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Abstract
Domain walls in magnets, vortex lattices in superconductors, contact lines at depinning, and
many other systems can be modeled as an elastic system subject to quenched disorder. The
ensuing �eld theory possesses a well-controlled perturbative expansion around its upper
critical dimension. Contrary to standard �eld theory, the renormalization group (RG) �ow
involves a function, the disorder correlator∆(w), and is therefore termed the functional RG.
∆(w) is a physical observable, the auto-correlation function of the center of mass of the elastic
manifold. In this review, we give a pedagogical introduction into its phenomenology and
techniques. This allows us to treat both equilibrium (statics), and depinning (dynamics).
Building on these techniques, avalanche observables are accessible: distributions of size,
duration, and velocity, as well as the spatial and temporal shape. Various equivalences between
disordered elastic manifolds, and sandpile models exist: an elastic string driven at a point and
the Oslo model; disordered elastic manifolds and Manna sandpiles; charge density waves and
Abelian sandpiles or loop-erased random walks. Each of the mappings between these systems
requires speci�c techniques, which we develop, including modeling of discrete stochastic
systems via coarse-grained stochastic equations of motion, super-symmetry techniques, and
cellular automata. Stronger than quadratic nearest-neighbor interactions lead to directed
percolation, and non-linear surface growth with additional Kardar–Parisi–Zhang (KPZ) terms.
On the other hand, KPZ without disorder can be mapped back to disordered elastic manifolds,
either on the directed polymer for its steady state, or a single particle for its decay. Other topics
covered are the relation between functional RG and replica symmetry breaking, and
random-�eld magnets. Emphasis is given to numerical and experimental tests of the theory.
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Foreword

This review grew out of lectures the author gave in the ICTP
master program at ENS Paris. While the beginning of each
section is elementary, later parts are more specialized and can
be skipped at �rst reading. Beginners wishing to enter the sub-
ject are encouraged to start reading section 1 (introduction),
sections 2.1–2.13 (equilibrium/statics), and sections 3.1–3.4
(depinning/dynamics). An introduction to avalanches is given
in sections 4.1–4.3, 4.5–4.10. The remaining sections are
more specialized: sandpile models and anisotropic depin-
ning are treated in sections 5 and 6. An introduction to
the Kardar–Parisi–Zhang (KPZ) equation and its relation to
disordered elastic systems is given in section 7. Section 8
discusses links between a class of theories encompassing
loop-erased random walks (LERWs), charge density waves
(CDWs), Abelian sandpiles, and n-component φ4 theory with
n = −2, linked by supermathematics. Further developments
and ideas are collected in section 9. The appendix A contains
useful basic tools.

1. Disordered elastic manifolds: phenomenology

1.1. Introduction

Statistical mechanics is by now a rather mature branch of
physics. For pure systems like a ferromagnet, it allows one to
calculate with precision details as the behavior of the speci�c
heat on approaching the Curie point. We know that it diverges
as a function of the distance in temperature to the Curie tem-
perature, we know that this divergencehas the formof a power-
law, we can calculate the exponent, and we can do this with at
least 3 digits of accuracy using the perturbative RG [1–8], and
evenmore precisely with the newly developed conformal boot-
strap [9–11]. Best of all, these �ndings are in excellent agree-
ment with the most precise simulations [12–14], and experi-
ments [15]. This is a true success story of statistical physics.
On the other hand, in nature no system is really pure, i.e. with-
out at least some disorder (‘dirt’). As experiments (and theory)
suggest, a little bit of disorder does not change much. Other-
wise experiments on the speci�c heat of helium1 would not so
extraordinarily well con�rm theoretical predictions. But what
happens for strong disorder? By this we mean that disorder
dominates over entropy, so effectively the system is at zero
temperature. Then already the question: ‘what is the ground
state?’ is no longer simple. This goes hand in hand with the
appearance of metastable states. States, which in energy are
close to the ground-state, but which in con�guration-space
may be far apart. Any relaxational dynamics will take an enor-
mous time to �nd the correct ground state, and may fail alto-
gether, as can be seen in computer simulations as well as in
experiments, particularly in glasses [17]. This means that our
way of thinking, taught in the treatment of pure systems, has to
be adapted to account for disorder. We will see that in contrast

1 Even though there is some tension between values obtained in a space-shuttle
experiment [15] on one side, and simulations [16] and the conformal bootstrap
[11] on the other hand.

to pure systems, whose universal large-scale properties can be
‘modeled by few parameters’, disordered systems demand to
model the whole disorder-correlation function (in contrast to
its �rst few moments). We show how universality nevertheless
emerges.

Experimental realizations of strongly disordered systems
are glasses, or more speci�cally spin-glasses, vortex-glasses,
electron-glasses and structural glasses [17–25]. Furthermore
random-�eld (RF) magnets [26–39], and last not least elas-
tic systems subject to disorder, sometimes termed disordered
elastic systemsor disordered elastic manifolds[40–54], on
which we focus below.

What is our current understanding of disordered systems?
There are a few exact solutions, mostly for idealized or toy
systems [55], there are phenomenological approaches (like
the droplet-model [56], section 2.21), and there is a mean-
�eld (MF) approximation, involving a method called replica-
symmetry breaking (RSB) [57]. This method predicts the
properties of in�nitely connected systems, as e.g. the Sherring-
ton–Kirkpatrick (SK) model [58, 59]. The solution proposed
in 1979 by Parisi [60] is parameterized by a function q(x),
where x ‘lives between replica indices 0 and 1’. Today we
have a much better understanding of this solution [61–63],
and many features can be proven rigorously [64–67]. The
most notable feature is the presence of an extensive number
of ground states arranged in a hierarchic way (ultrametricity).
On the other hand, this solution is inappropriate for systems in
which each degree of freedom is coupled only to its neighbors,
as is e.g. the case in short-ranged magnetic systems.

While the RSB method mentioned above is intellectually
challenging and rewarding, its complexity makes intuition dif-
�cult, and performing a �eld theoretic expansion around this
MF solution has proven too challenging a task. RF models,
which can be recast in a φ4-type theory are seemingly more
tractable, but still the non-linearity of the φ4-interaction makes
progress dif�cult. What one would like to have is a �eld the-
ory which in absence of disorder is as simple as possible. The
simplest such system certainly is a non-interacting, Gaussian,
i.e. free theory, to which one could then add disorder. Actu-
ally, experimental systems of this type are abundant: magnetic
domain walls in presence of disorder a.k.a. Barkhausen noise
[68–70], a contact line wetting a disordered substrate [71],
fracture in brittle heterogeneous systems [72–74], or earth-
quakes [75] are good examples for elastic systems subject to
quenched disorder. They have a quite different phenomenol-
ogy fromMF models, with notably a single ground state. Ask-
ing questions about this ground state, or more generally the
probability measure at a given temperature, is termed equi-
librium. It supposes that if external parameters change, they
change so slowly that the system has enough time to explore
the full phase space (ergodicity), and �nd the ground state.

In the opposite limit, notably if there are no thermal �uc-
tuations at all, is depinning: increasing an external applied
�eld yields jumps in the center-of-mass of the system (the
total magnetization in a magnet). These jumps are termed
shocks or avalanches. While one can show that the sequence
of avalanches is deterministic given a speci�c disorder (see
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below), we are more interested in typical behavior, i.e. an aver-
age over disorder. The latter average can often be obtained by
watching the system for an extended time; one says that the
system is self-averaging2.

In these lectures combinedwith a review, I aim at explaining
the �eld theory behind these phenomena. All key ingredients
are in addition derived analytically in well-chosen toy mod-
els. Theoretically most exciting are the connections between
seemingly unrelated models. Finally, all main theoretical con-
cepts are checked in experiments. While the �eld theory has
been developed for more than thirty years, no comprehensive
and pedagogical introduction is yet available. It is my aim to
close this gap. Despite the more than 700 references included
in this review, I am aware of omissions.My apologies to all col-
leagues whose work is not covered in depth. Luckily, some of
them have written reviews or lectures themselves, and we refer
the reader to [19, 77–83] for complementary presentations.

1.2. Physical realizations, model and observables

Before developing the theory to treat elastic systems in a disor-
dered environment, let us give some physical realizations. The
simplest one is an Isingmagnet. Imposingboundary conditions
with all spins up at the upper and all spins down at the lower
boundary (see �gure 1), at low temperatures, a domain wall
separates a regionwith spins up from a regionwith spins down.
In a pure system at temperatureT = 0, this domain wall is �at.
Disorder can deform the domain wall, making it eventually
rough. Figure 1 shows, how the domain wall is described by a
displacement �eld u(�x). Two types of disorder are common:

(a) RB disorder, where the bonds between neighboring sites
are random.On a course-grained level this also represents
missing spins. The correlations of the random potential
are short-ranged.

(b) RF disorder, i.e. coupling of the spins to an external ran-
dom magnetic �eld. This disorder is ‘long-ranged’, as
the random potential is the sum over the RFs below the
domain wall, i.e. effectively has the statistics of a ran-
dom walk (RW). Taking a derivative of the potential, one
obtains short-ranged correlated random forces.

Another example is the contact line of a liquid (water, isobu-
tanol, or liquid helium), wetting a rough (ideally scale-free)
substrate, see �gure 2. Here, elasticity becomes long-ranged,
see equation (15) below.

A realization with a two-parameter displacement �eld
�u(x, y, z) is the deformation of a vortex lattice, see �gure 3: the
position of each vortex is deformed from the three-dimensional
vector �x = (x, y, z) to �x + �u(�x), with �u ∈ R2 (its z-component
is 0). Irradiating the sample produces line defects. They allow
experimentalists to realize [44]

2 In contrast to disordered elastic manifolds, some disordered systems such
as long-range spin glasses are not self-averaging, which leads to replica-
symmetry breaking and a hierarchic organization of states, see [76] for a
review, and section 2.20 for a discussion in our context. The presence of a
�nite correlation length as given in equations (34), (307) and (312) insures
self-averaging.

(c) generic long-range(LR) correlated disorder. The most
extreme example are

(d) random forces with the statistics of aRW. This model,
the Brownian force model (BFM) of section 4.5, plays
an important role as its center-of-mass motion advances
as a single degree of freedom, known as the Alessandro,
Beatrice, Bertotti and Montorsi (ABBM) or MF model
(section 4.3), often used to describe avalanches.

Another example are CDWs, �rst predicted by Peierls [86]:
they can spontaneously form in certain semiconductor devices,
where a uniform charge density is unstable toward a super-
lattice in which the underlying lattice is periodically deformed,
and the charge density of the globally neutral device becomes
[87–90]

ρ(�x) = ρ0 cos(�k�x). (1)

Adding disorder, the latter locally deforms the phase, modify-
ing the charge density to

ρ (�x, u(�x)) = ρ0 cos
�
�k�x + 2πu(�x)

�
. (2)

As the charge density is invariant under u(�x)→ u(�x)+ 1, we
�nd another disorder class,

(e) random periodic(RP) disorder.

All thesemodels have in common that they can be described
by a displacement �eld

�x ∈ Rd → �u(�x) ∈ RN. (3)

For simplicity, we suppress the vector notation wherever pos-
sible, and mostly consider N = 1. After some initial coarse-
graining, the energyH = Hel +Hconf +Hdis consists of three
parts: the elastic energy

Hel[u] =
�

ddx
1
2
[∇u(x)]2, (4)

the con�ning potential

Hconf[u] =
�

ddx
m2

2
[u(x)− w]2, (5)

and the disorder

Hdis[u] =
�

ddx V (x, u(x)) . (6)

In order to proceed, we need to specify the correlations of
disorder. Suppose that �uctuations of u scale as

�
[u(x)− u(y)]2

�
∼ |x − y|2ζ . (7)

Notations are such that 〈. . .〉 denotes thermal averages, i.e.
averages of an observable using the weight e−βH , properly
normalized by the partition function Z =

�
e−βH�

. At zero
temperature, this reduces to the contribution of a single state,
the ground state. Overbars denote the average over disorder.
This de�nes a roughness-exponentζ. Starting from a disorder
correlator

V(x, u)V(x′, u′) = R(u− u′) f (x − x′) (8)

5
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Figure 1. An Ising magnet with up (‘+’) and down (‘−’) spins at low temperatures forms a domain wall described by a function u(x) (right).
Reproduced with permission from [42]. Two types of disorder are observed: missing spins, weakening the effective nearest-neighbor
interactions (‘random-bond (RB) disorder’), and frozen in magnetic moments aligning its immediate neighbor (‘RF disorder’), indicated by
thick ± signs. An experiment on a thin cobalt �lm (left). Reprinted �gure with permission from [84], Copyright (1998) by the American
Physical Society; with kind permission of the authors.

Figure 2. A contact line for the wetting of a disordered substrate by glycerine [85]. Experimental setup (left). The disorder consists of
randomly deposited islands of chromium, appearing as bright spots (top right), with a correlation length of about 10 µm. Temporal evolution
of the retreating contact-line (bottom right). Note the different scales parallel and perpendicular to the contact-line. Credit: Etienne Rolley
with permission.

with both R(u) and f (x) vanishing at large distances, for each
rescaling in the RG-procedure by λ in the x-direction one
rescales by λζ in the u-direction. As long as ζ < 1, this even-
tually reduces f (x) to a δ-distribution, whereas the structure of
R(u) may remain visible. We therefore choose as our starting
correlations for the disorder

V(x, u)V(x′, u′) :=R(u− u′)δd(x − x′). (9)

As we do not consider higher cumulants of the disorder,
this implicitly assumes that the distribution of the disorder is
Gaussian3.

There are a couple of useful observables. We already men-
tioned the roughness-exponent ζ. The second is the renormal-
ized (effective) disorder R(u).

3 For the concept of cumulants see e.g. [91].

Noting by F(x, u) := − ∂uV(x, u) the disorder forces, the
corresponding force–force correlator can be written as

〈F(x, u)F(x′, u′)〉 = ∆(u− u′)δd(x − x′). (10)

Since 〈F(x, u)F(x′, u′)〉 = ∂u∂u′V(x, u)V(x′, u′) = −R′′(u−
u′)δd(x − x′), we identify

∆(u) = −R′′(u). (11)

1.3. Long-range elasticity (contact line of a fluid, fracture,
earthquakes, magnets with dipolar interactions)

There are several relevant experimental systems for which the
elasticity is different from equation (4). This mostly happens
when the elasticity of a lower-dimensional subsystem is medi-
ated by the surrounding bulk. The simplest such example is a

6
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Figure 3. A vortex lattice is described by a deformation of a lattice
point (x, y, z) to (x, y, z)+ �u(x, y, z). Shown is a cartoon of a single
layer, i.e. �xed z. The vortex lines continue perpendicular to the
drawing (�gure from [42]).

contact line [92] in a coffee mug or water bottle, i.e. the line
where coffee, cup and air meet. A laboratory example is shown
in �gure 2. For fracture this was introduced in [93].

Consider a liquid with height h(x, y), de�ned in the half-
space x � 0 (see �gure 4). Its elastic energy is surface-tension
times surface-area, i.e.

Hliquid
el [h] = γ

�

y

�

x>0

�
1+ [∇h(x, y)]2


 const.+
�

y

�

x>0

γ

2
[∇h(x, y)]2. (12)

We wish to express this as a function of the height
u(y) :=h(0, y) on the boundary at x = 0. A minimum energy
con�guration satis�es

0 =
δHliquid

el [h]
δh(x, y)

= −γ∇2h(x, y). (13)

This is achieved by the ansatz

h(x, y) =
�

dk
2π

ũ(k)eiky−|k|x, (14)

which decays to zero at large x. On the boundary at x = 0 this
is the standard Fourier transform of the height u(y). Integrating
by parts, the elastic energy as a function of ũ(k) becomes with
the help of equation (13)

Hliquid
el [u] =

�

y

�

x� 0

γ

2
[∇h(x, y)]2

=
γ

2

� �

y

�

x� 0
∇

	
h(x, y)∇h(x, y)



−h(x, y)∇2h(x, y)

�

= −γ

2

�

y
h(x, y)∂xh(x, y)

�
�
�
�
x= 0

=
γ

2

�
dk
2π

|k|ũ(k)ũ(−k). (15)

In generalization of equation (15) one can write

Hα
el[u] =

1
2

�
ddk
(2π)d

|k|αũ(k)ũ(−k). (16)

Figure 4. The coordinate system for a vertical wall. The air/liquid
interface becomes �at for large x. The height h(x, y) is along the
z-direction.

For α = 2, this is equivalent to the local interaction of
equation (4). Forα < 2, the interaction is non-local in position
space,

Hα
el[u] =

Aα
d

2

�
dd�x

�
dd�y



u(�x)− u(�y)

� 2

|�x −�y|d+ α
, (17a)

Aα
d = −2α−1Γ( d+ α

2 )

π
d
2Γ(−α

2 )
. (17b)

For d = α = 1 this yields

Hα= 1
el [h] =

1
4π

�
dx

�
dy

[u(x)− u(y)]2

|x − y|2 . (18)

Note that for α→ 2,Ad ∼ (2− α), reducing the LR kernel to
the short-range one.

Equation (12) is an approximation, as higher-order terms
are neglected. The latter can be generated ef�ciently [94], and
may change the physics of the system [95]. When the contact
angle is different from the inclination of the wall, the elastic
energy is further modi�ed [96].

The theory we develop below works for arbitrary (posi-
tive) α, with α = 2 for standard short-rangedelasticity, and
α = 1 for (standard) long-rangedelasticity. Apart from con-
tact lines, long-ranged elasticity with α = 1 appears for a d-
dimensional elastic object (a surface), where the elastic inter-
actions are mediated by a bulk material of higher dimension
D > d. Important examples are the displacement of tectonic
plates relevant to describe earthquakes (d = 2, D = 3) [75, 80,
97] and fracture (d = 1, D = 2 or D = 3) [73, 74].

For magnetic domain walls (d = 2) with dipolar interac-
tions, the interactions are also long-ranged. The elastic kernel
is given by [98] (page 6357)

Hel[u] = γ

�
d2�r1

�
d2�r2

∂x1u(�r1)∂x2u(�r2)
|�r1 −�r2|

,

�r1 = (x1, y1), �r2 = (x2, y2). (19)
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In Fourier space, this reads

Hel[u] =
γ

2π

�
d2�k ũ(�k)ũ(−�k) k2x

|�k|
. (20)

1.4. Flory estimates and bounds

Above, we distinguished four types of disorder, resulting in
four different universality classes:

(a) RB disorder: short-range correlated potential–potential
correlations, i.e. a short-range correlated R(u).

(b) RF disorder: a short-range correlated force–force corre-
lator ∆(u) := − R′′(u). As the name says, this disorder is
relevant for RF systems where the disorder potential is the
sum over all magnetic �elds below a domain wall.

(c) Generic LR correlated disorder: R(u) ∼ |u|−γ .
(d) RP disorder: relevant when the disorder couples to a

phase, as e.g. in CDWs. R(u) = R(u+ 1), supposing that
u is periodic with period 1.

To get an idea how large the roughness ζ becomes in these
situations, one compares the contributions of elastic energy
and disorder, and demands that they scale in the same way.
This estimate has �rst been used by Flory [99] for self-avoiding
polymers, and is therefore called the Flory estimate4. Despite
the fact that Flory estimates are conceptually crude, they often
give a decent approximation. For RB disorder, this gives for
an N-component �eld u:

�
x u|∇|αu ∼

�
x

√
VV, or Ld−αu2 ∼

Ld
√

L−du−N, i.e. u ∼ Lζ with

ζRBFlory =
2α− d
4+ N

α→2
=

4− d
4+ N

. (21)

For RF disorder∆(u) = −R′′(u) is short-ranged, and

ζRFFlory =
2α− d
2+ N

α→2
=

4− d
2+ N

. (22)

For generic LR correlated disorder

ζLRFlory =
2α− d
4+ γ

α→2
=

4− d
4+ γ

. (23)

For RP disorder the �eld u cannot be rescaled or one would
break periodicity, and thus

ζRP = 0 (24)

exactly. We will see below in section 2.5 that these estimates
are a decent approximation, and even exact for RF at N = 1,
or for LR disorder.

1.5. Replica trick and basic perturbation theory

In disordered systems, a particular con�guration strongly
depends on the disorder, and therefore statements about a spe-
ci�c con�guration are in general meaningless.What one needs
to calculate are averages, of the form (‘gs’ denotes the ground
state)

4 For disordered systems this type of argument was employed by Harris [100]
and Imry and Ma [101], and the reader will �nd reference to them as well.

O[u] :=

�
O[u]e−H[u]/T

�
�
e−H[u]/T

�

T→0
−−→O[ugs]e−H[ugs]/T

e−H[ugs]/T ≡ O[ugs]. (25)

Note that division by the partition function Z =
�
e−H[u]/T

�
is

crucial. This is particularly pronounced in the limit of T →
0, where Z → e−H[ugs]/T diverges or vanishes when T → 0,
except if by chanceH[ugs] = 0. Thus the denominator cannot
be replaced by its mean. This is a dif�cult situation: while inte-
ger powers Zn, with n ∈ N can be obtained by using n copies
or replicasof the system, 1/Z cannot. On the other hand, we
observe that, independent of n,

O[u] =

�
O[u]e−H[u]/T

�
Zn−1

Zn . (26)

The replica-trick [102, 103] 5 consists in doing the calcula-
tions for arbitrary n. This is possible in perturbation theory, as
results there are polynomials in n. It may become troublesome
for exact solutions (notably leading to RSB [57]). Knowing
the dependence on n, the idea is to set n→ 0 at the end of the
calculation, thus eliminating the denominator,

O[u] = lim
n→0

�
O[u]e−H[u]/T

�
Zn−1. (27)

Since thermal averages over distinct replicas factorize, we
write their joint measure as

�
O[u]e−H[u]/T

�
Zn−1 =

�

O[u1]
n�

a= 1

e−H[ua]/T

�

=
�
O[u1]e−

� n
a= 1H[ua]/T

�

=
�
O[u1]e−

1
T

� n
a= 1Hel[ua]+ Hconf[ua]+ Hdis[ua]

�
. (28)

Note that in the second equality we have exchanged thermal
and disorder averages. We also allowed for different posi-
tions w of the parabola for the different replicas, denotedwa.6

Finally, we assume for simplicity of presentation that O[u]
does not explicitly depend on the disorder. Since only the last
term in the exponential depends on V(x, u), and since V(x, u)
is Gauss distributed,

5 It is not quite clear who ‘invented’ the replica trick. In [102] Brout stresses
that ln Z has to be averaged over disorder, not Z. Brout considers a clus-
ter expansion for a quenched disordered system, organizing his expansion in
powers of n, equivalent to a cumulant expansion, or sums over independent
replicas, concepts we use below.
6 The partition function for each of these replicas may be different. The
formalism takes this into account.
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e−
1
T

� n
a= 1Hdis[ua] = exp

�

− 1
T

�

x

�

a

V(x, ua(x))

�

= exp

�
1

2T2

�

x

�

y

n�

a,b= 1

V(x, ua(x))V(y, ub(y))

�

= exp

�
1

2T2

�

x

n�

a,b= 1

R(ua(x)− ub(x))

�

.

(29)

In the second step we used that V is Gaussian; in the last step
we used the correlator (9).

To summarize: to evaluate the expectation of an observ-
able, we take averages with measure e−Srep[u] and replica
Hamiltonianor action

Srep[u] :=
1
T

n�

a= 1

�

x

�
1
2
[∇ua(x)]2 +

m2

2
[ua(x)− wa]

2

�

− 1
2T2

�

x

n�

a,b= 1

R
�

ua(x)− ub(x)
�
. (30)

Note that each replica sum comes with a factor of 1/T. If the
disorder had a third cumulant, this would appear as a triple
replica sum, and a factor3,5 of 1/T3.

Let us now turn to perturbation theory. The free propagator,
constructed from the �rst line of equation (30), and indicated
by the index ‘0’, is (�rst in Fourier, than in real space)

〈ũa(−k)ũb(k)〉0 = TδabC̃(k), (31)

〈ua(x)ub(y)〉0 = TδabC(x − y). (32)

Noting C(x − y) the Fourier transform of C̃(k), and Sd =
2πd/2/Γ(d/2) the area of the d-sphere, we have

C̃(k) =
1

k2 + m2
, (33a)

C(x) =
�

ddk
(2π)d

eikx

k2 + m2


 1
(d− 2)Sd

|x|2−d for x → 0. (33b)

On the other hand, for large x, the correlation function decays
exponentially ∼e−m|x|, which we associate with a correlation
length

ξ =
1
m
. (34)

Equation (33a) allows us to calculate expectation values in the
full theory. As an example consider

〈[u(x)− w1]〉w1
〈[u(z)− w2]〉w2

c

≡ 〈[u1(x)− w1][u2(z)− w2]〉Srep

= −
�

y
C(x − y)C(z− y)R′′(w1 − w2)+ . . . (35)

Let us clarify the notations: �rstly, 〈[u(x)− w1]〉w1
is the ther-

mal average of u(x)− w1, obtained by evaluating the path
integral for a �xed disorder con�guration V, at a position
of the parabola given by w1. This procedure is repeated for
〈[u(z)− w2]〉w2

, with the same V, and parabola position w2.
Finally the average over the disorder potential V is taken.
According to the calculations above, this can be evaluated
with the help of the replica action Srep[u], represented by
〈[u1(x)− w1][u2(z)− w2]〉Srep . The latter is already averaged
over disorder. The last line shows the leading order in pertur-
bation theory, dropping terms of order T and higher.

Finally, let us integrate this expression over x and z, and
multiply by m4/Ld. This leads to

m4

Ld

�

x,z
〈[u(x)− w1]〉w1

〈[u(z)− w2]〉w2

= −R′′(w1 − w2)+ . . . (36)

Let us understand the prefactor on the lhs: the combination
m2[u(x)− w1] is the force acting on point x (a density), its
integral over x the total force acting on the interface. Force
correlations are short ranged in x, leading to the factor of 1/Ld.
Note that the thermal two-point function (32) is absent, as we
consider two distinct copies of the system.

1.6. Dimensional reduction

It is an interesting exercise to show that forw1 = w2 no pertur-
bative corrections to equation (36) exist in the limit of T → 0,
as long as one supposes that R(w) is an analytic function. Sim-
ilarly, one shows that in the same limit 〈uuuu〉c = 0, and the
same holds true for higher connected expectations. Thus u is a
Gaussian �eld with correlations

〈ũ(k)〉 〈ũ(−k)〉 = 〈ũ(k)ũ(−k)〉

= ũ(k)ũ(−k) = − R′′(0)
(k2 + m2)2

. (37)

In the third expression we suppressed the thermal expectation
values since at T = 0 only a single ground state survives7.
Fourier-transforming back to position space yields (with some
amplitudeA, and in the limit of mx→ 0)

1
2
[u(x)− u(y)]2 = −R′′(0)A|x − y|4−d. (38)

This looks very much like the thermal expectation (32), except
that the dimension of space has been shifted by 2. Further, both
theories are seemingly Gaussian, i.e. higher cumulants vanish.

We have just given a simple version of a beautiful and
rather mind-boggling theorem relating disordered systems to
pure ones (i.e. without disorder). The theorem applies to a
large class of systems, even when non-linearities are present

7 For disordered elastic manifolds with continuous disorder, the ground state
is almost surely unique. This is in strong contrast to mean-�eld spin glasses,
where it is highly degenerate, see e.g. [57].
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in the absence of disorder. It is called dimensional reduction
[104–106]. We formulate it as follows:

‘Theorem’. A d-dimensional disordered system at zero
temperature is equivalent to all orders in perturbation theory
to a pure system in d− 2 dimensions at �nite temperature.

We give in section 8.1 a proof of this theorem using a super-
symmetric �eld theory introduced in [32]. The proof implicitly
assumes that R(u) is analytic, thus all derivatives can be taken.
The equivalence is rather powerful, since the supersymmet-
ric theory knows about different replicas, and allows one to
calculate even away from the critical point.

However, evidence from experiments, simulations, and ana-
lytic solutions show that the above ‘theorem’ is actuallywrong.
A prominent counter-example is the three-dimensional RF
Ising model at zero temperature [30]; according to the theorem
it should be equivalent to the pure one-dimensional Ising-
model at �nite temperature. While it was shown rigorously
[30] that the former has an ordered phase, the latter is disor-
dered at �nite temperature [107]. So what went wrong? Let us
stress that there are no missing diagrams or any such thing, but
that the problem is more fundamental: as we will see later, the
proof makes the assumption that R(u) is analytic. While this
assumption is correct in the microscopic model, it is not valid
at large scales.

Nevertheless, the above ‘theorem’ remains important since
it has a devastating consequence for all perturbative calcula-
tions in the disorder: however clever a procedure we invent,
as long as we perform a perturbative expansion, expanding
the disorder in its moments, all our efforts are futile: dimen-
sional reduction tells us that we get a trivial and unphysical
result. Before we try to understand why this is so and how to
overcome it, let us give one more counter-example. Dimen-
sional reduction allowed us in equation (38) to calculate the
roughness-exponent ζ de�ned in equation (7), as

ζDR =
4− d
2

. (39)

On the other hand, the directed polymer in dimension d = 1
does not have a roughness exponent of ζDR = 3/2, but [108]

ζRBd= 1 =
2
3
. (40)

Experiments and simulations for disordered elastic manifolds
discussed below in sections 2.31, 2.32, 3.12, 3.13, 3.15–3.17,
and 3.21 all violate dimensional reduction.

1.7. Larkin-length, and the role of temperature

To understand the failure of dimensional reduction, let us turn
to crucial arguments given by Larkin [109]. He considers a
piece of an elastic manifold of size L. If the disorder has corre-
lation length r, and characteristic potential energy Ē , there are
(L/r)d independent degrees of freedom, and according to the
central-limit theorem this piece of size L will typically see a
potential energy of amplitude

Edis = Ē
	

L
r


 d
2

. (41)

On the other hand, the elastic energy scales as

Eel = cLd−2. (42)

These energies are balanced at the Larkin-length L= Lc with

Lc =

	
c2

Ē2
rd


 1
4−d

. (43)

More important than this value is the observation that in all
physically interesting dimensions d < dc = 4, and at scales
L > Lc, the disorder energy (41) wins; as a consequence the
manifold is pinned by disorder, whereas on small scales the
elastic energy dominates. For long-ranged elasticity, the same
argument implies

dc = 2α, and disorder relevant ford < dc. (44)

Since the disorder has many minima which are far apart in
con�gurational space but close in energy (metastability), the
manifold can be in either of these minima, and local minimum
does not imply global minimum. However, the existence of
exactly one minimum is assumed in e.g. the proof of dimen-
sional reduction, even though formally, the �eld theory sums
over all saddle points.

Another important question is the role of temperature. In
equation (7) we had supposed that u scales with the system size
as u ∼ Lζ . Demanding that the action (30) be dimensionless,
the �rst term in equation (30) scales as Ld−2+ 2ζ/T. This implies
that

T ∼ aθ, θ = d− 2+ 2ζ, (45)

where a is a microscopic cutoff with the dimension of L, to
compensate the factor of Ld−2+ 2ζ . For completeness, we also
give the result for generic LR-elasticity,

θα = d− α+ 2ζ. (46)

The thermodynamic limit is obtained by taking L →∞. Tem-
perature is thus irrelevant when θ > 0, which is the case for
d > 2, and when ζ > 0 even below. As a consequence, the RG
�xed point we are looking for is at zero temperature [110]. The
same argument applies to the free energy

F [u] = − 1
T

ln(Z[u]) ∼
	

L
a


 θ

. (47)

We added u as an argument to F [u], as e.g. in the directed
polymer the partition function is the weight of all trajectories
arriving at u. This is important in section 7.1 when considering
the KPZ equation.

From the second term in equation (30) we conclude that the
(microscopic) disorder scales as

R∼ a2θ−d = ad−4+ 4ζ. (48)

For ζ = 0, this again implies that d = 4 is the upper critical
dimension.More thorough arguments are presented in the next
section, where we will construct an ε = 4− d expansion for
the RG �ow of R(u).
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