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Abstract 

The scaling properties of self-avoiding polymerized two-dimensional membranes are studied 
via renormalization group methods based on a multilocal operator product expansion. The renor- 
realization group functions are calculated to second order. This yields the scaling exponent ~, to 
order e 2. Our extrapolations for ~, agree with the Gaussian variational estimate for large space 
dimension d and are close to the Flory estimate for d = 3. The interplay between self-avoidance 
and rigidity at small d is briefly discussed. 
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1. Introduct ion  

The statistical properties of  polymerized flexible membranes are an interesting sub- 

ject  [1] ,  which is still only part ial ly understood. These objects, also called tethered 

membranes,  are two-dimensional  generalizations of  polymers (one-dimensional  flexible 

chains) .  It is expected that such two-dimensional membranes exhibit a larger vari- 

ety of  behavior than polymers,  when the temperature and the elastic properties of  the 

membranes are varied. One reason is the following: simple dimensional analysis shows 

that for two-dimensional  films, the bending rigidity modulus has the dimension of  a 

pure energy and is therefore marginally relevant (in the sense of  the renormalization 
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group) [2]. Moreover, two-dimensional membranes may have internal shear elasticity 
and this separates two very different classes of flexible membranes: fluid membranes 
with zero shear modulus and crystalline (or tethered) membranes with non-zero shear 
modulus [ 3]. 

In this paper, we consider tethered membranes. As long as one takes into account only 
the local elastic forces (i.e. bending rigidity, compression and shear moduli), numerical 
simulations and analytical calculations point towards a consistent and relatively well 
understood picture [4,5,42,6-8]. For high rigidity or equivalently low temperature, 
the membrane is in a flat phase with an average orientation and a classical "fractal" 
dimension dF = 2. The roughness properties of this fiat phase are nevertheless non- 
trivial, due to the non-linear coupling between undulation modes and phonons. For 
low rigidity or equivalently high temperature, the membrane is in a crumpled phase, 
without any global orientation. In this phase the statistics of the surface is Gaussian 
(at large length scales) and its fractal dimension is infinite (dF = oe). The two phases 
are separated by a crumpling transition, which occurs for a finite bending rigidity (or 
equivalently a non-zero temperature). Numerical simulations and some of the analytical 

calculations indicate that this transition is continuous and characterized by non-trivial 
critical exponents. 

The above results do not take into account steric interactions, that is local self- 
avoidance and thus concern "phantom surfaces". For membranes (D = 2) these interac- 
tions must be relevant for the crumpled phase (at large length scales), whatever the bulk 
dimension d of space is, since the fractal dimension of phantom surfaces is then infinite. 
They are expected to be strongly relevant for physical membranes in three-dimensional 
space (d = 3). This is in contrast with polymers, where steric interactions are relevant 

only for d ~< 4 and lead to a swollen phase in dimensions 1 < d < 4 with 1 < dF < 2. 

The study of the effect of self-avoidance for tethered membranes is in fact much more 
difficult than for polymers. Most of the studies rely on numerical simulations, which 
find evidence for a flat phase in three dimensions [9,19]. Some experiments have been 
performed using thin sheets of graphite oxide, but the results are contradictory. In [24] 
but not in [25] a swollen crumpled phase is found. 

In order to study theoretically self-avoiding membranes, one can use standard ap- 
proximations, such as the Flory approach or variational methods. A more systematic 
renorrnalization group approach has been initiated in [27,28]. This approach is inspired 
from the direct renormalization method used for polymers [29]. It is a perturbative 
method and it has been used to calculate the fractal exponent ~* = 2/dF at first order 
in an e-expansion [27,28,30]. An important problem has been to check the internal 
consistency of this renormalization method and to extend it properly to all orders in 
perturbation theory. This has been completed by B. Duplantier, E. Guitter and one of 
the authors in [ 31 ] (a detailed proof might be released soon [ 32] ), who have shown 
that the model of self-avoiding membranes of [27,28], although corresponding to a 
non-local field theory, is renormalizable in perturbation theory. This result establishes 
the validity of the O ( s )  calculations and gives a systematic formalism to extend these 
calculations to higher orders. 
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In this paper we present for the first time in full details the renormalization group 

calculation at second order for the model of self-avoiding tethered membranes and 

discuss the results obtained by this approach. A short presentation of the main results 
has already appeared in [33]. 

This study is interesting for several reasons: 

(1) It provides an explicit realization of the renormalization formalism of [31]. In 

particular these calculations illustrate nicely how subdominant divergences are 

organized. 
(2) The calculation is a non-trivial task. As usual in renormalization theory, there 

is a long way from existence and convergence theorems to actual calculations, 
but additional difficulties are present here. In particular, beyond first order, the 

amplitudes (which are called manifold integrals and generalize in a non-trivial 
way Feynman integrals in the Schwinger representation to non-integer dimensions 

0 < D < 2) cannot be calculated analytically and in fact describe distributions. 

One must rely on numerical estimates for these integrals. 

(3) It leads to the first estimates at order O(e  2) for the fractal exponent p* = 2 /dF .  

This allows to check the validity of the O(e)  estimates, as well as the consistency 

of the extrapolation methods used to extract these estimates. Indeed, direct calcu- 

lations for two-dimensional membranes are impossible, but the model is extended 
to "membranes" with internal dimension 0 < D < 2, thus interpolating between 

polymers (D = 1) and membranes (D = 2). Perturbative calculations lead to an 
e-expansion, where the e-parameter is given by 

e = e ( D , d )  = 2D - d ( 2 -  D) ( l .1)  
2 

D is the internal dimension of the membrane and d the dimension of bulk space 

(in which the membrane fluctuates). Using the e-expansion one may start a-priori 

from any point (Do, do) such that e(D0, do) = 0 to extrapolate to (for instance) 

the physical point (D = 2, d = 3). In [30] an extrapolation scheme was used for 
O(e )  calculations. We shall need and will develop more systematic extrapolation 

schemes for O ( e  2) calculations and we shall discuss their respective advantages. 
(4) Finally, the calculations can be performed for membranes (D = 2) in a space with 

arbitrary dimension d and we can compare explicitly our O(e  e) results for t~* 

with other predictions. It turns out that our estimates are quite reliable for large 

d and in remarkable agreement with the result of a Gaussian variational estimate. 

We shall explain this fact and argue that this feature persists at higher order in 

perturbation theory. For smaller d the results are less stable, but still good and in 
reasonable agreement with Flory estimates (we have no good explanation for this 

fact). 
The paper is organized as follows. 
In Section 2 the continuous model of self-avoiding tethered membranes of [27,28] is 

introduced. It is a generalization of the Edwards model for polymers. We recall the basic 
results of [31,32] concerning the structure of the perturbative expansion for the model, 
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the nature of  th"e short distance, or ultra-violet (UV),  divergences and their relation with 
the so-called multilocal operator product expansion (MOPE). 

In Section 3 we recall the renormalization of the model at first order in perturbation 
theory (one loop), give the explicit expressions for the counterterms in the "minimal 

subtraction scheme" used in this paper and derive the renormalization group functions 

/3(b) and v ( b )  at one loop. The results are of course not new, but this fixes the method 
and the notations used throughout the paper. 

In Section 4 we analyze the UV divergences at second order (two loops), and 
obtain the expressions for the two-loop counterterms, in terms of singular parts of 

integrals of  MOPE coefficients. First the UV-singular configurations (divergent and 

subdivergent diagrams) are identified (Subsection 4.1 ), then the leading UV divergences 

(poles in 1/e 2) are obtained and their exponentiation (predicted by renormalization 

group) checked (Subsection 4.2). This allows to obtain the subleading divergences 

(poles in I / e ) ,  whose residues give the renormalization group functions at two loops 

(Subsection 4.3). We then express these residues as combinations of convergent integrals 

involving MOPE coefficients (Subsection 4.4). 

The next seven sections are devoted to the explicit calculation of these integrals. In 

Section 5 we briefly introduce some basic analytical methods used in the calculations, 

which have been developed in [34]. These are: (1) the definition of the "distance 
measure" which allows to define properly the integration over non-integer dimensional 

space I t  D (0 < D < 2) ; (2) the expression of the residue of the UV poles in ( 1/~) as a 

boundary term in the distance integrals; (3) the "conformal mapping" technique, which 

allows to map different domains of integration and leads to crucial simplifications. 

Sections 6, 7 and 8 are devoted to the numerical calculation of the three diagrams 

which contribute to the coupling constant renormalization. In all cases, we start from the 

corresponding MOPE coefficients and determine explicitly the integrals which have to be 

computed (this is in general not straightforward). Then we evaluate numerically these 

integrals for values of 1 < D < 2 (the internal dimension of the membrane). We have 
in general to decompose the domain of distance integration into several pieces, called 
sectors, and to find ad hoc changes of variables in each sector. In addition, this requires 

an adaptive Monte Carlo integration routine, first developed in [34], in order to master 
the rapid variations of the integrand. For the diagram of Section 7 there are additional 

subtleties, arising from the fact that the measure of integration is then a distribution, with 
non-integrable singularities on some boundary of the integration domain, which have 
to be treated by a finite part prescription. For each diagram we compute analytically 

its D ---, 1 limit. This provides a check of the numerics. Secondly for D = 1 our 
model reduces to the Edwards model for polymers, for which two-loop calculations 

have already been performed by several authors and which give an additional check of 
our calculations. 

Sections 9, 10 and 11 are devoted to the numerical calculation of the three diagrams 
which contribute to the field renormalization and are organized in a similar way. 

In Section 12 we use these two-loop results to calculate critical exponents for self- 
avoiding membranes. First we recall how the renormalization group functions at two 
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loops are related to the counterterms that we have calculated (Subsection 12.1) and 

thus obtain the e 2 term for the fractal exponent u*. Then as explained above, we have 

to set up extrapolation methods to extrapolate from the e-expansion to the physical 
case D = 2. We generalize and systematize the extrapolation method proposed by Hwa 

[30], and use our new schemes to evaluate u* for membrane for various bulk space 

dimensions 2 ~< d < e~ (Subsection 12.2). In Subsection 12.3 our results are compared 

with that of the Gaussian variational method. We argue that u*, as obtained from the 

(properly resummed) e-expansion, must coincide with the variational estimate Uvar for 

large d and we propose a new e-expansion for 9* which coincides with 9va~ at order 

e ° and which is shown to give very good results for large d. In Subsection 12.4 we 

compare our results for u* with that of the Flory method and consider a similar new 

e-expansion around 9Flory. The results of all the two-loop extrapolations for u* are 
summarized in Subsection 12.5. Finally we briefly discuss the case of other scaling 

exponents for self-avoiding membranes, namely the correction to scaling exponent w 

and the contact exponent 02 (Subsection 12.6), as well as the fractal exponent u ° for 

membranes at the tri-critical 0-point, which has been already calculated at order e. In 

Subsection 12.8 we briefly summarize the main results from numerical simulations as 

well as experimental data. We also present a heuristic argument which explains why 

both in numerical simulations and experiments self-avoiding tethered membranes are 

found in a flat phase (Subsection 12.9). 
Conclusions and future prospects are given in Section 13. Several technical points or 

examples are gathered in the appendices. 

2. Definition of the model 

We start from the continuous model for a D-dimensional flexible polymerized mem- 

brane introduced in [27,28]. This model is a simple extension of the well-known Ed- 
wards model for continuous chains. The membrane fluctuates in d-dimensional space. 
Points in the membrane are labeled by coordinates x E I / °  and the configuration of the 

membrane in physical space is described by the field r : x E I t  z) ~ r ( x )  C 1t  d. The 
free energy for a configuration is given by the bare Hamiltonian 

x x y 

The integral fx runs over D-dimensional space and V is the usual gradient operator. The 
normalizations (hidden in 2_~1D , fx  and ~ d ( r  -- r ' )  ) are chosen in order to simplify the 
calculations, but are unimportant for the general understanding (see Appendix A). The 
first term is a Gaussian elastic energy which is known to describe the free "phantom" 

surface. The interaction term corresponds to a weak repulsive contact interaction (for 
b > 0). The expectation value of physical observables are obtained by performing the 
average over all field configurations r ( x )  with the Boltzmann weight e -~t[rl.  
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Perturbation theory is constructed by performing the series expansion in powers of 
the coupling constant b. This expansion suffers from ultraviolet (UV) divergencies 
which have to be removed by renormalization and which are treated by dimensional 
regularization, i.e. analytical continuation in D and d. A physical UV cutoff could 
be introduced instead but would render the calculations more complicated. Long-range 
infrared (IR) divergencies also appear. They can be cured by using a finite membrane, 
or by studying translationally invariant observables, whose perturbative expansion is also 
IR-finite in the thermodynamic limit (infinite membrane). Examples of such observables 
are "neutral" products of vertex operators 

N N 

O = I - [  " eik~r(x") : , Z ka = O. 

a=l a=l 

(2.2) 

In the following we discuss the renormalization of the model, i.e. we only deal with the 
UV divergencies. 

Let us first analyze the theory by power counting. In internal momentum units, such 
that [x] = - 1 ,  the dimension of the field and of the coupling-constant are 

2 - D  
[r] = - v  . . . .  , [b] = e = 2 D - v d .  (2.3) 

2 

In the sense of Wilson the interaction is relevant for e > 0. Perturbation theory is then 
expected to be UV-finite except for subtractions associated to relevant operators. We 
will come back to this point later. For clarity we shall represent graphically the different 
interaction terms which have to be considered. The local operators are 

1 = • ( 2 . 4 )  

~ (Vr (x ) )2  = -+-.  (2.5) 

The bi-local operator, the dipole, is 

~a(r(x) - r(y))  = -- =. (2.6) 

The expectation-value of an observable is 

f79[r] O[r] e -7-t[r] (2.7) 
( ( ' 9 [ r ] ) b  = fD[r] e -7"gIrl 

Perturbatively, all expectation values are taken with respect to the free theory: 

(O[r ] )0  = f D[r] O[r] e 2~o f, ½(vr) 2 
t r ,(vr,2 (2.8) 

f D[r]e-rZ-~ j,~ , 

A typical term in the expansion of (2.7) is 
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, ', = E c , ( ,  , . , )  
' ~ : i \ 0 0 '  ~ Q ;  

Fig. 2.1. Example  of a contraction. 

///o: - o  : / 0  

where the integral runs over the positions of all dipole endpoints. The analysis in [38] 
shows that UV divergencies appear when some dipole-endpoints approach each other. 

The divergencies are analyzed via a multilocal operator product expansion (MOPE). 

The principle is exemplified in Fig. 2.1. One considers n dipoles (here n = 5) and one 

separates the 2n endpoints into m separate subsets (here m = 3) delimited by the dashed 

lines. The MOPE describes how the product of these n dipoles behaves when the points 

inside each of the m subsets are contracted towards a single point z. The result is a sum 

over multilocal operators c/,{z] . . . . .  Zm}, depending on the m points zi . . . . .  Zm, of the 
form 

{z,, z2 . . . . .  Z,n),  2.10) 

where the MOPE-coefficients C~ depend only on the relative distances xi - xj  between 
the dipole endpoint positions xi inside each subset. This expansion is valid as an operator 

identity, i.e. inserted in any expectation value and in the limit of small distances between 

contracted points. As the Hamiltonian (2.1) does not contain any mass-scale, the MOPE 

coefficients are homogeneous function of the relative positions between the contracted 
points. The degree of homogeneity is given by simple dimensional analysis. In the case 

considered here, where n dipoles are contracted to an operator qs, this degree is simply 

(for the definition of v see (2.3)) 

degree[C~] = -n~,d + [~]  , (2.11 ) 

where [@[ is the canonical dimension of the operator 45 and d(2 - D ) / 2  is simply the 

canonical dimension of the dipole. 

In order to evaluate the associated singularity, one has finally to integrate over all 

relative distances inside each subset. This gives an additional scale factor with degree 

D ( 2 n - m ) .  A singular configuration, such as depicted in Fig. 2.1, will be UV-divergent if 
its degree of  divergence, defined as D (2n - m) + deg [ C~ 1 ], is negative. It is superficially 
divergent if the degree is zero and convergent otherwise. 

The power-counting analysis of [31,32] shows that at the critical dimension e = 0 
the identity operator * is relevant, while the local operator -~- and the bi-local dipole 
operator -- -- are marginally relevant. Contractions of n dipoles to * give relevant 
divergences (negative powers of the short distance cut-off, or poles for some e > 0), 
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while contractions towards --~ and : ~ give superficial divergences (logarithms 
of the cut-off, or poles at e = 0). 

The analysis of the renormalization in [31,32] shows that in order to make per- 

turbation theory UV-finite at e = 0, one has to add to the Hamiltonian counterterms 

proportional to all relevant and marginal operators. These counterterms are obtained 

from the MOPE coefficients, integrated with some IR-cutoff procedure. 

3. Renormal izat ion at one-loop order 

Let us continue on the concrete example of the one-loop divergences, where we shall 

also fix our notations for the MOPE coefficients. When the endpoints (x, y) of a single 

dipole are contracted to a point (taken here to be the center-of-mass z = (x + y ) / 2 ) ,  

the MOPE is 

. _ . ,  . . _  J ' , .  _ j "  " 

with the first MOPE coefficients given explicitly by 

x y - ~  = - ~ l x -  y l - ~ ( e + 2 ) ( x - y ) ~ ( x - y ) ~  (3.2) 
" 4 - - . "  

and where ~ ~B denotes the local tensor operator 

1 
- ~  ~ = -~ cgarcg #r . (3.3) 

The integral over the relative distance x - y for 

is at ~ = 0 logarithmically divergent. 
The simplest contraction to a dipole is when two dipoles collapse. The corresponding 

MOPE coefficient is 

( ( i ~ i )  . : )  =(Ix[2Vq-ly[2~) -el~2 , (3.4) 

where x and y are now the relative distances inside the two subsets. Another possibility 

is to consider the contraction .(,---.). But as 
" 4  . . . .  " 
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(3.5) 

this does not give a pole at e = 0, but a term proportional to the relevant divergence 

(that we discuss now),  times a regular contribution. 

In the next step counterterms have to be introduced in order to subtract these diver- 

gencies. We have to distinguish between the counterterrn for the relevant operator and 

those for marginal operators. The first one can be defined by analytic continuation, the 
latter require a subtraction scale. Indeed, the divergence for • is given by the integral 

L 

x = - D - - e  ' 

, I  - 1  <ia-Y[<L . . . . .  A__ I 

(3.6) 

where A is a high-momentum UV-regulator and L a large distance regulator. For e ~ 0 

this is UV-divergent but IR-convergent. The simplest way to subtract this divergence is 

therefore to replace the dipole operator by 

: : , ; ~. - • . . . . . . . . . . .  • , ( 3 . 7 )  
x y x y x y 

where • ........... • = Ix - y ] - . ~ l .  This amounts to add to the bare Hamiltonian (2.1) the 
x y 

UV-divergent counterterm 

~ [ r ]  = - ~  

X 3' 

(3.8) 

which is a pure number and thus does not change the expectation value of  any physical 

observable. This prescription is sufficient to subtract all relevant UV divergences in the 

calculation of  the renorrnalization-group functions at two-loop order, that we present in 

the next sections. 

We now treat marginal operators. Let us come back to the MOPE (3.1). The integral 
over the relative distance of  

is logarithmically divergent at e = 0. In order to find the appropriate counterterm, we use 

dimensional regularization, i.e. set e > 0. An IR-cutoff L, or equivalently a subtraction 

momentum scale /x = L - ] ,  has to be introduced in order to define the subtraction 

operation. As a general rule, let us integrate over all distances appearing in the MOPE 

coefficient, bounded by the subtraction scale L = /x  - j .  This projects the tensor operator 
~ onto the scalar ~p--, times the integral 
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f ( x ~ y  --~-) = ( ~  -4~-IL=Lef(e,D). (3.9) 

Ix-yl<t 
Following Refs. [31,32,34] we use a minimal subtraction scheme (MS). The internal 
dimension of the membrane D is kept fixed and (3.9) is expanded as a Laurent series 
in e, which here starts at e -1. Denoting by ( [ )~,, the term of order e p of the Laurent 
expansion of ( [ )c for L = 1, the pure pole part of (3.9) is found to be 

+ = 2 D  " ( 3 . 1 0 )  

It is this pole term that we are going to subtract in the MS scheme. This is done by 

adding to the Hamiltonian a counterterm 

d~[r] = - b ( ~  "~-Ie-' f -~x. (3.11) 

" ' ' ' "  x 

Similarly, the divergence arising from the contraction of two dipoles into a single 
dipole is subtracted by a counterterm proportional to the single pole of 

Ixl<t lYI<L 

= f f (,Xl2V-}- lyl2V) -d/2 (3.12) 

Ixl<L lYI<L 

As a result, the model is UV-finite if we use the renormalized Hamiltonian 7-(R 

~ R [ r ]  - 2 - ZD f J l(vr(x))2 + bZb ° f r(y)) , (3.13) 

x x y 

instead of the bare I-iamiltonian 7"¢[r]. Now r and b are the renormalized field and 
coupling constant, and/z  = L -L is the renormalization momentum scale. The renormal- 
ization factors are at one loop 

Z = I - ( 2 - D ) ( . ~ ,  -+- / b+O(b2), (3.14) 

The renormalized theory can be reexpressed in terms of the bare (unrenormalized) 
theory through 

to(x) = ZV2r(x), bo = bZbZa/21x~. (3.16) 
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Following the analysis of [ 31 ], the renormalization group fl-function and the anoma- 
lous scaling dimension v of r are obtained from the variation of the coupling constant 
and the field with respect to the renormalization scale #, keeping the bare couplings 
fixed. They are written in terms of Z and Zb as 

0 
fl(b) =/z~-~ b =  

bo 

- eb  
d Oln Z ' 1 +b~blnZb+ ~b-~ 

(3.17) 

v(b) 2 - D  1 / x 0 _ ~ b 0 1 n Z _ 2 - D t _ _  - ~ 2 -~fl(b) l n Z .  (3.18) 

4. Derivation of  the counterterms at two-loop order 

4.1. The two-loop counterterms in the MS scheme 

In this section we apply the formalism explained above to determine the counterterms 
which renormalize the theory at second order. If we consider only the bare theory, given 
by the bare Hamiltonian (2.1), power counting gives the three UV-divergent diagrams 
(together with their symmetry factors) 

(a) ~ . , (b) 5 " , , ~ , :  ' 

(4.1) 

which give short distance singularities when the points inside the subsets are contracted 
to a single point. These singularities give double and single poles at e = 0. There are 
two other potentially dangerous diagrams, 

(4.2) 

These diagrams do not give poles at e = 0 for reasons similar to what happens with 
(3.5). Now one has to remember that the model is already renormalized at one-loop, 
i.e. that we use the renormalized Hamiltonian (3.13), with the counterterms (3.14) and 
(3.15). As a consequence there are five additional divergent diagrams, which come from 
the insertion of the one-loop counterterms 

(e) - ~ - ~  ~ / ( i ~ i )  = --) , 



540 K. Wiese, F. David/Nuclear Physics B 487 [FS] (1997) 529-632 

(g) - 2 / ,  -~ , , ~  ..... ..' ) ' 

2 ) (h) ~ .............. . .... (4.3) 

There are other potentially divergent diagrams, analogous to those depicted in (4.2), 
which factorize into convergent diagrams. 

The first four terms in (4.3) are a combination of a diagram divergent at one-loop 

order (giving a single pole) times a divergent one-loop counterterm (which gives another 

single pole). The fifth term is more peculiar: it is the combination of a convergent 

diagram (which corresponds to a contact term) times two one-loop counterterms (thus 

giving also a double pole). 
Owing to the MOPE, diagrams (a),  (e),  (f) and (h) give a divergence proportional 

to the insertion of the local operator -~-. With the notations introduced in the previous 
section, they can be subtracted by adding a counterterm proportional to the divergent 

part of the integral of the corresponding MOPE coefficients 

2 

+ 1 2e/  ............. 

~" /£_1 

(4.4) 

Since we use the minimal subtraction scheme, we want to subtract only the double and 
single poles in e at e = 0. To isolate these poles, we have to perform a Laurent expansion 
of the various terms in (4.4) and to keep the terms of order e -2 and e- ]  but to drop 
the analytic part. Setting the renormalization momentum scale/x = L -1 , we obtain the 

final expression for the renormalization factor Z at two-loop order 

z-1 o , / @ +  ) 
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i i ..... 

1 q'-  2 

÷(Q(b3)  • (4.5) 

Here ( I )~,,1 ...... ,,,, denotes the sum of  the terms of order e n~ . . . . .  e', '  in the Laurent 
expansion of  ( ] )C, taken at L = 1. 

Similarly, the diagrams (b) ,  (c) ,  (e)  and (f)  give a divergence proportional to the 

bilocal operator = ~. An analogous analysis leads to the following expression for 
the coupling-constant renormalization factor Zb at two loops 

I + b  2 

+2( 

+(Q(b  3) . 

/E_I 

(4.6) 

4.2. The leading divergences (double poles) 

In fact we are interested only in the residues of  the single poles, that is into the 
residues cj and f l  in the Laurent expansion of the counterterms 

Z = I  + b+  +~-~ + O ( b  3 

Z b = l  +a~leb+(C~le +~22)b2+O(b3 ) (4.7) 

Indeed, the finiteness of  the renormalization group functions (3.17) and (3.18) implies 

that the residues of  the double poles, f2 and c2, can be expressed in terms of the 
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one-loop residues el and al. 
Let us show explicitly how this happens, since this will be useful in order to subtract 

efficiently the double poles in the counterterms. From the analysis at one-loop order, we 
know that 

e]_e ( 2 - D ) ( ~ - ~ / ~ _ , '  

and we obtain the one-loop RG functions 

fl(b) = -eb  %" b2 (d--~l + a,)  , 

a, / 
- -  = = -- ( 4 . 8 )  

8 e _  1 

(2 e l  
v(b) = - -  %" b~--. (4.9) 

2 Z 

Inserting these one-loop RG functions into (3.17) and (3.18), yields differential equa- 
tions for the counterterms Z and Zb, whose solution is explicitly 

2q 
d el +2a 1 

Z (1)= 1 - -  %"al 
8 

[ 1 -  b + 

(4.10) 

This shows the exponentiation of the leading divergences, i.e. that the residue of the 
leading pole in e -n at order b n is determined by the residue of the simple pole in e - l  
at order b. Expanding (4.10) to order b e, we obtain 

Z (1) = 1%" elb%" f2(e)b2 e ~ %" O(b3) ' 
g'2(e) 

Zb ~1) 1%"~b%" = - - 7  b2 %" O(b  3) 

(4.11) 

with, in terms of diagrams, 

+ / 

~'2(g)~_ -- ~ ( , , . ~ . , : - -  

(4.12) 

(4.13) 

Both f2(e) and C2(e) contain not only a constant term but also a term linear in e. The 
latter is not fixed by the RG functions at one-loop order. 

The leading poles of Z (1) and Zb ~1) must be equal to those of Z and Zb. This implies 
that 

f2 = f2(8)  %" (.9(~) , C2 = C2(E) %" O(E) . (4.14) 
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This is compatible with the explicit expressions (4.5) and (4.6) for Z and Zb. Indeed, 

one can directly calculate the double poles in (4.5) and (4.6). The simplest case is 

diagram (b) in (4.1). A subdivergence occurs when two dipoles are contracted to a 
single dipole. When this contraction is performed first, the MOPE coefficient factorizes 

(4.15) 

a s  

There are three different subdivergences and one finally obtains that the double pole 
associated with this diagram is given by 

(4.16) 

The factor 1/2 comes from the nested integration [35]: the double pole results from the 
integration over a "sector" where the distances inside the subdiagram are smaller than 
all the other distances. This will become clear in the explicit calculations of the next 
sections. 

Similarly, let us consider diagram (c) in (4.1). A subdivergence occurs when the 
single dipole to the right of the diagram is contracted to a point. The MOPE coefficient 
factorizes as 

(4.17) 

Consequently, the double pole for this diagram is 

where the factor 1/2 again comes from the nested integration. 
Finally, let us consider diagram (a) in (4.1). Four sectors contribute to the double 

pole, which correspond to the subcontractions depicted here 

", ,? 



544 K. Wiese, E David~Nuclear Physics B 487 [FS] (1997) 529-632 

( ~ ~  --+-)~ ( ( i ~ i )  ~ = ) ( ~  - ~ ) .  (4.19) 

Each of the contractions appears with a combinatorial factor two. The double pole for 
this diagram is therefore 

( ~ " , ' i ' , ' ~  -+-)c-2 = 2 x  1 ( ~  . . + _ } e _ l ( ~  + } 8 _  I ...... i /) 

1 / ( i ~ i )  --) ( , , ~ ,  -~ ) (4.20) + 2 x ~  : ~ , ...... ~_. 

Inserting (4.16), (4.18) and (4.20) in the explicit expressions for the two-loop 
counterterms (4.5) and (4.6) we apparently do not obtain for the double poles the 
results (4.12) and (4.13) predicted by the renormalization group. However, we can 
make use of the equation of motion to compute the effect of the insertion of the 
operator --+- in the counterterms. In Appendix C we show that 

Using these identities one recovers (4.12) and (4.13). 

: ) + O(e°), 
(4.21) 

(4.22) 

4.3. The subleading divergences (single poles) 

We can now give the expressions for the residues of the single poles. For the single 
pole of Z we find 

f l  

~3 2 g--2 ~--1 

+ 2 

( @  + , ( , - , 
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- - 2 ( ~  -4(- } g o ( ( i ~ i  ) = "-}g-~ 

i i ..... 

- 2 (  ,~" ~ ' ~ - } ~ o ( ~  '+-}g-, 

One can simplify this expression, since the explicit calculation shows that 

545 

(4.23) 

= o ,  (@+} :o 
gO 

(4.24) 

For the single pole of Z~ the result is 

+ 2 ( ( i ~ i )  = --}go ( ( i ~ i ) =  = }g-, 

} \ , ~  ..... / ~  =g_ ,  . . . . . .  -, 

(4.25) 

4.4. Expressing the residues as convergent integrals 

The next step is to evaluate the residues f~ and Cl, that is to write them as convergent 
integrals involving combinations of MOPE coefficients. It is convenient not to compute 
directly fl and cl, but rather to consider the (.9(~ -1 ) parts of the counterterms that are 
not already contained in the second-order resummation of the one-loop divergences, as 
given by (4.12) and (4.13). We thus denote 

f2 fl f2(e) fl c2 cl e2(8) el 
e~-+ - e ~  + - - '  e2 + - e ~  + (4.26) 
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Using d = 4D/(2 - D) - 2e/(2 - D) it is easy to extract the O(e -1) part of (4.12) 
and (4.13). With (4.8) we get 

e~ el a] (4.27) 
fl = f] 2(2 - D) ' c] = ~l 2(2 - D) 

Now subtracting (4.12) from (4.5) yields an equivalent explicit expression for fl 

+ 

_1 ( ( , i ~ i )  . " : )  ( , @ , ,  + )  . (4.28) 

Final ly ,  one  has to r e m e m b e r  that / . . . .  ) are the terlns ° f  ° rde r  ~P ° f  the Laurent  
~P 

series of the integral over distances of the corresponding MOPE coefficient 

( . . . .  ) / ,= f ( . . . .  )L (4.29) 
distances ~ L 

Using this fact one obtains the following decomposition: 

fl 1 
- ,T'I + ~-2 + ~'3 + O(e °) , (4.30) 

2 - D e  
where each term can be written as a convergent integral. These terms are 

..... !, ,,} 

1 2 ( ( i ~ i i )  -" -" )L ( ~  -~ )L'  (4.31) 
.._..- 

f2=-  + 
~_.. 8 -1 

i ,i L ...... L 

- (  @ * / L  ( ~:::-~---: -~::~) -~ ) ) '  (4.32) 
. , L 
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-(,,i~i~, - - L ) .  

:/L 
547 

(4.33) 

Even if not written explicitly, we will only calculate the residue of .7"1 . . . . .  ,73 at L = 1. 
Similarly, subtracting (4.13) from (4,6) we obtain for ~1 

( ~  / 2 
E "" " ~ " :  = = e -- 1 

+ 2 ( : ' , f i l l )  = - - )_ ,  ( ( i ~ i )  -- --)~-, ~o 

2 { / . , , ' ~ ' , ,  = =}~ 2 . - , -  2 ( ( ~ : ~ . , ~  = 

that we decompose as 

C1 = C1 Jr-C2 -~- C3 + O (  g, O) , 
13 

Cl 3 '....%.._..~._ / = - -  i ,'+-----~i = 

+(~ +/, (,i~;y::, - 

2 

L 

-)L' 

/~ 2 E  I 

(4.34) 

(4.35) 

(4.36) 

(4.37) 

with 

, , ~ j  -- - - ) _ ~ )  . (4.38) 

The coefficients Ct, C2 and C3 can like `71, `72 and `73 be expressed as convergent 
integrals and will be calculated in the next sections. 
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5. General  strategy and technical tools 

In this section we give a brief overview over the analytical tools involved in the 
calculation of the Feynman-diagrams. These are the measure (Subsection 5.1), the 

procedure to extract the residue and the conformal mapping (Subsection 5.2). 

5.1. Analytic continuation of the measure 

We first define the explicit form for the integration measure in non-integer dimension 

D, that will be used in the calculations. We use the general formalism of distance geom- 

etry [ 37], which has been already used to'construct other, but equivalent, representation 

for such measures. 

The general problem is to integrate a function f ( x l  . . . . .  XN), which is invariant 
under Euclidean displacements (and therefore depends only on the N ( N -  1 ) /2  relative 

distances Ixi - xj[ between these points) over the N - 1 first points (the last point is 

fixed, using translational invariance) in liD for non-integer D. In order to define the 

integration, let us take D />  N - 1 and integer. For i < N we denote by Yi = xi - XN the 

ith distance vector and by ya its ath component (a = 1 . . . . .  D) .  

The integral over Yl is simple: Using rotation invariance, we fix Yl to have only the 

a = 1 component non-zero. The measure becomes 

OQ 

/d yl=So/dy  yl,° l, 
o 

y~ = (y{,O . . . . .  o ) ,  (5.1)  

where SD is the volume of the unit sphere in I1 D, defined by 

,ITD / 2 

SD = 2 - -  (5.2) 
F ( D / 2 )  " 

We now fix Y2 to have only a = 1 and a = 2 as non-zero components. The integral over 

Y2 consists of the integration along the direction fixed by Yl and the integration in the 
orthogonal space l i o - l :  

f dDy2 SD-, / dy~ / d y ~  ~ 2.D--2 = t Y 2  ) , 

-- oo 0 

1 2  
Y2 = (Y2,Y2,0 . . . . .  0 ) .  (5.3) 

For the j th point, one proceeds recursively to integrate first over the hyperplane defined 

by yj . . . . .  Zj-1 and then the orthogonal complement: 

dDyj = SD-j+I dyj dy) (]~ )D--j  , 

a < j  - - o o  0 

xJ (y) ; = , . . . .  y ~ , O  . . . . .  o ) .  

(5.4) 



K. Wiese, E Dav id /Nuc lear  Physics B 487 [FS] (1997) 529-632  549 

The final result for an integral over all configurations of  N points is 

) f H d°yj = SDSD-,'''SD-N+2 H d3~; dy ( )D-j . 
j = l  .1=1 --oo 0 

(5.5) 

This expression for the measure, now written in terms of  the N(N- 1 ) variables yj~, can 

be analytically continued to non-integer D. For D ~< N -  1 this measure is not integrable 

when some yj~ = 0. For D not integer, the integration is defined through the standard 

finite-part prescription. This means that the measure (5.5) becomes a distribution. 

Let us made this explicit on the example of  N = 3 points, following Refs. [37,34]. 

The measure is then 

+ ~  cx3 

SDSD-, /dy~ (y~)D-I /dy~ fdyl(y~) 
0 - c ~  0 

D - 2  (5.6) 

It is well defined and integrable for D > 1. For D = 1 the integral over y~ diverges 

logarithmically at y2 __+ 0, but this singularity is canceled by the zero of  So-I and the 

measure becomes 

O~ +0<3 0<3 

f<  /dy I/dy 2 l y, /dy2 
0 -co 0 R R 

(5.7) 

thus it reduces to the measure for two points on a line. For 0 < D < 1 the integral over 
v22 diverges at y2 ___+ O, but this divergence is treated by a finite part prescription. 2 

For integrals over N > 3 points, a finite part prescription has already to be used for 

D < 2. This will be shown explicitly later. The expression (5.5) is equivalent to the 

measures defined in [37].  

5.2. Extraction of the residue 

We now explain how we extract the residue of  the pole at e = 0 for the example of  
the one-loop counterterms. Note from (3.1) that 

L 2D 2D e 
"" --" x<L 

(5.8) 

We used the normalization of  the measure 

1 / 7; "D/2 
= ~ d ° x ,  SD = 2 r (D/2~ (5.9) 

which was chosen to simplify the calculations (see Appendix A).  The residue can most 
easily be extracted by applying L ~  to (5.8). This yields 
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1 / 
e = - - - L  x ° -~d  (5.10) 

~, 2D 2D " 
"'-"" x=L 

So the residue of (5.8) is 

e / ~  _ ~ )  = l i m L g _ _ ~ / ~ _ t i l _  ) 1 ...... e-~ ~ o  ..... L = - - ~ "  (5.11) 

We can apply this recipe to the second one-loop counterterm: 

<< ; ;~ : )  ~" ")L= i S ( ( ' ~ : : )  ~" ~') (5.12) 
x<L y<L 

since it is also proportional to U .  We thus have to calculate 

0 Ls+sl,x cgL( ) L + y2V) (5.13) 
v<x=L 

We now introduce a general method which is very useful to manipulate and simplify 
such integrals. It relies on (global) conformal transformations in position space and 
is called conformal mapping of sectors. It has first been introduced in [34], where 
a geometric interpretation can be found. We will explain the method on a concrete 
example and then state the general result. 

Let us consider the second integral on the r.h.s, of (5.13) 

o o  o o  

L S (xe +y2")-d/2 : ~Sdxx°i~x yO (x2~+y2V)-d/2B(x_L)O(y<x). 
y<x=L 0 0 

(5.14) 

Now two changes of variables are performed: The first one 

x -+ Yc, x = .~yL - I  (5.15) 

leads to 
o o  o o  Li-o+"<'f dS<.~ofdyy2o-'~(S<2" +L2V)-dl2$(ZcyL-I-L)O(L <.~) (5.16) 
o o 

The second one 

y ~ 9,  y = y 2 - 1 L  (5.17) 

finally gives 
0<3 -- O O  

Y o o 
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Replacing the second integral on the r.h.s, of (5.13) by (5.18) gives 

(X3 

L c9 ( " ~ ' " , ,  ~.) =LI+~:/ f ~ y D  + " . . ~ , '  - dXx° (x2~ y2~) -d/e 
L X 0 0 

× max(x,y)-~(y - L). (5.19) 

Now one distance (here y) is fixed, whereas the integral over the other distance (here 
x) runs from 0 to ~ .  The former constraint max(x ,y)  = L has been transformed into 
the factor max(x,  y ) -~  times the constraint y = L. 

Before generalizing this formula, we shall show how it can be used in practice. The 
residue in ~ (which determines the corresponding one-loop counterterm) is given by 
the simple formula (dc(D) = 4 D / ( 2  - D) ): 

(5.20) 

The subleading term can analogously be calculated by expanding (x2~+ l)-~a-a,~D~/2 
and max(x, y)~ in ~. We obtain the convergent integral representation 

o o  

( " i i ~ i )  "- =) = / d X x o ( 2  1---~ln(x2~+l)--ln(max(x'l))) " 
eo X 

o 
(5.21) 

This method extends to the integrals which appear in the counterterms associated to 
the contraction of any number of points. In general we have to compute integrals over 
N ( N  - 1 ) distances x, y . . . . .  of the form 

l(e) = ~ f(x ,y  .... ) (5.22) 
. J  

max( x,y,...) <~L 

with a homogeneous function f such that the integral has a conformal weight (dimension 
in L) K. For the integrals which appear in n-loop diagrams, this weight is simply 

K = ne .  (5.23) 

The integral over the distances is defined by the D-dimensional measure (5.5). The 
residue is extracted from the dimensionless integral 

,, O J(e) =L- L-~l(e)=neL-~l(e) 

l f (x ,y  .... ) max(x ,y  . . . .  )- '~. (5.24) = t  

max(x,y,...)=L 
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s 
J 

/ ~ 

f s ~ /  

--e.'. 
~ e 

Fig. 6.1. The distances in (6.2). 

d 

w 

The domain of integration can be decomposed into "sectors", for instance 

{ . . . < y < x = L } ,  { . . . < x < y = L } ,  (5.25) 

and we can map these different sectors onto each other by global conformal transfor- 
mations. For instance we can rewrite the integral (5.24) 

f f . . . .   max xy . . . .  . . . .   m x x,y . . . .  
)~. 

, /  J 
x=L y=L 

(5.26) 

The constraint on the maximum of the distances is replaced by the constraint on a 
(arbitrarily chosen) distance. 

This mapping of sectors is one of the basic tools used in the following to explicitly 
calculate the two-loop diagrams. 

6. Coupling constant renormalization, first graph 

6.1. The counterterm 

We are now going to calculate the first diagram of Section 4. It contributes to the 
coupling-constant renormalization in two-loop order and is 

- 2 C '  = ( : ~ ' , ~ ,  'i-" - - ) L -  3 ( ( I ~ I I )  -" " ) z "  (6.1) 

With the distances labeled as in Fig. 6.1, the first MOPE coefficient is 

× (X/~+e2~ + V/c2~ + f2~-  ~ ) 

x (v/~a2~ +d2~ + V/C2~-t- f2~-  v/b2u +e 2~) 
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x(v /a2 ,+d2 ,+v /bZP+e2~ v/cZ,+f2~)] -a/2 - ( 6 . 2 )  

The derivation of  this expression can be found in Appendix B. Recall that the factoriza- 

tion of  the divergences, which are subtracted in (6.1), is 

o) 
(6.3) 

We therefore represent the MOPE coefficients associated to the second term in (6.1) as 

= _ i  (a2,' + d2~)-<'/2 (l,2" + e~") -<'/2 - i (a2~ + d2~)-<'/~-(c2~ + S'~)-<'/~ 
2 2 

1 (b2V + e2,, ) -a'/2 (C2te mr" f2,,)-a/2 (6.4) 
2 

There are three subdivergencies subtracted due to the three possible contractions and a 

['actor 1/2 due to symmetry, i.e. due to the nested contraction. 

We can now proceed to calculate the diagram (6.1), which is of  order l / e  and not 

of  order 1/82 as the single terms. To do so, let us consider the integral I(L),  which is 

defined as the integral o f  the MOPE coefficients, with all mutual distances appearing in 

Fig. 6.1 restricted to be smaller than L: 

wS--~ 

' <,--iiSiiS ,) 
a,b,c,d,e,f<L 

=) 
Note that I(L) is not exactly equal to (6.1). However, we shall show below that the 

leading term, i.e. the pole in 1/e in which we are interested, is the same. 

1 (L)  has the following Laurent expansion: 

a 

We now apply the operator La~ to I(L) to extract the residue a in 1/e. We obtain 
an integral similar to (6.5) with the constraint that max(a ,  b, c, d, e, f )  = L. Using the 

trick of  conformal mapping explained before, we can rewrite this as an integral with the 

constraint that one of  the distances (for instance a)  is equal to L and that the other can 

vary freely. We thus obtain the integral 

J(L) =L-~I (L)  
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=Lfhf, f<ffmax(a'b'c'd'e'f)-2"[({.~,)* ~) 

3 , ' ~ , ,  = 

We know that the only divergencies, which lead to poles in l /e ,  could appear in (6.7) 
when a pair of distances, i.e. ( a , d ) ,  (b ,e )  or (c, f )  simultaneously tends to 0. But 

by construction these divergences cancel between the first and the second terms of the 
integrand. So, the integrand in (6.7) has only integrable singularities at short distances 

and we can perform the limit d ---, dc, i.e. e ~ 0 inside the integral in order to compute 

J(L) I,---0 = 2 a .  (6.8) 

This convergent integral can be calculated numerically by the methods developed in 

[34]. We shall explicit this calculation later. 

The next problem we have to treat is that in (6.5) we subtracted a counterterm that 

we had chosen by convenience. It is however not the counterterm in (6.1), which is 
fixed by our renormalization prescription at one-loop order. The latter can be written as 

, :)= f/f/f/(a2V + d2v)-d/2(b2V+e2V )-d/2. 
a,b,d,e<L; c,f 

(6.9) 

The difference between (6.9) and the counterterm in (6.5) is that the integration over 

c and f is not restricted. To evaluate the residue for the true counterterm, we apply the 

operator L ~  to (6.9) and get an integral with the constraint that max(a,  b, d, e) = L. 

We now use the trick of conformal mapping to transform this integral into an integral 
with the constraint a = L as in (6.7). This yields 

.iSlSl(.2.+.2.,-..(..+e..,-.,2 . maxt a, b, d, e) -2, (6.10) 

b,c,d,e,f 

This expression has to be compared to the corresponding counterterm in (6.7). The 
difference between these two counterterms is 

f J /I f  ( a2"q- d2v)-dl2(b2"9-e2V) -a12 
b,c,d,e,f 

× (max(a ,  b, d, e) -2,  _ max(a ,  b, c, d, e, f )  -2,)  . (6.11 ) 

A priori this term is O ( e  °) and might contribute to the residue. We state that this term 
is O(e ) ,  thus subdominant and does not contribute to the counterterm. To prove this we 
set L = 1 and we develop max(.  - . )-2" in powers of e. This expansion is licit over the 
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domain of integration, since m a x ( . . . )  /> 1 and since the integral is convergent at large 

distances. This implies that (6.1 1) is equivalent to 

2 e / J f f f  (a2~+dZ~)-J/2 (b2~+e2~)-d/2 

b,c,d,e,f 

× [ l n ( m a x ( a , b , c , d , e , f ) )  - l n ( m a x ( a , b , d , e ) ) ]  (6.12) 

when s -~ 0. Poles of the integral in 1/e might appear if b,e --~ 0 simultaneously. 

In that case however c --+ a and d -+ f so that the difference in the last factor 

in (6.12) vanishes. The last integral in (6.12) is therefore convergent, implying that 

(6.11) = O(e )  and that I (L)  + 3/2C1 = O(~°).  Therefore the use of (6.5) instead of 

(6.1) to compute the residue of the pole is justified. 

Such a phenomenon is not peculiar to this diagram. In the other diagrams that we 
shall calculate similar simplifications occur when dealing with the counterterms, which 

allow to take the same constraints over the distances for the two-loop diagram and 

for the counterterms associated with one-loop subdivergences. We call this property the 
"two-loop miracle". (A generalization to the calculation of higher order diagrams is 

possible.) 

6.2. Numerical calculation 

We now want to calculate the residue J ( L ) ,  given by the integral (6.7), numerically. 

This calculation will be performed for values of D in the interval 1 < D < 2. As we 

already discussed, the integral representation (6.7) suffers from additional divergences 

for D < 1, which come from the fact that the measure over three points becomes a 

distribution, and which must be treated by a finite part prescription. This will not be 
done here, since it turns out to be sufficient to calculate the diagrams for 1 < D < 2 in 

order to have good estimates for the critical exponent of membranes. 
The calculation is considerably simplified by using the symmetries of the diagram 

and by integrating over one of the equivalent sectors only. First of all, one can suppose 

that max(a ,  b, c) > max(d,  e, f ) .  Furthermore an ordering of a, b and c is introduced: 
a > b > c. This gives rise to a symmetry factor 2 x 6 = 12. In order to eliminate all 

divergencies, also d, e and f have to be ordered. We assume that d > e > f but then 
have to sum over all permutations of d, e and f .  Denoting by 

g ( a , b , c , d , e , f )  = ii 

2 
:) 

as in (6.2) and (6.4), we get 
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a 

Fig. 6.2. The half-sector used for the numerical integration. 

J(L)]~=o = f g(a,b,c,d,e,f) 
a=l ,b,c,d,e,f 

i g(a,b,c,d,e,f) +g(a,b,c,e,f ,d) +g(a,b,c,f,d,e) ---12 
, J  

a=l>b>c 
a>d>e>f 

+g(a,b,c,f,e,d) +g(a,b,c,e,d,f)  +g(a,b,c,d,f ,e).  (6.14) 

We can furthermore divide the remaining integral into two sectors where either b < e 

or b > e. There will always be an integrable divergence in the smaller distance which 

has to be treated by an appropriate variable transformation. As in [34] we parametrize 

the integral over b as 

77 i =  dbl db2 (6.15) 
S D - I  bD-2 
SD 

b - oo  0 

a = l ,  b=v/-~+b~, c = ~ ( 1 - b l ) 2 + b ~ ,  

restricted to the domain where b < c < a (see Fig. 6.2): There are singularities for 

bi --~ 0 and for b2 ~ O. They are disentangled by switching to radial and angular 

coordinates. In these coordinates the singularities can be eliminated by the following 

parametrization: 

1 1 

i , , , .so_, i  ,,, f = - - d/3/3 5=-r-1 s in (a )  o -2  dtb'rO(l - b)O(c - b) , 
D o-D 1-2 S D 

b 0 0 

(6.16) 

where 

77" i 
a = ~-/35-~ , (6.17) 

b=t o-@ , (6.18) 

2 D - 2  , e<b  
or= 0 , e > b  " (6.19) 
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c = v /b  2 + 1 - 2 b c o s ( a ) .  

557 

(6.20) 

The change of  variables from the angle a to fl, (6.17), generates a factor t ~(2-D)/(D-I) 
which exactly cancels the singularity for ce --~ 0 from the measure, i.e. sin(o~) D-2. The 

other variable transformations are constructed in a similar way. 

Furthermore there is the integral over d and e, 

l l = l d D  I with e'  e d (6.21) 
J d  d d 
d e d e' 

Therefore we write 

1 

/ d D 1 /  dr d = --2D 
d<gl 0 

(6.22) 

The remaining integral over e '  is parametrized in analogy to the integral over b as 

m m m 

e , t  

1 

1 1 7TAD_ 1 f 2--D _ _ d¢3 6~=r sin(T) D-2 
D r D  1-2 SD 

o 
1 

× fat ( e l ) r O ( d  - f ) O ( f  - e ) ,  

o 

(6.23) 

where 

y = 2 6~-r~-~ , (6.24) 

e = ds  ~'~ , (6.25) 

0, e < b  

r =  2 D - 2 ,  e > b  ' (6.26) 

f =  v /d  2 + e 2 - 2 e d c o s ( y ) .  (6.27) 

With these variable transformations, the integrand is bounded. This does not mean 

that the numerical integration is easy. The main problem is that the integral is localized 

in some small domain, in which the integrand (with all the factors of  the measure and 

from the variable transformations) is about 100 or 1000 times its mean value, whereas 
it is much smaller in large domains of  integration. A genuine adaptive Monte Carlo 

(AMC) routine has to be used. It is described in our earlier publication [34].  The idea 

is to divide the domain of  integration into subboxes and to try to integrate each subbox 
using standard Monte Carlo (MC) integration with few sample points. The MC routine 

gives an estimate for the integral and for the standard deviation from this value. If  the 

latter is too large, the box is divided into smaller subboxes and the procedure is repeated. 
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1.0 

0.8 

0.6 

0.4 

0.2 

0.0 ~ ' '  
1.0 1.1 1.2 1.3 

i= i  ',--i -"  

1.4 ~ ' ' i , 

L 
1.2  

1.4 1.5 1.6 1.7 1.8 1.9 2.0 

D 

D D 

1.00 1.5 1.55 2 .16 × 10 - 2  4- 2 × 10 - 3  

1.01 1.441 4- 5 × 10 - 3  q- 4 x 10 - 3  1.60 7.07 x 10 - 3  -F 6 x 10 - 5  

1.02 1.399-4- 5 x 10 - 3  1.65 1.61 x 10 - 3  4- 1 x 10 - 5  

1.05 1.268 4- 5 × 10 - 3  1.70 2 .17 × 10 - 4  ± 2 × 10 - 6  

1.10 1.065 -4- 5 x 10 - 3  1.75 1.23 x 10 - 5  4- 2 x 10 - 7  

1.15 0 . 8 7 6 4 - 4 x  10 - 3  1.80 1 . 5 5 × 1 0 - 7 4 - 2 × 1 0  - 9  

1.20 0 . 7 0 2  -I- 4 x 10 - 3  1.85 1.07 × 10 - i °  4- 2 x 10 -12  

1.25 0 .543  4- 3 x 10 - 3  1.90 4 .72 × 10 -17 :E 6 x 10 - m  

1.30 0 .399  4- 2 x 10 - 3  1.95 3.99 x 10 -36  d: 6 x 10 -36  

1.35 0 .275  4- 2 x 10 - 3  1.975 2.81 x 10 -74 • 3 × 10 -76 

1.40 0 . 1 7 6  4- 2 × 10 - 3  1.98 2.33 × 10 -93 ~ 2 x 10 -95 
1.45 0 .1022  4- 7 x 10 - 4  1.99 6 .89 x 10 -189 4- 1 x 10 -189 

1.50 5 .16 x 10 - 2  4- 4 x 10 - 4  2 .00 0 

Fig.  6.3. Numerical  results for the diagram (6 .7 ) .  The first error in the table is the statistical error, the second 
the systematic error. The latter is oniy  given if it can not be neglected. 

This algorithm was implemented recursively using the computer language C. For details 
see Ref. [34] .  The AMC routine gives an estimate o f  the integral and o f  its statistical 
error. A systematic error also appears, which is more difficult to estimate. It comes  from 
the domain o f  small angular variables, where the numerical precision o f  the workstation 
is no longer sufficient and it appears to be the most important for D ~ 1, as can be 
seen from (6 .16) .  It can be estimated by counting exceptions o f  the floating-point unit 
and comparing it to known integrals. For (6 .7) ,  the systematic error is negligible. Its 
treatment will  be discussed for the diagrams, where its contribution is important. The 
results for (6 .7)  where obtained within some hours on a workstation and are listed in 
Fig. 6.3. The numerical results nicely fit with the analytical value for D = 1, discussed 
in the next section. 
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/ t 

/ / " ) l  

s 

- I -  . . . 

Fig. 6.4. Connection between the MOPE coefficient and the diagrams in polymer theory. 

We checked the numerical integration routine. This check is provided by integrating 

the function 

g(a, b, c, d, e, f )  = (a  2 + b 2 + c 2 + d 2 + e 2 + f2)  -2D (6.28) 

which has conformal weight r = 0 and by comparing to the analytical solution 

f /,(D/2)4 
g ( a , b , c , d , e , f )  - 8 • 3 D / ' ( 2 D )  

a=l ,b,c,d,e,f 

(6.29) 

This test ensures that the integration can be done for 1 < D < 2. 

6.3. Analytical calculation for  D --* 1 

To check the numerical calculation, we want to evaluate (6.7) for D = 1. This 

calculation can be performed analytically. 

Some subtleties have to be taken care of  in order to understand the calculation which 

follows. We remarked that in (6.7) the factor max(a ,  b, c, d, e, f ) - 2 ~  could be dropped 

without changing the result as the contribution to the integral is finite in any subdomain. 

For the following calculation we shall drop this factor but shall not take the limit d --+ dc 

as we only can calculate the diagram and its counterterms separately. Single terms will 

thus have divergencies in 1 Is, which are treated by a finite part integration prescriptions, 

and which have to cancel at the end. Through this change only the sum of  all terms but 

not each single term has a meaning in the limit e --~ 0, that we take at the end. 

For D --+ 1 the measure localizes on a line. This introduces different orderings of  

the distances, which are topologically inequivalent. (For an example see Fig. 6.4.) 

Two types of  diagrams appear for D --~ 1. There are either the "untwisted" diagrams 

(Fig. 6.5) or the "twisted" diagrams (Fig. 6.6). We remark that the second diagram in 

Fig. 6.5 is untwisted as it can be transformed into the first one by simply exchanging 

the orientation of  the lower line. With the same reasoning one deduces that the four 

diagrams in Fig. 6.6 are topologically equivalent. 

Let us start to calculate the untwisted diagram (without the counterterm). We note 

that d = 4 - 2e. We find 

" ' ,  , . '" 

Fig. 6.5. The two untwisted diagrams. 
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• ,i • 7" 
, , , ,, 

', / ', ,, 
;( ;', 

° . 
b = l  a 

. • . .  ,'• ,• •, ', _-,,, / _ -  

i h 
• I' e' "*, :" '= ' :  

Fig. 6.6. The four twisted diagrams. 

, 

e I d , a d e 

=fff(a+d)-u/2(b+e)-d/2=O. (6 .30)  

a d e 

The fact that the last integral is zero is a well-known property of  the finite part integration 

of  a homogeneous function (here f .  f j ( a  + d) -d/2 = 0). 
The counterterms are 

/ /  f (a+d)-d/2(b+e)-d/2=O, (6.31) 

o d e 

/ff(a+d)-d/Z(c+f)-a/2=/ff(a+d)-d/2(l+a+d+e)-d/2 
a d e a d e 

11 1 
= - - +  + O ( e )  (6.32) 

8 ~  g 

fff(b+e)-d/2(c+f)-d/2=iSf(l+e)-a/2(l+a+d+e)-d/2 
a d e a d e 

11 3 
- + O(e ) .  (6.33) 

8 e  8 

So together these terms add up to 

6 - ~ E counter terms ; ~ 

The factor 6 is the combinatorical factor. 

The twisted diagram is given by 

' b = l  ', a , 

. f _' d "_ 

+ O ( e ) .  (6.34) 

= f / / (ab+af  +ad+bd+df) -~/2 
a d f 

=f/J" (a-4-af +ad+d+df) -d/2 
a d f 

11 3 
= g 7 + g + o(~). (6 .35)  

The counterterms are 
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flJ'(a+d)-d/2(b+e)-d/2=llf(a+d)-d/2(l+d+f)-d/2 
a d f a d f 

11 1 
= 8 7  + 4 + 0 ( ~ ) ,  (6.36) 

/ l f ( a + d ) - d / 2 ( c + f ) - a / 2 = J f f  ( a + d ) - d / e ( l + a + f ) - d / 2 ,  
a d f a d f 

11 1 
= g ~  + ~ + O ( e ) ,  (6.37) 

J ' / J ( b - 4 - e ) - d / 2 ( c + f ) - d / 2 = / J j ' ( l - {  - f + d ) - d / 2 ( l  + a + f )  -d /2  

a d f a d f 

l 
= - + O ( e ) .  (6.38) 

8 

These terms add up to 

" 'Z  ) 3  
12 V counter terms = + O(~) (6.39) / '  2 4 " 

The factor 12 again is the combinatorial factor. 

The final result which has to be compared to the numerics thus is (cf. (6.7)): 

3 
J(L = 1)lo=~ = ~ .  (6.40) 

7. Coupling constant renormalization, second graph 

7.1. Derivation of an analytical expression 

The next diagram that has to be calculated is (4.37)" 

=)L 
(7.1) 

The second term on the r.h.s, subtracts the subdivergence, when first the single dipole 

the r.h.s, of ' , : : : ~ : ~  is contracted. In this case the MOPE is on  

(7.2) 
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d ~. 
~'-,,' " . . . . . . . . .  , ,  , , ,  e . .  - " ~ - - - -  ," 

a :  "" : f  

__'-:" . . . . . . . . . .  "_'o_.. . .__ C 

Fig. 7.1. The distances in (7.1). 

Note that the MOPE (7.2) has a tensorial structure and that a counterterm like 

:)<@ +) (7.3) 

would subtract the pole term from the integral but would not be sufficient to make the 

integral convergent. With the distances as noted in Fig. 7.1 the MOPE coefficients are 

IdJ 2 
~.) = [(g2V+a2V) f2v -- -~1 (b2V-c 2v q- e 2v_ d2V)2j] 

(7.4) 

= d p 2 ( g  2v q- a2v)-d/2-1f-v(d+2) ( b f b  -D - c f c - D )  2 

= d~,2(g2V + a2v)-d /2-1f  -v(d+2) ( e f e  -D - - d f d - ° )  2 , (7.5) 

where two equivalent formulations were given. 
For scalar products we always use the convention that the vectors involved start from 

the same point, i.e. we define (cf. Fig. 7.1) 

b f  = l ( b 2  + f2  _ d 2) . (7.6) 

A relevant counterterm, which we did not explicitly write in C2, appears too. It is 
canceled by 

( : " ~ ' ~ ' {  ............. " a2V) -d/2f-vd (7.7) 
" ' ~ - ' "  .............. . ~. = J = ( g2V + 

We state and will show below that 

............. - = e 

a,b,c,d,e,f,g<L 
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")(~ ~)O(f<max(a,d,e,g)) 
563 

+(_9(e °) , (7.8) 

of  the counterterm in (7.5). where we used the second version 

To compute the residue of  the single pole, we apply LO/OL to this expression and 

map onto c = L = 1' 

J ( L ) = L  ~-~1 ( L ) =  iifiif max(a,b,c,d,e, f,g)-2e 
c = l  ; a,b,d,e,f,g 

_ 4 + _ _ (g2~, q_ aZV) -d/2f-vd 

- d u 2 ( g  2" + a2")-a/2-1f -~(a+2) (efe-O - d fd-D)Z o ( f  < max(a,d,e,g) ) ) . 

(7.9) 

We check that this expression is integrable everywhere, as is indeed the case and can 

be seen by a (generalized) Taylor expansion. 

We then have to explain that 

a,d,e,g<L; f 

=) (~ ~')O(f<max(a,d,e,g)) 
a,d,e,g< L; f 

(7,10) 

The first equality is due to symmetry. The second stems from the so-called nested 

integration. We see this explicitly as follows: 

i : 

a,d,e,g<L; f 

.)(© +i. , 
(7.11) 

a,d,e,g<L 

where we used the fact that for any l 
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l - _  j .  

The whole integral scales like L 2~, so that we can apply ~ ~ to (7.11 ) without changing 
it. Doing so we obtain that (7.11) equals 

L / 
2~ 

max( a,d,e,g)=L 

~) (max(a~'e'g))~×(~l--~l L. 
(7.13) 

The factor (max (a,  d, e, g)/L) ~ is equal to unity and the integral is our usual expression 

for the residue o f / : ' ~ - ~ - ' ; ~  I \ ' ~  ...... " ~ L' Taking all this together we obtain 

This proves the desired result. The reader can verify that this is a general feature of 
these so-called nested contractions. If the largest distance in the subdiagram is restricted 

to be smaller than the largest distance that remains after complete contraction of the 

subdiagram, then the so restricted integral is I / 2  times the product of the subdiagram 

and the diagram which rests after contraction. This demands of course that both of them 

scale like L ~, where L is the IR cutoff. The reader will be able to generalize this rule for 

a scaling with other exponents, which would be necessary in higher order calculations. 
The subtle point which we still have to check is that the changes in the domain of 

integration of the marginal counterterm from (7.1) to (7.8) do not change the residue, 
i.e. that again the "two-loop-miracle" appears. Analogously to Section 6.1 we write 

down the difference, apply La/gL to this expression and map onto c = 1. We obtain 

d ~ ' z / / / / / / ( m a x ( a , b , c , d , e , f , g ) - Z e - m a x ( a , d , e , f , g ) - 2 ~ )  

a,b,d,e,f,g 

× (g2~ + a2~)-a/2-1f-~(a+2) (efe-O _ dfd-D) 2 0 ( f  < max(a ,  d, e, g))  . (7.15) 

We would like to develop (max(a,  b, c, d, e, f ,  g) -2~ _ max(a,  b, c, f ,  g) -2~) for e small 

and show that the corrections are of order e. This might be wrong, if and only if this 
expression does not vanish at points where the integral has a pole. For f ~ 0 it vanishes. 
The limit a, g ~ 0 is a bit more subtle as the difference does not vanish. However, in 
this case (efe - °  - dfd-D) 2 is of order a 2 so  that no pole in the integration over a 

and g appears. 
Let us now perform in (7.9) the limit d ~ dc, i.e. e ~ 0. Then we would like to 

integrate over g analytically. This is not possible due to the O-function. We therefore 
modify this constraint from O ( f  < max (a,  d, e, g) ) to O ( f  < d).  Note that the modified 
counterterm still successfully subtracts the marginal subdivergence. We obtain 
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(E " e" .'- + 

a,b,d,e,f,g 
_(g2V q_ a2V)-d<12 f-vdc 

_~p2(g2V ff_a2v)-d<12-i f-v(d<+2) (e fe-D _ d f d - O ) 2  0 ( f  < d ) )  . 

(7.16) 

Of course this change affects the result and we shall calculate the difference in Sec- 

tion 7.7. The modified counterterm has another useful property, which justifies its choice: 

The O-function is not affected by the R-operation discussed in the next section. 

Now the integration over g can be performed. The result is 

with 

a,b,d,e,f 

, 2 

× { f - D  (a2V f2v l(b2V c 2v e2V d2~)2) -d</4 -- "~ -- + -- __ a-D f -2D 

2i-2-°O,i < leSe ° ,¢.-°12 } 

(7.17) 

(7.18) 

7.2. Improvement of  the measure 

For c = 1 the measure, given by (5.5) and (A.1), simplifies to an integral over the 

vectors a and f :  

7 J 7  S'-'S°-2i S a~-2 f.j F(a,b,c,d,e,f). $2 dal da2 d f !  d f2 d f3 D-3 

-oo 0 -oo -o~ 0 

(7.19) 

For D < 2 the measure defined in (7.19) is a distribution and suffers from a relevant 
divergence for f3 --+ 0. Geometrically these are configurations where the tetrahedron 
spanned by a, b . . . . .  f has volume 0, i.e. is restricted to a plane. A finite part prescription 
has to be applied in order to make the measure finite. This was first discussed in [34]. 

One may think of implementing this prescription by subtracting the singularity. This 
method however imposes at least numerical difficulties. It is better to eliminate the 
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singularity by a partial integration with respect to f3, which is mathematically equiva- 
lent [34]. As only d, e and f depend on f3, the integral 

CK3 

f.p. / d f3 f ~ - 3 F ( a ,  b, c, d, e, f )  

0 
(7.20) 

can be converted to 

O 0  

|- f df3f -2 O--z-P(a,b,c,a,e,f) 2 D o j3 
0 

O 0  

- 2 _l D f d f 3 f ~ - l R F ( a ' b ' c ' d ' e ' f )  
o 

(7.21) 

where R is defined via 

l a  l a  1 a 
R = -da---[l ÷ -e-~e + ---'fay (7.22) 

The strength of the divergences for a --+ 0 or f --~ 0 is unchanged. It is important to 
remark that this trick cannot be used to eliminate the relevant divergences when a ---, 0 

or f --+ 0. It works for the divergence in f3, because the integrand does not directly 
depend on f3 but on d, e and f ,  which themselves depend on f3. So the derivation 
of F with respect to f3 does not produce a factor 1/f3 but factors 1/d, 1/e and 1 / f ,  
which are not singular for f3 ---' 0. Explicitly 

R F ( a , b , c , d , e , f )  = 
1 2 

x{ 0120(02 i2  l/b2  - -  4 ÷ d2V)2)-d~/4 

_ D f _ O  (aavf2u _ 41 (bay _ c2 v ÷e2 v _ d2U)2) -d~/4-1 

X (a2Vf -O 1 (b2V_c2V e 2v d 2v) ) - - ~  + - ( e - O _ d  -o)  

+2Da-O f -2D-2  

+ ( 2  + D) -~-a-2  f - 4 - O O ( d  > f )  (e fe  - °  -- add-°) 2 
- D v a - 2 f - 2 - D O ( d  > f )  (eye - °  - d d  d - ° )  

x (2e -D - 2d - °  - D e f e  -D-2 + Dadd -°-2) }. (7.23) 
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,\i f i 

i 
c=l 

Fig. 7.2. Parametrization of the tetrahedron. 

Note that R O ( f  < d)  = 0 whereas R O ( f  < m a x ( a ,  d, e ) )  gives contributions propor- 

tional to e.g. 8 ( a  - f )  which had to be treated separately. This justifies our choice of  

the modified bound of  the counterterm in (7.16).  

7.3. Parametrization o f  the measure 

The main singularit ies for small distances appear for a or f small. We therefore want 

to parametrize the measure with the help of  these distances. The divergences for small 

volume o f  the tetrahedron spanned by a . . . . .  f ,  a2 ---, 0 or f3 ---' 0 shall be treated by a 

parametrization in angles as by this way small distance and small volume singularities 

are best disentangled.  We have chosen the parametrization indicated in Fig. 7.2. One 

triangle is spanned by c and a with an angle /3 between them, another by c and f ,  

where the corresponding angle is o-. The angle between the planes spanned by these 

two triangles is r .  The distances as functions of  a, f and/3 ,  o-, r are 

b =  v / a  2 + 1 - 2 a c o s / 3 ,  

e = v / f  2 ÷ 1 - 2 f c o s o ' ,  (7.24) 

d =  v / ( a c o s / 3 -  1 + f c o s o - )  2 + ( a s i n f l -  f s i n t r c o s r )  2 + ( f s i n r s i n o - )  2, 

The integrals over a and f run from 0 to oo, the integrals over /3, o- and r over the 

interval [0, rr] .  As we do not want to map all the points that are far away, we have to 

find a reparametrization of  the measure which behaves for a --~ 0 like a r and for a --, oc 

like a '°, by this way el iminating the principle divergences. If  u is equally distributed we 

can use 

I 
a = u ~5=7-~ ( 1 - u) ~)-'-o, (7.25) 

The integral ove r /3  will be parametrized as 
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{ "rr (2ce) :~r-, cr ~< 0.5 
/3= 2 7r (7.26) 

~- - 7 ( 2  - 2ce) ~-~-~ a > 0.5 

The integral over f (note that the factor f~ came from the partial integration with 

respect to f3)  

dfl D - 3  2 df2df3 f~ (f~) (7.27) 

can be written as 

J d f  fD-~ /d~r(sino')D f dr(sinr)D-'(f2). (7.28) 

We change variables from f to v: 

f=v°--a~,(l - v) o5~ (7.29) 

Furthermore we choose in the same spirit as for /3  

and 

77" l 
~-(2r/)  : rr  

o-= 7r 2 
zr - ~-( - 2 r / ) ~ :  

r/..< 0.5 

~ > 0 . 5  
(7.30) 

r r -  2 ( 2 -  2 ( ) ~  

( ~ < o . 5  

( > 0 . 5  

So the complete integral over four points is 

(7.31) 

SD - 1 SD - 2 77"3 

S~ ( 2 -  D)(D- 1 ) D ( D  + 1) 

1 1 

x dua° D- yu +o)-Dl-u-- d o ~ m i n ( 2 o ~ , 2 - 2 a ) ~ = i ( s i n  

0 0 

1 t / ( . . . .  ) /  -o. 
x d v f  ° 1 1 + 1 1 d r /min (2 r / ,2  - 2r/)57r (smo-) ° 

D - y v  m - D l - v  
0 0 

x f d( min(2(, 2 - 2()  3_g_e (sin 7-) o - I  fZRF(a ' b, 1, d, e, f )  . 

0 

(7.32) 

Another way of  parametrizing consists in replacing the integral over the vectors a and 
f by the integral over the vectors a and d. This parametrization is especially useful to 
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e d ' ~ ~ f i f 3 ~ b ~  

a 

c= |  

Fig. 7.3. Altemative parametrization of the tetrahedron. 

eliminate divergences, when a and f simultaneously go to infinity. It will be used tbr the 

integration over one of  the sectors in the next section. The new formulas are given here, 

a prime indicating new angles and distances as can be deduced from Fig. 7.3 o-' and v' 

obey the same relations as o- and T. For d '  we use the same variable transformation as 

before for f :  

d l  1 I = u'-r~-~ ( 1 - u)  o--,o. (7.33) 

The other new distances are 

e' = x//a 2 + d 12 - 2 a d '  cos 0 "I , (7.34) 

f '  = x / ( d '  sin o-' sin ~-') 2 + (d ,  cos o-' - a + cos f l)  2 + (sin fl - d '  sin o-' cos ~-' ) 2. 

(7.35) 

For the i ntegrand (7.23) ,  the exponents y and oJ are found by performing a (general ized)  

Taylor expansion: 

y = 0 ,  (7.36) 

w = 2 D .  (7.37) 

7.4. D e c o m p o s i t i o n  in to  sec tors  

Although the measure absorbs the principal singularities it cannot handle all of  them. 

There remains e.g. a singularity for b ~ 0 and e --~ 0. Two methods may be applied 

to handle the remaining integrable singularities. The first consists in using the second 

measure of  Subsection 7.3. The second is to map again some parts of  the domain of  
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integration. Thereby we face the problem that the measure is no longer symmetric in 
the distances, as we have changed it in order to eliminate the relevant singularity for 
f3 ---' 0. In order to restore this symmetry, we rewrite the integral (7.32) as 

with 

So - l So - 2 7r 3 
S~ ( 2 - D ) ( D - 1 ) D ( D + I )  

× J d u a D + 2 (  1 1 1 1 ) f  2-o - - -  + - - dee min(2cr, 2 - 2a)  ~-=r (sin/3) D 
D y u  oJ D I  u 

× f d v f D + 2 (  I I + D  y v  oJ 1 D1 1 ) f  drt m i n ( 2 r / ' 2 -  2"q)g~-~ ( s i n ° ) D v  

× [ d (  min(2s r, 2 - 2 ( ) - ~  (sin r)O-lT(a ,  b, c, d, e, f )  , (7.38) 
J 

1 
T ( a , b , c , d , e , f ) -  ( 2 A ( a , b , c ) ) 2 R F ( a , b , c , d , e , f ) ,  (7.39) 

and where 

1 1 
A(a,b,c)  = ~acsin(/3) = - ~ / ( a  + b + c ) ( a +  b - c ) ( b  + c -  a)(c  + a -  b) 

is the area of the triangle spanned by a, b and c. This is, except for the geometric 
prefactor, the invariant measure in D + 2 dimensions. The integrand now is conformal 
invariant, as follows directly from Eqs. (5.22) to (5.26). 

The sectors are decomposed as follows: 
1 1 (1) ( a < 2 o r  f < 2 )  and ( b >  ~ o r e >  3)" 

This sector is convergent: F(a, b, c, d, e, f )  is integrated directly, using the simple 

measure (7.32). 
(2) a > 2 a n d  f > 2 .  

The measure (7.32) does not eliminate the singularity, when both a and f simul- 
taneously go to ~ .  The easiest way to integrate this sector is to use the second 
measure (7.33) ft. of Section 7.3. 

The divergences of the integrand could also be eliminated by a mapping. This 
however induces new singularities due to the measure (the term 1/(2A(a,  b, c) )2 
in T, Eq. (7.39)).  This would not be the case, if we had not been forced to use 
the trick of integrating the measure by parts. 

1 (3) b < ½  a n d e <  ~. 
In this sector the mapping can be used successfully: a has to be exchanged with b 

1 This is integrated and e with f .  We get T ( b , a , c , d , f , e )  with a < ½ and f <  ~. 
using the measure (7.38). 
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F I I I I I I P I 

1.1 1.2 1.3 1.4 1.5 
D 

2.01 

1.6 1.7 1.8 1.9 2.0 

571 

D D D 

1.00 2 1.30 2.52x 1 0 - 1 4 - 4 × 1 0  -3 1.70 3 . 9 × 1 0 - 4 4 - 2 ×  l0 -4 
1.01 1.56 ± 0.02 + 0.36 1.35 1.62 × 10 - l  ± 3 x 10 -3 1.75 4.2 × 10 -5 ± 3 x 10 - 6  

1.02 1 .56±0 .02+0 .25  1.40 9.88x 1 0 - 2 ± 2 ×  10 -3 1.80 2 .0x  10-6:k3 × 10 -7 
1.05 1 .42±0 .02+0 .07  1.45 5.62 x 10-24-2 x 10 -3 1.85 1.3 × 10 -8 ± 3  × 10 - 9  

1.10 1.06±0.02 1.50 2.91 x 10 -2 4-6 × 10 -4 1.90 8.6× 10 - 1 3 ± 3  x 10 -13 
1.15 0 .775 i0 .009  1.55 1.35x 10 - 2 ± 3  × 10 -4 1.95 1.7× 10 - 2 5 : k 2 x  10 -25 
1.20 0.547±0.007 1.60 5.20× 1 0 - 3 ± 2  × 10 - 4  1.98 < 10 -48 

1.25 0.379±0.005 1.65 1.61× 10 - 3 ± 5  × 10 -5 2.00 0 

Fig. 7.4. Numerical results for the integral of (7.23). The first error is the statistical error, the second an 
estimate for the correction due to the systematic error, which becomes important for D ~ 1, cf. the text. In 
the plot, the boxes are the uncorrected, the crosses the corrected results. 

7.5. Numerical calculations 

The  n u m e r i c a l  c a l cu l a t i ons  are diff icult .  We  refer  the  in te res ted  reader  to the  d i scuss ion  

in Sec t ion  6.2 an d  for  m o r e  de ta i l s  to Ref.  [ 3 4 ] ,  Sec t ion  6. Here  we on ly  give the  result ,  

see  Fig.  7.4. T h e  ex t r apo l a t i on  for  D --+ 1 is cons i s t en t  wi th  the  ana ly t ic  resul t  2, f o u n d  

in S u b s e c t i o n  7.6. 

We h o w e v e r  w a n t  to d i scuss  ou r  e s t ima te  o f  the  sys temat ic  error. I t  is is a genera l  

p h e n o m e n o n  tha t  ou r  a l g o r i t h m  fails to cor rec t ly  in tegra te  for  in tegra ls  over  four  po in t s  

in the  l imi t  D --+ 1. T h i s  is due  to p r o b l e m s  in the  d o m a i n  a2 -+  0 and  f2  --+ 0 and  

thus  occurs  even  for  in tegra l s  w h i c h  are well  behaved  at smal l  and  large d is tances .  A n  

e x a m p l e  o f  such  a f u n c t i o n  is 

F ( a , b , c , d , e , f )  = (a 2 + b 2 + c  2 + d 2 + e 2 + f 2 ) - 3 . 9 / 2  ( 7 . 4 0 )  

w h i c h  is ana ly t i ca l ly  in t eg ra ted  to give 

1 
( 7 . 4 1 )  
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Table 7.1 
Numerical results for the integral of (7.40) 

D D D 

1.01 0.770 4- 0.002 1.05 0.951 4- 0.002 I. 15 0.999 4- 0.002 
1.02 0.843 4- 0.002 1.10 0.993 ~ 0.002 1.20 0.999 4- 0.002 

The ratio of the numerically and analytically calculated values is displayed in Table 7.1. 
As these factors should be independent of the integral which has to be performed, we 

use them to correct the numerical results. 

7.6. The limit D --~ 1 

In the limit D -~ 1, (7.17) can again be calculated analytically. This calculation 
is interesting as it reveals the connection to standard polymer theory and the fact that 

( ( , i ~ i ~  " @  -" - - )  decomposes into three topologically different and non- 
L 

equivalent diagrams. As in Eq. (7.17) we keep c = 1 fixed. By a direct calculation it 

can be verified that the measure indeed reduces to an integral over a line. On this 

line two points, the endpoints of c, are already fixed. Then there are 12 different 

possibilities to distribute the last two points. They still can be separated into four 

topological inequivalent classes A, B, C and D, cf. Fig. 7.5. These are the four standard 

diagrams arising in polymer theory. In each of these classes the line with c = l may be 

chosen to be the line connecting (12), (14), (23) or (34). Readers more familiar with 

Feynman diagrams arising in the framework of a scalar field theory may recover the 

three corresponding diagrams after a de Gennes transformation [40]. They contribute 

to the renormalization of the  ~o 4 interaction at d = 4 and are represented on the r.h.s. 

Diagrams in one class can be mapped onto each other by the now well-known mapping 
of sectors. One subtlety however has to be taken into account. The marginal counterterm 
in Eq. (7.18) is not invariant by this mapping. In order to perform the integration only 
over one sector in every class, the symmetrized version will be used: 

F ( a , b , c , d , e , f ) = f - 1  ( a f - ~ ( b - c + e - d ) 2 ) - l - a - l f  -2 

1 
[(O(f < c) +O(f< b)) (bfb -i - cfc-l) 2 a-2  f - 3  

16 

+ ( O ( f <  d) + O ( f <  e))  ( e f e  - I  - d f d - l )  2] . (7.42) 

The diagrams give 

"-,. ........ /' 

oo oo 
1 P d a  P a y  j ] 1 1 1 1 

= _-~ f ( a f  - 1) a :  2 16 a 2 f  O(a - 1 - f )  . /  d 
1 1 

1 1 
l n (2 ) ,  (7.43) 

4 16 
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A = 
: i 

2 i 4 - ? - ,~ 
1 3 

"-.. . . . . . .  J "  

i 2 4 

3 , : 

i 
2 4 : 

1 ,, 3 

",. j "  

C = 

O = 2 : , 4 
- -r 

", 1 3 ,,' 
/ 

" ' " - .  . . . . . .  j - " "  

Z+ 
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Fig. 7.5. The four topological  inequivalent classes A, B, C and D and the equivalent diagrams in the n ~ 0 
l imit  of  scalar  @4 theory. 

~, 7 

O(3 (2'O 

= - da d f  
4 a F  a f  2 

0 o 

=0,  (7.44) 

- . . . . :  

1 

4 

1 
4 

(2,0 OO / / [ 1  1 
dd d f  f2(1 + d )  (1 + f + d ) f  2 

o o 

1 1 ( 2 + O ( f <  1) + O ( f <  d ) ) ]  
4(1 + f + d ) 2 f  

1 
+ g ln(2),  (7.45) 

1 

4 

1 

4 

oo f - I  / /  1 1 
d f  da a f ( f  - a) a f  2 

1 o 

(7.46) 
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Taking care of the combinatorical factor 4 for the sectors A and B and of the factor 2 
for C and D, the final result is 

. . . .  + 4  

+ 2  + 2 
" ' . . . . . . /  

.... 

',, ,,. 
",, / 

(7.47) 

7. Z The correction for  the unusual marginal counterterm 

We recall that ] ( L ) ,  given in Eq. (7.16) and which we calculated numerically, was 
not exactly the counterterm J ( L )  but was modified in order to simplify the calculations. 
We still have to calculate the difference J ( L )  - J ( L ) ,  which also contributes to the 
counterterm: 

J ( L )  - J ( L )  = - -  /"2d2 / (a2" -{- g2v)-d/2-' f - . (d+2)  ( b f b - U  _ c f c - D )  2 

c = l ;  a,b,d,e,f,g 

x [ O ( f  < c) - O ( f  < max(a, b, c, g) )] max(a, b, c, f ,  g) -2~ 

(7.48) 

First of all, the integral over f is performed. Since 

f ( b f b - O  _ c f c - D )  2 f-v(a+2) = 

f < l  

1 (bb_ ~ c c _ o ) 2 l  ~ - -  - -- (7.49) 
D e 

we get 

J( L) - ] (  L)  : vzd2D f (a2~ + gev)-a/2- '  (bb_ D _ cc_D)2 

a = l  ; b,c,g 

1 
x e [c ~ - m a x ( a , b , c , g )  ~] m a x ( a , b , c , f , g )  -2~ 

2 - D  - 2 f (a2~ + g2~)-a'/2-1 (bb-D - cc-D)2 

a = l  ; b,c,g 

× [ln(c) - In(max(a, b ,c ,g ) ) ]  + O(~) .  (7.50) 

Since (bb -D - cc-D)  2 is symmetric under the exchange of b and c, this can still be 
written as 



J ( L )  - J ( L )  = 

K. Wiese, E David~Nuclear Physics B 487 [FS] (1997) 529-632 

2 - 2 D f (a2V + g2V) -d~/2-1 

a=l ; b,c,g 

× ( b  2 - 2 D  + C 2-2D + ( a  2 - -  b 2 _ c 2 ) b - D c - D )  2 

× [ l i n ( b c ) - l n ( m a x ( a , b , c , g ) ) ] + ( 9 ( e ) .  

575 

(7.51) 

Numerical  integration 

The domain of  integration has to be split into the two sectors where either b or c is 

the smallest distance. These two sectors are equivalent, so the integral will be performed 

over b < c only. The integral is furthermore split into the integral over the radial and 

the angular coordinate. We use the following change of  variables: 

b = u  ~> ~, ( I  - u) o--,ol, , (7.52) 

3 
wt, = ~ D  < 2 D ,  (7.53) 

Yb = 2D - 2 ,  (7.54) 

= ( 2  o_1 o~ ~< 0.5 
je= 1 , (7.55) 

T r -  ~- (2 - 2or) ,,----r a > 0 . 5  

c = v / b  2 + 1 --  2bcos ( /3 ) .  ( 7 . 5 6 )  

This gives 

_ 77" SD_ 1 / 
D - -  I -~D 

2 - - D  

d a  min(2a ,  2 - 2a)  ~:~ sin(/3) D-2 

b 0 

1 

× du D - - y b U  wb D 1  u 
o 

The integral over g is independently pararnetrized as 

I 1 

g= v"- '~ ( 1 - v) "--'~ , (7.58) 

Wg= 1 + D  < 2 + D ,  (7.59) 

yg = 0 .  (7.60) 

This implies 

1 / /  (1,+ 
= dv D Yg v Wg D 1 v 

g o 

The results of  the numerical calculations are given in Fig. 7.6. 
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' i ' , , i F . 0.00 

-0.10 

-0.20 

-0.30 

-0.40 

-0.5O 

-0.60 

-0.70 
1.0 
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E3 E] E~ ~ ,rq,,,~.,, 

. . . . .  i . . . .  i . . . . . . .  1.1 1.2 13 1.4 1.5 16 1.7 1.8 1.9 2.0 
D 

D D D D 

1.00 -0 .596573590 1.20 -2 .85  x 10 - I  1.50 - 4 , 9 6  x 10 -2  1.80 
1.01 - 5 . 7 5  x 10 - l  1.25 -2 .31  × 10 - l  1.55 -2 ,97  x 10 -2  1.85 
1.02 - 5 . 5 5  × 10 - l  1.30 - 1 . 8 4 ×  10 - l  1.60 - 1 , 5 6 x  10 -2  1.90 
1.05 - 4 . 9 8  × 10 - 1  1.35 - 1 . 4 2  x 10 -1 1.65 --6.64 X 10 - 3  1.95 
1.10 - 4 . 1 6  x 10 - I  1.40 - 1 . 0 6  x 10 - l  1.70 -2 .08  x 10 -3  1.98 
1.15 - 3 . 4 6  × 10 - I  1.45 - 7 . 5 0 x  10 -2  1.75 - 3 . 9 0 x  10 -4  2.00 

- 2 . 9 4  x 10 -5  
-3 .51  × 10 - 7  

--4.05 x 10 - l l  
-4 .01  x 10 -23 
--2.50 x 10 -59  

0 

Fig. 7.6. Numerical results for Eq. (7.51). The error is -4-10 -3  relative. 

The l imi t  D ~ 1 

F o r  D = 1 t h e  i n t e g r a l  c a n  a g a i n  b e  p e r f o r m e d  a n a l y t i c a l l y .  W e  g e t  

oo 1 

0 0 

1 + g ) - 3  ( I n ( b )  - l n ( m a x ( 1 , g ) ) )  

oo 1 <~ 

0 0 1 

1 1 
w 

4 2 
l n ( 2 )  = - 0 . 5 9 6 5 7 3 5 9 0 3 .  

1 + g ) - 3 1 n ( g )  

( 7 . 6 2 )  

8. C o m p l e m e n t a r y  c o n t r i b u t i o n  for  the  r e n o r m a l i z a t i o n  o f  the  c o u p l i n g  c o n s t a n t  

W e  s t i l l  h a v e  to  c a l c u l a t e  C3, E q .  ( 4 . 3 8 ) :  

:)L 
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2 \ " , . ~ . ;  = )  (8.1) 

The MOPE coefficient is 

( ( ~ - ~ " , ] "  . ) = - v 2 d ( b b - D - c c - D ) 2 ( a 2 V + g 2 " ) - a / 2 - i  (8.2, 

The non-trivial diagram in (8.1) is 

...... . , ,- . , -  .). 
a,b,c,g<L 

Apply LO/OL and map onto a = L = 1: 

- e t " . ~  ..... .; = --) max(a 'b 'c 'g)-C 
a=L 
h ,c,g 

1.,d i 22D (bb-° cc_D)2(a2~, + g 2 ~ , ) - d / 2 - I  , , 
- e - -  - maxta, o,c,g) -~ . (8.4) 

a=L 
h,c,g 

The second term in (8.1) shall subtract exactly the pole term of (8.4) divided by d, 
not the pole of (8.4), which contains a factor d = de + O(e) .  To verify this, note that 

i 2 - D (bb_ o _ c c _ D ) 2  = a2_ D (8.5) 
2 ' 

a=fixed, h,c 

which is proven by partial integration. This yields 

1 j"  2 -  D (bb_ D _ cc_D)2 (a2~ , 7 ~ + g2.) -~1,.12-1 

a=L 
b,t,,g 

' i a2v (azv + g2V)-d+/2-1 
8 

a=L 
b,c,g 

l i 1 (a2P + g2,,)(a2,, = e 2 + g2,,)-d<t2-i (8.6) 

o=L 
b ,c ,g 

where in the last step we used the invariance under conformal mapping. This is equivalent 
to 
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I , I , i , q , ~ 

1.5 1.6 1.7 1.8 1.9 2.0 
D 

D D D D 

1.00 -0 .306853 1.20 -0 .225  1.50 -7 .97  × 10 -2 1.80 

1.01 -0.301 1.25 -0 .206  1.55 -5 .33  × 10 -2  1.85 
1.02 -0 .296  1.30 -0 .185  1.60 -3 .11 x 10 -2 1.90 

1.05 -0 .282  1.35 -0 .162  1.65 -1 .49  x 10 -2 1.95 

1.10 -0 .260  1.40 -0 .136  1.70 -5 .24  x 10 -3 1.975 

1.15 -0 .244  1.45 -0 .108  1.75 -1 .13  x 10 -3 2.00 

-9 .97  x 10 -5 

-1 .48  x 10 -6  

-2.31 x 10 - l °  
-3 .89  x 10 -22 
-4 .88  x 10 -46 

0 

Fig. 8.1. Numerical results for Eq. (8.8). The statistical error is 10 -2. 

which proves the desired result. We therefore can write 

:-'-'. i 
a=L 
b .e ,g 

x { (a2" + gZ')-al2-ima×(a,b,c,g)-'-(a'U+ g2.)-a.12-1} 
1 / (bb_O_  cc_O), (a2U + g2.)-a./e-,  = ( - v a )  

a =  1 ; b , c , g  

x [in(a 2~ +g2~) _ (2 - D) ln (max(a ,b ,c ,g) )]  + (..9(~) . (8 .8 )  

The method to numerically integrate (8.8) is the same as in Section 7.7. We give the 
results in Fig. 8.1. 

In the limit D --+ 1 (8.8) reduces to 

o o  o o  

/ - 2  dg (1 +g )3  
0 I 

In(g) = l n ( 2 )  - 1 = - 0 . 3 0 6 8 5 2 8 1 9  
(1 +g)3  

(8.9) 
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9. Renormalization of the wavefunetion, main contribution 

579 

9.1. Derivation of an analytic expression 

In this section, the calculation of  ,~'1, defined in Eq. (4.31), will be discussed. We 

write 

Let us discuss the MOPE coefficients involved. Explicit expressions are given later. The 

first is 

(9.2) has two different types of  subdivergences, which are subtracted by the two coun- 

terterms in (9.1).  Let us symbolically write down the factorization of  the MOPE coef- 

ficients. I f  one of  the dipoles is contracted first, the MOPE coefficient factorizes as 

+) 

The first term is a relevant counterterm, which we did not mention explicitly in (9.1). 

The second subtracts the marginal subdivergence. Note that we have again to take care 

of  the tensorial structure of  the factorization. 

If  the two dipoles are contracted to a single dipole first, the factorization is 

Note that any of  these contractions is obtained with a combinatorial factor 2. 

We now give a list of  the MOPE coefficients together with the O-functions, which 
restrict each counterterm to the sector in which the divergence appears and which by 

integration delivers the factor 1/2 from the nested integration, cf. Section 7.1. First of  

all 
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.7', 
d ,'"'," '", 

a ! / 'e "'"-, '", 

Fig. 9.1. The distances in (9.1). 

1 [ a2~f2 ~ + _ _d2)(c2 ~ +d2~)] A=-~-~ f2~a2+ + (e 2 b 2 c 2 - e  2~ -b  2~ 

×[a2Vf2~_ 41(c2Ve2~b2~ + d2 v)]2 -a/2-, (9.6) 

The notation for the distances follows Fig. 9.1. The two relevant counterterms which 
appear, when a or f is contracted first and which can symbolically be written as 

( , ~  . ) ( , ~ )  - ~ - ) + ( , ~ - ~ - ) ( ~  . ) = B  (9.7) 

are 

1 (a_vdfD_vd f_vdaO_vd ) B = -~--~ + . (9.8) 

The marginal counterterm 

(~..__. a- '~)(  !,,,..~_~_.,j-~ =C1, C2, ClorC2 (9.9) 

appears when either f is contracted first 

I2 - D e2 c2 b2 C1 = ~ (b 2 q- - _ d 2) ((f2 _.}_ _ d2)b-D _ (f2 q_ c 2 _ e2)c-D) 

×ct-v(d+2) f-v(d+2) 

_ d  +___22 (2  _ D )  2 ( ( f 2  jr_ b 2 _ d2)b-D _ ( f 2  q_ c 2 _ e2)c-D) 2 
64D 

×aD-v(d+2) f-v(d+2)] 

xO(f  < max(a,b,c) ) , (9.10) 



K. Wiese, E David~Nuclear Physics B 487 [FS] (1997) 529-632 581 

I2 - D e 2 c2 e 2 e-D f2 d 2 b2)d-D) e l  = - - - f f ~  (b2-{  - - - d 2 )  ( ( f 2 +  - c  2) - ( q- - 

×a-v(d+2) f-u(d+2) 

_ d -k._____~2 ( 2  _ D )  2 ( ( f 2  + e 2 _ c2)e-O _ ( f 2  + d 2 _ b2)d-D) 2 
64D 

×aD-V(d+2) f--~'(d+2)J 

x O ( f  < max(a ,  d, e) ), (9.11 ) 

or when a is contracted first, 

I2 - D e2 c2 b2 _ d2 e2)d_D) C2 = ~ ( b  2 q- - -  - -  d 2) ( ( a  2 + - c2)b -D ( a  2 + - 

×a-u(d+2) f-v(d+2) 

d + 2 b2 _ d2 e2 - 64----D-(2 - D)  2 ( ( a  2 + - c2)b-D (a  2 + -- ) d -D)  2 

× fD--~'(d+2)a-v(d+2) ] 

× O(a < max(b,  d, f ) )  , (9.12) 

C 2 - - [ ~ - ~ - ( b  2 + e  2 - c 2 - d  2) ( ( a  2 + e  2 - d 2 ) e  -D - ( a  2 + c  2 - b 2 ) c  -D) 

×a--v(d+2) f-v(d+2) 

d +_..~2 (2 _ D)  2 ((a2 + e2 _ d2)e_ 0 _ (a  2 + c2 _ b2)c_D)2 
64D 

× fD--v(d+2)a-v(d+2) ] 

xO(a  < max(c ,  e, f )  ) . (9.13) 

Two equivalent versions are given as one e.g. may put the counterterm for f --~ 0 on 

either endpoint of  the distance f .  

The last class of  counterterms, Eq. (9.4), appears when either (c, d) ~ 0 or (b, e) ~ 

0. For the first contraction, the two equivalent versions are 

DI = --~al D-vd (c2V -t- d2v)-d/2~9(d < a)O(c < a) , 

1~ 1 = l f D _ v d  (C2V + d2V)-d/20(d < f ) O ( c  < f )  (9.14) 
2D ~ 

For the second contraction they are 

02 = - - l a D - - v d  (e 2v q- b2V) -d/2 0 (b  < a)O(e ~. a) 
2D 
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L)2 = -- l"-~-leD--pd (e 2~ + bZ~)-a/20(b < f ) O ( e  < f )  
2 D -  

We now define the integrand which has to be taken in (9.1) 

(9.15) 

1 
F ( a , b , c , d , e , f )  : = A - B -  ~ (CI +C,  +C2 +C2 + DI + bI  + D2 + b2) .  

(9.16) 

We used the symmetric version of the counterterms, but could have also taken /IC1 + 

( 1 - A) C1 instead of ½ (C1 + C1 ). We will use this freedom later in order to simplify the 
calculations. As usual this expression has to be integrated over all distances restricted 
to be smaller than L. Applying LcT/aL and mapping onto c = L = 1 results in 

L0-~/(L) : S F ( a , b , c , d , e , f )  m a x ( a , b , c , d , e , f )  -2~ . (9.17) 
c=l; a,b,d,e, f 

J (L )  = 

The integral J (L )  is convergent as can be seen from a somehow tedious general- 

ized Taylor expansion for the domains of possible divergences (a  --+ 0; f ---+ 0; 

(c ,d )  --+ O, or as c is fixed for all the other distances to oo; (b ,e)  --+ 0). So the 

term m a x ( a , b , c , d , e , f )  -2~ can be dropped and the limit ~ --+ O, d --+ de can be 
performed. 

We furthermore have checked that the subtracted terms Ci, Cj, C2, C2, D1 and D2 are 
up to subdominant contributions in e equivalent to the terms given in equation (9.1), 
i.e. that the changes in the domain of integration do not matter (the so-called "two-loop 

miracle"). This seems to be familiar by now, but nevertheless has to be checked. 

9.2. Analytic continuation of the measure 

Now F(a,  b ,c ,d ,e ,  f )  will be integrated numerically. The main problem is again, 

that the measure already used in Section 7 and defined in (7.19) has to be improved 

by partial integration. As in Subsection 7.2 we have to calculate the partial derivative 
applied to A, B, Cl, Cl, C2, C2, Dl and D2, i.e. R, given by Eq. (7.22) applied to 

these terms. Hereby R will also act on the O-functions yielding terms proportional to 
the 6-distribution. We will first discuss some ingenious methods to analytically calculate 
these "non-diagonal" terms, which work well for Dl, D2 and Cl, but fail for C2 or 
equivalently C2. We then discuss another method to analytically continue the integral, 
which cannot be used for the numerics neither. 

The problem is finally solved by brute force: As in Section 7 we change the pre- 
scription for the sectors so that the corresponding O-functions commute with R. The 
corrections are calculated numerically. 

To analyze the problem, we first write down R applied to each term. We study espe- 
cially the contributions proportional to the 6-distributions, which cannot be calculated 
numerically. In order to simplify these formulas, we use the identity vdc = 2D, 



K. Wiese, F. David/Nuclear Physics B 487 [FS] (1997) 529-632 

R A = _ I  [ 2 - D  b2 c2 ] 2D ( 2 - D ) a 2 f  - ° + 2 a  2 " 4 - ~ ( e  24- - - d  2) (d - D - e  - ° )  

× [a2Vf 2v-  ~ 1 ( c 2 V - e i V - b  2v 4-d2V)2] -&12-1 

+ ~ - - -  f2~a2+ + (e 2 b 2 - c  2_  (c 2 " _ e  2~_b2, , d2~) 

× [a2"f -D 1 (c2" e 2. b2~ d 2~) ] - -~ - _ 4- (d-D--e  -D ) 

r ] -d,/2-2 
× [a2Uf2 v 1 (c2U _ e2 v _ b2~, 4- d2V)2 - ~  

583 

9.18) 

RB = -~al -2D~-D-2.[ 4- a-D f -2D-2, (9.19) 

RCt = [ (2 - D) (2 + D) e2 c2 
- -  8D (b2 4 -  - - d2) 

× ( ( f 2  + b 2 _ d2)b-D _ ( f2  4- c 2 _ e2)c-D) a-D-2f-O-4 

q- (2 - D)32D(2 + D) 2 ((f2 + b 2 _ d 2 ) b - D  _ (f2 + c 2 _ e2)c-D) 2 a-2f-D-41 

×O( f  < max(a,b,c) ) 

_ [ ~ D _ D  (b 2 + e  2 _ c  2 _ d  2) ( ( f 2 +  b 2 _d2)b-D _ ( f2  4-c 2 _  e2)c-D) 

×a-D-2 f -D-2  

(2 - D)32D(2 + D)  ( ( f 2  + b 2 _ d2)b-D _ ( f2  + c 2 _ e2)c-D) 2 a-2f-O-2] 

I 
× -  [a(f - a ) O ( f  > b )O( f  > c) + a(f - b ) o ( f  > a )O( f  > c) 

f 

+ 6 ( f  - c )O( f  > a ) O ( f  > b)] ,  (9.20) 

R C I = [  2~-l~ (b2 4-e2--c2--d2) a-D-2f-D-2 

× (D(f2-+-e 2 - c 2 ) e - D - 2 - D ( f 2 + d 2 - b 2 ) d  -D-2 4e-D + 4 d  -D) 

(2 -- D)(2  + D )  c2 8D (b2 4- e2 -- -- d2) 

x ((f2 + e 2 _ c2)e-O _ (f2 + d 2 _ b2)d-O) a-O-2f -o-4  

q ( 2 - D ) ( 2 + D )  ( ( f 2 + e  2 _ c 2 ) e - o _  ( f 2 + d  2 _ b 2 ) d - D ) a - 2 f - D - 2  
16D 
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x ( D ( f  2 + e 2 - c2)e - ° - 2 -  D ( f  2 + d  2 - b2)d -D-2 - 4e - °  + 4 d  -D) 

-+- (2 - D)32D(2 + D) 2 ( ( f2  + e 2 _ c2)e-D _ ( f2  + d 2 _ b2)d-D) 2 a-2 f -D-4]  

x O ( f  < max(a ,d ,e ) )  

_ E_ ~ (b 2 + e  2 _ c  2 _ d  2) ( ( f2  + e  2 _c2)e-D _ ( f 2 +  d 2 - b2)d-D) 

×a-D-2 f - D - 2  

(2  - 9 ) ( 2  + D )  ( ( f 2  + e 2 _ c2)e-O _ ( f 2  + d 2 _ b2)d-O)2a-2f-o-2] 
32D / 

x l ~ ( a - f ) O ( f  > d ) O ( f  > e ) ,  (9.21) 
3" 

RC2= [_~__D_ (b 2 + e  2 _ c 2 _ 6 2)  ( a 2 +  62 -- eZ)d--D--2a--D--Zf -D-2 

(2 - -  D ) ( 2  + D) e2 c2 8 0  (b2 + - - d2) 

X ( ( a  2 + b 2 - c2)b -D - ( a  2 q-- d 2 - e2)d -D) a - D - 2  f - D - 4  

(2  D )  (2  + D) ( (a  2 + b  2 _ c2)b -D _ (a  2 + d 2 -  eZ)d -D) a - D - 2 f  -2 
16 

× ( a  2 + d 2 _ e2)d  -D-2  

( 2 -  D ) ( 2  + D )  ((a2 + b2 _ c2)b_ 0 _ (a 2 + d 2  _ e2)d_D)2a_O_2f_4]  + 
16D J 

×O(a < m a x ( b , d , f )  ) 

+ [ - ~  ( b2 q - e  2 _ C  2 - - 6  2) ( ( a 2 +  b 2 _c2)b  -D _ ( a  2 -.{- 6 2 _ eZ)d -D) 

× a - D - 2  f -D- -2  

( 2 -  D ) ( 2  + D) ((a2 + b2 _ c2)b_ D _ (a 2 + d  2 _ e2)d_D)2f_2a_D_2 ] 
32D J 

X E l ~ ( a - d ) O ( a > b ) O ( a > f ) + f 6 ( a - f ) O ( a > b ) O ( a > d )  ] , 

(9.22) 

[_ <: + :_ :_.,> <a2 + ,'_.2>:0-'0-0-2:-°-2 

(2 - D) (2 + D) e2 C2 8D (b2 + - - d2) 

X ( ( a  2 -P e 2 - -  d2)e -D - ( a  2 -P c 2 - b2)c -D)  a - D - 2 f  -D-4 
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-4- (2 - D)(216 + D )  ( ( a 2  + e2 _ d2)e_ D _ ( a  2 + c2 _ b2)c_O) a_D_2f_ 2 

x ( a  2 + e 2 _ d2)e-D-2 

( 2 -  D ) ( 2 + D )  ( (aZ+e2_d2)e_ D (a2+c2 bZ)c_D)2a_D_Zf_4] 
+ 16D 

xO(a < max(c ,e , f ) )  

+ [~-DD (b2 + e 2 - c 2 - d  2) 

x ( ( a  2 + e 2 - d2)e -D - ( a  2 + c 2 - b2)c -D) a-D-Zf -D-2 

(2 - D)32D(2 + D )  ( ( a 2  + e2 _ d2)e_ D _ ( a  2 + c2 _ b2)c_D)2 a_P_2f_2] 

x [ ~ c S ( a - e ) O ( a > c ) O ( a > f ) + f 6 ( a - f ) O ( a > c ) O ( a > e ) ] ,  (9.23) 

RDI = a-D(C 2~ + d 2~') -dc/2-id-DO(d < a)O(c < a) 

+ l a - °  (C 2v + d2~) -a<12 l~3(d - a)O(c < a), 
ZL) d 

(9.24) 

R / ) I  = Ilf-D-2(C2V+d2v)-d<12-1+f-D(c2V+d2V)-cto/2-1d -D) 

xO(c < f )O(d  < f )  - 2 1 f - D ( c  2~ + dZ~)-~'/2f6(c- f)(9(d < f ) ,  

(9.25) 

R D 2  = a-D(e 2~ + b 2u) -ctc/2-ie-bO(b < a)O(e < a) 

+ ~ D  a-D(e2u + b2~) -a'121-6(ee - a)O(b < a) , (9.26) 

/ ' l  \ 

IIb2 = f "-f-D<(e2~ + b2~) -~/2 + f -° (e2~ + b 2~) -~42-~e-°~ t,2 / 

xO(b  < f ) O ( e  < f )  - ~ D f - ° ( e  2" + b2 " ) -d< /2 f6 (e -  a)O(b < a) . 

(9.27) 

First we show that in this parametrization the terms proportional to the c~-distribution in 
(9.24) and (9.26) can be calculated analytically. We demonstrate that for (9.24). 

We use the standard measure of Eq. (7.19). The vectors over which the integration 
will be performed are a and d. The integration over d3 has been improved by partial 
integration. Let us apply that to the last term in (9.24), i.e. to 
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2 ~ o - - D ( c 2 V  + d2v)-d*/213(d - a)O(c < a) . (9.28) 

The integration over a is standard and can easily be performed, resulting in 

1 (c2~ + d2,, )_d./2~_~O(c < d).  
2D 

(9.29) 

The former integral over d = (x, y, z,0 . . . .  ) was 

O<3 O<3 O O  

SD-2 fdx/dyf 
-oo  -oo  0 

(9.30) 

and is changed to 

--2-DSD-2so f dx dy dzz °-lRF(a,b,c,d,e, f)  
-oo  -oo  0 

(9.31) 

Reversing the derivation of the measure we recognize the invariant measure in D + 2 
dimensions: 

1SD-2SD+2 f = i f  (9.32) 
2 - D  S2D - D  

dE]RDt -2 dc]RD~2 

This can be summarized in the following formula, valid as long as the integral over d 

factorizes from the integral over a, b and c: 

/ ' /  F(a,b,c,d,e,f) = --~ 
dc]R o dcIR D~2 

RF(a,b,c,d,e,f).  (9.33) 

The final result is given by the integral 

oo 

1 / dddD (1 -t- d2") -'/2 = 
2D 2 d 

1 

4D2(~_D)B(2DD'2DD) (9.34) 

where B is the standard Beta-function. It is worth to mention that this is equivalent to 

"I@ 
°. (9.35) 

The factor 1 /D is due to the measure, the factor 1/2 due to the fact that the R-operation 
is acting on half of the bounded distances only. The concerned reader will be able to 
reconstruct the factor 1/D from the identity 

2 1 

d d 

(9.36) 



K. Wiese, F. David~Nuclear Physics B 487 [FS] (1997) 529-632 587 

The analogous term in (9.26) gives the same result. It nevertheless is somehow harder 

to calculate. As a first step a mapping has to be performed, which exchanges b with c 

and d with e. This mapping is possible, although the measure is not invariant, as this 
mapping does not affect the height of the tetrahedron. 

Equivalently it is possible to calculate the diagonal term of RC1, Eq. (9.20). We find 

D ..... !.. ..... j 

This time no factor 1/2 appears, since R was acting on all the distances. 

The non-diagonal part of C2 or C2 cannot be calculated by these methods. (The 

concerned reader is encouraged to try this himself.) Nor is it possible to arrange the 
counterterms in such a way that the non-diagonal terms cancel. (Warning: The measure 

is not invariant by the conformal mapping, as the partial integration by f3 has been 

performed.) 

Regarding the problems with the R-operation one may ask whether it is not better to 

use an alternative prescription for the analytic continuation. One might think of replacing 

the crucial integral 

by 

. f  df3fD-3F(a, b, c, d, e, f )  (9.38) 

f cD_3Fta, d f 3 f ~ - 3 F ( a , b , c , d , e , f  ) - J 3  , b,c, dp,ep,fp) (9.39) 

where dp, ep and fp are the projections of d, e and f onto the plane spanned by f j  
and .['2 in the standard parametrization of the measure in Eq. (7.19). Here the problem 

arises that even if the length of f = ( f l ,  fe ,  f3) is large, the length of fp = ( f l ,  f2 ,0 )  
may tend to 0. This is a new divergence, which is integrable, but not tractable by the 

standard measure in the numerical integration procedure. Thus this method cannot be 

used. 

9.3. Numerical integration 

We finally solve the problem by modifying as in Section 7 the O-functions and by 
calculating the corrections later. We integrate R F ( a ,  b, c, d, e, f ) ,  where 

P = A - B - C'j - C2 - D1 - D2 (9.40) 

but with modified prescriptions for the sectors: f < d for Cj, a < c for C'2, c < a for 
D1 and b < a for D2. We therefore have to integrate numerically: 
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R F ( a , b , c , d , e , f )  

1 [ 2 - D  b 2 c 2  ] - 2 D  (2  - D ) a 2 f  -D + 2 a  2" + ~ -  @2 + _ _ d 2) (d-O _ e-D) 

x [a2  f ] _ -4 ( c2v _ e 2v _ b 2v q- d2V) 2 -de~2-1 

D + 2 [  a 2 V f 2 1 b 2 c 2 ( c 2 V e 2 V b 2 U ]  + - - T O m  f 2 U a 2 +  + ~ ( e 2 +  - - d  2) - + d  2~') 

- ~ - _ + (d -D - e - D )  

x [a2Vf 2" --~i (c2V_e2V_b2V+d2~')2]-d<12-2 

1 -2D f - D - 2  a -Df -2D-2  ---a 
2 

-~ [ ~  (b2q-g2-c2-d2) a-D-2f -D-2 

x (D(f  a + e 2 - c2)e -D-2 - D ( f  2 + d 2 - b2)d -D-2 - 4e - °  + 4d -°) 

+(2  - D )  (2--I- D )  (b  2 + e  2 _ c2 _ d2 ) 
8D 

X ( ( f 2  jr_ e 2 _ c2)e-O _ ( f 2  + d 2 _ b2)d-D) a - D - 2 f - D - 4  

(2 - D )  ( 2  -I- D) ((f2 -I- e 2 -- c2)e -D -- ( f 2 2 r  - d 2 _ ba)d-D) a - 2 f - D - 2  
16D 

x ( D ( f  2 + e 2 - c2)e -D-2 - D ( f  2 + d 2 - b2)d -D-2 - 4e -D -I- 4d -D) 

(2 - D)32D(2 -I- D )  2 ( ( f 2  + e 2 _ c2)e-D _ ( f 2  + d 2 _ b2)d-D) 2 a -2 f -D-4]  

x e ( f  < d) 

2 D e2 c2 e2 d2)e_V_2a_D_2f_D_ 2 q.- T ( b 2 q  - - _ d  2) (a2- f -  - -  

( 2 - D ) ( 2 + D )  e2 c2 
-]- 8 0  (b2 -'}'- -- -- d2)  

X ( ( a  2 + e 2 --  d2)e -D - ( a  2 + c 2 - b2)c -D) a - D - 2 f  -D-4 

(2 - D )  ( 2  -I- D )  ( ( a 2  + e2 _ d2)e_ D _ ( a  2 + c2 _ b2)c_D) a_D_2f_2 
16 

x ( a  2 + e 2 _ d2)e -D-2 

(2 - D ) ( 2  + D )  ,-((a2 q- e2 _ da)e_ D _ ( a  2 q- ca _ ba)c_D)aa_D_2f_4 ] 
16D ] 

x O ( a  < c) 
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D D D 

1.00 -0.25 1.30 -0.895 4- 0.066 1.70 -0.306 4- 0.034 
1.01 -0.315 4- 0.028 - 0.072 1.35 -0.848 4- 0.074 1.75 -0.225 4- 0.027 
1.02 -0.446 ± 0.053 - 0.070 1.40 -0.800 4- 0.065 1.80 -0.159 ± 0.021 
1.05 -0.727 4- 0.041 - 0.036 1.45 -0.746 4- 0.063 1.85 -0.096 4- 0.015 
1.10 -0.831 4- 0.055 - 0.006 1.50 -0.680 4- 0.057 1.90 -0.056 4- 0.009 
1.15 -0.905 4- 0.055 1.55 -0.597 4- 0.056 1.95 -0.022 4- 0.005 
1.20 -0.917 4- 0.065 1.60 -0.507 ± 0.049 1.975 -0.0091 4- 0.0024 
1.25 -0.907 4- 0.063 1.65 -0.412 4- 0.041 2.00 0 

Fig. 9.2. Numerical results for (9.41). The first error is the statistical error, the second the correction for the 
systematic error as discussed in the text. The latter is only given, when it is not negligible. 

- -a-D(c  2~ + dZ~)-dc/2-1d-DO(c < a) 

- -a-D(e  2~ + b 2~) -ac/Z-le-DO(b < a). (9 .41)  

The  var iable  t ransformat ions  are the same as discussed in Sect ions  7.3 and 7.4. The  

numer ica l  ca lcula t ions  are very difficult.  Due  to the complex i ty  o f  the integrand, the 

numer ica l  errors induced by the l imi ted precis ion o f  the worksta t ion became impor tant  

too and l imi ted  the reduct ion  o f  the statistical error. The  total C P U  t ime was about  1000 

hours  on a worksta t ion.  We obta ined the numerical  results summar ized  in Fig. 9.2. 

The  sys temat ic  error  was corrected using Table 7.1. The  error bars represent  the 

statistical error  o f  the A M C  integrat ion,  which could  not be reduced due to the lack o f  

pe r fo rmance  o f  the work-s ta t ion,  both in speed and in precision.  The  numerical  results 

1 for D --~ 1, discussed later. are in ag reement  wi th  the analyt ica l ly  calculated value - ~  

9.4. The correction for the first marginal counterterm 

We arranged the counter terms C1 and C2 so that they both have the same correct ion.  

This  cor rec t ion  is up to terms of  O ( e )  ( for  the notat ion cf. Fig. 9 .3) :  
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c 

Fig.  9.3. The orientat ion o f  the vectors  a ,  b, c and  f .  

/ 
c=l; a,b,d,e,f 

-a f  (b fb -° - cfc -°) a-V(d+2) f -v(d+2) 

_ d16D+____.~2 (2 - D)  2 (bfb -D - cfc-D) 2 aO-~(d+2)f -~(d+2)] 

x [ O ( f <  c) - O(f< max(a,b,c))] 

/ [~DD2(abb-D-acc-D) a-~(d+2) 
a=l ; b,c 

_ (2 - D)2(216D 2 + d) (bb_ 0 _ Cc_O)2aD_~(a+2)] 

1 
X -- [C ~ -- max(a ,  b, c )~] .  

t3 
(9.42) 

Expanding 1 [c ~ _ max(a ,  b, c) ~ ] = In(c)  - In (max(a ,  b, c ) )  + O ( e )  and using the 

symmetry of  (9.42) yields 

/ ITDD2 (abb-D-acc-°) a-D-2- (2-D)(2+D)16D2 (bb-D-cc-°)2a-21 
a=l ; b,c 

x [In(c)  + In(b)  - 2 In(max(a ,  b, c) ) ] + (.9(e) 

= / [~DD2 ( ( a 2 - t - b 2 - c 2 ) b - D q - ( a 2 - l - c 2 - b 2 ) c - D ) a - D - 2  

a=l ; b,c 

(2 - D)  (2 + D)  (b2_20 + c2_2D + (a  2 _ b2 _ c2)b_Oc_o) ] a_ 2 
16D 2 J 

x [In(c)  + In(b)  - 21n(max(a,b,c))] + (.9(8) . (9.43) 

This integral is calculated numerically using the measure given by (7 .52)- (7 .57)  in 

Section 7.7. The results are given in Fig. 9.4. 
For D ~ 1 an analytical calculation gives 
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0 .60  , , , , 

o of t 
°4°t ..... I t 

It 
o. o t 

1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0 
D 
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D D D D D 

1.00 1/4 1.15 0.321 1.40 0.376 1.65 0.473 1.90 0.548 
1.01 0.252 1.20 0.334 1.45 0.389 1.70 0.505 1.95 0.399 
1.02 0.256 1.25 0.345 1.50 0.405 1.75 0.539 1.975 0.244 
1.05 0.276 1.30 0.355 1.55 0.423 1.80 0.570 1.99 0.110 
1.10 0.303 1.35 0.365 1.60 0.446 1.85 0.581 2.00 0 

Fig. 9.4. Numerical results for (9.43). The relative statistical error is 10 -3 . 

1 1 , /  3 /  , 
db In (b )  - ~ db l n ( b )  = ~ .  

o o 

This  is in agreement  with the numerical  data in Fig. 9.4. 

9.5. The correction for  the second marginal counterterm 

Up to order  e for DI and D 2 each, the fo l lowing correction has to be added: 

1 f aD_Vd (C2V + d 2 V ) - d / 2 0 ( c  < a ) ( O ( d  < a) - 1) 
2D 

c=l ; a,b,d,e,f 

-- 231 / (C2U -~- d2V)-d/2 1~ (d e _ Ce ) 

c=l ; d>c 

1 

1 1 [ dXxD/(2_D)(I 
- 2 D  (2 - D )  2 J --/- + x) -2D/(2-D) I n ( x )  + O ( e ) .  

0 

For D ~ 1 an analyt ical  calculat ion gives 

(9 .44)  

(9 .45)  
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I , I , I , I , I , I 

1.4 1.5 1.6 1.7 1.8 1.9 2.0 

D D D 

1.00 -3.4657 x 10 - l  
1.01 - 3 . 3 1 6 7 x  10 - l  
1.02 -3 .1736x  10 -1 
1.05 -2.7766 x 10 - l  
1.10 - 2 . 2 0 9 8 x  10 -1 
1.15 -1 .7416×  10 -1 
1.20 -1.3541 x 10 - l  
1.25 -1.0338 × 10 - l  

1.30 -7.7076 x 10 -2 
1.35 -5.5699 × 10 -2 
1.40 -3.8640 x 10 -2 
1.45 -2.5397 × 10 -2 
1.50 -1 .5529× 10 -2 
1.55 --8.6017 x 10 -3 
1.60 -4.1478 × 10 -3 
1.65 -1 .6350x  10 -3 

1.70 -4.7420 × 10 -4 
1.75 -8.3621 × 10 -5 
1.80 -6.1097 x 10 -6 
1.85 -7.5149 x lO -8 
1.90 -1.0256 × lO -I1 
1.95 -1.7552 x 10 -23 
1.975 -2.8185 x lO -47 
2.00 0 

Fig. 9.5. Numerical results for (9.45). The relative statistical error is 10 -5. 

1 l/ I n ( x )  1 
d x  (1 + x )  2 - 2 

0 

l n 2  = - 0 . 3 4 6 5 7 3 5 9 0 3 .  ( 9 . 4 6 )  

T h e  n u m e r i c a l  da ta  are g iven  in Fig.  9.5. Numer i ca l  and  ana ly t ica l  da ta  fit n ice ly  

together .  

9.6. Analytical calculation f o r  D --~ 1 

W e  ca lcu la t e  n o w  J ( L  = 1),  Eq. ( 9 . 1 7 ) ,  for  D = 1 and  e = 0. We give the  in tegra l s  and  

the  n u m e r i c a l  resu l t s  for  the  d i f fe ren t  regions .  T he  c o m b i n a t o r i a l  fac tor  4 for  every pa i r  o f  

in tegra ls  c o m p e n s a t e s  aga ins t  the  fac to r  1 / 4  f rom the  measure .  The  s y m m e t r i z e d  ve r s ion  

o f  the  c o u n t e r t e r m s  has  to be  used.  O t h e r w i s e  the  four  in tegra ls  in one  equ iva l ence  class  

m a y  no t  co inc ide .  So we  have  to in tegra te  A - B - 1(C1 + C1 + C2 + C2 -+- D1 + / ) l  + 

De + / 3 2 ) .  The  th ree  t opo log i ca l l y  d i f fe ren t  d i a g r a m s  and  the  c o r r e s p o n d i n g  F e y n m a n  

d i a g r a m s  o f  sca lar  ~o4-theory are s h o w n  in Fig. 9.6. 
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Fig. 9.6. The three topological inequivalent classes A, B and C and the corresponding Feynman diagrams of 
scalar ~o 4 theory in the limit N ~ 0. 

.. ',. 
i ~ i • } 

2 ln (2 )  + ~ ,  

o o  o o  

f da f  df[-~(fa2+af2-2af)(af - 1) -3  

1 I 

+ ~ ( a - 2 f  - I  + a - i f  - 2 )  

+la-2f-lO(a- f)+ ~a-l(a + f-2)-20(a T M  f + 1) 

+4a-lf-20(f -a)+~f- l (a+ f -2)-20(f -a+ l)] 

1 3 
(9 .47)  

O~3 OO /da/d,O 
0 o 

0 ,  (9 .48)  

= - - l n ( 2 )  - - .  
2 2 

o o  a - - l  

1 o 

+ a - Z f  - l + ~ ( a - l ( a - f ) - z + a - l ( a + f )  -2) 

+l f - l (a-  f)-20(f -1)O(2f + l-a)] 

1 1 
(9 .49)  
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Fig. 9.7. Numerical results for J ( l ) ,  Eq. (9.17). Only the statistical error is given. The systematic error has 
been corrected. 

Together this gives 

+ ................ .." .... + _.. ~ = -  l n ( 2 )  + 
"-t 

= - 0 . 4 4 3 1 . . .  (9 .50)  

9. 7. The complete  diagram 

In Fig.  9.7 we show the comple te  results for J (  1 )I~--0, Eq. (9 .17) .  We can verify that 

the l imi t  D --* 1 is correctly reproduced within  the error bars. 

10. Second contribution for the renormalization of the wave function 

The second cont r ibu t ion  to the renormal iza t ion  of  the wave funct ion is, see (4 .32) ,  

In order  to de termine  ,T), we calculate 
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C 

Fig. 10.1. The orientation of the vectors a, b and c and the position of the point x. 

( ~  + / L + V ( d + 2 ) (  ' .~ ' ,  ) +/L- -  ( ' , ~ '  +/L({I']'+-~~']]) +/L" 

We recall that 

v ( d  + 2) 2 - D [ 

J 2D 2 
a,b,c<L 

bb D _ cc -D ) 2 aD--v(d+2) 

2-DfD 
a,b,c<L 

abb D _ a c c  - D )  a - V ( d + 2 )  , 

(1o.1) 

(10.2) 

. .. 

-~}L((],~~'].)-+'}L=--2D D / 
a,c<L 

a -'{d+2) (a 2 - D (ac )2C -2)  C -D 

(10.3) 

and 

v(d+2)<~ -~> - v(d+2) /a o-'a. 
..... L 2D a<L 

(10.4) 

First of  all one easily convinces oneself that the integral equals 0 for D = 1. In the 

following we give two independent derivations, which were both integrated numerically 

and which were found to coincide. This gives an additional check that the global 

prefactor, which cannot be checked analytically, is correct. 

We start with the first derivation: In order to subtract (10.4) from the first term in 

(10.2) we use the fact that (for the notation see Fig. 10.1) 

2 - 2 D / (bb - D  - -  c c - - D )  2 = a 2-D . (10.5) 

a=fixed; b,c 

Therefore the first contribution is 
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¢c--D) 2 aD-u(d+ 2) . (10.6) 

I L a  Applying g ~ and mapping onto a = 1 yields 

p ( d  + 2) 2 - D f 
J 2D 2 

a=l; b,c 

(bb l o  -- ccID) 2 aO-~(d+2)~" (max(a ,  b, c) -~ - a -e )  . 

( 1 0 . 7 )  

In the limit e ---+ 0 this expression simplifies to 

( 2 - D ) ( 2 + D ) 4 D  / ( b b - D - - c c l D ) 2 a - D - 2  

a=l; b,c 

× ( I n ( m a x ( a ,  b, c) ) - ln (a )  ) + O ( e )  . (lO.8) 

The second contribution is 

2 - D  

D 
a,b,c<L 

2-D f + ~  
a,c<L 

2 - f 
a,b,c<L 

(abb_O - acc -o )  a-~(d+2) 

(a 2 - O ( ac )  2 c -2)  c-Oa -v(d+2) 

[ (abb -D - acc -D) - (a 2 - D (ac )  2 c -2)  c -D] a -~(d+2) 

(a 2 - D (ac )  2 c -2)  c--Oa -v(d+2) . 

l L 0 and mapping onto a = 1: The last term becomes after application of  ~ ~Z 

(10.9) 

2 /D 
a=l; b,c 

( a  2 --  D ( a c )  2 c - 2 )  c l O a  -1"(d+2) 1__ (max(a ,  c) -~  
g 

- -  m a x ( a ,  b,c)-~). 

(10.10) 

In the limit e ~ 0 it reduces to 

2-DfD 
a=l; b,c 

+0(~) 

(a 2 -  D (ac )2c -2 )c -Da-O-2( ln (max(a ,b , c ) )  - In (max(a ,  c ) ) )  

(10.11) 

The other term in (10.9) is 
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2-D/D 
a , b , c < L  

[(abb-D-acc -D) - (a 2 - D ( a c )  2c-e) c-o]a -~(d+2). (10.12) 

By power counting, a pole in I can appear for a ---, O. In this limit however the terms 

in the square brackets cancel and make the integral finite. Let us apply La~ and map 

onto a = 1 : 

2-Dr,, 
a=] ; b,c 

[(abb-D-acc-D)-(a2-D(ac)2c-2)c  -o] 

xa-D-2a e max(a ,  b, c) -~ (10.13) 

This integral is a function of  e, which has the form 

cle+O(e2). (10.14) 

Especially it vanishes for s = 0. The integral thus does not change if we subtract its value 

for e = 0. Eq. (10.12) then becomes - remember that a factor ~ has to be reintroduced: 

2- f 
a=l ;  b,c 

[(abb -o - acc -°) - (a 2 - D (ae)  2 C -2) C -D] a -0-2 

x-I (a~max(a,b,c)-~ - 1 )  . 

In the limit e --+ 0 this simplifies to 

(10.15) 

2-DD / [(abb-D--acc-D)--(a2--D(ac)2c-2)c-D]a-D-2 
a= 1 ; b , c  

x ( In (max(a ,  b, c) ) - In(a)  ) + (.9(e) . (10.16) 

The final result is the sum of  (10.8),  (10.11) and (10.16): 

= _ (2 - D)4D(2 + D)  f ( b  2 - 2 D  ÷ c 2-2D ÷ ( a  2 - b 2 - c2)b-Dc -D) a D-2 

a=l  ; b,c 

× (ln(max(a,b,c)) - ln(a))  

2 - D  / [  C2 b2)2C-2)c-D )) ÷ 2---'--D (ae-D/4(a2÷ - (ln(a)-ln(max(a,c) 
a =  1 ; b,c 

+(a2-D/4(a2+b2-c2)2b-2)b-D(ln(a)- ln(max(a,b)) )  
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+ ( ( a 2 + b 2 - c 2 ) b - D  + ( a 2 + c 2 - b 2 ) c  -D) I n ( m a x ( a , b , c ) ) - l n ( a ) )  1 

x a -D-2 if- O(e)  . (t0.17) 

Another way to treat the second term in (10.2) is to perform a partial integration 
(for the notation see Fig. 10.1)' 

,/ 
D 

a<L 

f O(L - b)O(L - c) aVx (b 2 - o  - c 2-D) a -v(d+2) 

x 

1 
D f f a~Tx[O(L - b)O(L - c ) ]  (b 2-D - c  2-D)  a -v(d+2) 

a<L x 

' f fa (t~(L . . . .  b )bb-20(L  c ) + O ( L  b)6(L c)cc -2) 
D 

a<L x 

X (b 2-D - c 2-D) a -v(d+2) 

, /  
D 

a,c<b=L 

1 o/ 
a,b<c=L 

D 
a,b<c=L 

abb -2 (b 2-D _ c 2-o) a-~(d+2) 

acc -2 (b 2-°  _ c 2-0) a-v(d+2) 

a c c  - 2  ( b  2 - D  _ c 2 - D )  a - v ( d + 2 )  . (10.18) 

The pole in (10.3) has to be subtracted. It can be written as 

2 -DD f (ac) 2 a_v(d+2)c_2_ D 

a<L;c=L 

(10.19) 

and is split into two parts, 

2°I/ / - - - - -y-  + 

,b<c=L a<c=L<b 

(ac) 2 a-u(d+2)C-2-D, 

which are mapped onto the same sector as in (10.18): 

(10.20) 

2- D J 
a,b<c=L 

(t/C) 2 a - v ( d + 2 ) C - 2 - D  

+ (ab) 2 a-~(d+2)b-2-D(b/c)-CO(a < b).  (10.21) 

The complete expression, i.e. (10.18)-(10.21) is 
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D D D 

1.0 0 
1.007 -8 .15 × 10 -3 
1.01 -1 .06  × 10 -2 
1.02 -2 .10  × 10 -2 
1.05 -4 .98 x 10 -2 
1,10 --8.68 X 10 -2 
1,15 --1.12 × 10 -1 

1.20 --1.30 X 10 - I  
1.25 --1.41 X 10 - l  

1.30 -1.46 x 10 - I  
1.35 -1.48 x I0 -1 
1.40 --1.46 x lO-I 
1.45 --1.42 x 10 -1 

1.50 - 1 . 3 5 X  10 -~ 
1.55 --1.27X 10 -~ 
1.60 --1.17 x 10 - I  
1.65 --1.06 x 10 - j  
1.70 --9.38 x 10 -2 

1.75 -8.05 × 10 -2 
1.80 --6.63 × 10 -2 
1.85 --5.12 x 10 -2 
1.90 -3.52 × 10 -2 
1.95 --1.81 × 10 -2 
1.975 -9.19 × 10 -3 

1.98 --7.37 × 10 -3 
1.99 --3.71 × 10 -3 

2.00 0 

Fig. 10.2. Numerical results for (10.17). The relative statistical error is 10 -a. 

; / {2a¢c-2(b2-D-c2-o) 

a,b<c=L 

- ( 2 -  D) [(ac)2 c-2-D + (ab)2 b-2-D(b/c)-eO(a < b)] }a -v(d+2). 

( 1 0 . 2 2 )  

O n e  c h e c k s  tha t  the  in tegra l  is loca l ly  c o n v e r g e n t  and  that  the  l imi t  e ---+ 0 can be  

taken.  O f  c o u r s e  th i s  d e r i v a t i o n  is no t  s y s t e m a t i c  bu t  the  final r e su l t  is eas ie r  to in tegra te  

n u m e r i c a l l y  and  wi l l  t h e r e f o r e  be  u s e d  in the  f o l l o w i n g .  It  is 

1 o/ 
a,b<c=L 

2acc 2 (b 2-D _ c 2-D) 

O, I ac,2c 2 ° +   a ,2b 2 °O a }a ° 2 
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1 / { a2 C2 (b2_D c 2 _ D ) ( 2 - O )  ---- O ( q- - -  b 2 ) c - 2  - -1- T 

a,b<c=L 

X [(a2q-c2-b2)2c-2-Dq-(a2q-b2-c2)2b-2-OO(aKb)] }a-D-2 " 

(10.23) 

The numerical integration is performed using the measure given in Eqs. (7.52)-(7.57) 
in Section 7.7. The results are shown in Fig. 10.2. We verify that for D -~ 1 and for 
D ~ 2 the analytically predicted value 0 is correctly reproduced. 

11. Contribution to the wavefunction renormalization from the one-loop coupling 
constant renormalization 

We will calculate the last diagram, Eq. (4.33), 

We expand up to first order in e the following term: 

s<L t<L 

We apply L°[L=1 and map onto s = L = 1: 

O 0  

attD (1 + t 2~)-a/2 max( l ,  t)-~ 
t 

0 

/ dtt° (1 + tzv) -~//2 [ dttD (1 + tZv) -a/2 (t - ~ -  1) 
= T + J t  

o 1 

1 

+ ( 2 - - ~ D )  2 f dttD/(2-D)(l-k-t)-2D/(2-D)ln(t). 
0 

This expression can still be expanded as 

1 F(2---~)2 [ l _ + . e ( ~ ( 2 2 _ D D ) _ ~ ( 2 _ _ ~ ) ) ]  

(11.1) 

(11.2) 

(11.3) 
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Fig. 11.1. Numer ica l  results for  Eq. (11 .5 ) .  The relative statistical er ror  is 10 5. 

+ 

1 

(2 - -D)  2 e  / tdtto/{2--O)(1 + t)-2O/(2--O)ln(t) 
0 

The final result is 

(11.4) 

1 

4 ( 2  -ID) 2 / ~-dtto/(Z-D)( 1 + t)-2D/(2-D)In(t) . 

0 

(ll.5) 
The numerical results are given in Fig. 11.1. For D = 1, Eq. (11.5) is analytically 

calculated to be 

1 - ln(2) = 0.30685281944... (11.6) 



602 K. Wiese, E David~Nuclear Physics B 487 [FS] (1997) 529-632 

12. Extrapolations and calculation of critical exponents 

12.1. The renormalization-group functions 

As we already discussed in Section 3, the renormalization group fl-function and the 
anomalous scaling dimension v of r are in the MS scheme that we use obtained from 
the variation of the coupling constant and the field with respect to the renormalization 
scale/z, keeping the bare couplings fixed. Written in terms of Z and Zb they are 

-eb 
O b= a d_bO_ln Z , (12.1) f l (b)  = P'O-~ b o l + b ~ l n Z b + 2  c)b 

v(b) 2 - D  1 0 l n Z _  2 - D  ~ O 
- - - 2  -21z~-~ bo T fl(b)-~lnZ. (12.2) 

We recall the form of Z and Zb from Eqs. (4.7), (4.26) and (4.27): 

( f~  f2(e)~b2+O(b3),  
Z = l + ~ b +  + e2 ] 

(g~l e c2(e) "~ b2 +O(b3). (12.3) Zb=13- a~le b-}- 3- e2 J 

Using Eqs. (4.25), (5.20), (4.12) and (4.13) we obtain 

( e ) b2 2 2 D f ' - O c ' - f ' e + 2 C ' b 3 + O ( b  4) fl(b) =-eb+ a l 3 - 1 - ~  3- 2 - D  

(12.4) 

and 

v(b) 2 - D  2 - D b  = - - - ~  3- - - - ~  +f lb2+O(b  3 ) (12.5) 

For e > 0, the fl-function has a non-trivial IR-attractive fixed point for fl(b*) = 0. Up 
to second order in e, b* is 

1 ( 2 - D ) ( 1 3 - a l )  -4D(2-D)gl-8DZfle23-O(e3)._ b*(e) = - - e  3- 
1 + a l  2 D ( 2 -  D)(I  3-aj) 3 

(12.6) 

Plugging in (12.6) in (12.5) yields 

2 - D  2 - D  
v * -  3- e 

2 4D(I  + a l )  

8D2alfl - 4 D ( 2 -  D)gl + ( 2 -  D)(1  + al)e2 o ( e  3) -4 + ( 12.7) 
8D2(1 + a l )  3 

~1 and f l  were both calculated numerically as a function of D in the interval 1 <~ D ~< 2. 
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Fig. 12.1. The functions vl(D) (dashed line) and v2(D). The latter is given with the corresponding error 
bars of the statistical error. 

12.2. The exponent u 

We can rewrite (12.7) as an e-expansion for the critical exponent v in terms of  e and 

D, 

u* = u ( D , d )  =vo(D)  + v ! ( D ) e ( D , d )  + uz (D)e2 (D,d )  + . . .  , (12.8) 

e ( D , d )  = 2 D  - 2 -  D d .  (12.9) 
2 

The result for the coefficients is given in Fig. 12.1. In order to proceed, we shall use a 

polynomial  interpolation for f l  ( D )  and for ~1 (D) /a l  ( D ) .  ( A  polynomial  interpolation 

for 61 ( D )  is bad as this term vanishes exponentially with 1 / ( 2  - D ) . )  

We now have to use these two-loop results to calculate the critical exponent u for 

self-avoiding two-dimensional  membranes (D  = 2) as a function of  the dimension d of  

space and to compare the results with the previous one-loop results for u. 

As already stressed in previous works, the e-expansion given by (12.8) cannot be 

used directly for membranes,  as it can be done for polymers. There one fixes D = 1 and 

uses sophisticated resummation methods to evaluate u for d = 3 (e  = 1/2)  and even for 

d = 2 (e  = 1 ). Indeed, directly setting D = 2 in the e-expansion for v gives a trivial, 

but absurd, result, since all the terms vn(2) of  the &expansion vanish! Moreover when 

D = 2, e = 4 irrespective of  the value of  d. This simply means that the point D = 2, e = 0 

(which corresponds to dc = ~ )  is a singular point and that it is not possible to perform 

a direct e-expansion around it. Instead, one may perform a similar expansion, starting 

from another point  (Do, do = 4Do ~ 2--O0" on the critical curve (e  = 0) This approach has 

already been used in [ 30] to extrapolate the one-loop results. It introduces two different 

kinds o f  arbitrariness in the extrapolations. First ly one is a priori free to chose any 

starting point  on the critical curve e = 0 (or  at least any point in some subset of  this 

curve).  Secondly there is an arbitrariness in the "path of  extrapolation" which goes from 
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the critical curve to the physical point (D = 2, d).  Of course, if one knows an exact 

resummation procedure of  the full series in e, one should obtain the same result for any 

starting point and for any path of  extrapolation. However, if one has a finite number 

of  terms of  the e-expansion, even for an adequate resummation method, the final result 

will depend on this arbitrariness. 

In [30] a minimal sensitivity method was introduced by Hwa to analyze the one-loop 

results. He chose a given extrapolation method and selected the starting point (D0, do) 

on the critical curve which gives an estimate for ~,, u(D0)  which is the less sensitive 

to the choice of  the starting point. This method works well for polymers and gives 

interesting results for membranes. However, when one goes to two loops, it delivers 

largely varying or even diverging estimates for ~'(D0) and in addition his choice for the 

extrapolation path is somewhat arbitrary. 

We shall use a generalization of  the methods introduced in [30].  Note that the 

expansion (12.8) is exact in D and of  order 2 in e, thus it can be expanded up to 

order 2 both in D - Do and e. Now we can change our extrapolation path through 

any invertible transformation {x, y} = { x ( D ,  ~) ,  y ( D ,  e) }. One can express D and e as 

function of  x and y and re-expand l, up to order 2 in x and y around the point ( xo ,Yo )  

on the critical curve. 

v ( D , e )  = ~ ( x , y )  

= ~0,0(x0, Y0) + Ax~l ,o (xo ,  Y0) + Ayf'o,l (x0, Y0) 

+ (  Ax )2 f%o(  Xo, Yo) + 2AxAyfJl , i  (x0, Y0) + ( Ay)2uo,2( xo, Yo) + " "  

A x  = x - xo , A y  = y - Yo . (12.10) 

The goal is to find an optimal choice of  variables {x, y}. Our guidelines for such a 

choice are the following: (i) the estimate for u should depend "the least" on the choice 

of  the expansion point on the critical curve, (ii) it should reproduce well the known 

result for polymers (D = 1), (iii) for membranes (D = 2) the d ---+ cx~ limit should not 

be singular and we should get results close to those obtained by a Gaussian variational 

approximation. This last point is not arbitrary and will be justified below. It turns out to 

be quite stringent. 

Finally, we must choose some resummation procedure to extrapolate v from the know- 

ledge of  the series (12.10) up to order 2. Since we have only a few terms and since 
we do not have insight in the large order behavior of  these series or in the analytical 

structure o f  the resummed series, we cannot use sophisticated resummation methods (for 

instance those based on Borel transforms). Therefore we shall always use the truncated 

series at order 2 and boldly sum its terms. 
Let us now discuss possible extrapolation variables. The simplest choice is to take D 

and e. This works well for polymers (D = 1), since both at one- and two-loop order 

we get results which are quite stable with respect to Do. However, this gives very poor 
results for membranes (D = 2), since both at one- and two-loop order the results depend 

very much on Do. This could be expected, since in this case e = 4 independent of  d. 
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Fig. 12.2. Extrapolation of v in D and e to ( D , d )  = (1,3) and (2,3).  The dashed line is the one-loop result, 
the full line the two-loop result. The exponent v is plotted as function of the expansion point Do. 

See Fig. 12.2. In the case of  the membrane, no prediction is possible. 
Another possibility is to expand in D and d. This expansion gives reasonable results 

lbr polymers, but poor results for membranes. This can be seen by looking at the results 
of  Fig. 12.3 and is not surprising, since if we apply this extrapolation method to the 
Gaussian variational estimate War = 2Did it also gives poor results, although the result 
Pvar is expected to be close to the exact v at large d (as argued in Subsection 12.3). 

A more interesting choice is to use D and De(d) = 2 d / ( 4  + d) or equivalently 
D and 1/(d + 4).  This expansion has the advantage to represent the critical curve 
Do, de(Do) as a straight line. For polymers in three dimensions this method delivers 
a remarkable broad plateau, i.e. the extrapolated value of  v is relatively independent 
of  the expansion point Do. For polymers in two and one dimensions we still have a 
plateau when Do ~ 2, which delivers two-loop extrapolations close to the exact results 
(v = 0.75 and v = 1 respectively) (see Fig. 12.4). For membranes, this method also 
delivers interesting results (see Fig. 12.5). For large d, we find a stable plateau at two 
loops when Do ---, 2, which gives for v a result very close to the variational estimate 
War = 4/d, while at smaller Do, the plateau stops and the two-loop estimate for u 

't (~,d) = (1,3) 

O8 

) s  I 1 5  o 5  
D O D o  

(tg,~) = (2,3) 

. . . 7  . . . . . . . . . . . .  
y __.--- 

. __ . J "  

. /  

. /  

1 I 

Fig. 12.3. Extrapolation in D and d to ( D , d )  = (1,3) and (2,3).  
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F i g .  12.4 .  E x t r a p o l a t i o n  f o r  p o l y m e r s  in  D a n d  Dc(d) to  ( D , d )  = ( 1 , 1 ) ,  ( 1 , 2 ) ,  ( 1 , 3 ) .  

increases sharply as Do ~ 1. For small d, the Do ---, 2 plateau becomes an oscillatory 

region, still followed by a sharp increase for Do ~ 1. In this case, to calculate 9, we 
use the minimum and the maximum of u(Do). Whereas the first is expected to be an 

underestimation, the second is expected to be an overestimation. We also give their mean 

value, cf. Table 12.1 and Fig. 12.5. One might think of developing in D and 1 / ( d +  c), 
with c g: 4. c = 0 is suggested by the variational ansatz. In fact we prefer to take c = 2, 

which is suggested by the prediction of the Flory argument (see Subsection 12.4). We 
obtain similar estimates as above for d large, but larger variations for smaller d. For 

this case we evaluated ~, by the request that the second order corrections should vanish. 
We give the results in Table 12.1 and Fig. 12.6. The predictions for v are good in the 

known cases and reasonable for membranes in three dimensions. 
Another promising method is the expansion in e and Dc(d). This expansion is 

also regular for D --* 2 and is perhaps more in the spirit of an e-expansion. Let us 

discuss the features of this expansion in more detail. See Figs. 12.7 and 12.8. For 
polymers in three dimensions we find the flattest plateau of all extrapolation methods. 
For membranes in three dimensions the prediction at one-loop order (dashed line) is 
essentially independent of the expansion point. For membranes in large dimension, at 
two-loop order the estimate starts from the one-loop result at D = 2, grows until it 
reaches a plateau, where ~, ~ Uv~r and then grows rapidly again. For smaller d, there is 
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Fig. 12.5. Extrapolation for membranes in D and Dc(d) to (D,d) = (2,2), (2,3), (2,4), (2,8), (2,15) and 
(2,20). 

still a plateau and in order to extract v from Fig. 12.8, one uses the m a x i m u m  and the 

m i n i m u m  of  the plateau. Their mean is an estimate for v, their difference an estimate 

of  the error in this expansion scheme.  

The results for v from the various extrapolations are summarized in Table 12.1. 
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Table 12.1 
Results of the numerical extrapolations for v. If not stated otherwise the error is 4-1 in the last digit. (x, y) 
indicates the expansion parameters x and y as discussed in the text. min, max and mean are the minimum 
and the maximum of the plateau and their mean value respectively 

(x,y); (D,d) (1,1) (1,2) (1,3) (2,2) (2,3) (2,4) (2,8) (2,20) 

exact 1 0.75 0.586(4) 1 . . . .  
Flory 1 3/4 3/5 1 4/5 2/3 2/5 2/11 
variational 2 1 2/3 2 4/3 1 1/2 1/5 
D, (d + 2) -1 1.0 0.75 0.59 0.99 0.81 0.68 0.43 0.198 
D, Dc(d) rain 0.85 0.69 0.57 0.91 0.77 0.67 0.43 0.198 
D, De(d) max 1.10 0.81 0.62 1.22 0.98 0.81 0.47 0.199 
D, Dc(d) mean 0.98 0.75 0.60 1.08 0.88 0.78 0.45 0.198 
Dc(d), e min 0.83 0.68 0.58 0.83 0.72 0.64 0.42 0.196 
De(d), ~ max 0.91 0.73 0.60 0.90 0.76 0.66 0.42 0.198 
Dc(d), e mean 0.87 0.71 0.59 0.87 0.74 0.65 0.43 0.197 

12.3. Variational method and perturbation expansion 

In the various extrapolation schemes that we used, we have seen that the plateau 

structure for Do -~ 2 becomes clearer when the space dimension d is large and that 

the corresponding estimates for v are close to the value War = 4/d obtained from 

a variational ansatz. In order to understand this phenomenon and to have a better 

understanding of the plateau structure of the extrapolations, we shall discuss the status 

of the variational method. 

Using a Gaussian variational ansatz [39],  the exponent v for the crumpled phase of 

a self-avoiding D-dimensional  tethered membrane is found to be 

2D 
War = - -  ( 12.11 ) 

d 

It was noticed in [ 31 ] that in the case of membranes with long-range interactions the 

variational estimate for v is exact and can be reproduced easily by simply assuming 

that there is no coupling constant renormalization, i.e. that one can take Zb = 1 in the 

renormalized Hamiltonian (3.13).  This last assumption can be proven for membranes 

with long-range forces [31,32]. Let us rewrite the full dimension v(b) in a way which 

makes this point clear. Starting from the definitions of the RG func t ions /3(b)  (12.1) 

and v(b) (12.2),  we reexpress o l n Z  in terms o f / 3 ( b )  and 0~ lnZb, 

0 l nZ= 2 ( e~b ) ff--~ ) 0b - d b  + 1 + b  lnZb . (12.12) 

Inserting this into (12.2) gives 

2D /3(b) /3(b) 0 lnZb (12.13) 
. ( b )  = --J- + - ~  + 7 0 ~  " 

At the IR-fixed point b = b*, the second term of the r.h.s, of (12.13) vanishes. The 

last one does not vanish in general, but vanishes if Zb = 1. In this case, we get the 



K. Wiese, F. David~Nuclear Physics B 487 [FS] (1997) 529-632 609 

OI 
I, 

06 

0.4 

02 

0 

DO 

V 

04" 

I, 

0 4 

(D,d) = (1,1) ~ ./ . . . . . . . . . . .  

0.5 I 1.5 
Do 

( D , d )  = (1,3)  ........... 

01s i ' ~15 
Do 

(D,d) = (2 ,3)  ~ _  . . . . . . . . . . . . . . . . . . . . . . . . .  

. .---- 

12 14  1.6 18 
Do 

'[ (D,d) = (1,2) 

o.~ 

v 

o, 

I 
o: 

Do 

,,[/~,d) =/2,21 

. . . .  _..-- '""J 

o6 

.2 
÷ 

o ,  I , 1.2 ' , , 114 . . . .  116 , 118 

D O 

't(D,d) = (2 ,20)  

0 8  t 

Dn 

Fig. 12.6. Extrapolation in D and 1 / ( d + 2 )  to ( D , d )  = (1,1),  (1,2),  (1,3),  (2,2),  (2,3) and (2,20). 

variational result ( 12.11 ). 

Using this observation, one can understand why the one-loop and two-loop extrapo- 

lations for l, coincide with ~'var for large d. Taking do ~ oo on the critical line amounts 

to take Do ---+ 2. The limit d --* o~ corresponds thus to the limit D -~ 2 for the 
counterterms. The one-loop wave-function counterterm is given by the residue 

(~.._)-~-~ ~ 1  as D - - - , 2  (12 .14)  
\ , . i l l . "  / 

while the one- loop coupling constant counterterm is given by the residue 



610 K. Wiese, E David/Nuclear Physics B 487 [FS] (1997) 529-632 

,9: 

06 

0.4 

02 

0 

[(D,d) = ( 1 , 1 )  (D,d) = ( 1 , 2 )  

I 1.5 9 0 0.5 I 
DO D O 

(D,d) = 0,3) 

,g 

04 

o!5 t ' ~!5 
Do 

Fig. 12.7. Extrapolation for polymers in Dc(d) and e to (D,d) = (1,1), (1,2) and (1,3). 

< / ' ~ ' '  I 2--2D/(2-D) , , , , ~ , , :  -- - ~ as  D ---+ 2 .  (12.15) 
8 

which is exponentially smaller than (12.14) when D ~ 2. A similar exponential factor 

appears for the two-loop coupling constant counterterm compared to the two-loop wave- 

function counterterm (this can be checked from the analytical expressions and the 
numerical results). 

When looking at the general structure of  the divergent diagrams at N-loop order, we 

can argue that this phenomenon will persist, but we have no rigorous proof. However, 

if this exponential bound In Zb << In Z as D ~ 2 is correct, this means that p - ~'v~ N 
e x p ( - c s t . / d )  when d --+ co. 

Assuming the variational estimate (12.11) to be a good approximation for large d, 

it is interesting to test the various extrapolation methods that we have used to get the 

two-loop results. The principle is to start from the exact formula for Uvar, to write an 

e-like expansion around the critical curve e = 0, to truncate it at a fixed order and 
to resum the result as done previously. The results of  such a resummation, using the 

extrapolation in {x, y}, are presented in Fig. 12.9. Let us note the following points: 
(i) The extrapolations at one- and two-loop orders of  Uv~r are indeed very similar 

to the extrapolations of  v at large d. In particular one recovers the same plateau 
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structure and it should be noted that already the two-loop optimal estimate for Vv~r, 

obtained by the minimal sensitivity method, gives the exact War! This is a strong 

point for this method, when applied for smaller d. 
(ii) One should note that the e-expansion for War is convergent, but that it has a 

finite radius of  convergence. As a consequence, one can show that the N-loop 
extrapolations for Vv~r converge towards the exact result when N ---* oc only in a 
finite range of  starting points Do on the critical curve. This range is explicitly 

2d 
- -  < Do < 2 .  (12.16)  
8 + d  
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( i i i )  The large variation o f  the two- loop estimates for v as Do becomes small reflects 
the fact that we  are outside o f  the range of  convergence of  the e-expansion. This 
is clear when one  compares the two- loop estimate with the three- and four-loop 
estimates in Fig. 12.9. We expect that this is still true for smaller d and that the 
optimal values for Do are still in the domain of  confidence of  the e-expansion. 

We now present a new e-expansion, well suited to large d, which is suggested by 
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Table 12.2 
Results for v using the numerical extrapolations for yd. If not stated otherwise the error is ± 1 in the last digit 

(x ,y ) ;  (D,d) (1,1)  (1,2)  (1,3) (2,2) (2,3)  (2 ,4)  (2,8) (2,20) 

exact 1 3/4 0.586(4) 1 . . . .  
Flory 1 3/4 3/5 l 4/5 2/3 2/5 2/11 
variational 2 1 2/3 2 4/3 1 1/2 1/5 
D, De(d) left crossing 1.09 0.69 0.58 0.97 0.797 0.80 0.45 0.20 
D, Dc(d) right crossing 2.08 0.76 0.60 1.05 0.82 1.00 0.50 0.20 
D, De(d)  mean crossing 1.59 0.73 0.59 1.01 0.80 0.90 0.48 0.20 

the expression (12.13) for v(b). Indeed, when evaluating the exponent v* = v(b*) by 

(12.13), we see that what we really expand in e is not v but vd: 

3 ) b:b* 
v * d = 2 D +  fl(b)~-~lnZh(b) 

= 2D + O(e) (12.17) 

Thus we may perform the e-expansion for vd rather than for v. This new expansion 

has the advantage that it starts at order e ° from the result predicted by the variational 

ansatz. The same extrapolation methods used for v can be used for yd. 
The results are given in Table 12.2 and Fig. t2.10. We find that for polymers (D = 1 ), 

when using the (D, Dc (d ) )  variables, the minimal sensitivity method gives poor results, 

but that the criterion to take as optimal Do the point where the second-order correction 

vanishes gives good results. We use the same criterion for membranes (D = 2). 

12.4. Expansion around Flory's estimation 

In the last section we have seen that the e-expansion for ud is in fact an e-expansion 
around the variational ansatz, vd = 2D + (_9(e). Another stimulating idea is to perform 
a similar expansion around the prediction made by Flory's argument. It is well known 

that the Flow result for polymers /)Flory ~ 3/ (2  + d) is simply obtained by assuming 
that the elastic term and the contact interaction term in the Edwards Hamiltonian scale 

in the same way with the internal size of the polymer. The same scaling assumption for 

membranes leads to the prediction 

2 + D  
PFlory -- 2 ÷ d ( 12. l 8 )  

It is possible to perform an e-expansion around v~ory by simply expanding v(d + 2). 
Indeed, we can set 

ZFlory = Z~ /~ - ' £ ,  Z e = v / Z / Z b  (12.19) 

and eliminate ZFlory from the system of equations (12.1) and (12.2). We obtain 
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This makes clear that if  the wave-function and coupling-constant renormalizations are 

the same (more  precisely, if Z b / Z  stays finite at the IR-fixed point b*) the Flory result 
becomes exact. Moreover, the e-expansion of  u (d  + 2) is clearly an e-expansion around 

PFlory. 
This expansion seems to be the most satisfying numerically. In particular, the method 

of  minimal sensitivity and that of  minimizing the second-order term give generally 
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close results. We therefore give in the following plots for all interesting combinations 
of variables and dimensions (D,  d),  see Figs. (12.11) to (12.14). Let us stress that 
good expansion parameters for v are not necessarily good for v(d + 2) and vice versa. 
For example, the expansion in D and d is bad for v but works quite well (although 
not optimal) for v (d  + 2).  We study the expansion in (D,  d),  (d , e ) ,  (D,  D,.(d)) and 
(Dc(d), e). The results of the extrapolations are collected in Table 12.3. 
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12.5. Summary of the two-loop extrapolations for v 

Let us summarize.  In Fig. 12.15 we  represent the results of  a two-loop extrapolation 

for u in the case of  membranes ( D  = 2) in d dimensions (2 <~ d ~< 20) .  We see 
that for d ~ c~ the prediction of  the Gaussian variational method becomes exact, as 
argued above. For small d, the prediction made by Flory's argument is close to our 

results. This is a non-trivial statement, since the membrane case corresponds to e = 4 
and in comparison with polymers in d = 3, where e = 1/2 ,  the two-loop corrections 
were expected to be large. In fact we  have found that the two-loop corrections are small 
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Fig. 12.13. Extrapolation of u (d+2)  in Dc(d) and e to (D,d) = (1,2), (1,3), (2,2), (2,3), (2,6), (2,20). 

when one expands around the critical curve e = 0 for an adequate range of  D ~ 1.5 

(depending slightly on d and on the choice of  variables) and a suitable choice of  

extrapolation variables. In this case the two-loop corrections are even smaller than the 

one- loop corrections and allow for more reliable extrapolations to e = 4. 

12.6. Other  crit ical exponents 

The twoqoop  calculations presented in this paper allow in principle to compute other 

scaling exponents for self-avoiding tethered membranes. The first exponent is the so- 
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called correction to scaling exponent w which governs the corrections to the large L 
scaling behaviour. It is known that this exponent is given by the slope of the fl-function 
at the IR-fixed point b* 

w = j -~f l (b)  b=b* " 

(12.21) 

Its e-expansion is given by 
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Table 12.3 

Results for v from the numerical  extrapolations for v(d  + 2) at second order. "min",  "max" and "mean"  

denote respectively the estimate at the min imum of the plateau, at the max imum of the plateau and their mean 
value. "left crossing",  "r ight  crossing" and "mean crossing" denote respectively the estimate at the leftmost 
point where the second order correction vanishes, at the rightmost point and their mean value. If not stated 
otherwise the error is 4-1 in the last digit  

( x , y ) ;  (D,d)  (1,1) ( 1 , 2 )  ( 1 , 3 )  ( 2 , 2 )  ( 2 , 3 )  ( 2 , 4 )  ( 2 , 8 )  ( 2 ,20 )  

exact  1 314 0 .586(4)  1 . . . .  

Flow 1 314 3 / 5  1 4 / 5  213 2 / 5  2111 

variational 2 1 2 / 3  2 4 / 3  1 I / 2  1/5 

D, d min 0.93 0.71 0.58 1.02 0.83 0.70 0.43 0.20 

D, d max 1.09 0.82 0.65 1.20 0.95 0.79 0.46 0.19 

D, d mean 1.01 0.76 0.62 1.11 0.89 0.75 0.45 0.20 

D, d left crossing 0.95 0.72 0.59 1.12 0.90 0.75 0.44 0.20 

D, d right crossing 1.00 0.75 0.60 1.16 0.93 0.78 0.45 0.20 

D, d mean crossing 0.97 0.73 0.59 1.14 0.91 0.76 0.44 0.20 
d, e min 0.98 0.74 0.59 0.98 0.80 0.68 0.42 0.19 

d, e, max - -  - -  - -  1.10 0.88 0.73 0.44 0.20 
d, e mean - -  - -  - -  1.04 0.84 0.70 0.43 0.20 

d, e left crossing 1.00 0.74 0.59 0.99 0.81 0.73 0.44 0.20 
d, e fight crossing - -  - -  - -  1.03 0.83 0.68 0.42 0.20 

d, ~ mean crossing - -  - -  - -  1.01 0.82 0.71 0.43 0.20 
D , ( d ) ,  e rain 0.75 0.56 0.57 0.83 0.74 0.64 0.43 0.20 

D e ( d ) ,  e max 1.24 0.86 0.64 1.40 1.08 0.86 0.48 0.20 

De(d), ~ mean 0.99 0.76 0.60 1.12 0.91 0.75 0.45 0.20 

De(d), ~ left crossing 0.84 0.69 0.58 0.86 0.74 0.64 - -  0.21 
De(d), e right crossing 0.91 0.72 0.60 0.63 0.75 0.64 - -  0.20 

D,(d),  e mean crossing 0.88 0.70 0.59 0.87 0.74 0.64 - -  0.20 

D, D~(d) rain 0.35 0.55 0.55 - -  0.49 0.52 0.41 0.20 

D, De(d) max 1.39 0.90 0.65 - -  1.18 0.85 0.50 0.20 

D, De(d) mean 0.87 0.72 0.60 - -  0.84 0.68 0.45 0.20 

D, De(d) left crossing 0.95 0.72 0.58 1.12 0.90 0.74 0.45 0.20 
D, Dc(d) right crossing 1.27 0.84 0.63 1.38 1.06 0.85 0.47 0.20 

D, D,.(d) mean crossing 1.06 0.78 0.61 1.25 0.98 0.80 0.46 0.20 

co = e + ( 2 - - D ) _ _ _ e I - - ±  ~ ~_2Dj___~I(_...)e 2 + CO(e3) • (12.22) 

( 2 _ D )  ( l F2(2--~°,))"~ 2 

t. >D ) 

(For the definition of  cl ( D )  and f l  ( D ) ,  see (4 .34)  and (4 .28 ) . )  

We have tried to use the extrapolation methods that we have developed for v to get 

two- loop estimates for aJ. Unfortunately, it turns out that the term of  order e 2 is always 

very large compared to the term of  order e and there is no domain along the critical 
curve where a reliable estimate can be extracted from the e-expansion. Thus the situation 

for the exponent w seems to be very different from that for v. 

Another scaling exponent which can be obtained from our calculations is the so-called 

bulk contact exponent 02. For a general introduction to contact exponents for polymers 

and membranes we refer to Ref. [41] .  A detailed discussion of  the calculation of  
contact exponents within the Edwards model for self-avoiding membranes will be given 
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Fig. 12.15. Extrapolation of the twoqoop results in d and e for membranes D = 2 in d dimensions, using 
(12.20) (squares). The solid line is the prediction made by Flory's theory, the dashed line by the variational 
ansatz. 

in [32] .  We simply recall the basic results here. The contact exponent 02 is related to 

the probabi l i ty  to find two fixed points xl and x2 inside the membrane at a relative 

distance r = Ir[ in external d-dimensional  space: 

P ( r ; x l , x 2 )  = ( 3 d ( r  -- ( r ( x l )  -- r ( x 2 ) ) ) )  . (12.23) 

For a large membrane,  P is expected to take the scaling form 

P(r;  x l ,  x2) = R ~ d F ( r / R l 2 )  , (12.24) 

where RI2 is the mean distance between xl and x2, 

1 
R~2 = ~ < ( r (X l )  - r ( x 2 ) )  2> . (12.25) 

The contact exponent 02 is given by the small r behavior of  the scaling function F 

F ~ J when r ~ 0.  (12.26) 

02 is s imply related to the scaling dimension wl2 of  the two-membrane contact operator 

t~12(Xl, X2) = t~d ( r l  (Xl) -- r2(x2)  ) (12.27) 

in the model  of  two independent self-avoiding membranes. This model is described by 

the Hamil tonian 

/ ) "~"/= ~(~7r l  ( X l ) )  2 + ~ ( V r 2 ( x 2 ) )  2 

1 1 x 2 C M 2  
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Q f  f aa ( r l (X ' ) - - r l (Y l ) )+  f / 
IEMI ylCMI x2CM2 y2EM2 

+2t J f 3d(r l (x2) -r2(y2)) .  
xlEMl y.~EM2 
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~ d ( r 2 ( x 2 )  -- r2(Y2))) 

(12.28) 

This model can be made UV-finite at e = 0 by the same renormalization factors for 

r and b as the one-membrane model, i.e. by replacing in (12.28) r --+ Z(b)l/2r and 

b --+ bZb(b)Z(b)d/2# ~, but with an additional renormalization for the inter-membrane 

coupling t ---+ tZt(b, t)Z(b)a/2# ~. The new counterterm Zt can be calculated in terms 

of  the same divergent diagrams as those which contribute to Zb, but with different 

numerical factors. In particular, one can show that when t = b, Zt(b, t = b) = Zb(b), so 

that the symmetric two-membrane model reduces to the one-membrane model. 

As a consequence of  this formalism, one can define a new RG function, fit, 

3 
fit(b, t) = t*7-t  (12.29) bare b, t 

fixed 

to calculate the RG flow in the (b, t) plane and check that (b, t) = (b*, b*) is the IR- 

stable fixed point which governs the scaling behavior of  a large membrane. It turns out 

that the 02 contact exponent and the anomalous dimension ~o12 of  the contact operator 

,512 are related to the t-derivative of  the fit function at the IR-fixed point by 

oJl2 = -u*O2 = ~fi t  b-t=b*- ' (12.30) 

As a result, the e-expansion for 02 involves the same diagrams as co and v, but in a 

different combination. The result is somehow complicated, so let us simply write the 

counterterm Zt and compare it with Zb (already given in Sections 3 and 4). 

Zb(b) =1 + a lb+  ( a l ( a l -  1/2) all4D+C1 q- C2 -+-C3) b2q_ 
e \ e 2 + . . . .  e ' 

Zt(b, t) = 1 + t + + t 2 + \ - - -eT-  + bt + . . .  

(12.31) 

We have tried to use the extrapolation methods that we have developed for u to get 

two-loop estimates for 02. As for w, it turns out that the term of order e 2 is always very 

large compared to the term of  order e and that there is no domain along the critical 
curve where a reliable estimate can be extracted from the &expansion. 

12.7. Scaling for membranes at the O-point (tri-critical point) 

In [ 34 ] it was shown that the scaling behavior of  membranes at the tri-critical O-point 

is dominated by the modified two-point interaction 6t'(r(x) - r ( y ) ) ,  which is repulsive 
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Fig. 12.16. Extrapolation for v at the tri-critical point in (De (d), e ~ ) and in (D, Dc (d)) to D = 2 and d = 3, 
one-loop results. 

at short distance but attractive at larger distance. Membranes at the 0-point  are thus 

quite different from polymers,  where the three-point repulsive interactions dominate. As 

a consequence, the scaling exponent v ° at the 0-point  has a different e-expansion, which 

can be computed analytical ly at first order and is found to be [32,34] 

_ _  2 - D e '  + O ( e  '2) (12.32) vO(D,e l )  _ 2 - -  D + 

2 4 0  1 + ½ ( 2 - o ) ' r ( ~ )  

with 

e '  = 3D - 2 - d (2 - D )  (12.33) 
2 

This expansion is again correct up to first order in d or e r and exact in D. We can use 

the extrapolation methods developed in this paper to evaluate the exponent v from the 

one-loop results. The extrapolation method proposed by Hwa [30] does not work in 

this case. Two variants of  our method deliver reasonable results: The expansion in e ~ 

and D c ( d )  and the expansion in D and Dc(d ) .  The one-loop estimate for membranes 

in three dimensions is (cf. Fig. 12.16): 

v ° = 0.42 4- 0 .08 .  (12.34) 

Due to our experiences with the former extrapolations, we expect that the one-loop 

results will  be an underestimation. They may be compared to the Flory result 

0 2 + D (12.35) 
/ ~ F l o r y  - -  4 + d ' 

which evaluates to 0.57 in the case of  membranes in three dimensions. 
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12.8. Comparison with numerical simulations and experiments 

623 

The numerical study of two-dimensional self-avoiding tethered membranes imbedded 
into three dimensions was started in 1986 by Kantor, Kardar and Nelson [ 11,12]. They 
tbund for the exponent p a value close to the prediction made by Flory's argument. These 
simulations as most of the following use a system composed of balls and springs (spring 
and bead model). Self-avoidance is effective between the balls. It was a surprise when it 
was tbund [ 14,9] that the simulations of larger membranes obtain a fiat phase. Abraham 
and Nelson [ 10] explained this result by suggesting that an effective bending rigidity is 

induced by the geometric constraints of the model (there is a maximal angle for which 
neighbouring faces can bend due to the finite size of the balls). If this induced effective 
rigidity is larger than the critical rigidity, where the crumpling transition (transition to a 
flat phase induced by the bending rigidity without self-avoidance) occurs, the membrane 
will always be in the flat phase. 

After these studies, several attempts were made to reduce the effective rigidity of the 
membrane in order to observe a crumpled phase, by using smaller balls [15] or by 
bond dilution [22,23]. None of these attempts was successful. Another possibility to 
reduce the rigidity is to impose self-avoidance not between balls but between faces of 
the lattice. Using this method Baumg~tner et al. found a crumpled swollen phase. Kroll 
and Gompper later declared that also in this model the membrane is fiat [ 19]. Finally 
let us remark that a crumpled phase has been found by balancing the induced rigidity 
by long-range attractive interactions [16,17]. We still want to mention the simulations 
of self-avoiding tethered membranes in a space of four, five, six and eight dimensions. 
Grest [20] found that in four dimensions, the membrane is flat, but is crumpled in 
dimensions higher than 4. Subsequent simulations by Barsky and Plischke [21 ] confirm 
this conclusion. 

To summarize: For three dimensions most numerical simulations indicate that the 
membrane is in the fiat phase, but the results are still not fully conclusive. The simula- 
tions which find a crumpled phase give values for ~, which are close to our analytical 
estimates. The situation seems to be similar in four dimensions. 

A few experimental studies of tethered membranes have also been performed, but the 
situation is not clear neither. The best studied system is graphite oxide, i.e. a monolayer 
of carbon atoms. The first experiments by Hwa et al. [24] found a phase with fractal 
dimension df  = 2.4. This result is contested in [25] by direct electron microscopy 
methods, although the latter authors obtain within the error bars the same data from 
their diffraction experiments. It is not clear if these membranes are sloppy enough or 
if their internal stiffness is sufficiently large to induce in itself the transition towards a 
flat phase. Another system studied is the spectrin network of red blood cells [26], but 
the role of disorder (which may induce a wrinkling transition) seems here important. 
In summary, the experiments are not yet helpful to clarify the situation. 
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12.9. A possible  scenario f o r  low dimensions 

The fact that most numerical simulations only find a flat phase (with v = 1) for 
self-avoiding tethered membranes in three dimensions, while our analytical estimates 
lead to v < 1, has still to be explained. As mentioned above, a possible explanation 

is that the analytical calculations apply to floppy membranes (with very small bending 

rigidity), while "real systems" studied numerically or experimentally are rigid enough 

to cross the crumpling transition barrier and to stay in the flat phase. 

However, the fact that reducing the rigidity does not induce the crumpling transition 
suggest another, more drastic possibility. It is known that for phantom tethered mem- 

branes, the lower critical dimension dr, below which the crumpled phase does not exist, 
lies between 1 and 2 ( 1 < d t <  2). It is possible that, when self-avoidance is taken into 
account, the lower critical dimension dl for the crumpling transition moves upwards to 

about 3. In this case self-avoiding tethered membranes are always flat, however small 

the rigidity is. 
Let us give heuristic arguments that this is indeed the case in three dimensions. Let 

us start from phantom membranes (without self-avoidance). The fractal exponent v is 

then 0 in the crumpled phase, 1 in the flat phase, and equal to 

vc = 1 - 2 + (_9 (12.36) 

at the crumpling transition [42]. This last estimate is the result of a large d expansion. 

Its applicability to low dimensions is thus not clear a priori, but numerical simulations 
[8] show that even in three dimensions this approximation is reasonable (pc = 2/3) .  
Let us now ask whether self-avoidance is relevant at the crumpling transition. By naive 

power counting we find that this is the case if 

79 = 2 - 2 -  ucd > 0,  (12.37) 

i.e. with (12.36) for 

d < 5. (12.38) 

For 79 > 0 we expect that the fractal exponent vc at the crumpling transition is different 

with or without self-avoidance. But let us assume that self-avoidance does not change 
drastically the exponent pc at the crumpling transition, i.e. that 

v~ ~ Vc+SA, (12.39) 

where the second exponent is the exponent v at the crumpling transition in the presence 
of self-avoidance. This is certainly true for D small. As we expect that the radius of 
gyration of a self-avoiding membrane with rigidity is an increasing function of the 
bending rigidity modulus K, until we reach the crumpling transition, it is simple to 
deduce the inequality between the fractal exponent of self-avoiding membranes in the 
crumpled phase vSA and at the crumpling transition /-'c+SA 
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Uc+SA ~< USA. (12.40) 

Assuming that (12.39) holds, using the estimate (12.36) for Uc+SA and our two-loop 
estimates for uSA, we find that this basic inequality is violated if 

d < dl ,~ 3.8. (12.41) 

Our interpretation is that dl is nothing but the lower critical dimension of the crumpling 

transition with self-avoidance, and that for d < d t  the membrane is always in the flat, 

rigid phase. 

We want to emphasize that this line of arguments is still somehow speculative. It 

is however tempting to compare our crude estimate of dt ~ 3.8 with the numerical 

simulations in three, four and five dimensions which yield 4 ~ dl ~ 5. To confirm or 

disapprove this scenario, one must take into account the effect of the bending rigidity 

in our renormalization group calculations. 

13. Conclusions 

In this article we presented the first renormalization group calculation at two-loop 

order for self-avoiding flexible tethered membranes. These second order corrections 

were found to be surprisingly small if one uses an adequate extrapolation scheme. 

We were able to clarify the status of the Gaussian variational method and to show 
that it becomes exact for d --, oc. For low dimensions the two-loop results are in good 
agreement with the prediction made by Flory's approximation, although systematically 

slightly larger. 
In order to improve these results, one should understand if the plateau phenomenon 

observed at two-loop order persists to higher orders, and one should control the general 

large order behavior of perturbation theory for this model. Another important issue is 

whether the IR-fixed point studied here is stable towards perturbation by bending rigidity. 

Indeed, for small enough d this might destabilize the crumpled phase and explain why 

numerical simulations in d = 3 normally see a flat phase. We gave additional arguments 

which corroborate this scenario. 
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Appendix A. Normalizations 

We use peculiar normalizations in order to simplify the calculations. First of all, we 
normalize the integration measure of the internal space as (SD is the volume of the 
D-dimensional unit sphere) 
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ll/  :°" = dOx, So = 2F(DI2------ S . _ _ .  
x 

This provides 

The 

f lxI --DO(IxI -- L) = ,~ " 

x 

t%distribution is normalized according to 

~d ( r( x ) -- r( y ) ) = ( 4~ ) d/2 6d ( r( x ) -- r( y ) ) = / e  ip(r(x)-r(y) ) 

P 

(A.1) 

(A.2) 

(A.3) 

with 

/ = ~ r - d / 2  f ddp (1 .4)  

P 

to have 

i e-p2a = a -d/2 . (A.5) 

P 

Using for the free Hamiltonian 

1 f 1 )2 ~o = 2------D ~ (Vr (x )  (A.6) 
x 

yields 

I I ( r i ( x )  -- r j ( y )  )2)O = t~ijix-- yi2-D. (A.7) 

Appendix B. Example of the MOPE 

We give as an explicit example of the MOPE the derivation of (6.2). 

x~ ~'3'1 x~ "-Y2 x~  =Y3 

k p q 

These exponentials shall be contracted like 

-- -'-- == -" > i=', '~=!. (B.2) 
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Fig. B. 1. The distances and the points in (B.1). 

We therefore use the OPE for the points xl, x2 and x3, supposed the differences between 

these points become small: 

: e ikr(x~) :: e ipr(x2) :: e iqr(x3) :=: e ikr(xj)+ipr(x2)+iqr(x3) : e kpa2~+kqb2~+pqc2~ . (B.3) 

The new variables for the distances between the points are given in Fig. B.I. An 

analogous expansion is valid for yl, Y2 and Y3. In order to retain only the most important 

contribution, we expand 

• e ikr(xl)+ipr(x2)+iqr(x3) :=: e i (k+p+q)r((x j+x2+x3) /3)  (1  + O('Ur)) • (B.4) 

and neglect the contributions of order 69(•r) because they are proportional to irrelevant 

operators. After a shift in the integration variable q, 

q > q - k - p ,  

Eq. (B.1 becomes 

:: : eiqr( ( xl+X2WX3) /3 ) e - i q r (  (yl+Y2+Y3)/3) 

q 

x / / e  kp(a2È+d2~)+k(q-k-p)(b2v+e2~)+p(q-k-p)(c2~+f2") . (B.5)  

k p 

The integral over q yields the a-distribution plus higher derivatives of this distribution. 

The latter are irrelevant operators and can be neglected. As they come from the expansion 
of the last exponential factor in q, we only have to retain the last factor, evaluated at 
q = 0. This gives 

/ / e kp (aZ~+d2~)  -k(k+p)(b2~+e 2" ) -p(k+p)(c2~+ f 2~ ) 

k p 

[ 1 = (b2~ + e2,)  (c2~ + f2~.) _ 41 (b2~ + e2, + c2, + f2~ _ a2~ _ d2,)  

This can still be factorized as is known from ancient Heron: 

: ' ~ "  de v x/b2v e2V V/e2v F v) ( ' ~ , , ~ )  = = )  = [1  (v/a2V '{- q- Jr- q- -.}- 

(B.6) 
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x (x/a2" + d2V + V/-~ + f2v - ~/b2, + e2, ) 

(B.7) 

Appendix C. Equation of motion 

The equation of motion reflects the invariance of the functional integral under a 
change of variables for the fields. The expectation value of an observable (9 in the free 
theory is 

<o>0= IVErl Oe-  + 
f D[r]e_22__~_~ f _~ - ( C . I )  

We now perform a global rescaling of r(x): 

r(x) , (1 +K)r(x) .  (C.2) 

The expectation value of (9, Eq. (C.1) is unchanged. The explicit form becomes up to 
first order in i< 

f D [ r ] O ( 1  "~-K [(9]r ) (1- 22~_KD L "+-) e-2---~'° 
+ 

(O>o = (c.3) 

[(9]r is the canonical dimension of the operator (.9, measured in units of r, i.e. that 
[r]r = 1. Calculating the difference of (C.1) and (C.3) gives 

< / + > i  Onn= <(9>i Onn 
0 v [(9], . (C.4) 

For several operators we have 

< f >conn < >conn 
(91(92 + =12([Ol]r 'q-  [02]r )  01(92 (C.5) 0 0 

and in particular 

< / ; ( > c o n n  
: : + / c ° n n  = --/-'d : : , ( C . 6 )  

/o o < / conn ~ < >conn 
(9+ +/0 =(2+[(9]r)/2 CO--d~-- o " (C.7) 
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These relations are equivalently valid for non-connected expectation values. (To prove 

this, note that (-~>0 = 0.) 
We can now apply these equations to calculate the pole term of 

The equation of motion yields 

<SillS.... +>o:-~,~<iiii: =}o 
(c .8)  

On the l.h.s, the possible divergences proportional to : : come from the following 
integrals: 

~<illl ~ ~ - ~ ;  . ,,+>o. ~ .~  . , , . ~  ..... .,>o+.<iSSil , , ~ ,  
h , . o . o . o . .  ,orm, + , . s , o , a . .  ~omo.ist..o..,.om ,,...,,o,.<.o,.;'~'::.. 

The pole terms proportional to -- = appearing on the r.h.s, of (C.8) and in (C.9) 
are 

<flii: :-- - > o = 0 < , : ~ : : , =  

~<I/..>, o 

< / i i / i , , . ~ - ; . ; \ _ ~ 1 ~ . ~ - ; .  

~<S/: :>, o 

<S/ / / I  ,.:~::, + >o =-.' (< " ~ '  
~<IS: ->o. 

In the last equation, we used that 

(/////,,i~i: ~,+>o:////+ !;~--5 + >o 

:>~,+°(e°)) 
(C.lO) 

:>~l + ° ( e ° ) )  

(C . l l )  

=>_., + °(~°)) 
(c .12)  

:>_, + °(e°)] 
(c .13)  
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and that 

<SII<~ .~ ~. .~,+>o=<iSi~ 
-2<iiS<~:: 

The second term has no contribution proportional to : 

The first is evaluated using the equation of motion: 

< i i i =  +)o=-~<//° 
Together this yields (C.12). 

Finally using Eqs. (C.8)-(C.12) gives 

K. Wiese, E David~Nuclear Physics B 487 [FS] (1997) 529-632 

°+)0 

)0 

We further have to show that 

t,,,, ..... ) ...... 

+< @ + >~ , <+::<:~::~ + >~o 
The equation of motion yields 

< / / i  ~ -+>o=-~<//" ;>o. 
The integral on the 1.h.s. of (C.18) can be decomposed as 

(Jii~+ ) +(JiS~ +)o 
t,, ..... ) o ...... 

The divergencies of the r.h.s, of (C.18) and of the first term in (C.19) are 

<//: ->o:<@+> </+>+o~o~, 
- . _ - - "  E: - 1  0 

(C.14) 

= and thus can be neglected. 

(c.15) 

: )  _ O(e°) • 

(C.16) 

(c.17) 

(C.18) 

(C.19) 

(C.20) 

(C.21) 
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The  d i v e r g e n c e  o f  the  s e c o n d  t e rm in ( C . 1 9 )  is ex t rac ted  as 

<ISIO -.22, 

The  second  fac to r  on  the  r.h.s, o f  ( C . 2 2 )  is 

<f I +)o: <I 1 + +)o- <I i 
=,.(I +}o- (if -.,,, 

where  aga in  the  e q u a t i o n s  o f  m o t i o n  are used.  U s i n g  ( C . 1 8 )  to ( C . 2 3 )  y ie lds  ( C . 1 7 ) .  
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