to be smaller than the largest distance that remains after complete contraction of the
subdiagram, then the so restricted integral is 1/2 times the product of the subdiagram
and the diagram which rests after contraction. This demands of course that both of them
scale like L?, where L is the IR cutoff. The reader will be able to generalize this rule for
a scaling with other exponents, which would be necessary in higher order calculations.
The subtle point which we still have to check is that the changes in the domain of
integration of the marginal counterterm from (7.1) to (7.8) do not change the residue,
i.e. that again the “two-loop-miracle” appears. Analogously to Section 6.1 we write

down the difference, apply Ld/dL to this expression and map onto ¢ = 1. We obtain

%V2 ////// (max(a,b,c,d,e,f,g)_ze —max(a,d,e,f,g)—zs)

abd.e.f.g

for the residue of <

> . Taking all this together we obtain
L

X (g2 + a) =42V D) (g f oD L dfdP) O(f < max(a,d,e,g)) . (7.15)

We would like to develop (max(a, b,c,d, e, f,g) =% — max(a, b, c, f,g) ~**) for & small
and show that the corrections are of order £. This might be wrong, if and only if this
expression does not vanish at points where the integral has a pole. For f — 0 it vanishes.
The limit a,g — 0 is a bit more subtle as the difference does not vanish. However, in
this case (e fe P —dfd” ) is of order a? so that no pole in the integration over a
and g appears.

Let us now perform in (7.9) the limit d — d,, i.e. € — 0. Then we would like to
integrate over g analytically. This is not possible due to the ®-function. We therefore
modify this constraint from @( f < max(a,d, e, g)) to @( f < d). Note that the modified
counterterm still successfully subtracts the marginal subdivergence. We obtain
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(R

a,bd.e, f.g
_(gZV + a2l/)—dr/2f—l/d(
d
__:Zgyz(gzu _+_a2u)~dr/2—lf—u(dr+2) (efe‘D _ dfd—D)2 O(f < d)) .
(7.16)

Of course this change affects the result and we shall calculate the difference in Sec-
tion 7.7. The modified counterterm has another useful property, which justifies its choice:
The ®-function is not affected by the R-operation discussed in the next section.

Now the integration over g can be performed. The result is

J(L) =/////F(a,b,c,d,e,f) (7.17)

abde.f

with

F(a,b,c,d,e, ) = 2%5<_‘L’?_)_

1 2\ "/
x{f—D (aZVfZV _ Z (b2V _ c21/ + e21/ _ d21/) ) _ a—Df—ZD
—%Va_zf—z‘D@(f < d) (efe® —dfd=P)’ } . (7.18)

7.2. Improvement of the measure

For ¢ = 1 the measure, given by (5.5) and (A.1), simplifies to an integral over the
vectors a and f:

Sp-18p_2
b

é\g

oo o0 o0 >
dal/da2a2 2/df1 /de/df3f§3—3F<a,b,c,d,e,f).
—00 —o0 0

(7.19)

For D < 2 the measure defined in (7.19) is a distribution and suffers from a relevant
divergence for f3 — 0. Geometrically these are configurations where the tetrahedron
spanned by a, b, . . ., f has volume 0, i.e. is restricted to a plane. A finite part prescription
has to be applied in order to make the measure finite. This was first discussed in {34].

One may think of implementing this prescription by subtracting the singularity. This
method however imposes at least numerical difficulties. It is better to eliminate the
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singularity by a partial integration with respect to f3, which is mathematically equiva-
lent [34]. As only d, e and f depend on f3, the integral

f.p./df3 fP27F(a,b,c,d,e, f) (7.20)
0

can be converted to

[ee)

] D=2 (9
Q_D/dfafg G7Fabede f)

0

o<

1
df; fP7'RF(a,b,c,d,e, f), (7.21)

“2°D
0
where R is defined via

14 14 13

R=-2,12, 19
dod ese T Faf

(7.22)

The strength of the divergences for a — 0 or f — 0 is unchanged. It is important to
remark that this trick cannot be used to eliminate the relevant divergences when a — 0
or f — 0. It works for the divergence in f3, because the integrand does not directly
depend on f3 but on d, e and f, which themselves depend on f3. So the derivation
of F with respect to f3 does not produce a factor 1/ f3 but factors 1/d, 1/e and 1/ f,
which are not singular for f3 — 0. Explicitly

2
r(s25)
1 —
RF(a,b,c.d,e, f) = —— 221

2P (%)

i 5 —d./4
X{ _ Df—2—D <a2Vf2V _ Z (bZV _ CZV + eZV . d21/) >

1 ) —d./4—1
_.Df—D (a2uf2u _ Z (b2v _ C2V + e2V _ dZV) )

x(fﬁ%”—%(ﬁ”—&”+£”—fQ(f”-d-%>
+2DaP f72P-2
+(2+—D)£§Qr4f~4—D@(d:>f)(efe—D-dfd—D)2
~Dva”*f2"P0(d > f) (efe P —dfd="P)

x(k—D—zwﬂ—Jnfaﬂ—?+D¢ﬁrDﬂ)}. (7.23)



K. Wiese, F. David/Nuclear Physics B 487 [FS] (1997) 529-632 567

Fig. 7.2. Parametrization of the tetrahedron.

Note that RO( f < d) =0 whereas RO( f < max(a,d,e)) gives contributions propor-
tional to e.g. 6(a — f) which had to be treated separately. This justifies our choice of
the modified bound of the counterterm in (7.16).

7.3. Parametrization of the measure

The main singularities for small distances appear for a or f small. We therefore want
to parametrize the measure with the help of these distances. The divergences for small
volume of the tetrahedron spanned by a, ..., f, a2 — 0 or f3 — 0 shall be treated by a
parametrization in angles as by this way small distance and small volume singularities
are best disentangled. We have chosen the parametrization indicated in Fig. 7.2. One
triangle is spanned by ¢ and a with an angle S between them, another by ¢ and f,
where the corresponding angle is ¢. The angle between the planes spanned by these
two triangles is 7. The distances as functions of a, f and B, o, T are

b=+a*+1-2acosg,
e=\/f2+1-2fcoso, (7.24)
d=+/(acosB—1+ fcoso)?+ (asinf — fsinocost)? + (fsinrsino)?,

The integrals over a and f run from O to oo, the integrals over 8, ¢ and 7 over the
interval [0, 7]. As we do not want to map all the points that are far away, we have to
find a reparametrization of the measure which behaves for a — 0 like a” and for a — oo
like a“, by this way eliminating the principle divergences. If u is equally distributed we
can use

a=um (1 —u)ra (7.25)

The integral over B will be parametrized as



568 K. Wiese, F. David/Nuclear Physics B 487 [FS] (1997) 529-632

%(m)v"——n a<05

w—g(z—za)ﬁ a>05

B:

(7.26)

The integral over f (note that the factor f% came from the partial integration with

respect to f3)

/ﬁﬁdﬁ¢ﬁﬁ*%ﬁ)

can be written as

/dffD—l/do(sina)D/d»r(sim)D—‘(ﬁ).

We change variables from f to v:
f=uvm= (1 —0)7s

Furthermore we choose in the same spirit as for 8

Zamyom n <05
o={ 2 T 1
7 2 (2= )7 n>0.5
and
T [<05
T= 2 ar 1 .
m—3(2-20)" £>05

So the complete integral over four points is

Sp-1Sp—2 7T3

$5,  (2-D)(D- DD +1)

1

D—yu @w—-Dl—u

(7.27)

(7.28)

(7.29)

(7.30)

(7.31)

1
1 »
x/duaD( Ly 11 )/da min(2a, 2 — 2a) 5 (sin B) P2
0

1

1
x/wﬂ( LN, ‘)/@mmma—%ﬁhmMD
1]

D—y; wo—D1—vp

1
x /dg min(2¢4,2 — 22) 5 (sin7) P~ f2RF (a, b, 1,d, e, f) .
0

(7.32)

Another way of parametrizing consists in replacing the integral over the vectors a and
f by the integral over the vectors a and d. This parametrization is especially useful to
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c=1

Fig. 7.3. Alternative parametrization of the tetrahedron.

eliminate divergences, when a and f simultaneously go to infinity. It will be used for the
integration over one of the sectors in the next section. The new formulas are given here,
a prime indicating new angles and distances as can be deduced from Fig. 7.3 ¢ and 7/
obey the same relations as o and 7. For d’ we use the same variable transformation as
before for f:

d' =75 (1 —p)os . (7.33)

The other new distances are

¢ =va2+d? —2ad coso’, (7.34)

f'=v/(d'sing’sint’)? + (d’ cos ' — a + cos B)2 + (sin B — d’ sino” cos /)2 .
(7.35)

For the integrand (7.23), the exponents ¥ and w are found by performing a ( generalized)
Taylor expansion:

y=0, (7.36)

w=2D. (7.37)
7.4. Decomposition into sectors

Although the measure absorbs the principal singularities it cannot handle all of them.
There remains e.g. a singularity for b — 0 and ¢ — 0. Two methods may be applied
to handle the remaining integrable singularities. The first consists in using the second
measure of Subsection 7.3. The second is to map again some parts of the domain of
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integration. Thereby we face the problem that the measure is no longer symmetric in
the distances, as we have changed it in order to eliminate the relevant singularity for
f3 — 0. In order to restore this symmetry, we rewrite the integral (7.32) as

Sp-1Sp—2 w

2 (2-D)Y(D-1)D(D+1)

1 1 1 1 -
x/duaDJr2 <D~'y;+ D7 _u>/da min(2a,2-—2a)f>Tli(SinB)D

11 1 1 _
X/deD+2<D~y;+w—Dl—u)/dn min(27,2 — 27) 51 (sin o)

x /d{ min(2¢{,2 — 2{)17_)0(sinr)D“T(a,b,c,d,e,f) , (7.38)
with
1
T 1 L,U,C, Il e — s UL, 0,0, Iy .
(a,b,c,d,e, [) (2A(a,b,c))2RF(a b,c,d,e, f) (7.39)
and where

4(a,b,c) =%acsin(ﬁ) =%\/(a+b+c)(a+b—c)(b+c—a)(c+a—b)

is the area of the triangle spanned by a, b and c¢. This is, except for the geometric

prefactor, the invariant measure in D + 2 dimensions. The integrand now is conformal

invariant, as follows directly from Eqs. (5.22) to (5.26).

The sectors are decomposed as follows:

(1) (a<2or f<2) and (b>%0re> %).
This sector is convergent: F(a,b,c,d, e, f) is integrated directly, using the simple
measure (7.32).

(2) a>2and f>2.
The measure (7.32) does not eliminate the singularity, when both a and f simul-
taneously go to oo. The easiest way to integrate this sector is to use the second
measure (7.33) ff. of Section 7.3.

The divergences of the integrand could also be eliminated by a mapping. This
however induces new singularities due to the measure (the term 1/(24(a, b,c) )?
in T, Eq. (7.39)). This would not be the case, if we had not been forced to use
the trick of integrating the measure by parts.

(3) b<}ande< 3.
In this sector the mapping can be used successfully: a has to be exchanged with b
and e with f. We get T(b,a,c,d, f.e) with a < } and f < }. This is integrated
using the measure (7.38).
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2.0 T T T T T T T T T T
sl

15 F .

1.0 :

05 .

0.0 L— ! '

10 11 12 13 14 15 16 17 18 19 20
D

D D D
100 2 130 252x107"+4 x 1077 170 39 x107% +£2 x 104
1.01 1.56+0.02+0.36 135 1.62x 10~1+3 x10-3 175 42 x10"%4+3 x 10-6
1.02 1.56 £ 0.02 4+0.25 140 988 x 107242 x 1073 180 20x107¢+£3x 1077
1.05 1.4240.02+0.07 145 562x1072+2x 1077 185 13 x 107843 x 107"
1.10 1.06 £ 0.02 150 291 x 1072+£6 x 1074 190 86x 107 +3x 10713
1.15 0.775 4+ 0.009 155 1.35x 107243 x 1074 195 17x107 5 £2x 1075
120 0.547 £0.007 160 520x 10=3+2 x 1074 198 <1074
125 0.379 4+ 0.005 165 1.61 x 1073+5x 1073 200 0

Fig. 7.4. Numerical results for the integral of (7.23). The first error is the statistical error, the second an
estimate for the correction due to the systematic error, which becomes important for D — 1, cf. the text. In
the plot, the boxes are the uncorrected, the crosses the cormrected results.

7.5. Numerical calculations

The numerical calculations are difficult. We refer the interested reader to the discussion
in Section 6.2 and for more details to Ref. [34], Section 6. Here we only give the result,
see Fig. 7.4. The extrapolation for D — 1 is consistent with the analytic result 2, found
in Subsection 7.6.

We however want to discuss our estimate of the systematic error. It is is a general
phenomenon that our algorithm fails to correctly integrate for integrals over four points
in the limit D -» 1. This is due to problems in the domain a, — 0 and f, — O and
thus occurs even for integrals which are well behaved at small and large distances. An
example of such a function is

F(a,b,c,d,e, f) =(@>+ b+ +d*+ & + 7)1, (7.40)

which is analytically integrated to give

| I(3) (m\?
GeaE (Z) . (7.41)
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Table 7.1
Numerical results for the integral of (7.40)

D D D
1.01 0.770 £ 0.002 1.05 0.951 = 0.002 1.15 0.999 £ 0.002
1.02 0.843 & 0.002 1.10 0.993 + 0.002 1.20 0.999 £+ 0.002

The ratio of the numerically and analytically calculated values is displayed in Table 7.1.
As these factors should be independent of the integral which has to be performed, we
use them to correct the numerical results.

7.6. The limit D — 1

In the limit D — 1, (7.17) can again be calculated analytically. This calculation
is interesting as it reveals the connection to standard polymer theory and the fact that

(& H)]—

equivalent diagrams. As in Eq. (7 17) we keep ¢ = 1 fixed. By a direct calculation it
can be verified that the measure indeed reduces to an integral over a line. On this
line two points, the endpoints of ¢, are already fixed. Then there are 12 different
possibilities to distribute the last two points. They still can be separated into four
topological inequivalent classes A, B, C and D, cf. Fig. 7.5. These are the four standard
diagrams arising in polymer theory. In each of these classes the line with ¢ = 1 may be
chosen to be the line connecting (12), (14), (23) or (34). Readers more familiar with
Feynman diagrams arising in the framework of a scalar field theory may recover the
three corresponding diagrams after a de Gennes transformation [40]. They contribute
to the renormalization of the ¢* interaction at d = 4 and are represented on the r.h.s.
Diagrams in one class can be mapped onto each other by the now well-known mapping
of sectors. One subtlety however has to be taken into account. The marginal counterterm
in Eq. (7.18) is not invariant by this mapping. In order to perform the integration only
over one sector in every class, the symmetrized version will be used:

decomposes into three topologically different and non-

—1
F(a,b,c,d,e, f)=f"! (af— i(b—c+e—d)2> —a7lf?
—Ilga'zf_3 [(@(f< ¢) +O(f<b)) (bfb~" — cfc—‘)2

+(O(f<d)+6(f<e)) (efe —dfa™)'|.  (142)
The diagrams give
v 77 1 11
=g [ [y a1
1o L, (7.43)
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C=§2 4- /ij\
D=t . M

Fig. 7.5. The four topological inequivalent classes A, B, C and D and the equivalent diagrams in the n — 0
limit of scalar ¢* theory.

Z/da/ af? 21_2_

=0, (7.44)

o<

—

1
ddo/df [f2(1+d) C(+f+d)f?

—_ 0\8

m(2+@(f< 1) +0(f<d))

% In(2), (7.45)

4;|~

oo f-1

/dfo/ af(fl—af?{}f

B I

(7.46)

ENI
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Taking care of the combinatorical factor 4 for the sectors A and B and of the factor 2
for C and D, the final result is

4, +4

* . *

+2 +2 =2, (7.47)

7.7. The correction for the unusual marginal counterterm

We recall that J(L), given in Eq. (7.16) and which we calculated numerically, was
not exactly the counterterm J(L) but was modified in order to simplify the calculations.
We still have to calculate the difference J(L) — J(L), which also contributes to the
counterterm:

. vid —d/2—-1 ,_, _ 2
J(L) = T(L) =~ / (@ +g2) P! praD (b fpP — e feP)
c=1;a,bd.e.f.g
x [B(f < ¢) —O(f < max(a,b,c,g))] max(a,b,c, f,g) 2.
(7.48)
First of all, the integral over f is performed. Since
1 e
/ (bfbP — cfcP)? fr@+D o 5 (b7 - cc™P)? = (7.49)
&
f<d
we get
- 24 —d/2-
J(Ly - J(L) =’;_D / (@™ + %) d/2 l(bb“D _CC—D)Z
a=1,b,c,g
xé [¢® — max(a, b,c,g)*] max(a, b, c, f,g) %
_2-b ;D / (a® + g%) /2 (bb=P — cc™P)?
a=1;b,c.g
x [In(c) — In(max(a,b,c,g))] + O(e) . (7.50)

. 2, . . .
Since (bb_D —e¢cP ) is symmetric under the exchange of b and ¢, this can still be
written as
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J(L) —j(L):z;zD. / (a2y+g2y)—d,/2~l

a=1;b,c.g

% (bz—zu T Gy C2)b~DC—D)2

X Bln(bc) — In(max(a, b,c,8))| + O(¢) . (7.51)

Numerical integration

The domain of integration has to be split into the two sectors where either b or ¢ is
the smallest distance. These two sectors are equivalent, so the integral will be performed
over b < ¢ only. The integral is furthermore split into the integral over the radial and
the angular coordinate. We use the following change of variables:

b=um (1 — )" (7.52)
w,,:—g-p <2D, (7.53)
vp=2D —2, (7.54)

7 (2a)7 <05
=¢ 2 1 , (7.55)
7'r~5(2—2a)m a>0.5

c=+v/b?+1—2bcos(B) . (7.56)

This gives
1
/: b%sg: /da min(2a, 2 — 2a) 51 sin(B)°2
b 0
/ 1 1 1 1
d ~ b . 7.
X/u<D-—ybu+wb—Dl—u> (7:57)
0

The integral over g is independently parametrized as

J 1
g= 07 (1 — v) 7 (7.58)
we=1+D<2+D, (7.59)
¥,=0. (7.60)

This implies

1
1 1 1 1
= [d - b 7.61
/ /U<D—ygu+wg—Dl—u>g ( )
I 0

The results of the numerical calculations are given in Fig. 7.6.
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-0.20

-0.30

-0.40

-0.50

-0.60

_070 n 1 - 1. 1 N I | 1 1 1

10 11 12 13 14 15 16 17 18 19 20
D

D D D D
1.00 —0.596573590 120 —2.85x 10! 1.50 —4.96 x 102 1.80 —2.94 x 103
101 —5.75 x 107! 125 —-231x107! 1.55 —297 x 102 185 —3.51x 107
1.02 —5.55 x 101 130 —1.84 x 10! 160 —1.56 x 1072 190 —4.05x 101!
1.05 —4.98 x 10~} 135 —1.42x 107! 165 —6.64 x 1073 195 —4.01 x 1073
1.10 —4.16 x 10! 140 —1.06 x 10~} 170 —2.08 x 10~3 1.98 —2.50 x 10—
1.15 —3.46 x 10~! 145 —7.50 x 1072 1.75 -390 x 10~ 200 0

Fig. 7.6. Numerical results for Eq. (7.51). The error is :10~3 relative.

The limit D — 1
For D =1 the integral can again be performed analytically. We get

o0 1
/dg/db(l +2)73 (In(b) — In(max(1,)))
0 0

1 e

/dg<1+g>—3/db1n(b)—/dg<1+g)—31n<g>

0 0 1

= —% — %ln(Z) = —0.5965735903 . (7.62)

8. Complementary contribution for the renormalization of the coupling constant

We still have to calculate C3, Eq. (4.38):

() (),
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Vd< \/’ I.———->‘) : (8.1)

The MOPE coefficient is

(O+ "—_') =02 (067" - ec?)’ (a* +87) "7 (82)

The non-trivial diagram in (8.1) is

() s [ () o

a,b,c,g<L

Apply L3/dL and map onto a=L = 1:

(E ),

S -2 B

a=1
b

= _%’ 2 2D (bb™" — _D)2 (az” +g2”)_d/2ﬂlmax(a,b, c.g)7 . (8.4)

a=L
beg

The second term in (8.1) shall subtract exactly the pole term of (8.4) divided by d,
not the pole of (8.4), which contains a factor d = d. + O(g). To verify this, note that

27D gy eeP) P, (8.5)

a=fixed, b.c

which is proven by partial integration. This yields

- / 2 2D (bb“ ~D)2 (a2y+g2y)*dr/2—l

= _1_ /aZV (a2V +g2v) —dc/2-1

=L
by

= 1 / % (a21/ +g2u) (a2u +g2u)—dr/2—l , (8.6)

where in the last step we used the invariance under conformal mapping. This is equivalent
to

().

€
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000£ — T T —T T ]
_040 " 1 | I | -1 1 S i - ! ] A
10 11 12 13 14 15 16 17 18 19 20
D
D D D D
1.00  —0.306853 120 —0.225 1.50 —7.97 x 102 180 —9.97 x 10—
1.0l  —0.301 125 —-0.206 1.55 —5.33x 1072 1.85 —1.48x10°¢
1.02 —0.296 130 —0.185 1.60 —3.11 x 1072 190 —-231x10"
1.05 —0.282 135 —0.162 165 —1.49x 1072 195 —3.89 x 10~2
1.10 —0.260 140 —0.136 170 524 x 1073 1.975 —4.88 x 10—

1.15 —0.244 145 -—0.108 175 -1.13 x 1077 200 0

Fig. 8.1. Numerical results for Eq. (8.8). The statistical error is 10~2.

which proves the desired result. We therefore can write

(T (2R )

S L g}
= —”—g 20 5 2 (ob> - ccp)?

a=L
beg

x {(az" + gz”) e max(a, b,c,g) "% — (az” + gz")‘d(ﬂ_l}

(—vd) % / (bb’D — CC—D)2 (azu + gz,,)—dr/2—l

a=l1; b.c.g

X [ln(az" +8%) — (2 — D) In(max(a, b, c,g))] + O(g) . (8.8)

The method to numerically integrate (8.8) is the same as in Section 7.7. We give the
results in Fig. 8.1.
In the limit D — 1 (8.8) reduces to

T m(+g) 7 (@) . |
2/dg——(1+g)3 +2 [ dg B =In2) - 1= —0.306852819. (8.9)
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9. Renormalization of the wavefunction, main contribution
9.1. Derivation of an analytic expression

In this section, the calculation of F|, defined in Eq. (4.31), will be discussed. We
write

1(L)=2]-‘1=<C(i:j©‘+ OH Q’+>
(O Qe),

Let us discuss the MOPE coefficients involved. Explicit expressions are given later. The
first is

(CHOM)

(9.2) has two different types of subdivergences, which are subtracted by the two coun-
terterms in (9.1). Let us symbolically write down the factorization of the MOPE coef-
ficients. If one of the dipoles is contracted first, the MOPE coefficient factorizes as

(CHOR)-(QRIC)
G D) e

The first term is a relevant counterterm, which we d1d not mention explicitly in (9.1).
The second subtracts the marginal subdivergence. Note that we have again to take care
of the tensorial structure of the factorization.

If the two dipoles are contracted to a single dipole first, the factorization is

(CHOR)- (L) () - o

Note that any of these contractions is obtained with a combinatorial factor 2.

We now give a list of the MOPE coefficients together with the @-functions, which
restrict each counterterm to the sector in which the divergence appears and which by
integration delivers the factor 1/2 from the nested integration, cf. Section 7.1. First of

(CHOM)-
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Fig. 9.1. The distances in (9.1).

with

1
A= |:f2va2+a2uf2_+_E(e2+b2_CZ_d2)(C2V_eZV_b2V+d2u)

1

2D
, 1 5 —dj2—1

x [a =g (e = b+ d?) ] : (9.6)

The notation for the distances follows Fig. 9.1. The two relevant counterterms which
appear, when a or f is contracted first and which can symbolically be written as

Bb% (@ fP 4 f7aP ) (9.8)

The marginal counterterm

(Q ;+;,)<<?{+)=cl Cy. Cror & (9.9)
o LB/

appears when either f is contracted first

C = [3;1_’ (B4 == @) (0 - = (f = eH)eP)

8D
x g~V (@+2) p-r(di2)

d+2 2
~E 2D (B - db P - (- D)

XGD—V((]+2)f—V(d+2)]

xXO( f < max(a,b,c)), (9.10)
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~ 2D

“=1%p (P+e - —d) ((fP+ed—cP)e P —(fF+d* - b)d™P)
x gD (D)
—d&:rpz(z DY (24— He? - (ff+d*—p)dP)

><aD—1/(d+2)f—l/(d+2)

xO(f < max(a,d,e)), (9.11)
or when a is contracted first,

2-D

C= =D (PP +e? = —d?) ((a+ 0 —P)b™P ~ (a* +d* - e)d™")
Xa—V(d+2)f—-V(d+2)
d+22 DV (2 + b — ) b-P 2L 22— e®ya-P)?
—‘622)—(—)((&4' —AbP —(d*+d* - eh)dP)

% fD—V(d+2)a-—V(d+2)

x@(a < max(b,d, f)), (9.12)

. [2-D
Co= | (P + et = —ad?) (@ + e —dhe® — (@ + - p)eP)

xa~—1f(d+2)f—l/(d+2)

F%(z DY (@ + e —d)e™® — (@ + 1) P)

XfD—V(d+2)a—V(d+2)
x@(a < max(c,e, f)). (9.13)

Two equivalent versions are given as one e.g. may put the counterterm for f — 0 on
either endpoint of the distance f.

The last class of counterterms, Eq. (9.4), appears when either (¢,d) — Oor (b,e) —
0. For the first contraction, the two equivalent versions are

x B}
Di=—35a"7 (¥ +d") P o(d < wb(e < a),
1
2D

Dy == 2 (¥ + a*) " o(d < Ho(c < ). (9.14)

For the second contraction they are

U pva (o0 | g2\ —d/2
Dzz—ﬁaD (e + b ) @(b<a)@(e<a),
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s _ 1 p g 20\ —d/2
Dz-—EBf (e +b6™) " 0(b < fO(e < f). (9.15)

We now define the integrand which has to be taken in (9.1)

1 - ) - .
F(a,b,c.de.f) :=A~B—7(Ci+Ci+C+Cot Dy +Di+ D2+ D).
(9.16)

We used the symmetric version of the counterterms, but could have also taken AC; +
(1=A)C, instead of %(C 1 +C1). We will use this freedom later in order to simplify the
calculations. As usual this expression has to be integrated over all distances restricted
to be smaller than L. Applying L3/3L and mapping onto ¢ = L = 1 results in

J(L)=La—azI(L)= / F(a,b,c,d,e, fYmax(a,b,c,d,e, f)~%. (9.17)

c=lia,bde,f

The integral J(L) is convergent as can be seen from a somehow tedious general-
ized Taylor expansion for the domains of possible divergences (a — 0; f — 0
(c,d) — 0, or as c is fixed for all the other distances to oco; (b,¢) — 0). So the
term max(a,b,c,d,e, f) ™% can be dropped and the limit &€ — 0, d — d. can be
performed.

We furthermore have checked that the subtracted terms Cy, &, Ca, Cz, D, and D; are
up to subdominant contributions in & equivalent to the terms given in equation (9.1),
i.e. that the changes in the domain of integration do not matter (the so-called “two-loop
miracle”). This seems to be familiar by now, but nevertheless has to be checked.

9.2. Analytic continuation of the measure

Now F(a,b,c,d,e, f) will be integrated numerically. The main problem is again,
that the measure already used in Section 7 and defined in (7.19) has to be improved
by partial integration. As in Subsection 7.2 we have to calculate the partial derivative
applied to A, B, C|, Ci, Cy, C3, Dy and D», ie. R, given by Eq. (7.22) applied to
these terms. Hereby R will also act on the @-functions yielding terms proportional to
the &-distribution. We will first discuss some ingenious methods to analytically calculate
these “non-diagonal” terms, which work well for D, D, and C, but fail for C; or
equivalently C,. We then discuss another method to analytically continue the integral,
which cannot be used for the numerics neither.

The problem is finally solved by brute force: As in Section 7 we change the pre-
scription for the sectors so that the corresponding @-functions commute with R. The
corrections are calculated numerically.

To analyze the problem, we first write down R applied to each term. We study espe-
cially the contributions proportional to the &-distributions, which cannot be calculated
numerically. In order to simplify these formulas, we use the identity vd. = 2D,
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I , 2-D o
RA=—- [(2 D)af P +2a" + SoZ (4 — - d) (4P e D>}
1 ) —d./2—1
% i:a2uf2v _ Z (C2V _e2V _bZV _+_d2u) :l

2 2
+D2_£ l:f2va2+a21/f2 (€2+b2 _C2 _ dZ) (C2V __eZV _ b21/ +d‘.u)}

x [aZVf—D . _;_ (CZV _eZV . bZV +d2v) (dvD _ e—D)}

. | 5] /22
« {azu 2V_Z(sz_ezu_b2u+d2p)J , (9.18)
1
RB = Ea—zuf—Dd + a—Df—2D~2’ (9.19)
-D)2+D
RC.:[—(Z 8)l()+ )(b2+e2~c2—d2)

% ((f2 +b2 _ d2)b—D _ (f2 +C2 __ eZ)C—D) a-D—zf—D—4

_ 2
(2 D3)2(;+ D) (P +0—d)bP — (f2 4 wez)c_D)za"zf_D“‘}
XO(f <max(a,b,c))
_ {28DD (B e = =d) (f+ 0 —d)bP — (24— e D)
Xa~Dv2f—D—2
CEEROED) (- (e ez)c_D)za'zf_D_z]
1
x= [8(f —a)O(f > bYO(f > ) +8(f — bYO(f > )O(f > ¢)
f
+8(f - )O(f > a)O(f > b)], (9.20)
RC, = —2—8D—D (b2+e —c? d2) a P22

X (D(fP+e—c)e™ P2 —D(fP+d* —6)d P —4e P 4 447P)

(2-D)2+D) 1o, 2 2 o

=y (b* + e -~ d?)

x ((f2+e2 _C2)e——D_ (f2+d2_b2)d-D) a~D*2f—D—4
(2-D)(2+D)

16D (FP+e—che ™ —(fP+d*—p)dP)a2fP2
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x (D(fP+ e — e P2 D(f +d*—b)d P2 — 47 +4d7P)
(2-D)(2+D)?

((fz +32 _ CZ)e—D _ (f2 +d2 _ bZ)d—D)za—2f—D—4]

32D
XO(f < max(a,d,e))
_ 28_DD (b2 +e2 -2 _dz) ((f2+e2 __C2)e—D - (f2+d2 _ b2)d—D)
Xa—D—2f—D——2
ML L) D;;; D) (e Me? = (f+di - bz)d‘D)za‘2f"D“2]
x%&(a—f)@(f>d)(~)(f> e), (9.21)

RC2= 2—8D (b2 +e2 _ CZ _ d2) (a2 +d2 - eZ)d—D—Za—D—2f—D—2

__———(2“D§;2+D) B+ - —d)
x ((@+ b8 =P — (& +d* — e?)d™P) a=P~2f =P
2o 2rD) D) (@45 - b0 — (@ + & — HdP) a P2 f
x(a® +d* — et)d P2

ZoDIBED) (@45 - P — (@ + - ez)d“D)za‘D‘zf“‘]
x@(a < max(b,d, f))
+ [2—8_D—D (B2 + &~ —d?) (@ + b~ b0 — (@ + d* — &))d™P)
wa=D=2 D=2
SBEDOED) (@45 - P - (- ez)d“’)zf‘za“"z]

X [%6((1 —d)O(a>b)O(a> ) + %E(a - f)O(a> b)B(a > d)] ,

(9.22)
A 2-D 2 2 2 2 2 2 2\ ~D-2, —D—-2 p—D-2
RC; = ——8—(b +ef—cF—d)(a+e —d)e " TaT"Tf
__(2—D§l()2+D) B+ -~ d?)

% ((az + 62 _ dZ)e—D _ (a2 +C2 _ bZ)C—D) a—D—Zf—D—4
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(2 - Diéz-{_D) ((02 +€2 _ d2)€_D _ (az +C2 _ bz)C_D) a—D—Qf—-L)
x(a*+ e —d*)e P2
@-b)2+D) Dl)é(Dz +D) ((@*+e*—dhe™ —(a® +c* — 172)<:‘D)2 a‘D_Zf““}

x@(a < max(c,e, f))

+{2———D—(bz+ez—cz—d2)

8D
> ((612 + €2 _ d2)e-D _ (aZ +6‘2 _ bZ)C—D) a—D—2f—D—2
_(2-D)(2+D)

- _ 2 p _
32D ((P+e —de ™ —(a+ - b)) P) aPf 2]

X lé5(a —e)O(a>c)P(a> f)+ %5((1 - HO(a>c)B(a > e)} , (9.23)

RD=a 2(c% +d*)~4/*"1g-P@(d < a)O(c < a)

1
+%a"0(62”+d2”)_d”/225(d—a)@(c< a), (9.24)

R[)l = (%f—D~2(C2V _+_d21/)—d,/2—] < f——D(CZV + d2ll)—d.~/2——]d—D>

x@(c < f)O(d < f) — 2%1“‘”(8” + d“)“df/z}a(c -Newd< f),

(9.25)
RD,=a P + b?) 4/2"1=Po(h < a)@(e < a)
1
+ia—0(e2” + 7)) 42 _8(e —a)O(b < a) , (9.26)
2D e
. 1
RD2= (Ef_D_Z(eQD + b2V)—dp/2 + f—D(e2V + bZV)—dp/2-le—D>
1 1
xO(b < f)@(e < f) — —ﬁf—D(ez” + bz”)_df/z?&(e ~a)O(b < a).
(9.27)

First we show that in this parametrization the terms proportional to the d-distribution in
(9.24) and (9.26) can be calculated analytically. We demonstrate that for (9.24).

We use the standard measure of Eq. (7.19). The vectors over which the integration
will be performed are a and d. The integration over d3 has been improved by partial
integration. Let us apply that to the last term in (9.24), i.e. to
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1 _p, 2 2wy —doj2 b
— v vyTdels_8(d — .
2Da (¢ +d°) y (d—a)®(c<a) (9.28)

The integration over a is standard and can easily be performed, resulting in

1 2v 2vN —d. /2 1
EB(C +d?) /Ez-@(c<d). (9.29)

The former integral over d = (x,y,2,0,...) was

S o0 oo oo
2‘2 /dx/dy/dz 2P 3F(a,b,c,d,e, f) (9.30)
b —00 —o0 0

and is changed to

o o o0

1 Sp— D-1
3D S, /dx / dy/dzz RF(a,b,c,d,e, f). (9.31)
—00 —00 0

Reversing the derivation of the measure we recognize the invariant measure in D + 2
dimensions:

I Sp_2Spi2 / _ 1 /
;) 5% =-3 . (9.32)

deRD+2 deRP+2

This can be summarized in the following formula, valid as long as the integral over d
factorizes from the integral over a, b and c:

/ F(a,b,c,d,e,f)=——115 / RF(a,b,c,d,e, f). (9.33)

deRP deRPH?2

The final result is given by the integral

oo
1 dd —d.)2 1 D D
—— [ AP 1+ ad¥) " == B , , 9.34
d (1+d) 4D2(2 — D) (2—1) 2—D> (9:34)

where B is the standard Beta-function. It is worth to mention that this is equivalent to

11 T e
- = Lol e i|e— ) . 9.35
The factor 1/D is due to the measure, the factor 1/2 due to the fact that the R-operation

is acting on half of the bounded distances only. The concerned reader will be able to
reconstruct the factor 1/D from the identity

/-ﬁF(d) =L [F (9.36)
d? D ‘ ‘
d d
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The analogous term in (9.26) gives the same result. It nevertheless is somehow harder
to calculate. As a first step a mapping has to be performed, which exchanges & with ¢
and d with e. This mapping is possible, although the measure is not invariant, as this
mapping does not affect the height of the tetrahedron.

Equivalently it is possible to calculate the diagonal term of RC}, Eq. (9.20). We find

Q1)

This time no factor 1/2 appears, since R was acting on all the distances.

The non-diagonal part of C; or C; cannot be calculated by these methods. (The
concerned reader is encouraged to try this himself.) Nor is it possible to arrange the
counterterms in such a way that the non-diagonal terms cancel. (Warning: The measure
is not invariant by the conformal mapping, as the partial integration by f3; has been
performed.)

Regarding the problems with the R-operation one may ask whether it is not better to
use an alternative prescription for the analytic continuation. One might think of replacing
the crucial integral

[ar s Fabedie ) (9.38)
by
/df3f§>—3F(a, b,c,d,e, f) — fPF(a,b,c,d,. ep, fp) (9.39)

where d,, e, and f, are the projections of d, e and f onto the plane spanned by f)
and f, in the standard parametrization of the measure in Eq. (7.19). Here the problem
arises that even if the length of f = (fi, f2, f3) is large, the length of f,, = (f1, f2,0)
may tend to 0. This is a new divergence, which is integrable, but not tractable by the
standard measure in the numerical integration procedure. Thus this method cannot be
used.

9.3. Numerical integration

We finally solve the problem by modifying as in Section 7 the ®-functions and by
calculating the corrections later. We integrate RF(a, b,c,d, e, f), where

F=A-B-C -C,—D,—Dy (9.40)

but with modified prescriptions for the sectors: f < d for (), a < ¢ for Gy, ¢ < a for
D) and b < a for D,. We therefore have to integrate numerically:
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RF(a,b,c,d,e, f)

1 2 2v 2-D 2 2 - —
=75 [(2 DYa*fP +2a* + =—— 5 (2 + b —c?—d*) (d7P —eP)
1 ’ —d.[2—1
[ 2Vf2y - Z ( 2v €2V - b2V +d2v) :|
2
DZ'Z |:f2y 2_+_a21/f2 4+ — (e +b2 C2 _ d2) (C2V _e2v __b21/ +d2y)]

a2yf—D _ % (C2V _ eZV _ b2v +d2v) (d—D _ e—D):|

(C2V _ e2v _ b2V + d2v)2:| 22

1
2
+ [————2 —D (b2 +er—¢t— d2) a P-2f-b-2

8D
X (D(fP+e* —cP)e P2 —D(fP+d* —b")d P72 —4e7P +4d77)
(2-D)2+D) 12, 2 2
—=sp (*+e —c d?)
x ((fP+e=cNe™® = (ff+d = b)dP)a P2 fPm
_(2-D)(2+D)

T (P =N = (P dt - p)d ) a0
x (D(f2 4 —ce P - D(fP+d>—b")d P72 —4e™P +4d7")
_(2-D)(2+D)?

((f2 +— e (frd- b2)d—D)2a—2f—D—4

32D
xO(f < d)
2-D .y 2 2 2 2., 2 2y —D—2,_—D-2 —D-2
—8—(b +e‘—c¢ —d)(a +e“—d)e a f
@DCED) (o g gy
x ((®+e*—d>e P - (a+F—b)cP) a P-2f-b-4
_(Z_Diéz"'l)) ((a2+62 —d¥e P — (a* + ¢ _bZ)C—D) a~—D—2f—2

% (d + ¢ _ d¥ye~P2
_2-D)2+D)

16D
x@(a < c)

((a®+ e —d¥ye ™ - (a®+F — bz)c‘D)za"D_zf_4
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1'01.0 11 12 13 14 15 16 17 18 19 20
D

D D D
1.00 —0.25 130 —0.895 -+ 0.066 170 —0.306 4 0.034
1.0l —0.315 £ 0.028 — 0.072 1.35 —0.848 4 0.074 175  —0.225+0.027
1.02  —0.446 4 0.053 — 0.070 140 —0.800 + 0.065 1.80 —0.159 + 0.021
1.05 —0.727 £+ 0.041 — 0.036 145 —0.746 £ 0.063 185  —0.096 4 0.015
1.10 —0.831 £ 0.055 — 0.006 1.50 —0.680 =+ 0.057 190 —0.056 £ 0.009
1.15 —0.905 £ 0.055 1.55 —0.597 4 0.056 195  —0.022 + 0.005
120 —0.917 £+ 0.065 1.60 —0.507 +0.049 1.975 —0.0091 + 0.0024
125 —0.907 &+ 0.063 165 —0.412 +0.041 200 0

Fig. 9.2. Numerical results for (9.41). The first error is the statistical error, the second the correction for the
systernatic error as discussed in the text. The latter is only given, when it is not negligible.

_a—D(CZV+d21/)—-d,/2—1d—D@(C < a)
—a (¥ + b))~/ Pg(h < q). (9.41)

The variable transformations are the same as discussed in Sections 7.3 and 7.4. The
numerical calculations are very difficult. Due to the complexity of the integrand, the
numerical errors induced by the limited precision of the workstation became important
too and limited the reduction of the statistical error. The total CPU time was about 1000
hours on a workstation. We obtained the numerical results summarized in Fig. 9.2.
The systematic error was corrected using Table 7.1. The error bars represent the
statistical error of the AMC integration, which could not be reduced due to the lack of
performance of the work-station, both in speed and in precision. The numerical results
are in agreement with the analytically calculated value ~}; for D — 1, discussed later.

9.4. The correction for the first marginal counterterm

We arranged the counterterms C) and C, so that they both have the same correction.
This correction is up to terms of O(e) (for the notation cf. Fig. 9.3):
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Cc

Fig. 9.3. The orientation of the vectors a, b, ¢ and f.

/ [2 — Daf (bfb_D _ ch—D) a—v(d+2)f—1/(d+2)

2D
c=1; abd,e,
_(_1—{-*2(2 _ D)2 (bfb—-D _ cfc_D)2aD—v(d+2)f_V(d+2)
16D

x [@(f < ¢) — O(f <max(a,b,c))]

= / [2 —D (abb™" — acc™P) a7t

2D?
a=1; b,c
2-D)*2+4d) ., p —D\2 _D—w(d+2)
- D2 (bb —cc ) aP—vid+
1
X2 [¢® — max(a, b,¢)]. (9.42)

Expanding % [¢® — max(a,b,c)?] = In(c) — In(max(a, b,c)) + O(g) and using the
symmetry of (9.42) yields

— 2— 2
/ [24D? (abb™ —acc™P)a P72 - (2-D)2+D) D16)l()2+ D) (b~ — cc‘D)2 a_z]

a=l;b,c

x [In(¢) + In(d) — 2In(max(a, b,c))] + O(e)

_ / [2—D ((a2+bz_Cz)b—D+(a2+C2_bz)c—D)a—D—z

8D?
a=1; b,c
(2-D)(2+ D) _ _ D - -
_ €D (b2 2D + CZ 2D + (a2 _ b2 "‘Cz)b DC D)] a 2
x [In(¢) +In(b) — 2In(max(a, b,c))] + O(e). (9.43)

This integral is calculated numerically using the measure given by (7.52)-(7.57) in
Section 7.7. The results are given in Fig. 9.4.
For D — 1 an analytical calculation gives
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T
2|

0.50

0.00 ¢
10 11 12 13 14 15 16 17 18 19 20
D
D D D D D
100 1/4 115 0321 140 0376 165 0473 190 0548
101 0.252 120 0334 145 0.389 170 0.505 195 0399
102 0256 125 0345 1.50 0.405 175 0539 1975 0.244
105 0276 130 0355 155 0423 1.80 0.570 199 0.110

1.10 0.303 1.35 0.365 1.60 0.446 1.85 0.581 200 0
Fig. 9.4. Numerical results for (9.43). The relative statistical error is 1073,

1 1
1 3 1
2 /db In(b) — Z_/db In(b) = 1 (9.44)

0 0

This is in agreement with the numerical data in Fig. 9.4.

9.5. The correction for the second marginal counterterm

Up to order & for D; and D; each, the following correction has to be added:

| .
1 aP= (¥ 1+ d*) " O(c < a)(O(d < a) — 1)

2D
c=1; abde.f

R (@ +a) L g o)

2D €
c=l;d>c

] 1 rd

= 353Dy / —xfxD/(z“D)(l +x) 7/ 2=D) n(x) + O(e) . (9.45)

0

For D — 1 an analytical calculation gives
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_040 1 . 1 1 1 1 1
1.0 11 12 13 14 15 16 17 18 19 20
D

D D D
1.00 —3.4657 x 10~} 130 —7.7076 x 102 170 —4.7420 x 10~4
1.01 —33167 x 10~! 135 —5.5699 x 10~2 175 —83621 x 103
1.02 —3.1736 x 10~! 140 —3.8640 x 102 1.80 —6.1097 x 106
105 —2.7766 x 10~} 145 —2.5397 x 102 185 —7.5149 x 108
1.10 —2.2098 x 10! 150 —1.5529 x 10~2 190  —1.0256 x 10~ 1
1.15 —1.7416 x 10~} 155 —8.6017 x 1073 195 —1.7552 x 10=23
120 —1.3541 x 107! 1.60 —4.1478 x 1073 1975 —2.8185x 1074
125 —1.0338 x 10! 165 —1.6350 x 103 200 0

Fig. 9.5. Numerical results for (9.45). The relative statistical error is 1073,

1

1 In(x) 1 N
0

The numerical data are given in Fig. 9.5. Numerical and analytical data fit nicely
together.

9.6. Analytical calculation for D — 1

We calculate now J(L = 1), Eq. (9.17), for D = 1 and & = 0. We give the integrals and
the numerical results for the different regions. The combinatorial factor 4 for every pair of
integrals compensates against the factor 1/4 from the measure. The symmetrized version
of the counterterms has to be used. Otherwise the four integrals in one equivalence class
may not coincide. So we have to integrate A— B — 3(C1 + €1+ Co + G, + Dy + Dy +
Dy + D3). The three topologically different diagrams and the corresponding Feynman
diagrams of scalar ¢*-theory are shown in Fig. 9.6.
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Fig. 9.6. The three topological inequivalent classes A, B and C and the corresponding Feynman diagrams of
scalar ¢* theory in the limit N — 0.

ﬂ—+—‘—ﬂ—=/da/df {_%(fa2+af2‘2af)(af’ n-

+%(a‘2f“ +a'fY)
+%a—2f“@(a -+ ia‘l(a +f=2720(a— f+1)

et a1 Lt o0 —a s )

4 4
1 3
==y +7. (9.47)
S = / da / dfo
0 0
=0. (9.48)
o0 a—1
+k——~«+=/da / df Haf‘z(a— N7+ % (a2~ + 2
— /)

+%a‘2f‘1 + % (aa—f)?+a(a+ 77

+%f“(a— HPOf-1)0Q2f+1—a)

1

1
=-3 In(2) — 5 (9.49)



594 K. Wiese, F David/Nuclear Physics B 487 [FS] (1997) 529-632

T ¥ T

LI | T T LI

1.0 t 98
08 | o

06 |
04 r |
0.2 ul
0.0 &
-0.2 - i .
_04 EH @ lI] -
-0.6 % 0 @ 4
o8 @ i

-1.0 L 1 — L 1 I B I P |
1

1.0 11 1.2 3 14 15 16 17 18 19 20
D

Iﬂ'lmmxA ]

HEH
4
———f

Fig. 9.7. Numerical results for J(1), Eq. (9.17). Only the statistical error is given. The systematic error has
been corrected.

Together this gives

1
=—1n(2) + ~
n()+4

=-0.4431... (9.50)

9.7. The complete diagram

In Fig. 9.7 we show the complete results for J(1) |0, Eq. (9.17). We can verify that
the limit D — 1 is correctly reproduced within the error bars.

10. Second contribution for the renormalization of the wave function

The second contribution to the renormalization of the wave function is, see (4.32),

et QU). (1) e Q)
(G o),

In order to determine J», we calculate
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c

Fig. 10.1. The orientation of the vectors @, b and ¢ and the position of the point x.

(8218, s (M 1),

(10.1)
We recall that
(14 245252
—+— L a,b,e<L
_Z;DD_ / (abb_D—acc_D)a‘”(“z), (10.2)
a,b,c<L
ST _ 2-D —v(d+2) (2 2,.-2) D
) ) 5 [ e @ pere)e
l\,,/\' L T L a,c<L
(10.3)
and
V(d+2) Q’+ = V(d+2)/ —d (10.4)

a<L

First of all one easily convinces oneself that the integral equals O for D = 1. In the
following we give two independent derivations, which were both integrated numerically
and which were found to coincide. This gives an additional check that the global
prefactor, which cannot be checked analytically, is correct.
We start with the first derivation: In order to subtract (10.4) from the first term in
(10.2) we use the fact that (for the notation see Fig. 10.1)
=D / (bb" — cc™P) = a?"P, (10.5)

2
a=fixed; b,c

Therefore the first contribution is
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v(d+2)2-D ~D -D\2 _D—p(d+2)
D > / / (bb ccPYa . (10.6)

W<l a<lL

Applying 1 LZ and mapping onto a =1 yields

V(d + 2) 2 - D / (bb_D . CC_D)zaD~V(d+2)é (max(a,b, C) —& _ a—E) R

2D 2
a=1; b,c
(10.7)
In the limit £ — O this expression simplifies to
(2-D)(2+ D) -D _D\2 —_p_>
~-—’—'—4F——' (bb — CC ) a
a=l; b,c
x (In(max(a,b,¢)) — In(a)) + O(e) . (10.8)

The second contribution is

-D
_2 = (abb‘D _ acc‘D) a—vdr
a,b,c<L
2~
n DD (a2 D (ac)zc“2) =D gmvd+)
a,c<L
2-D -D -D 2 2 =2\ .~D7 ,—v(d+2)
=——5 [(abb — acc )—(a —D(ac)c )C la
a,be<L
2—-D
+5— / - / (a®> ~ D (ac)* c™?) ¢ Pa™" D (10.9)

<L abec<L

The last term becomes after application of %LEBZ and mapping onto a = 1:

2-D 1
5 (a2 — D (ac)? c_z) c_Da_”(‘Hz)g (max(a,c)™® — max(a,b,c)™°).

a=1; b,c

(10.10)

In the limit £ — 0 it reduces to

2 ;D / (az D (ac)zc_Z) C~Da—D—2(m(max(a,b,c)) - ln(max(a,c)))

a=l;b,c

+0(e) . (10.11)

The other term in (10.9) is
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222 [ [(abh™ — aee™?) — (@ - D (a0) e ) P, (1012)

a,be<L

By power counting, a pole in ]; can appear for a — 0. In this limit however the terms
in the square brackets cancel and make the integral finite. Let us apply L(f—L and map
onto a=1:
2-D
T / [(abb=P —acc™P) — (a®> — D (ac)*c™%) ¢ P]
a=1;b,c

xa ?~2a* max(a, b,c)~°. (10.13)

This integral is a function of g, which has the form
cre+ O(&%). (10.14)
Especially it vanishes for £ = 0. The integral thus does not change if we subtract its value

for £ = 0. Eq. (10.12) then becomes ~ remember that a factor % has to be reintroduced:

228 [ [(abb™ — aee™) — (@ - D (ae)? ) P a0
a=1;b,c

1
xg(aEmax(a,b,c)—E— 1) . (10.15)
In the limit € — O this simplifies to

% [(abb‘D — acc_D) (a —D(ac)’c '2) ] a P2
a=1;b,c

X (In{(max(a, b,c)) —In(a)) + O(e) . (10.16)

The final result is the sum of (10.8), (10.11) and (10.16):

(Sl e Qo) (), (4,

@2-D)2+D
__( j; + D) / (222 4+ 2720 4 (g2 — B — b0 g P2
a=1;b,c

x (ln(max(a,b,c)) _ ln(a))
2-D
2D
a=1;b,c

+ (@~ D/a (@ + 5 ~ ) 57) b (in(a) — In(max(a.b)) )

{ (a2 - D/4 (a2 +c? - b2)2c_2) c_D(ln(a) - ln(max(a,c)))
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+ ((a2 +02 )b P+ (a?+f - bz)c"D) (ln(max(a,b,c)) - ln(a))]
xa P24+ 0O(e). (10.17)

Another way to treat the second term in (10.2) is to perform a partial integration
(for the notation see Fig. 10.1):

% / / O(L — bYO(L — ) aV, (b~ — 27P) g=#(4+D)

a<lL x

__ 1 _ _ 2-D _ 2-D\ ,—»(d+2)
= D//an[@(L b)O(L - )] (b ¢ Pa

a<L x

= __;. / /a (8(L —b)bb™?6O(L — c) + O(L — b)S(L — c)ec™?)
a<L x
x (bz—u _ CZ—D) a—v(d+2)

1
- __5 abb’z (bZ—-D _ C2—D) a—V(d+2)
a,c<b=L
~—115 / acc™? (V*~0 — D) g7¥dHD)
a,b<c=L
2
= -5 / acc'2 (bz—D - CZ_D) a—”(‘”z) . (10.18)
a,b<c=L

The pole in (10.3) has to be subtracted. It can be written as

_2 —DD / (ac)za_y(d+2)c—2—D (10.19)

a<Lie=L

and is split into two parts,

2 ;D / n / (ac)?q @D e—2D (10.20)

a,b<c=L  a<c=L<b
which are mapped onto the same sector as in (10.18):

___2;)D / (ac)?a v(dtD=2-D

a,b<c=L

+ (ab)? a "t Dp=2"D(p/c) e @(a < b) . (10.21)

The complete expression, i.e. (10.18)-(10.21) is
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10 11 12 13 14 15 16 17 18 19 20
D

D D D
1.0 0 130 —1.46 x 10! 175 —8.05x 1072
1.007 —8.15x 1073 135 —1.48 x 10~! 180 —6.63 x 102
1.01  —1.06 x 1072 140 —1.46 x 107! 185 —5.12x 1072
1.2 —2.10x 1072 145 —1.42 x 10~! 190 -3.52 x 102
1.05 —4.98 x 1072 150 —1.35x 107! 195 —1.81x 1072
110 —8.68 x 1072 155 —1.27 x 10~! 1975 -9.19 x 103
115 =112 x 10~} 160 —1.17 x 10~1 198 737 x 107
120 —1.30x 10! 165 —1.06 x 10~} 199 —-371x 1073
125 —1.41x 107! 170 —9.38 x 1072 200 0

Fig. 10.2. Numerical results for (10.17). The relative statistical error is 103,

l -2 (p2-D _ 2-D
) / {Zacc (b ¢ )

a,b<c=L
—(2-D) [(ac)2c‘2“D + (ab)?b™"P(b/c) *O(a < b)] }a—umz)_
(10.22)

One checks that the integral is locally convergent and that the limit ¢ — 0 can be
taken. Of course this derivation is not systematic but the final result is easier to integrate
numerically and will therefore be used in the following. It is

1 - — —
-5 / {Zacc Z(bz D_ 2 D)

a,b<c=L

—(2-D) [(ac)zc_z_D +(ab)? b " P@(a < b)] }a-D—2
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1
— 5 / {(aZ + 62 _ b2)c—2 (b2—D _ CZ—D) +

a,b<c=L

(2-D)
4

X [(a2 +c? - b2)2 cT b4 (a2 + b~ cz)zb'2_D@(a < b)] }a’D_z.
(10.23)

The numerical integration is performed using the measure given in Eqs. (7.52)-(7.57)
in Section 7.7. The results are shown in Fig. 10.2. We verify that for D — 1 and for
D — 2 the analytically predicted value O is correctly reproduced.

11. Contribution to the wavefunction renormalization from the one-loop coupling
constant renormalization

We will calculate the last diagram, Eq. (4.33),

Fy= 2<Q)+>£1<V] >80' (11.1)

We expand up to first order in & the following term:
:f’ﬂ\\‘ > / / ( 2w 2 —11/2
ol igije—e ) = s7T+t . (11.2)
< ‘\ff\\/‘{.,/ L )
s<Lt<L
We apply L+-|;-; and map onto s = L = I:

oo

/C—?tD (1+ tz”)_d/zmax(l,t)_"

(=4

€ dt pra2-p) —2D/(2-D)

—_— ] — . 11.

+(2—D)2/zt (14+1) In(t) (11.3)
i)

This expression can still be expanded as
D

B e (s (25) -+ (25))

—D
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(50| —),

D D D D

1.00 3.0685 x 10~ 120 1.1009 x 107! 1.50 5.6359 x 10~* 180 —5.5019 x 10~°
1.0l 29345x 10~' 125 79770 x 10~% 155 1.9633 x 10~3 1.85 —9.5846 x 108
1.02 2.8050 x 10! 130 5.5395x 1072 160 2.8999 x 104 190 —1.7933 x 10!
1.05 2.4419x 10~1 135 36373x 1072 165 —1.8953x107% 195 —42091 x 10~%
1.10 1.9136 x 107! 140 22143%x 1072 170 —1.5855x 10™% 1975 -—8.0880 x 10~¥
[.15 14701 x 10=' 145 12116 x 1072 175 —49540x 10~° 200 O

Fig. 11.1. Numerical results for Eq. (11.5). The relative statistical error is 10-5.

1

£ dr
+3=Dp /TzD/(Z“D)(l + 1) 72P/C=D)n(y) . (114)
0
The final result is
D 2
T TR 1 F(_——D> w( 2P ol D
! : ! V| o ——e = — —_—
O A o 2—D1~(l%) 2-D 2-D
1 [ d
t
+(2_D)2/710/<2*D>(1 +1) 7P/ n(y)
0

(11.5)

The numerical results are given in Fig. 11.1. For D = 1, Eq. (11.5) is analytically
calculated to be

1 —In(2) =0.30685281944 . .. (11.6)
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12, Extrapolations and calculation of critical exponents
12.1. The renormalization-group functions

As we already discussed in Section 3, the renormalization group B-function and the
anomalous scaling dimension » of r are in the MS scheme that we use obtained from
the variation of the coupling constant and the field with respect to the renormalization
scale u, keeping the bare couplings fixed. Written in terms of Z and Z, they are

—eb

b 12.1
ALb) = “a ‘ L+b5InZy+ $bZInZ’ (12
F
V(b)=—2——D—l,u, 1nZ=2——D——B(b)—1nZ (12.2)
2 2 2
bo
We recall the form of Z and Z, from Eqs. (4.7), (4.26) and (4.27):
Z=1+—e—‘b+<f1 f2(8)>b2+(’)(b3)
&
Zb_1+—b+<C] Gale )>b2+0(b3) (12.3)
E
Using Egs. (4.25), (5.20), (4.12) and (4.13) we obtain
2D fi — Dé& — fie +26
_ = 2 3 4
B(b) = ab+(a1+l ZD)b +2 — B+ 0"
(12.4)
and
2-D 2-D
Oy b+ Oy . 12.5
V(b)2+4D+f1+() (12.5)

For £ > 0, the B-function has a non-trivial IR-attractive fixed point for 8(b*) =0. Up
to second order in g, b* is

1 +(2 D)(1+ay) —4D(2— D)é — 8D f) &2

* = O
bre) = 1ot 2D(2—D)(1 +a)3 +O().
(12.6)
Plugging in (12.6) in (12.5) yields
..2-D, _2-D
e 4D+ ay)
2
D2a, i —4D(2 — D)& + (2 — DYUta) 5 o) (127)

8D2(1 + a;)3

¢ and f; were both calculated numerically as a function of D in the interval 1 < D < 2.
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Fig. 12.1. The functions »1(D) (dashed line) and v, (D). The latter is given with the corresponding error
bars of the statistical error.

12.2. The exponent v

We can rewrite (12.7) as an e-expansion for the critical exponent » in terms of £ and
D,

v* =u(D,d) =vy(D) + v, (D)e(D,d) +vo(D)e*(D,d) +-- -, (12.8)

e(D,d)=2D — 2;2D—d. (12.9)

The result for the coefficients is given in Fig. 12.1. In order to proceed, we shall use a
polynomial interpolation for f1(D) and for ¢, (D)/a;(D). (A polynomial interpolation
for & (D) is bad as this term vanishes exponentially with 1/(2 — D).)

We now have to use these two-loop results to calculate the critical exponent v for
self-avoiding two-dimensional membranes (D = 2) as a function of the dimension d of
space and to compare the results with the previous one-loop results for v.

As already stressed in previous works, the e-expansion given by (12.8) cannot be
used directly for membranes, as it can be done for polymers. There one fixes D = | and
uses sophisticated resummation methods to evaluate » for d =3 (g =1/2) and even for
d =2 (e =1). Indeed, directly setting D = 2 in the e-expansion for v gives a trivial,
but absurd, result, since all the terms »,(2) of the e-expansion vanish! Moreover when
D =2, g = 4 irrespective of the value of d. This simply means that the point D =2, & =0
{which corresponds to d, = co) is a singular point and that it is not possible to perform
a direct e-expansion around it. Instead, one may perform a similar expansion, starting
from another point (Dg,dp = 2—4_233) on the critical curve (& = 0). This approach has
already been used in [30] to extrapolate the one-loop results. It introduces two different
kinds of arbitrariness in the extrapolations. Firstly one is a priori free to chose any
starting point on the critical curve & = 0 (or at least any point in some subset of this
curve). Secondly there is an arbitrariness in the “path of extrapolation” which goes from
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the critical curve to the physical point (D = 2,d). Of course, if one knows an exact
resummation procedure of the full series in &, one should obtain the same result for any
starting point and for any path of extrapolation. However, if one has a finite number
of terms of the e-expansion, even for an adequate resummation method, the final result
will depend on this arbitrariness.

In [30] a minimal sensitivity method was introduced by Hwa to analyze the one-loop
results. He chose a given extrapolation method and selected the starting point ( Dy, dy)
on the critical curve which gives an estimate for v, »(Dg) which is the less sensitive
to the choice of the starting point. This method works well for polymers and gives
interesting results for membranes. However, when one goes to two loops, it delivers
largely varying or even diverging estimates for »(Dp) and in addition his choice for the
extrapolation path is somewhat arbitrary.

We shall use a generalization of the methods introduced in [30]. Note that the
expansion (12.8) is exact in D and of order 2 in ¢, thus it can be expanded up to
order 2 both in D — Dy and &. Now we can change our extrapolation path through
any invertible transformation {x,y} = {x(D, &), y(D,&)}. One can express D and & as
function of x and y and re-expand » up to order 2 in x and y around the point (x¢, yo)
on the critical curve.

v(D,e)=0(x,y)
= P9 ,9(x0, o) + AxPy o(x0, Yo) + AyPp,1(x0, Yo)
+(4x)?52,0(x0, Yo) + 24xAyPy 1 (x0, Yo) + (4y)*Po2(x0,Yo) + - - -

Ax=x— X0, Ay=y —yp. (12.10)

The goal is to find an optimal choice of variables {x,y}. Our guidelines for such a
choice are the following: (i) the estimate for » should depend “the least” on the choice
of the expansion point on the critical curve, (ii) it should reproduce well the known
result for polymers (D = 1), (iii) for membranes (D =2) the d — oo limit should not
be singular and we should get results close to those obtained by a Gaussian variational
approximation. This last point is not arbitrary and will be justified below. It turns out to
be quite stringent.

Finally, we must choose some resummation procedure to extrapolate v from the know-
ledge of the series (12.10) up to order 2. Since we have only a few terms and since
we do not have insight in the large order behavior of these series or in the analytical
structure of the resummed series, we cannot use sophisticated resummation methods (for
instance those based on Borel transforms). Therefore we shall always use the truncated
series at order 2 and boldly sum its terms.

Let us now discuss possible extrapolation variables. The simplest choice is to take D
and . This works well for polymers (D = 1), since both at one- and two-loop order
we get results which are quite stable with respect to Dy. However, this gives very poor
results for membranes (D = 2), since both at one- and two-loop order the results depend
very much on Dg. This could be expected, since in this case £ = 4 independent of d.
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Fig. 12.2, Extrapolation of » in D and e to (D,d) = (1,3) and (2,3). The dashed line is the one-loop result,
the full line the two-loop result. The exponent v is plotted as function of the expansion point Dy.

See Fig. 12.2. In the case of the membrane, no prediction is possible.

Another possibility is to expand in D and d. This expansion gives reasonable results
for polymers, but poor results for membranes. This can be seen by looking at the results
of Fig. 12.3 and is not surprising, since if we apply this extrapolation method to the
Gaussian variational estimate v,, = 2D/d it also gives poor results, although the result
Vyar 18 expected to be close to the exact v at large d (as argued in Subsection 12.3).

A more interesting choice is to use D and D (d) = 2d/(4 + d) or equivalently
D and 1/(d + 4). This expansion has the advantage to represent the critical curve
Dy, d.(Dyp) as a straight line. For polymers in three dimensions this method delivers
a remarkable broad plateau, i.e. the extrapolated value of v is relatively independent
of the expansion point Dg. For polymers in two and one dimensions we still have a
plateau when Dy — 2, which delivers two-loop extrapolations close to the exact results
(v =0.75 and v = 1 respectively) (see Fig. 12.4). For membranes, this method also
delivers interesting results (see Fig. 12.5). For large d, we find a stable plateau at two
loops when Dy — 2, which gives for v a result very close to the variational estimate
vyar = 4/d, while at smaller Dy, the plateau stops and the two-loop estimate for v

Tio s =q,3 W T(n.ay = (2.3

08 08

a6t 06

-

I 15 0o 0.5 i s
Dy Do

Yo .S

Fig. 12.3. Extrapolation in D and d to (D,d) = (1,3) and (2,3).
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Fig. 12.4. Extrapolation for polymers in D and D¢(d) to (D,d) = (1,1), (1,2), (1,3).

increases sharply as Do — 1. For small d, the Dy — 2 plateau becomes an oscillatory
region, still followed by a sharp increase for Do — 1. In this case, to calculate ¥, we
use the minimum and the maximum of »(Dg). Whereas the first is expected to be an
underestimation, the second is expected to be an overestimation. We also give their mean
value, cf. Table 12.1 and Fig. 12.5. One might think of developing in D and 1/(d +c),
with ¢ # 4. ¢ = 0 is suggested by the variational ansatz. In fact we prefer to take ¢ =2,
which is suggested by the prediction of the Flory argument (see Subsection 12.4). We
obtain similar estimates as above for d large, but larger variations for smaller d. For
this case we evaluated » by the request that the second order corrections should vanish.
We give the results in Table 12.1 and Fig. 12.6. The predictions for v are good in the
known cases and reasonable for membranes in three dimensions.

Another promising method is the expansion in & and D.(d). This expansion is
also regular for D — 2 and is perhaps more in the spirit of an e-expansion. Let us
discuss the features of this expansion in more detail. See Figs. 12.7 and 12.8. For
polymers in three dimensions we find the flattest plateau of all extrapolation methods.
For membranes in three dimensions the prediction at one-loop order (dashed line) is
essentially independent of the expansion point. For membranes in large dimension, at
two-loop order the estimate starts from the one-loop result at D = 2, grows until it
reaches a plateau, where v = vy, and then grows rapidly again. For smaller d, there is
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Fig. 12.5. Extrapolation for membranes in D and D.(d) to (D,d) = (2,2), (2,3), (24), (2,8), (2,15) and
(2,20).

still a plateau and in order to extract v from Fig. 12.8, one uses the maximum and the
minimum of the plateau. Their mean is an estimate for v, their difference an estimate
of the error in this expansion scheme.

The results for » from the various extrapolations are summarized in Table 12.1.
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Table 12.1

Results of the numerical extrapolations for ». If not stated otherwise the error is +1 in the last digit. (x,y)
indicates the expansion parameters x and y as discussed in the text. min, max and mean are the minimum
and the maximum of the plateau and their mean value respectively

(x,¥); (D, d) Ly (1,2)  (1,3) (2,2) (2,3) (24 (2.8 (2,20)
exact 1 0.75 0.586(4) 1 — —_ — —_
Flory 1 3/4 3/5 1 4/5 2/3 2/5 2/11
variational 2 1 2/3 2 4/3 1 1/2 1/5
D, (d+2)~! 1.0 0.75 0.59 0.99 0.81 0.68 0.43 0.198
D, D:(d) min 0.85 0.69 0.57 091 0.77 0.67 0.43 0.198
D, D.(d) max 1.10 0.81 0.62 1.22 0.98 0.81 047 0.199
D, D (d) mean 0.98 0.75 0.60 1.08 0.88 0.78 0.45 0.198
Dc(d), € min 0.83 0.68 0.58 0.83 0.72 0.64 0.42 0.196
D.(d), € max 0.91 0.73 0.60 0.90 0.76 0.66 0.42 0.198
D:(d), € mean 0.87 0.71 0.59 0.87 0.74 0.65 043 0.197

12.3. Variational method and perturbation expansion

In the various extrapolation schemes that we used, we have seen that the plateau
structure for Dy — 2 becomes clearer when the space dimension d is large and that
the corresponding estimates for v are close to the value vy, = 4/d obtained from
a variational ansatz. In order to understand this phenomenon and to have a better
understanding of the plateau structure of the extrapolations, we shall discuss the status
of the variational method.

Using a Gaussian variational ansatz [39], the exponent » for the crumpled phase of
a self-avoiding D-dimensional tethered membrane is found to be

2D

Vvar = — (12.11)

It was noticed in [31] that in the case of membranes with long-range interactions the
variational estimate for v is exact and can be reproduced easily by simply assuming
that there is no coupling constant renormalization, i.e. that one can take Z, = 1 in the
renormalized Hamiltonian (3.13). This last assumption can be proven for membranes
with long-range forces [31,32]. Let us rewrite the full dimension »(5) in a way which
makes this point clear. Starting from the definitions of the RG functions 8(b) (12.1)
and v(b) (12.2), we reexpress % InZ in terms of B(b) and ﬂﬁ—b InZ,,

J 2 eb J
—InZ = —— 1+b—1InZ, | . 12.12
b " db <,8(b) MRS ”) (12.12)
Inserting this into (12.2) gives
2D B(b)y , B(b) 2
SR AL AT A S A ) 1
v(b) p + b + d (9b1nzb (12.13)

At the IR-fixed point b = b*, the second term of the r.h.s. of (12.13) vanishes. The
last one does not vanish in general, but vanishes if Z, = 1. In this case, we get the
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Fig. 12.6. Extrapolation in D and 1/(d +2) to (D,d) = (1,1), (1,2), (1,3), (2,2), (2,3) and (2,20).

variational result (12.11).
Using this observation, one can understand why the one-loop and two-loop extrapo-
lations for » coincide with v, for large d. Taking dy — oo on the critical line amounts
to take Dy — 2. The limit d — oo corresponds thus to the limit D — 2 for the
counterterms. The one-loop wave-function counterterm is given by the residue

(G1+),

~1 a D—2

(12.14)

while the one-loop coupling constant counterterm is given by the residue
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Fig. 12.7. Extrapolation for polymers in D.(d) and ¢ to (D,d) = (1,1), (1,2) and (1,3).

/’;/‘/\,(;“‘ ‘ > —2D/(2—D)
gl i |e— e ) &2 as D—2. 12.15
< NI 2 . ( )

which is exponentially smaller than (12.14) when D — 2. A similar exponential factor
appears for the two-loop coupling constant counterterm compared to the two-loop wave-
function counterterm (this can be checked from the analytical expressions and the
numerical results).

When looking at the general structure of the divergent diagrams at N-loop order, we
can argue that this phenomenon will persist, but we have no rigorous proof. However,
if this exponential bound InZ, <« InZ as D — 2 is correct, this means that v — vy ~
exp(—cst./d) when d — o0,

Assuming the variational estimate (12.11) to be a good approximation for large d,
it is interesting to test the various extrapolation methods that we have used to get the
two-loop results. The principle is to start from the exact formula for vy, to write an
e-like expansion around the critical curve € = 0, to truncate it at a fixed order and
to resum the result as done previously. The results of such a resummation, using the
extrapolation in {x, y}, are presented in Fig. 12.9. Let us note the following points:

(i) The extrapolations at one- and two-loop orders of wy, are indeed very similar

to the extrapolations of » at large d. In particular one recovers the same plateau
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Fig. 12.8. Extrapolation in D:(d) and g to (D,d) = (2,2), (2,3), (2,4), (2,8), (2,15) and (2,20).

structure and it should be noted that already the two-loop optimal estimate for vy,
obtained by the minimal sensitivity method, gives the exact vy, ! This is a strong
point for this method, when applied for smaller 4.

(ii) One should note that the g-expansion for v, is convergent, but that it has a
finite radius of convergence. As a consequence, one can show that the N-loop
extrapolations for vy, converge towards the exact result when N — co only in a
finite range of starting points Dp on the critical curve. This range is explicitly

2d

2% o py<2. 12.16
8+d ~0< (12.16)
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Fig. 12.9. Extrapolation of vve = 2D/d for membranes in {D:(d), e} (left), and {D.(D), D} (right), to
(D,d) = (2,3), (2,10) and (2,20). On the first figure, the labels 1-4 indicate the order of the s-expansion
ie. O(e!)-O(&*). On all figures, the full line is the result at order £2, the other lines are the results at order

3 4
g, & and g°.

(iii) The large variation of the two-loop estimates for ¥ as Dy becomes small reflects
the fact that we are outside of the range of convergence of the s-expansion. This
is clear when one compares the two-loop estimate with the three- and four-loop
estimates in Fig. 12.9. We expect that this is still true for smaller d and that the
optimal values for Dy are still in the domain of confidence of the &-expansion.

We now present a new g-expansion, well suited to large d, which is suggested by
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Table 12.2
Results for v using the numerical extrapolations for vd. If not stated otherwise the error is +1 in the last digit

(x,v); (D,d) (L1 (1,2) (1,3) (2,2) (2,3) (2,4) (2.8) (2,20)
exact 1 3/4 0.586(4) 1 — — — —
Flory 1 3/4 3/5 1 4/5 2/3 2/5 2/11
variational 2 1 2/3 2 4/3 1 1/2 1/5

D, D¢(d) left crossing 1.09 0.69 0.58 097 0.797 0.80 0.45 0.20
D, D¢(d) right crossing  2.08 0.76 0.60 1.05 0.82 1.00 0.50 0.20
D, D.(d) mean crossing 1.59 0.73 0.59 1.01 0.80 0.90 0.48 0.20

the expression (12.13) for »(b). Indeed, when evaluating the exponent v* = v(b*) by
(12.13), we see that what we really expand in ¢ is not » but vd:

a
v'd =2D + (,B(b)%lnzb(b)>
b=b*
=2D+ O(e) (12.17)

Thus we may perform the e-expansion for vd rather than for ». This new expansion
has the advantage that it starts at order £° from the result predicted by the variational
ansatz. The same extrapolation methods used for » can be used for »d.

The results are given in Table 12.2 and Fig. 12.10. We find that for polymers (D = 1),
when using the (D, D.(d)) variables, the minimal sensitivity method gives poor results,
but that the criterion to take as optimal Dy the point where the second-order correction
vanishes gives good results. We use the same criterion for membranes (D = 2).

12.4. Expansion around Flory’s estimation

In the last section we have seen that the g-expansion for »d is in fact an e-expansion
around the variational ansatz, vd = 2D + O(e). Another stimulating idea is to perform
a similar expansion around the prediction made by Flory’s argument. It is well known
that the Flory result for polymers vpory = 3/(2 + d) is simply obtained by assuming
that the elastic term and the contact interaction term in the Edwards Hamiltonian scale
in the same way with the internal size of the polymer. The same scaling assumption for
membranes leads to the prediction

2+ D

et (12.18)

VFlory =

It is possible to perform an g-expansion around ¥gy, by simply expanding »(d + 2).
Indeed, we can set

Zpiory =VZ Zp, Z,=\2/Z, (12.19)

and eliminate Zgy from the system of equations (12.1) and (12.2). We obtain
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Fig. 12.10. Extrapolation of vd in D and D.(d) to (D,d) = (1,2), (1,3), (2,2), (2,3), (2,6), (2,20).

V*(d+2)=D+2+<ﬂ(b)%ln (—ZZ—b)) . (12.20)
b=b*

This makes clear that if the wave-function and coupling-constant renormalizations are
the same (more precisely, if Z,/Z stays finite at the IR-fixed point b*) the Flory result
becomes exact. Moreover, the g-expansion of »(d 4 2) is clearly an e-expansion around
VFlory-

This expansion seems to be the most satisfying numerically. In particular, the method
of minimal sensitivity and that of minimizing the second-order term give generally
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Fig. 12.11. Extrapolation of »(d +2) in D and d to (D, d) = (1.2), (1,3), (2,2), (2,3), (2,6), (2,20).

close results. We therefore give in the following plots for all interesting combinations
of variables and dimensions (D, d), see Figs. (12.11) to (12.14). Let us stress that
good expansion parameters for » are not necessarily good for »(d + 2) and vice versa.
For example, the expansion in D and d is bad for v but works quite well (although
not optimal) for »(d + 2). We study the expansion in (D, d), (d,&), (D,D.(d)) and
(D.(d),e). The results of the extrapolations are collected in Table 12.3.
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Fig. 12.12. Extrapolation of »(d +2) in d and & to (D, d) = (1,2), (1,3), (2,2), (2,3), (2,6), (2,20).
12.5. Summary of the two-loop extrapolations for v

Let us summarize. In Fig. 12.15 we represent the results of a two-loop extrapolation
for v in the case of membranes (D = 2) in d dimensions (2 < d < 20). We see
that for d — oo the prediction of the Gaussian variational method becomes exact, as
argued above. For small d, the prediction made by Flory’s argument is close to our
results. This is a non-trivial statement, since the membrane case corresponds to & = 4
and in comparison with polymers in d = 3, where £ = 1/2, the two-loop corrections
were expected to be large. In fact we have found that the two-loop corrections are small
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Fig. 12.13. Extrapolation of v(d +2) in D:(d) and e to (D,d) = (1,2), (1,3), (2,2), (2,3), (2,6), (2,20).

when one expands around the critical curve € = 0 for an adequate range of D ~ 1.5
(depending slightly on d and on the choice of variables) and a suitable choice of
extrapolation variables. In this case the two-loop corrections are even smaller than the
one-loop corrections and allow for more reliable extrapolations to £ = 4.

12.6. Other critical exponents

The two-loop calculations presented in this paper allow in principle to compute other
scaling exponents for self-avoiding tethered membranes. The first exponent is the so-
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Fig. 12.14. Extrapolation of ¥(d+2) in D and D¢(d) to (D, d) = (1,2), (1,3), (2,2), (2,3), (2,6), (2,20).

called correction to scaling exponent @ which governs the corrections to the large L
scaling behaviour. It is known that this exponent is given by the slope of the B-function
at the IR-fixed point b*

a
w= %,B(b) o (12.21)

Its e-expansion is given by
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Table 12.3

Results for » from the numerical extrapolations for »(d + 2) at second order. “min”, “max” and “mean
denote respectively the estimate at the minimum of the plateau, at the maximum of the plateau and their mean
value. “left crossing”, “right crossing” and “mean crossing” denote respectively the estimate at the leftmost

point where the second order correction vanishes, at the rightmost point and their mean value. If not stated
otherwise the error is £1 in the last digit

»

(x,¥); (D, d) (L (1,2) (1,3) (2,2) (2,3) (2,4) (2,8) (2,20)
exact 1 3/4 0.586(4) 1 — — — —
Flory 1 3/4 3/5 1 4/5 2/3 2/5 2/11
variational 2 1 2/3 2 4/3 1 1/2 1/5
D, d min 093 0.71 0.58 1.02 0.83 0.70 043 0.20
D, d max 1.09 0.82 0.65 1.20 0.95 0.79 0.46 0.19
D, d mean 1.01 0.76 0.62 111 0.89 0.75 045 0.20
D, d left crossing 095 0.72 0.59 1.12 0.90 0.75 0.44 0.20
D, d right crossing 1.00 0.75 0.60 1.16 0.93 0.78 0.45 0.20
D, d mean crossing 0.97 0.73 0.59 1.14 0.91 0.76 0.44 0.20
d, & min 0.98 0.74 0.59 0.98 0.80 0.68 0.42 0.19
d, & max — — — 1.10 0.88 0.73 0.44 0.20
d, & mean — — — 1.04 0.84 0.70 043 0.20
d, & left crossing 1.00 0.74 0.59 0.99 0.81 0.73 0.44 0.20
d, ¢ right crossing — — — 1.03 0.83 0.68 0.42 0.20
d, £ mean crossing — — — 1.01 0.82 0.71 043 0.20
D.(d), & min 0.75 0.56 0.57 0.83 0.74 0.64 043 0.20
D.(d), & max 1.24 0.86 0.64 1.40 1.08 0.86 0.48 0.20
D.(d), & mean 0.99 0.76 0.60 1.12 091 0.75 045 0.20
D.(d), & left crossing 0.84 0.69 0.58 0.86 0.74 0.64 — 021
D.(d), & right crossing 091 0.72 0.60 0.63 0.75 0.64 — 0.20
D¢(d), ¢ mean crossing  0.88 0.70 0.59 0.87 0.74 0.64 — 0.20
D, Do(d) min 035 0.55 0.55 — 0.49 0.52 0.41 0.20
D, D¢(d) max 1.39 0.90 0.65 — 1.18 0.85 0.50 0.20
D, D.(d) mean 0.87 0.72 0.60 — 0.84 0.68 045 0.20
D, D¢(d) left crossing 095 0.72 0.58 1.12 0.90 0.74 045 0.20
D, D.(d) right crossing 1.27 0.84 0.63 1.38 1.06 0.85 0.47 020
D, D.(d) mean crossing 1.06 0.78 0.61 1.25 0.98 0.80 0.46 0.20

(2—D)& (D) +2Dfi(D)
£+

2( L. 2
(2—‘D) (2%5]—1 2-D )
()

(For the definition of & (D) and f;(D), see (4.34) and (4.28).)

We have tried to use the extrapolation methods that we have developed for » to get
two-loop estimates for w. Unfortunately, it turns out that the term of order £? is always
very large compared to the term of order £ and there is no domain along the critical
curve where a reliable estimate can be extracted from the e-expansion. Thus the situation
for the exponent w seems to be very different from that for ».

Another scaling exponent which can be obtained from our calculations is the so-called
bulk contact exponent #,. For a general introduction to contact exponents for polymers
and membranes we refer to Ref. [41]. A detailed discussion of the calculation of
contact exponents within the Edwards mode] for self-avoiding membranes will be given

&2 + O(&%) . (12.22)
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Fig. 12.15. Extrapolation of the two-loop results in d and & for membranes D = 2 in d dimensions, using
(12.20) (squares). The solid line is the prediction made by Flory’s theory, the dashed line by the variational
ansatz.

in [32]. We simply recall the basic results here. The contact exponent 8, is related to
the probability to find two fixed points x; and x, inside the membrane at a relative
distance r = |r} in external d-dimensional space:

P(rix,x) = (8(r = (r(n) = r(2)))) | (12.23)
For a large membrane, P is expected to take the scaling form

P(r;xi,x) = RiF(r/Ri2) , (12.24)
where R|; is the mean distance between x; and xj,

R?ﬁ%((r(xn) —r(x))?) . (12.25)

The contact exponent @, is given by the small r behavior of the scaling function F

r r\%
Fl— )~ — when r — 0. (12.26)
<R12) <R12)

#, is simply related to the scaling dimension w;, of the two-membrane contact operator
812(x1,x2) = 84 (r1(x1) — r2(x2)) (1227)

in the model of two independent self-avoiding membranes. This model is described by
the Hamiltonian

1 1
M= /E(Vn(xm%r / 5(Vra(x2))?

1EM; X2 €EM>
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b / /Sd<r1<x1)—r1<yl>)+/ /Sd(fz(xz)—rz(m))

1EM yIEM, XEM yEM,
+2r/ /Sd<r1(x1)—r2<yz)>. (12.28)
XEM €M,

This model can be made UV-finite at £ = 0 by the same renormalization factors for
r and b as the one-membrane model, i.e. by replacing in (12.28) r — Z(b)'/%r and
b — bZ,(b)Z(b)¥?ue, but with an additional renormalization for the inter-membrane
coupling t — tZ,(b,1)Z(b)*?u’. The new counterterm Z, can be calculated in terms
of the same divergent diagrams as those which contribute to Z,, but with different
numerical factors. In particular, one can show that when t = b, Z;(b,t = b) = Z,(b), so
that the symmetric two-membrane model reduces to the one-membrane model.

As a consequence of this formalism, one can define a new RG function, S,

(12.29)

1%
Bib.t) =zt
fixed

to calculate the RG flow in the (b,t) plane and check that (b,t) = (b*,b*) is the IR-
stable fixed point which governs the scaling behavior of a large membrane. It turns out
that the #, contact exponent and the anomalous dimension w;; of the contact operator
81, are related to the t-derivative of the B, function at the IR-fixed point by

J

wp=—v6= =B

p” (12.30)

b=t=b*

As a result, the e-expansion for #, involves the same diagrams as @ and », but in a
different combination. The result is somehow complicated, so let us simply write the
counterterm Z, and compare it with Z, (already given in Sections 3 and 4).

»

Z,(b) =1 +a_81_b+ <a1(a1 -1/2) L a1 /4D +Cy + G, +C3>b2+

g? €
2 ¢ 2 4D
Ziby=1+2r4 (a—'+—') t2+(—a1£ L +CZﬁLC3>bt+---
& & & & &

(12.31)

We have tried to use the extrapolation methods that we have developed for v to get
two-loop estimates for #,. As for w, it turns out that the term of order &2 is always very
large compared to the term of order £ and that there is no domain along the critical
curve where a reliable estimate can be extracted from the e-expansion.

12.7. Scaling for membranes at the 8-point (tri-critical point)

In [34] it was shown that the scaling behavior of membranes at the tri-critical #-point
is dominated by the modified two-point interaction 8" (r(x) — r(y)), which is repulsive
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Fig. 12.16. Extrapolation for v at the tri-critical point in (D¢(d),&’) and in (D, De(d)) to D=2 and d = 3,
one-loop resuits.

at short distance but attractive at larger distance. Membranes at the #-point are thus
quite different from polymers, where the three-point repulsive interactions dominate. As
a consequence, the scaling exponent #¢ at the -point has a different e-expansion, which
can be computed analytically at first order and is found to be [32,34]
2-D 2-D
v(D,¢) = +
2 ) (100—02—8)1“2L2—£3)
4D {1+ 5
(2—D)3r(%)

e+ O(?) (12.32)

with
(2-D)

/
= —2—
g =3D d 5

(12.33)
This expansion is again correct up to first order in d or &' and exact in D. We can use
the extrapolation methods developed in this paper to evaluate the exponent v from the
one-loop results. The extrapolation method proposed by Hwa [30] does not work in
this case. Two variants of our method deliver reasonable results: The expansion in &
and D.(d) and the expansion in D and D.(d). The one-loop estimate for membranes
in three dimensions is (cf. Fig. 12.16):

v =0.42£0.08. (12.34)

Due to our experiences with the former extrapolations, we expect that the one-loop
results will be an underestimation. They may be compared to the Flory result

"] 2+D

VFlory = m , (1235)

which evaluates to 0.57 in the case of membranes in three dimensions.
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12.8. Comparison with numerical simulations and experiments

The numerical study of two-dimensional self-avoiding tethered membranes imbedded
into three dimensions was started in 1986 by Kantor, Kardar and Nelson {11,12]. They
found for the exponent v a value close to the prediction made by Flory’s argument. These
simulations as most of the following use a system composed of balls and springs (spring
and bead model). Self-avoidance is effective between the balls. It was a surprise when it
was found [14,9] that the simulations of larger membranes obtain a flat phase. Abraham
and Nelson [10] explained this result by suggesting that an effective bending rigidity is
induced by the geometric constraints of the model (there is a maximal angle for which
neighbouring faces can bend due to the finite size of the balls). If this induced effective
rigidity is larger than the critical rigidity, where the crumpling transition (transition to a
flat phase induced by the bending rigidity without self-avoidance) occurs, the membrane
will always be in the flat phase.

After these studies, several attempts were made to reduce the effective rigidity of the
membrane in order to observe a crumpled phase, by using smaller balls [15] or by
bond dilution [22,23]. None of these attempts was successful. Another possibility to
reduce the rigidity is to impose self-avoidance not between balls but between faces of
the lattice. Using this method Baumgirtner et al. found a crumpled swollen phase. Kroll
and Gompper later declared that also in this model the membrane is flat [19]. Finally
let us remark that a crumpled phase has been found by balancing the induced rigidity
by long-range attractive interactions [16,17]. We still want to mention the simulations
of self-avoiding tethered membranes in a space of four, five, six and eight dimensions.
Grest [20] found that in four dimensions, the membrane is flat, but is crumpled in
dimensions higher than 4. Subsequent simulations by Barsky and Plischke [21] confirm
this conclusion.

To summarize: For three dimensions most numerical simulations indicate that the
membrane is in the flat phase, but the resuits are still not fully conclusive. The simula-
tions which find a crumpled phase give values for » which are close to our analytical
estimates. The situation seems to be similar in four dimensions.

A few experimental studies of tethered membranes have also been performed, but the
situation is not clear neither. The best studied system is graphite oxide, i.e. a monolayer
of carbon atoms. The first experiments by Hwa et al. [24] found a phase with fractal
dimension dy = 2.4. This result is contested in [25] by direct electron microscopy
methods, although the latter authors obtain within the error bars the same data from
their diffraction experiments. It is not clear if these membranes are sloppy enough or
if their internal stiffness is sufficiently large to induce in itself the transition towards a
flat phase. Another system studied is the spectrin network of red blood cells [26], but
the role of disorder (which may induce a wrinkling transition) seems here important.
In summary, the experiments are not yet helpful to clarify the situation.
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12.9. A possible scenario for low dimensions

The fact that most numerical simulations only find a flat phase (with » = 1) for
self-avoiding tethered membranes in three dimensions, while our analytical estimates
lead to » < 1, has still to be explained. As mentioned above, a possible explanation
is that the analytical calculations apply to floppy membranes (with very small bending
rigidity), while “real systems” studied numerically or experimentally are rigid enough
to cross the crumpling transition barrier and to stay in the flat phase.

However, the fact that reducing the rigidity does not induce the crumpling transition
suggest another, more drastic possibility. It is known that for phantom tethered mem-
branes, the lower critical dimension d;, below which the crumpled phase does not exist,
lies between 1 and 2 (1 < d; < 2). It is possible that, when self-avoidance is taken into
account, the lower critical dimension d; for the crumpling transition moves upwards to
about 3. In this case self-avoiding tethered membranes are always flat, however small
the rigidity is.

Let us give heuristic arguments that this is indeed the case in three dimensions. Let
us start from phantom membranes (without self-avoidance). The fractal exponent » is
then O in the crumpled phase, 1 in the flat phase, and equal to

VC=1—~;1+O<;11—2-> (12.36)
at the crumpling transition [42]. This last estimate is the result of a large d expansion.
Its applicability to low dimensions is thus not clear a priori, but numerical simulations
[8] show that even in three dimensions this approximation is reasonable (v, =2/3).
Let us now ask whether self-avoidance is relevant at the crumpling transition. By naive
power counting we find that this is the case if

D=2-2—-v.d>0, (12.37)
i.e. with (12.36) for
d<S5. (12.33)

For D > 0 we expect that the fractal exponent v, at the crumpling transition is different
with or without self-avoidance. But let us assume that self-avoidance does not change
drastically the exponent v, at the crumpling transition, i.e. that

Ve R VeySA (12.39)

where the second exponent is the exponent v at the crumpling transition in the presence
of self-avoidance. This is certainly true for D small. As we expect that the radius of
gyration of a self-avoiding membrane with rigidity is an increasing function of the
bending rigidity modulus «, until we reach the crumpling transition, it is simple to
deduce the inequality between the fractal exponent of self-avoiding membranes in the
crumpled phase rga and at the crumpling transition ».;sa
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Veisa < VSA (12.40)

Assuming that (12.39) holds, using the estimate (12.36) for v.,ga and our two-loop
estimates for rga, we find that this basic inequality is violated if

d<d =~38. (12.41)

Our interpretation is that d; is nothing but the lower critical dimension of the crumpling
transition with self-avoidance, and that for ¢ < d, the membrane is always in the flat,
rigid phase.

We want to emphasize that this line of arguments is still somehow speculative. It
is however tempting to compare our crude estimate of d; ~ 3.8 with the numerical
simulations in three, four and five dimensions which yield 4 < d; < 5. To confirm or
disapprove this scenario, one must take into account the effect of the bending rigidity
in our renormalization group calculations.

13. Conclusions

In this article we presented the first renormalization group calculation at two-loop
order for self-avoiding flexible tethered membranes. These second order corrections
were found to be surprisingly small if one uses an adequate extrapolation scheme.

We were able to clarify the status of the Gaussian variational method and to show
that it becomes exact for d — oc. For low dimensions the two-loop results are in good
agreement with the prediction made by Flory’s approximation, although systematically
slightly larger.

In order to improve these results, one should understand if the plateau phenomenon
observed at two-loop order persists to higher orders, and one should control the general
large order behavior of perturbation theory for this model. Another important issue is
whether the IR-fixed point studied here is stable towards perturbation by bending rigidity.
Indeed, for small enough d this might destabilize the crumpled phase and explain why
numerical simulations in ¢ = 3 normally see a flat phase. We gave additional arguments
which corroborate this scenario.
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Appendix A. Normalizations

We use peculiar normalizations in order to simplify the calculations. First of all, we
normalize the integration measure of the internal space as (Sp is the volume of the
D-dimensional unit sphere)
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D/2
dPx,  Sp=2— .
/SD/ * > =“T(D/2)

This provides

1
/|x)5”D@({x| —-L)y=-L".
£
X
The 6-distribution is normalized according to

8 (r(x) —r(y)) = (4m)*28 (r(x) = r(y)) = /ei”(’(")_’('V))

14
with
/ - 77.—(1/2 /ddp
P
to have
/e"”z" =q9?,
P

Using for the free Hamiltonian

= 1 1 2
Ho=s— [ 5 (Vr(x)

yields

1
<§(ri(x) - rj(y))2> = 8|x — y*~P.
0

Appendix B. Example of the MOPE
We give as an explicit exampie of the MOPE the derivation of (6.2).
T Oy T O Oy

/// 1kr(x1) . tpr(xz) e tqr(xz) —lkr(Vl) —ll"(VZ) —lqr(\a)

These exponentials shall be contracted like

(A.1)

(A2)

(A3)

(A4)

(A.5)

(A.6)

(A7)

. (B.1)

(B.2)
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Fig. B.1. The distances and the points in (B.1).

We therefore use the OPE for the points x;, x2 and x3, supposed the differences between
these points become small:

Cikr (1) L Gipr(x) L Qi (X3) e QK (X)) HPP(xD) +igr(x3) . okp a® +kq b 4pg (B.3)

The new variables for the distances between the points are given in Fig. B.1. An

analogous expansion is valid for y;, y; and ys;. In order to retain only the most important
contribution, we expand

- @lkrCxn) ipr(x) +igr(xs) .. ei(k+[)+q)r((x1+xz+x'3)/3) (1+0(Vr)) : (B.4)

and neglect the contributions of order O(Vr) because they are proportional to irrelevant
operators. After a shift in the integration variable g,

g—q—k-p,
Eq. (B.1) becomes

/:eiqr((-¥1+x2+n)/3) o e—iar((i+y+y3)/3) .

q
" / / k(@ 14 ) Lk q—k=p) (B +6* ) 4p (g—k—p) () (B.5)
k p

The integral over g yields the d-distribution plus higher derivatives of this distribution.
The latter are irrelevant operators and can be neglected. As they come from the expansion

of the last exponential factor in ¢, we only have to retain the last factor, evaluated at
g = 0. This gives

/ / ekp (@ +d™) —k(k+p) (B2 +&) —p (ktp) (' + 1)

kK p
1 —dj2
— l:(bzv+€2V)(C2V+f2V) _ Z (b2u+e2y+c2u+f2v _a2V _dlu):l )

(B.6)

This can still be factorized as is known from ancient Heron:

(S\ ) - [:11 (\/az,, +d + \/be + e 4 /e + fQV)



628 K. Wiese, F. David/Nuclear Physics B 487 (FS] (1997) 529-632
X <\/b21/ + eZV + \/CZV + f2V _ \/0211 +d2u)
% (, /a? _|_d2v + \/CZV + f2V _ .\/bZV + eZV)
—d/?
% (\/a2V+d2”+\/b2"+e2”— /62V+f2V>:| X

(B.7)

Appendix C. Equation of motion

The equation of motion reflects the invariance of the functional integral under a
change of variables for the fields. The expectation value of an observable O in the free
theory is

fD[r](’)e = [+

(C.1)
[Dlrle =P 5/ 4+
We now perform a global rescaling of r(x):
r(x) — (1+«)r(x). (C2)

The expectation value of O, Eq. (C.1) is unchanged. The explicit form becomes up to
first order in k

_IPl V]O(I-I—K[O])( )e—z—:l,-f_\,+
fD[r]( )e 20f+

[O], is the canonical dimension of the operator O, measured in units of r, i.e. that
[r], = L. Calculating the difference of (C.1) and (C.3) gives

<0/+>0 =u[01,<0>0 . (C.4)

For several operators we have

(C3)

conn

<0102/+> =v([011,+[021,)<0102> (C.5)

0

and in particular

<o—~—o /—+—> ——Vd<o——o> R (C.6)
0

<o+/+> _<z+[01,)v<o+> . )
0
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These relations are equivalently valid for non-connected expectation values. (To prove
this, note that (-4-)o =0.)
We can now apply these equations to calculate the pole term of

(),

The equation of motion yields

oo t)z sl [ =),

(C.8)

On the Lh.s. the possible divergences proportional to «———e come from the following
integrals:

T30, <34, o

In the second term, -¢- has to have some distance L from the endpoints of ! O ;

The pole terms proportional to e———e appearing on the r.h.s. of (C.8) and in (C.9)

([ ) o )0
<// ’—*>0 (C.10)

<//’_“> (C.1)

<// // / O+>O="’d (<\/- > +0<s°))

><<//o———.> . (C.12)
0
In the last equation, we used that

STTESE4) ] o4,

()

are

+ O(SO):{

(C.13)



630 K. Wiese, F. David/Nuclear Physics B 487 [FS] (1997) 529-632

Y TRy —,
S (C14)

The second term has no contribution proportional to e———e and thus can be neglected.
The first is evaluated using the equation of motion:

<///*_*+>O=“”d<//'—_*>o- (C.15)

Together this yields (C.12).
Finally using Egs. (C.8)-(C.12) gives

o T L _ v )TN .
<‘\\'.?:\/I‘<:_:t" . >gl - 2 < , "‘ >s_10(8 )

We further have to show that

<<7~><<>~>

The equation of motion yields

<///F——' +>0=_”d<//‘—_—‘>0~ (C.18)

The integral on the Lh.s. of (C.18) can be decomposed as

TS -1 +),

The divergencies of the r.h.s. of (C.18) and of the first term in (C.19) are

<//‘—_’ Q\+ /+> +0(") (€20)
<///q?>o=<<}’+> </+>0+0(s")- (c21)
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The divergence of the second term in (C.19) is extracted as

///O + Q’+ // + +> (C.22)

The second factor on the r.h.s. of (C.22) is
(o0 4050,
Ry S

where again the equations of motion are used. Using (C.18) to (C.23) yields (C.17).
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